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f0(T), ft(T), fT(T) ¼ futures price or futures exchange rate today, at time t, and at
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Preface

DON CHANCE
As this book goes into its eighth edition, I continue to be amazed at how the derivatives
and risk management world have evolved. When I originally drafted a plan for the first
edition, I was told by some publishers that there was no market for a textbook on op-
tions and futures, as it was pitched at that time, and that the concept had no future. For-
tunately, a predecessor of Cengage had the foresight to see that the idea was merely
ahead of its time. While much has changed in the financial world over these years, these
tools have remained an important force in our economy. Yes, I know that some say
derivatives, particularly mortgage securitization and credit default swaps, contributed to
our current economic problems. I would only counter that by noting that fire has also
contributed to death and destruction but we use it safely and productively every day.
We do so because we are informed about the costs, risks, and benefits. And that is the
purpose of this book.

Students who take a course based on this book will consist of three types: those who
will never use derivatives, those who will someday be dealers and therefore will provide
derivative products, and those who will use derivatives to solve problems and therefore
will be the end users who buy derivatives. For those who will never use derivatives, this
book will be valuable in the same sense that it is important to know such things as the
seven warning signs of cancer regardless of whether you ever have cancer. Being in-
formed makes us better human beings and in particular, business decision makers. Stu-
dents who become dealers will obviously need to know a lot more than is in this book. It
is our hope that the book will be a stepping stone toward an exciting career. For those
who become end users, the book will give the foundations that will make them smart
shoppers in the market for derivatives. It will teach them the importance of understand-
ing the proper use of derivatives and how they are valued.

From a personal perspective, I am celebrating close to a quarter-century as an expert
in derivatives. My decision to go into this area is one I have never regretted. I know it
was probably just luck that I chose a field that would really take off. It was a bet I never
hedged and in that sense, I took a risk without properly assessing the possible conse-
quences. We should never make decisions that way, but sometimes we get away with it.
I feel lucky in a way most people cannot imagine.

I am also lucky to have had strong support from my wife Jan, who knows this is what
I do but doesn’t really want to know any more about it than that. I don’t blame her. We
derivatives people sometimes seem off in our own little world of geekiness. Fortunately,
there are people who still love us.

ROBERT BROOKS
As we are now well into the twenty-first century and have experienced both periods of
financial calm as well as financial turmoil, the need for quality content on financial de-
rivatives and risk management has never been greater. It is a privilege for me to collabo-
rate with Don on such a successful book. My goal continues to be aiding students in
understanding how to make financial derivatives theory work in practice. The financial
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derivatives and risk management subject area is a rapidly changing field that provides
those who learn to navigate its complexities the opportunity for a rewarding career. By
straddling the fence between the academic community and the practitioner community, I
seek to continually enhance our book’s quest to equip the next generation of financial
risk managers.

I would like to encourage college students and others reading this book to consider a
rewarding career in this field of study. From serving in a corporation, a financial services
firm, or an investment management company, the ability to provide wise financial coun-
sel leads to a fulfilling career. Knowing that you have contributed to protecting your firm
from inappropriate financial risk or investing in an unsuitable strategy for your clients is
both financially rewarding as well as personally gratifying.

I am deeply grateful to my wife Ann and my children Joshua, Stephen, Paul, Rebekah,
Phillips, and Rachael. At the time of this writing, four children are teenagers providing
constant opportunities to refine teaching financial principles as well as apply risk man-
agement in practice. My family is a constant source of encouragement and they are all
very supportive of my activities related to this book.

DON AND BOB
We would like to thank Mike Reynolds, Executive Editor, Finance, for his continuing
support over the years; and Elizabeth Lowry, our Development Editor, for solving in a
timely manner every problem that arose during the project. We would also like to thank
Marketing Manager Nathan Anderson, to whose expertise we trust the future sales of the
book; and Abigail Greshik, our organized and detail-oriented Content Production Man-
ager for the text.

Also, we would like to thank all those people who reviewed the 7th edition to make
the 8th edition even stronger:

Karan Bhanot, University of Texas at San Antonio
David Enke, The University of Tulsa
Merlyn Foo, Athabasca University
Christine Jiang, University of Memphis
D.K. Malhotra, Philadelphia University
Gautam Vora, University of New Mexico

A special thanks is due to John Olagues, Jim Binder, Stan Leimer, Regina Millison,
and Pratik Dhar for comments, answers, and assistance. Also, we would like to thank
all of the people over the years who have both taught from this book and learned from
it. They have, all along, generously provided constructive comments and corrections.
After twenty years, this list of names is too long to print without leaving someone out.
So to all of you unnamed heroes, we express our thanks.

We always used to feel that the errors in a book should, through attrition over the
years, disappear. We have learned otherwise. Although no one wants errors to remain,
if you ever find a book in its eighth edition without any errors, you can be assured that
the author is simply correcting old material and not keeping the book up-to-date. With a
field as dynamic as derivatives, extensive changes are inevitable. Despite Herculean ef-
forts to cleanse this work, there are surely some errors remaining. We feel fairly confi-
dent, however, that they are not errors of fact, but merely accidental oversights and
perhaps typos that just did not get caught as we read and re-read the material. Unlike
most authors, who we think would rather hide known errors, we maintain a list of such
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errors on this book’s Web site. (That’s http://www.cengage.com/finance/chance for the
general site that links you to the error page.) If you see something that does not make
sense, check the Web address mentioned above and see if it’s there. If not, then send us
an email by using the Contact Us form on the book’s Web site.

Or just send us an email anyway, whether or not you are students or faculty. Tell us
what you like or don’t like about the book. We would love to hear from you.

Don M. Chance, dchance@lsu.edu
William H. Wright, Jr. Endowed Chair for Financial Services

Department of Finance
2163 Patrick F. Taylor Hall

E. J. Ourso College of Business
Louisiana State University
Baton Rouge, LA 70803
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We view risk as an asset.
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CHA P T E R 1
Introduction

It is only by risking our persons from one hour to another that we live at all.

William James

The Will to Believe, 1897

In the course of running a business, decisions are made in the presence of risk. A decision
maker can confront one of two types of risk. Some risks are related to the underlying na-
ture of the business and deal with such matters as the uncertainty of future sales or the
cost of inputs. These risks are called business risks. Most businesses are accustomed to
accepting business risks. Indeed, the acceptance of business risks and its potential rewards
are the foundations of capitalism. Another class of risks deals with uncertainties such
as interest rates, exchange rates, stock prices, and commodity prices. These are called
financial risks.

Financial risks are a different matter. The paralyzing uncertainty of volatile interest
rates can cripple the ability of a firm to acquire financing at a reasonable cost, which en-
able it to provide its products and services. Firms that operate in foreign markets can have
excellent sales performance offset if their own currency is strong. Companies that use raw
materials can find it difficult to obtain their basic inputs at a price that will permit profit-
ability. Managers of stock portfolios deal on a day-to-day basis with wildly unpredictable
and sometimes seemingly irrational financial markets.

Although our financial system is replete with risk, it also provides a means of dealing
with risk in the form of derivatives. Derivatives are financial instruments whose returns
are derived from those of other financial instruments. That is, their performance depends
on how other financial instruments perform. Derivatives serve a valuable purpose in pro-
viding a means of managing financial risk. By using derivatives, companies and indi-
viduals can transfer, for a price, any undesired risk to other parties who either have risks
that offset or want to assume that risk.

Although derivatives have been around in some form for centuries, their growth has
accelerated rapidly during the last several decades. They are now widely used by corpora-
tions, financial institutions, professional investors, and individuals. Certain types of de-
rivatives are traded actively in public markets, similar to the stock exchanges with which
you are probably already somewhat familiar. The vast majority of derivatives, however, are
created in private transactions in over-the-counter markets. Just as a corporation may buy
a tract of land for the purpose of ultimately putting up a factory, so may it also engage in a
derivatives transaction. In neither case is the existence or amount of the transaction easy
for outsiders to determine. Nonetheless, we have fairly accurate data on the amount of de-
rivatives activity in public markets and reasonably accurate data, based on surveys, on the
amount of derivatives activity in private markets. We shall explore the public market data
in later chapters. If you need to be convinced that derivatives are worth studying, consider
this: The Bank for International Settlements of Basel, Switzerland, estimated that at the end
of 2007, over-the-counter derivatives contracts outstanding worldwide covered underlying
assets of over $596 trillion. In comparison, gross domestic product in the United States at
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the end of 2007 was about $15 trillion. As we shall see later, measuring the derivatives
market this way can give a false impression of the size of the market. Nonetheless, the
market value of these contracts totals about $9.1 trillion, making the derivatives market a
sizable force in the global economy.

This book is an introductory treatment of derivatives. Derivatives can be based on
real assets, which are physical assets and include agricultural commodities, metals, and
sources of energy. Although a few of these will come up from time to time in this book,
our focus will be directed toward derivatives on financial assets, which are stocks,
bonds/loans, and currencies. In this book you will learn about the characteristics of the
institutions and markets where these instruments trade, the manner in which derivative
prices are determined, and the strategies in which they are used. Toward the end of
the book, we will cover the way in which derivatives are used to manage the risk of a
company.

This chapter welcomes you to the world of derivatives and provides an introduction to
or a review of some financial concepts that you will need in order to understand deriva-
tives. Let us begin by exploring the derivatives markets more closely and defining what we
mean by these types of instruments.

DERIVATIVE MARKETS AND INSTRUMENTS
An asset is an item of ownership having positive monetary value. A liability is an item of
ownership having negative monetary value. The term “instrument” is used to describe ei-
ther assets or liabilities. Instrument is the more general term, vague enough to encompass
the underlying asset or liability of derivative contracts. A contract is an enforceable legal
agreement. A security is a tradeable instrument representing a claim on a group of assets.

In the markets for assets, purchases and sales require that the underlying asset be de-
livered either immediately or shortly thereafter. Payment usually is made immediately,
although credit arrangements are sometimes used. Because of these characteristics, we
refer to these markets as cash markets or spot markets. The sale is made, the payment
is remitted, and the good or security is delivered. In other situations, the good or security
is to be delivered at a later date. Still other types of arrangements allow the buyer or
seller to choose whether or not to go through with the sale. These types of arrangements
are conducted in derivative markets.

In contrast to the market for assets, derivative markets are markets for contractual
instruments whose performance is determined by the way in which another instrument
or asset performs. Notice that we referred to derivatives as contracts. Like all contracts,
they are agreements between two parties—a buyer and a seller—in which each party does
something for the other. These contracts have a price, and buyers try to buy as cheaply
as possible while sellers try to sell as dearly as possible. This section briefly introduces
the various types of derivative contracts: options, forward contracts, futures contracts,
and swaps and related derivatives.

Options
An option is a contract between two parties—a buyer and a seller—that gives the buyer
the right, but not the obligation, to purchase or sell something at a later date at a price
agreed upon today.

The option buyer pays the seller a sum of money called the price or premium. The
option seller stands ready to sell or buy according to the contract terms if and when
the buyer so desires. An option to buy something is referred to as a call; an option to
sell something is called a put. Although options trade in organized markets, a large
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amount of option trading is conducted privately between two parties who find that con-
tracting with each other may be preferable to a public transaction on the exchange. This
type of market, called an over-the-counter market, was actually the first type of options
market. The creation of an organized options exchange in 1973 reduced the interest in
over-the-counter option markets; however, the over-the-counter market has been revived
and is now very large and widely used, mostly by corporations and financial institutions.

Most of the options that we shall focus on in this textbook are options that trade on
organized options exchanges, but the principles of pricing and using options are very
much the same, regardless of where the option trades. Many of the options of most in-
terest to us are for the purchase or sale of financial assets, such as stocks or bonds. How-
ever, there are also options on futures contracts, metals, and foreign currencies. Many
other types of financial arrangements, such as lines of credit, loan guarantees, and insur-
ance, are forms of options. Moreover, stock itself is equivalent to an option on the firm’s
assets.

Forward Contracts
A forward contract is a contract between two parties—a buyer and a seller—to purchase
or sell something at a later date at a price agreed upon today. A forward contract sounds
a lot like an option, but an option carries the right, not the obligation, to go through
with the transaction. If the price of the underlying good changes, the option holder
may decide to forgo buying or selling at the fixed price. On the other hand, the two
parties in a forward contract incur the obligation to ultimately buy and sell the good.

Although forward markets have existed for a long time, they are somewhat less familiar.
Unlike options markets, they have no physical facilities for trading; there is no building or
formal corporate body organized as the market. They trade strictly in an over-the-counter
market consisting of direct communications among major financial institutions.

Forward markets for foreign exchange have existed for many years. With the rapid
growth of derivative markets, we have seen an explosion of growth in forward markets
for other instruments. It is now just as easy to enter into forward contracts for a stock
index or oil as it was formerly to trade foreign currencies. Forward contracts are also
extremely useful in that they facilitate the understanding of futures contracts.

Futures Contracts
A futures contract is also a contract between two parties—a buyer and a seller—to buy
or sell something at a future date at a price agreed upon today. The contract trades on a
futures exchange and is subject to a daily settlement procedure. Futures contracts evolved
out of forward contracts and possess many of the same characteristics. In essence, they
are like liquid forward contracts. Unlike forward contracts, however, futures contracts
trade on organized exchanges, called futures markets. For example, the buyer of a fu-
tures contract, who has the obligation to buy the good at the later date, can sell the con-
tract in the futures market, which relieves her of the obligation to purchase the good.
Likewise, the seller of a futures contract, who is obligated to sell the good at the later
date, can buy the contract back in the futures market, relieving him of the obligation to
sell the good.

Futures contracts also differ from forward contracts in that they are subject to a daily
settlement procedure. In the daily settlement, investors who incur losses pay the losses
every day to investors who make profits. Futures prices fluctuate from day to day, and
contract buyers and sellers attempt both to profit from these price changes and to lower
the risk of transacting in the underlying goods. We shall learn more about this in
Chapter 8.

Chapter 1 Introduction 3



Options on futures, sometimes called commodity options or futures options, are an
important synthesis of futures and options markets. An option on a futures contract
gives the buyer the right to buy or sell a futures contract at a later date at a price agreed
upon today. Options on futures trade on futures exchanges, and are a rare case where the
derivative contract and the instrument on which it is derived trade side by side in an
open market. Although options on futures are quite similar to options on spot assets,
there are a few important differences, which we shall explore later in this book.

Swaps and Other Derivatives
Although options, forwards, and futures compose the set of basic instruments in deriva-
tive markets, there are many more combinations and variations. One of the most popu-
lar is called a swap. A swap is a contract in which two parties agree to exchange cash
flows. For example, one party is currently receiving cash from one investment but would
prefer another type of investment in which the cash flows are different. The party
contacts a swap dealer, a firm operating in the over-the-counter market, who takes the
opposite side of the transaction. The firm and the dealer, in effect, swap cash flow
streams. Depending on what later happens to prices or interest rates, one party might
gain at the expense of the other. In another type of arrangement, a firm might elect to
tie the payments it makes on the swap contract to the price of a commodity, called a
commodity swap. Alternatively, a firm might buy an option to enter into a swap, called
a swaption. As we shall show later, swaps can be viewed as a combination of forward
contracts, and swaptions are special types of options.

Interest rate swaps make up more than half of the $596 trillion notional principal
over-the-counter derivatives market. But interest rate swaps are only one of many types
of contracts that combine elements of forwards, futures, and options. For example, a firm
that borrows money at a floating rate is susceptible to rising interest rates. It can reduce
that risk, however, by buying a cap, which is essentially an option that pays off whenever
interest rates rise above a threshold. Another firm may choose to purchase an option
whose performance depends not on how one asset performs but rather on the better or
worse performing of two, or even more than two, assets; this is called an alternative
option.

Some of these types of contracts are referred to as hybrids because
they combine the elements of several other types of contracts. All of
them are indications of the ingenuity of participants in today’s finan-
cial markets, who are constantly creating new and useful products to
meet the diverse needs of investors. This process of creating new finan-

cial products is sometimes referred to as financial engineering. These hybrid instruments
represent the effects of progress in our financial system. They are examples of change and
innovation that have led to improved opportunities for risk management. Swaps, caps, and
many other hybrid instruments are covered in Chapters 12, 13, and 14.

THE UNDERLYING ASSET
All derivatives are based on the random performance of something. That is why the
word “derivative” is appropriate. The derivative derives its value from the performance
of something else. That “something else” is often referred to as the underlying asset.
The term underlying asset, however, is somewhat confusing and misleading. For in-
stance, the underlying asset might be a stock, bond, currency, or commodity, all of which
are assets. However, the underlying “asset” might also be some other random element
such as the weather, which is not an asset. It might even be another derivative, such as

The different types of derivatives include
options, forwards, futures, options on
futures, swaps, and hybrids.
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a futures contract or an option. Hence, to avoid saying that a derivative is on an “under-
lying something,” we corrupt the word “underlying,” which is an adjective, and treat it as
a noun. Thus, we say that the derivative is “on an underlying.” This incorrect use of the
word “underlying” serves a good purpose, however, because it enables us to avoid using
the word “asset.”

IMPORTANT CONCEPTS IN FINANCIAL AND
DERIVATIVE MARKETS
Before undertaking any further study of derivative markets, let us review some introduc-
tory concepts pertaining to investment opportunities and investors. Many of these ideas
may already be familiar and are usually applied in the context of trading in stocks and
bonds. These concepts also apply with slight modifications to trading in derivatives. Also

important as you begin further study of derivative markets is a thorough
mathematical review.

Risk Preference
Suppose you were faced with two equally likely outcomes. If the first outcome occurs, you
receive $5. If the second outcome occurs, you receive $2. From elementary statistics,
you know that the expected outcome is $5(0.5) þ $2(0.5) ¼ $3.50, which is the amount
you would expect to receive on average after playing the game many times. How much
would you be willing to pay to take this risk? If you say $3.50, you are not recognizing
the risk inherent in the situation. You are simply saying that a fair trade would be for
you to give up $3.50 for the chance to make $3.50 on average. You would be described
as risk neutral, meaning that you are indifferent to the risk. Most individuals, however,
would not find this a fair trade. They recognize that the $3.50 you pay is given up for
certain, while the $3.50 you expect to receive is earned only on average. In fact, if you
play twice, lose $1.50 once and then gain it back, you will feel worse than if you had not
played.

Thus, we say that most individuals are characterized by risk aversion. They would
pay less than $3.50 to take this risk. How much less depends on how risk averse they
are. People differ in their degrees of risk aversion. But let us say you would pay $3.25.
Then the difference between $3.50 and $3.25 is considered the risk premium. This is
the additional return you expect to earn on average to justify taking the risk.

Although most individuals are indeed risk averse, it may surprise you to find that in
the world of derivative markets, we can actually pretend that most people are risk neu-
tral. No, we are not making some heroic but unrealistic assumption. It turns out that we
obtain the same results in a world of risk aversion as we do in a world of risk neutrality.
Although this is a useful point in understanding derivative markets, we shall not explore
it in much depth at the level of this book. Yet without realizing it, you will probably
grow to accept and understand derivative models and the subtle implication of risk
neutrality.

Short Selling
If you have already taken an investments course, you probably have been exposed to the
idea of short selling. Short selling is an important transaction related to making a market
in derivatives. Therefore, the costs related to short selling have a direct impact on deriv-
ative pricing. Nonetheless, the concept is not too straightforward, and a little review will
be beneficial.

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance
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A typical transaction in the stock market involves one party buying stock from an-
other party. It is possible, however, that the party selling the stock does not actually
own the stock. That party could borrow the stock from a broker. That person is said to
be selling short or, sometimes, shorting. She is doing so in the anticipation of the price
falling, at which time the short seller would then buy back the stock at a lower price,
capturing a profit and repaying the shares to the broker. You may have heard the expres-
sion, “Don’t sell yourself short,” which simply means not to view yourself as being less
talented or less correct than someone else. Similarly, a short seller views the stock as
being worth less than the market price.

Establishing a short position creates a liability. The short seller is obligated to some-
day buy back the stock and return it to the broker. Unlike an ordinary loan in which a
borrower knows exactly how much he or she must pay back the lender, the short seller
does not know how much he or she will have to pay to buy back the shares. This makes
it a rather risky type of borrowing. Indeed short selling is a very daring investment
strategy.

Short selling, however, can be quite beneficial in that the risk of short positions can be
useful in offsetting the risk of long positions. Alternatively, taking a short position in a
derivative may be more efficient. Short selling of stocks can be quite complex and expen-
sive relative to buying stocks, whereas taking a short position in a derivative is as simple
as buying derivatives. Short selling of stocks requires finding someone willing to lend you
the stock. At times, security lending can be expensive. Thus, it is common to find an
investor holding a stock and protecting it by selling a derivative.

We should note that anyone who has an obligation to purchase something at a later
date has the equivalent of a short sale. It is not necessary to have borrowed stock from a
broker. In either case an increase in the price will be harmful.

The terminology of short selling can be confusing. In the context of financial securi-
ties, short selling, shorting, or going short are synonymous. In the context of derivative
contracts, shorting or going short are synonymous. We do not refer to selling derivative
contracts as short selling because the underlying security is not borrowed.

Repurchase Agreements
A repurchase agreement (known as repos) is a legal contract between a seller and a
buyer; the seller agrees to sell currently a specified asset to the buyer—as well as buy it
back (usually) at a specified time in the future at an agreed future price. The seller is
effectively borrowing money from the buyer at an implied interest rate. Typically, repos
involve low-risk securities, such as U.S. Treasury bills. Repos are useful because they
provide a great deal of flexibility to both the borrower and lender.

Derivatives traders often need to be able to borrow and lend money in the most cost-
effective manner possible. Repos are often a very low-cost way of borrowing money, par-
ticularly if the firm holds government securities. Repos are a way to earn interest on
short-term funds with minimal risk (for buyers), as well as a way to borrow for short-
term needs at a relatively low cost (for sellers).

As we will see in subsequent chapters, derivative market participants must often
rely on the ability to borrow and lend money on a short-term basis. Many derivative
valuation models are based on the assumption that the price-setting trader, often a
dealer, has access to money or can lend money at the risk-free rate. The repo rate
is an approximation of the dealer’s marginal cost of funds, and hence is a good
approximation of the dealer’s cost of borrowing and lending. Also, due to the strong
collateral used in the repo market, the repo rate is roughly analogous to the govern-
ment rate.
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Return and Risk
Return is the numerical measure of investment performance. There are two main mea-
sures of return, dollar return and percentage return. Dollar return measures investment
performance as total dollar profit or loss. For example, the dollar return for stocks is the
dollar profit from the change in stock price plus any cash dividends paid. It represents
the absolute performance. Percentage return measures investment performance per
dollar invested. It represents the percentage increase in the investor’s wealth that results
from making the investment. In the case of stocks, the return is the percentage change in
price plus the dividend yield. The concept of return also applies to options, but, as we
shall see later, the definition of the return on a futures or forward contract is somewhat
unclear.

One fundamental characteristic of investors is their desire to increase in wealth. This
translates into obtaining the highest return possible—but higher returns are accompanied
by greater risk. Risk is the uncertainty of future returns. As we noted earlier, investors
generally dislike risk, and they demonstrate this characteristic by avoiding risky situa-
tions when riskless ones that offer equivalent expected returns exist; however, they can-
not always avoid uncertainty. Fortunately, the competitive nature of financial and
derivative markets enables investors to identify investments by their degrees of risk.

For example, the stock of a company that specializes in drilling wildcat oil wells will,
all other things being equal, sell for less than the stock of a company that supplies health
care.1 The stock price is lower due to the drilling company’s more uncertain line of busi-
ness. Risk, of course, runs the spectrum from minimal risk to high risk. The prices of
securities will reflect the differences in the companies’ risk levels. The additional return
one expects to earn from assuming risk is the risk premium, which we mentioned earlier.

What other factors influence a company’s stock price and expected return? Consider a
hypothetical company with no risk. Will people be willing to invest money in this com-
pany if they expect no return? Certainly not. They will require a minimum return, one
sufficient to compensate them for giving up the opportunity to spend their money today.
This return is called the risk-free rate and is the investment’s opportunity cost.2

The return investors expect is composed of the risk-free rate and a risk premium.
This relationship is illustrated in Figure 1.1, where E(rs) is the expected return on the
spot asset, r is the risk-free rate, and E(ϕ) is the risk premium—the excess of expected
return over the risk-free rate.

Note that we have not identified how risk is measured. You might recall risk measures
such as standard deviation and beta. At this point, we need not be concerned with the
specific measure of risk. The important point is the positive relationship between risk
and expected return, known as the risk-return trade-off. The risk-return trade-off arises
because all investors seek to maximize expected return subject to a minimum level of
risk. If a stock moves up the line into a higher risk level, some investors will find it too
risky and will sell the stock, which will drive down its price. New investors in the stock
will expect to earn higher returns by virtue of paying a lower price for the stock.

1In this context, “all other things being equal” means that the comparisons have not been distorted by differ-
ences in the number of shares outstanding or the amount of financial leverage.
2The concept of the risk-free rate and opportunity cost is well illustrated by the Biblical parable about the
wealthy man who entrusted three servants to manage some of his money. Two of the servants earned 100-
percent returns, while the third buried the money and returned only the principal sum. The wealthy man was
infuriated that the third servant had not even earned the risk-free interest rate by putting the money in the
bank, whereupon he reallocated the funds to one of the other servant’s portfolios. The third servant, who was
summarily discharged, evidently was not destined for a career as an investment manager (Matthew 25:14–30).
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The financial markets are very effective at discriminating among firms with different
risk levels. Firms with low risk will find capital plentiful and inexpensive. Firms with
high risk may have trouble raising capital and will pay dearly. Markets that do a good
job of pricing the instruments trading therein are said to be efficient, and the assets are
said to be priced at their theoretical fair values.

Market Efficiency and Theoretical Fair Value
Market efficiency is the characteristic of a market in which the prices of the instruments
trading therein reflect their true economic values to investors. In an efficient market,
prices fluctuate randomly and investors cannot consistently earn returns above those

that would compensate them for the level of risk they assume.
The idea that an asset has a “true economic value” is a particularly

appealing concept. It suggests that somewhere out there is the real
value of the asset. If we could determine the real value, we could
perhaps make lots of money buying when the asset is priced too
low and selling when it is priced too high. But finding the true eco-
nomic value requires a model of how the asset is priced.

In this book we shall call the true economic value of the asset its theoretical fair value.
There are many models that give the theoretical fair values of assets. You have probably
already heard of the Capital Asset Pricing Model and perhaps the Arbitrage Pricing The-
ory. Derivatives also have theoretical fair values and in this book a great deal of emphasis
is placed on determining the theoretical fair value of a derivative contract. Of course,
these models and their respective values are correct only if the underlying market is effi-
cient. Fortunately, there is considerable statistical evidence supporting the notion that
financial markets are efficient. This is not surprising. Market efficiency is a natural con-
sequence of rational and knowledgeable investor behavior in markets in which informa-
tion spreads rapidly and inexpensively. We should be surprised if financial markets were
highly inefficient.

Thus, as we weave our way through the world of derivatives, we should keep in
mind that, by and large, the underlying financial markets are efficient. Although this

Figure 1.1 Risk-Return Trade-Off
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An efficient market is one in which the
price of an asset equals its true economic
value, which is called the theoretical fair
value. Spot and derivative markets are
normally quite efficient.
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Risk and Return and Arbitrage

One of the most human notions is that people like re-

turn and do not like risk. It follows that a rational person

would not invest money without expecting to earn a re-

turn sufficient to compensate for the risk. The return one

expects to earn, called the expected return, is the ex-

pected change in the value of an investment plus any

cash flows relative to the amount invested. A portion

of the expected return must compensate for the oppor-

tunity cost, as represented by the risk-free rate. The ex-

cess of the expected return over the risk-free rate is

called the risk premium. In general, we say that

E(rs) ¼ r þ E(φ),

where E(rs) is the expected return from some invest-

ment identified as “s” (oftentimes a stock is used to

represent the investment, hence the “s”), r is the risk-

free rate, and E(f) is the expected risk premium. There

is no need to prove that the above statement is true. If

it were not, people would be irrational.

But a part of the equation is somewhat vague. What

does the expected risk premium consist of? How large is

it? What makes it change? What risk is important and

what risk, if any, is not important? Financial economists

have appealed to the Capital Asset Pricing Model, or

CAPM, for answers. In the CAPM, the expected risk pre-

mium is replaced by something more specific. The ex-

pected return is written as follows:

E(rs) ¼ r þ [E(rm)�r]βs

where E(rm) is the expected return on the market port-

folio, which is the combination of all risky assets, and

bs is called the asset’s beta. The beta is a measure of

the risk that an investor cannot avoid, which is the risk

that the asset contributes to the market portfolio. The

CAPM assumes that individuals diversify away as

much risk as possible and hold the market portfolio.

Thus, the only risk that matters is the risk that a given

asset contributes to a diversified portfolio. As noted,

investors hold the market portfolio and combine it

with the risk-free asset or leverage it by borrowing at

the risk-free rate so that the overall risk will be at the

desired level. Hence, from the CAPM we get our first

look at what risk management means: to force the ac-

tual portfolio risk to equal the desired portfolio risk.

The CAPM is a controversial theory. Whether it

holds true in practice cannot be verified. Nonetheless,

it makes considerable sense. Variations of the CAPM

and more complex models do exist, but understanding

and accepting the CAPM is more than enough back-

ground to understanding derivatives. Yet understanding

the CAPM is not completely necessary for understand-

ing derivatives. It does indeed help to understand how

risk is accounted for. But so much of what matters in

understanding derivatives is understanding how they

can be used to eliminate risk. With risk out of the pic-

ture, all one really needs to understand is arbitrage.

Arbitrage is a condition resulting from the fact that

two identical combinations of assets are selling for dif-

ferent prices. An investor who spots such an opportu-

nity will buy the lower-priced combination and sell the

higher-priced combination. Because the combinations

of assets perform identically, the performance of one

combination hedges the performance of the other so

that the risk is eliminated. Yet one was purchased for

one price and the other was sold for a higher price.

Some people refer to this as a money tree or money

machine. In other words, you get money for doing

nothing.

A world of rational investors is a world in which ar-

bitrage opportunities do not exist. It is often said that

in such a world it would be impossible to walk down

the street and find a $100 bill on the ground. If such a

bill were ever there, someone would surely have al-

ready picked it up. Even good citizens and humanitar-

ians would probably pick it up, hoping to find the

owner or planning to give it to a charity. Of course,

we know there is a possibility that we might find a

$100 bill on the ground. But we do not expect to find

one because people are not careless with large

amounts of money, and if someone happens to be

careless, it is unlikely the money will still be there by

the time we arrive. And so it is in financial markets.

People are not careless with their money. They are

particularly careful, and they do not offer arbitrage op-

portunities. In fact, they work hard at understanding

how to avoid offering arbitrage opportunities. And if

anyone does offer an arbitrage opportunity, it will be

snapped up quickly.

Studying this book will help you avoid offering

arbitrage opportunities. And if someone carelessly

offers an arbitrage opportunity, you will know how to

take it.

Chapter 1 Introduction 9



book presents numerous strategies for using derivatives, all of them assume that the
investor has already developed expectations about the direction of the market. Deriva-
tive strategies show how to profit if those expectations prove correct and how to mini-
mize the risk of loss if they prove wrong. These strategies are methods for managing
the level of risk and thus should be considered essential tools for survival in efficient
markets.

FUNDAMENTAL LINKAGES BETWEEN SPOT AND
DERIVATIVE MARKETS
So far we have not established a formal connection between spot and derivative markets.
Instruments such as options, forwards, and futures are available for the purchase and
sale of spot market assets, such as stocks and bonds. The prices of the derivatives are
related to those of the underlying spot market instruments through several important
mechanisms. Chapters 3, 4, 5, and 9 examine these linkages in detail; nevertheless,
a general overview of the process here will be beneficial.

Arbitrage and the Law of One Price
Arbitrage is a type of transaction in which an investor seeks to profit when the same
good sells for two different prices. The individual engaging in the arbitrage, called the
arbitrageur, buys the good at the lower price and immediately sells it at the higher price.
Arbitrage is an attractive strategy for investors. Thousands of individuals devote their
time to looking for arbitrage opportunities. If a stock sells on one exchange at one price
and on another at a different price, arbitrageurs will go to work buying at the low price
and selling at the high price. The low price will be driven up and the high price driven
down until the two prices are equal.

In your day-to-day life, you make many purchases and sales. Sometimes you encoun-
ter the same good selling for two different prices; for example, a computer from a mail-
order discount house may cost less than the same computer at a local computer store.
Why is there a difference? The store may offer longer warranties, localized service, and
other conveniences not available through the discounter. Likewise, a pair of running
shoes purchased at a local discounter may be cheaper than the same one purchased at
a sporting goods store, where you pay extra for service and product knowledge. Where
real differences exist between identical goods, the prices will differ.

But sometimes the differences appear real when they actually are not. For example,
suppose there are two possible outcomes that might occur. We call these possible out-
comes states. Look at the outcomes for two assets illustrated in Figure 1.2: A1 and A2.
If state 1 occurs, asset A1 will be worth $100, while if state 2 occurs, asset A1 will be
worth $80. In state 1 asset A2 will be worth $50, and in state 2 asset A2 will be worth
$40. It should be obvious that asset A1 is equivalent to two shares of asset A2. Or in
other words, by buying two shares of asset A2, you could obtain the same outcomes as
buying one share of asset A1.

Now, suppose asset A1 is selling for $85. What should be the price of asset A2? Sup-
pose asset A2 is $41. Then you could buy two shares of asset A2, paying $82, and sell
short one share of asset A1 by borrowing the share from your broker. The short sale of
asset A1 means you will receive its price, $85, up front, for a net cash flow of þ$3
(¼ þ$85 � $82). Then when the actual state is revealed, you can sell your two shares
of asset A2 and generate exactly the amount of cash needed to cover your short sale po-
sition in asset A1. Thus, there is no risk to this transaction, and yet you received a net
cash flow of $3 up front. This is like a loan in which you borrow $3 and do not have to
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pay back anything. Obviously, everyone would do this, which
would push up the price of asset A2 and push down the price of
asset A1 until the price of asset A1 was exactly equal to two times
the price of asset A2.

The rule that states that these prices must be driven into line in
this manner is called the law of one price. The law of one price
does not mean that the price of asset A2 must equal the price of
asset A1. Rather it states that equivalent combinations of financial

instruments must have a single price. Here the combination of two shares of asset A2
must have the same price as one share of asset A1.

Markets ruled by the law of one price have the following four characteristics:

• Investors always prefer more wealth to less.
• Given two investment opportunities, investors will always prefer one that performs

at least as well as the other in all states and better in at least one state.
• If two investment opportunities offer equivalent outcomes, they must have equiva-

lent prices.
• An investment opportunity that produces the same return in all states is risk-free

and must earn the risk-free rate.

In later chapters, we shall see these rules in action.
In an efficient market, violations of the law of one price should never occur. But

occasionally prices get out of line, perhaps through momentary oversight. Arbitrage is
the mechanism that keeps prices in line. To make intelligent investment de-
cisions, we need to learn how arbitrage transactions are made, which we
shall do in later chapters.

The Storage Mechanism: Spreading Consumption
across Time
Storage is an important linkage between spot and derivative markets. Many types of assets
can be purchased and stored. Holding a stock or bond is a form of storage. Even making
a loan is a form of storage. One can also buy a commodity, such as wheat or corn, and
store it in a grain elevator. Storage is a form of investment in which one defers selling
the item today in anticipation of selling it at a later date. Storage spreads consumption
across time.

Figure 1.2 Arbitrage with Two Assets and Two States of the World

A1 = $85
A2 = $41?

Currently

A1 = $100
A2 = $  50

State 1

A1 = $80
A2 = $40

State 2

The law of one price requires that equiva-
lent combinations of assets, meaning those
that offer the same outcomes, must sell for
a single price or else there would be an
opportunity for profitable arbitrage that
would quickly eliminate the price
differential.

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance
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Because prices constantly fluctuate, storage entails risk. Derivatives can be used to
reduce that risk by providing a means of establishing today the item’s future sale price.
This suggests that the risk entailed in storing the item can be removed. In that case, the
overall investment should offer the risk-free rate. Therefore, it is not surprising that
the prices of the storable item, the derivative contract, and the risk-free rate will all be
related.

Delivery and Settlement
Another important linkage between spot and derivative markets is delivery and settle-
ment. At expiration, a forward or futures contract calls for either immediate delivery of
the item or a cash payment of the same value. Thus, an expiring forward or futures con-
tract is equivalent to a spot transaction. The price of the expiring contract, therefore,
must equal the spot price. Though options differ somewhat from forwards and futures
at expiration, these instruments have an unambiguous value at expiration that is deter-
mined by the spot price.

Few derivative traders hold their positions until the contracts expire.3 They use the
market’s liquidity to enter into offsetting transactions. Nonetheless, the fact that delivery
or an equivalent cash payment will occur on positions open at expiration is an important
consideration in pricing the spot and derivative instruments.

The foregoing properties play an important role in these markets’ performance. De-
rivative and spot markets are inextricably linked. Nonetheless, we have not yet deter-
mined what role derivative markets play in the operations of spot markets.

ROLE OF DERIVATIVE MARKETS

Risk Management
Because derivative prices are related to the prices of the underlying spot market goods,
they can be used to reduce or increase the risk of owning the spot items. Derivative
market participants seeking to reduce their risk are called hedgers. Derivative market
participants seeking to increase their risk are called speculators.

For example, buying the spot item and selling a futures contract or call option reduces
the investor’s risk. If the good’s price falls, the price of the futures or option contract will
also fall. The investor can then repurchase the contract at the lower price, effecting a
gain that can at least partially offset the loss on the spot item. This type of transaction
is known as a hedge.

As we noted earlier, investors have different risk preferences. Some are more tolerant
of risk than others. All investors, however, want to keep their investments at an accept-
able risk level. Derivative markets enable those investors who wish to reduce their risk to
transfer it to those wishing to increase it. We call these latter investors speculators.
Because these markets are so effective at reallocating risk among investors, no one need
assume an uncomfortable level of risk. Consequently, investors are willing to supply
more funds to the financial markets. This benefits the economy, because it enables
more firms to raise capital and keeps the cost of that capital as low as possible.

As noted, on the other side of hedging is speculation. Unless a hedger can find an-
other hedger with opposite needs, the hedger’s risk must be assumed by a speculator.
Derivative markets provide an alternative and efficient means of speculating. Instead of
trading the underlying stocks or bonds, an investor can trade a derivative contract. Many

3On derivative contracts that do not call for delivery at expiration, but specify that an economically equivalent
cash payment be made, positions are more likely to be held to expiration.
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investors prefer to speculate with derivatives rather than with the underlying securities.
The ease with which speculation can be done using derivatives in turn makes it easier
and less costly for hedgers.

We would be remiss if we left it at that, however, for speculation is controversial. De-
rivative markets have taken much criticism from outsiders, including accusations that
their activities are tantamount to legalized gambling. We shall look at this point in a later
section.

Price Discovery
Forward and futures markets are an important source of information about prices. Fu-
tures markets, in particular, are considered a primary means for determining the spot
price of an asset. This should seem unusual, since a spot market for the asset must exist,
but for many assets on which futures trade, the spot market is large and fragmented.
Gold, oil, and commodities trade at different places and at different times. Within each
asset’s class, there are many varieties and quality grades. Hence, there are many potential
candidates for the “spot” price of an asset. The futures market assembles that informa-
tion into a type of consensus, reflecting the spot price of the particular asset on which
the futures contract is based. The price of the futures contract that expires the earliest,
referred to as the nearby contract, is often treated as the spot price.

MAK ING THE CONNECT I ON

Jet Fuel Risk Management at Southwest Airlines

The primary business objective of Southwest Airlines

is to transport passengers and cargo within the conti-

nental United States at a low cost. While salaries are

the largest expense for Southwest Airlines, the second

largest is the cost of jet fuel. For many years, the com-

pany has aggressively managed its current and pro-

spective jet fuel consumption. In its 2007 10-K Report,

Section 10, “Derivative and Financial Instruments, Fuel

Contracts,” management partially explains their cur-

rent financial derivatives positions:

“The Company utilizes financial derivative instru-

ments for both short-term and long-term time frames.

In addition to the significant protective fuel derivative

positions the Company had in place during 2007, the

Company also has significant future positions. The

Company currently has a mixture of purchased call op-

tions, collar structures, and fixed price swap agree-

ments in place to protect against over 70 percent of

its 2008 total anticipated jet fuel requirements at aver-

age crude oil equivalent prices of approximately $51

per barrel, and has also added refinery margins on

most of these positions. Based on current growth

plans, the Company also has fuel derivative contracts

in place for 55 percent of its expected fuel consumption

for 2009 at approximately $51 per barrel, nearly 30 per-

cent for 2010 at approximately $63 per barrel, over

15 percent for 2011 at $64 per barrel, and over 15 per-

cent for 2012 at $63 per barrel.” Of course, Southwest

Airlines may well have just been lucky, but as of

mid-2008, crude oil was trading at about $140 a barrel,

almost three times what it effectively pays due to its

derivatives use.

But in any case, Southwest Airlines appears to have

“significant protective fuel derivative positions” indicat-

ing that it is attempting to hedge the risk of rising fuel

prices. Notice, however, that the percentage of antici-

pated fuel consumption for which it has positions de-

clines as one goes further out in time. Because airline

tickets can be booked no more than a year in advance

and ticket prices can be changed, the need for jet fuel

derivatives positions of longer maturities is unclear.

Accordingly, the company reduces its commitments

for the more distant future.

As we go through the material in this book, you will

become familiar with the various instruments used by

Southwest Airlines, such as options, collars, and swaps,

and you will learn how companies and individuals can

use these tools to manage risk.
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Futures and forward prices also contain information about what people expect future
spot prices to be. As we shall see later, spot prices contain this same information, but it
may be harder to extract that information from the spot market than from the futures
market. Moreover, in almost all cases, the futures market is more active and, hence, in-
formation taken from it is often considered more reliable than spot market information.
While a futures or forward price should not be treated as an expected future spot price, a
futures or forward price does reflect a price that a market participant could lock in today
in lieu of accepting the uncertainty of the future spot price.

Hence, futures and forward markets are said to provide price discovery. Options
markets do not directly provide forecasts of future spot prices. They do, however,
provide valuable information about the volatility and, hence, the risk of the underlying
spot asset.

Operational Advantages
Derivative markets offer several operational advantages. First, they entail lower transac-
tion costs. This means that commissions and other trading costs are lower for traders in
these markets. This makes it easy and attractive to use these markets either in lieu of
spot market transactions or as a complement to spot positions.

Second, derivative markets often have greater liquidity than the spot markets.
Although spot markets generally are quite liquid for the securities of major companies,
they cannot always absorb some of the large dollar transactions without substantial price
changes. In some cases, one can obtain the same levels of expected return and risk by
using derivative markets, which can more easily accommodate high-volume trades. This
higher liquidity is at least partly due to the smaller amount of capital required for partic-
ipation in derivative markets. Returns and risks can be adjusted to any level desired, but
because less capital is required, these markets can absorb more trading.

Third, as noted earlier, derivative markets allow investors to sell short in an easier
manner. Securities markets impose several restrictions designed to limit or discourage
short selling that are not applied to derivative transactions. Consequently, many inves-
tors sell short in these markets in lieu of selling short the underlying securities.

Market Efficiency
Spot markets for securities probably would be efficient even if there
were no derivative markets. A few profitable arbitrage opportunities
exist, however, even in markets that are usually efficient. The presence
of these opportunities means that the prices of some assets are tem-
porarily out of line with what they should be. Investors can earn re-
turns that exceed what the market deems fair for the given risk level.

As noted earlier, there are important linkages among spot and derivative prices. The
ease and low cost of transacting in these markets facilitate the arbitrage trading and
rapid price adjustments that quickly eradicate these profit opportunities. Society benefits
because the prices of the underlying goods more accurately reflect the goods’ true eco-
nomic values.

CRITICISMS OF DERIVATIVE MARKETS
As noted earlier, derivative markets allow the transfer of risk from those wanting to re-
move or decrease it to those wanting to assume or increase it. These markets require the
presence of speculators willing to assume risk to in order to accommodate the hedgers
wishing to reduce it. Most speculators do not actually deal in the underlying goods and

Derivative markets provide a means of
managing risk, discovering prices, reducing
costs, improving liquidity, selling short, and
making the market more efficient.
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sometimes are alleged to know nothing about them. Consequently, these speculators
have been characterized as little more than gamblers.

This view is a bit one-sided and ignores the many benefits of derivative markets.
More important, it suggests that these markets siphon capital into wildly speculative
schemes. Nothing could be further from the truth. Unlike financial markets, derivative
markets neither create nor destroy wealth—they merely provide a means to transfer
risk. For example, stock markets can create wealth. Consider a firm with a new idea
that offers stock to the public. Investors buy the stock, and the firm uses the capital to
develop and market the idea. Customers then buy the product or service, the firm earns
a profit, the stock price increases, and everyone is better off. In contrast, in derivative
markets one party’s gains are another’s losses. These markets put no additional risk
into the economy; they merely allow risk to be passed from one investor to another.
More important, they allow the risk of transacting in real goods to be transferred from
those not wanting it to those willing to accept it.

An important distinction between derivative markets and gambling is in the benefits
provided to society. Gambling benefits only the participants and perhaps a few others
who profit indirectly. The benefits of derivatives, however, extend far beyond the market
participants. Derivatives help financial markets become more efficient and provide better
opportunities for managing risk. These benefits spill over into society as a whole.

MISUSES OF DERIVATIVES
Derivatives have occasionally been criticized for having been the source of large losses by
some corporations, investment funds, state and local governments, nonprofit investors,
and individuals. Are derivatives really at fault? Is electricity to be faulted when someone
with little knowledge of it mishandles it? Is fire to be blamed when someone using it
becomes careless?

There is little question that derivatives are powerful instruments. They typically con-
tain a high degree of leverage, meaning that small price changes can lead to large gains
and losses. Though this would appear to be an undesirable feature of derivatives, it actu-
ally is what makes them most useful in providing the benefits discussed earlier. These are
points we shall study later. At this time, however, you should recognize that to use de-
rivatives without having the requisite knowledge is dangerous. That is all the more
reason why you should be glad you have chosen to study the subject.

Having acquired that knowledge, however, does not free you of the responsibility to act
sensibly. To use derivatives in inappropriate situations is dangerous. The temptation to
speculate when one should be hedging is a risk that even the knowledgeable often succumb
to. Having excessive confidence in one’s ability to forecast prices or interest rates and then
acting on those forecasts by using derivatives can be extremely risky. You should never
forget what we said about efficient markets. Regrettably, in recent years many individuals
have led their firms down the path of danger and destruction by forgetting these points,
with the consequence that derivatives and not people are often blamed.

Fortunately, derivatives are normally used by knowledgeable persons in situations
where they serve an appropriate purpose. We hear far too little about the firms and in-
vestors who saved money, avoided losses, and restructured their risks successfully.

DERIVATIVES AND YOUR CAREER
It is tempting to believe that derivatives are but an interesting subject for study. You
might feel that you would someday want to buy an option for your personal investment
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portfolio. You might think that you are unlikely to encounter derivatives in your career
in business. That is simply not true.

As we noted earlier, the primary use of derivatives is in risk management. Businesses,
by their very nature, face risks. Some of those risks are acceptable; indeed a business
must assume some type of risk or there is no reason to be in business. But other
types of risks are unacceptable and should be managed, if not eliminated. For example,
a small furniture manufacturer may borrow money from a bank at a rate that will be
adjusted periodically to reflect current interest rates. The furniture manufacturer is in
the business of making money off the furniture market. It is not particularly suited
to forecasting interest rates. Yet interest rate increases could severely hamper its ability
to make a profit from its furniture business. If that firm sells its products in foreign
countries, it may face significant foreign exchange risk. If the raw materials it purchases
and the energy it consumes are subject to uncertain future prices, as they surely are, the
firm faces additional risks, all having the potential to undermine its success in its main
line of business.

It was but a few years ago that a small firm would not be expected to use derivatives
to manage its interest rate or foreign exchange risk, nor would it be able to do so if it
wanted. The minimum sizes of transactions were too large. Times have changed and
smaller firms are now more able to use derivatives.

If your career takes you into investment management, you will surely encounter de-
rivatives. Those in public service who manage the assets of governments are finding
numerous applications of derivatives. Those responsible for the commodities and energy
purchased by firms will encounter situations where derivatives are or can be used. In
short, derivatives are becoming commonplace and are likely to be even more so for the
foreseeable future.

By taking a course and/or reading this book on derivatives, you are making the first
step toward obtaining the tools necessary to understand the nature and management of
risk, a subject that lies at the very heart of a business.

SOURCES OF INFORMATION ON DERIVATIVES
The derivative markets have become so visible in today’s financial system that virtually
any publication that covers the stock and bond markets contains some coverage of de-
rivatives. There are a variety of specialized trade publications, academic and professional
journals, and Internet sites provided by a number of companies and governmental agen-
cies. We maintain a Web site containing many of these links as well as links to collec-
tions of links maintained by others. Access the site through the Author Updates link on
the book’s Web site, http://www.cengage.com/finance/chance.

BOOK OVERVIEW
We provide here a brief overview of the book, including the new features of this Eighth
Edition.

Organization of the Book
This book is divided into three main parts. First there is an introductory chapter, which
gives an overview of the book’s subject. Then Part I, consisting of Chapters 2–7, covers
options. Chapter 2 introduces the basic characteristics of options and their markets.
Chapter 3 presents the fundamental principles of pricing options. These principles are
often called boundary conditions, and while we do tend to think of them as fundamental,
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they are nonetheless quite challenging. Chapter 4 presents the simple binomial model for
pricing options. Chapter 5 covers the Black-Scholes-Merton model, which is the premier
tool for pricing options and for which a Nobel Prize was awarded in 1997. Chapters 6
and 7 cover option trading strategies.

Part II covers forwards, futures, and swaps. It begins with Chapter 8, which intro-
duces the basic characteristics of forward and futures markets. Chapter 9 presents the
principles for pricing forwards, futures, and options on futures contracts. Chapter 10
covers futures arbitrage strategies, which is the primary determinant of futures prices.
Chapter 11 covers various futures trading strategies. Chapter 12 is devoted to swaps, in-
cluding interest rate, currency, and equity swaps.

Part III deals with various advanced topics, although one should not get the impres-
sion that the material is particularly complex. Chapter 13 deals with interest rate deriva-
tives, such as forward rate agreements, interest rate options, and swaptions. Chapter 14
covers some advanced derivatives and strategies, which are mostly extensions of previous
topics and strategies. Chapters 15 and 16 deal with risk management. Chapter 15 covers
quantitative risk management, emphasizing such topics as Value at Risk, delta hedging,
and managing credit risk. Chapter 16 is more qualitative and focuses on the issues that
must be addressed in an organization so that risk management is properly conducted.
You will have the opportunity to learn how risk management is done well in organiza-
tions and how it is done poorly.

Key Features of the Book
Some key features of the book are:

• An emphasis on practical application of theory; all ideas and concepts are presented
with clear illustrations. You never lose touch with the real world.

• A minimal use of technical mathematics. While financial derivatives is unavoidably
a technical subject, calculus is not necessary for learning the material at this level.
(Note: Some calculus is used in appendices, but it is not essential for understanding
that material.)

• A balanced emphasis on strategies and pricing.
• A liberal use of illustrations. The book contains over 100 figures and is supported

with over 100 tables.
• Over 360 end-of-chapter questions and problems that allow you to test your skills

(solutions keyed to chapter sub-headings are available to adopting instructors).
• Over 200 margin notes. These are short summaries (a few sentences) of key points,

and are found throughout the book.
• Key terms: At the end of each chapter is a list of important terms you should be able

to define before you go on. These terms correspond to the boldfaced words within
the chapter, and average eighteen per chapter.

• Quotes that begin each chapter. While introductory students may not always catch
the meaning behind these quotes, every one has some meaning related to the topic
of the chapter. Though the individual authors cited are quite a varied bunch, most
are practitioners in the field.

• Downloadable software: The product-support Web site (http://www.cengage.com/
finance/chance) contains downloadable Excel spreadsheets. Throughout the book
there are sections called Software Demonstrations that contain explicit illustrations
of how to use the software.

• Appendices containing lists of formulas and references.
• A glossary defining several hundred terms.
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• A comprehensive index, of course.
• A PowerPoint® presentation, which is available for instructors adopting the book.

Some of the other PowerPoint presentations that we have seen accompanying
finance textbooks are mostly just outlines; this book’s presentations, however, con-
tain much more detail, and are available from the product-support Web site.

• An Instructor’s Manual which contains answers to the end-of-chapter questions and
problems, and to the true-false and multiple-choice tests.

• A Web site (http://www.cengage.com/finance/chance) that contains the PowerPoint
slides, Excel® spreadsheets, and links to relevant Internet sites. The site also provides
restricted access to an electronic version of the Instuctor’s Manual, which is available
in Word® and Adobe Acrobat® format. Also contained in the site is updated infor-
mation and errata. Yes, this book will probably have some errors, but at least we are
willing to tell you about them.

• Technical note references within chapters that direct students to more details on
the Web site. This feature allows more complex materials to be available to those
faculty and students who desire to explore the book’s subject in more depth without
distracting others.

Our focus in this book is on making theory work in practice. All points are illustrated
as much as possible using practical situations. When strategies are covered, readers learn
the theory, examine the algebraic equations that describe what is happening, and observe
the results with either a table or graph.

Specific New Features of the Eighth Edition
For those familiar with the previous editions, the following are new features:

• An update of contemporary market data references, Web sites, and regulatory
agencies.

• The seventh edition contained boxed inserts called Derivative Tools. For the eigth
edition, we have increased the number and changed them to Making the Connection,
which are designed to establish a better linkage between the theory of derivatives
and risk management and the practice.

• The seventh edition contained references to Technical Notes, which are online deri-
vations and proofs that take the material a step further than is covered in the book.
These provide the instructor with the ability to easily assign more advanced material
or for certain students to take their study to a higher level. We have increased the
number of these items.

• A general updating of all material to reflect the rapidly changing nature of the field
of derivatives and risk management.

• Problems have been split into two groups: Concept Checks, the answers of which are
now provided at the end of the book, and Questions and Problems, the answers of
which are available in the Solutions Manual. Addition problems have been added in
each chapter.

• The Concept Checks for Chapter 3 contains a question that directs readers to a
detailed presentation of option pricing principles that is available on the book’s
Web site, http://www.cengage.com/finance/chance. This presentation provides a
very visual and dynamic explanation of many of the important option pricing
principles.

• With the rapidly changing ownership structure of financial derivatives exchanges,
great care was taken to update all references to reflect the present ownership
structure.
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Use of the Book
The ideal way to use this book, and almost all finance textbooks, is in a two-semester
course. A full academic year gives an excellent opportunity to cover the subject matter
without flying at breakneck speed. Each semester can consist of eight chapters, leaving
some time for quizzes, exams, and other in-class activities, such as watching a video or
engaging in a trading exercise. If, however, this book is used for only a one-semester
course, instructors should find the material sufficiently flexible for picking and choosing
chapters. There is a tendency, however, for one-semester courses to just cover the chap-
ters in the order in which they appear. Our own recommendation is that a one-semester
course should be sure to include swaps. The swap is the most widely used derivative and
the one most likely to be encountered by those who go out into the corporate world.
Thus, the instructor might wish to make a special effort to cover Chapter 12, which
would probably not be covered if the syllabus just followed the sequence of chapters. In
addition to swaps, a one-semester course should probably include interest rate options,
which are also likely to be encountered in the corporate world. To make room for these
topics, the instructor might need to de-emphasize futures and possibly even cut down on
the coverage of option strategies. Chapters 14, 15, and 16, therefore, are the lowest-
priority chapters that should be forced into a one-semester course.

Although the primary audience is the university-level undergraduate, this book has
been widely used at the MBA level, including at some very prestigious universities’
MBA programs. Instructors should not hesitate to adapt the book to an MBA course.
The book has also been used in corporate training programs.

Summary

This chapter began by distinguishing between busi-
ness and financial risk and by identifying the fact
that financial risk results from uncertainty in interest
rates, exchange rates, stock prices, and commodity
prices. The chapter then introduced derivatives as a
means of managing financial risk. It described the dif-
ferent types of derivatives and reviewed the concepts
of risk preference, short selling, return and risk, and
market efficiency/theoretical fair value. It introduced
the principles of arbitrage and the law of one price,
the concept of storage, and the practice of delivery/
settlement. It described the role of derivative markets
in terms of helping to manage risk, discovering prices,
lowering transaction costs and providing other opera-
tional advantages, and promoting a more efficient
market. It identified and responded to criticisms of

derivative markets and discussed the potential misuses
of derivatives.

Part I of this book consists of Chapters 2 through
Chapters 7 and covers options markets. It introduces
the instruments, examines pricing models, and illus-
trates strategies. Part II consists of Chapters 8 through
Chapters 12 and covers forward, futures, and swap mar-
kets. In a similar manner, it introduces the instruments,
examines pricing models, and illustrates strategies.
Part III is called Advanced Topics and takes us a step
further by examining the widely used interest rate deri-
vatives (Chapter 13), various advanced derivatives and
strategies (Chapter 14) and ends with two chapters on
risk management, one of which focuses on methods for
managing risk and the other of which looks at risk
management within an organization.

Key Terms

Before continuing to Chapter 2, you should be able to give brief definitions of the following terms:

business risk, p. 1
financial risk, p. 1
derivative, p. 1
real asset, p. 2

financial asset, p. 2
cash market / spot

market, p. 2
option, p. 2

call, p. 2
put, p. 2
forward contract, p. 3
futures contract, p. 3
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futures market, p. 3
options on futures, p. 4
swap, p. 4
swaption, p. 4
hybrid, p. 4
financial engineering, p. 4
risk neutral, p. 5
risk aversion, p. 5

risk premium, p. 5
short selling, p. 6
repurchase agreement (repos), p. 6
return, p. 7
dollar return, p. 7
percentage return, p. 7
risk, p. 7
risk-free rate, p. 7

risk-return trade-off, p. 7
theoretical fair values, p. 8
market efficiency, p. 8
arbitrage, p. 10
law of one price, p. 11
hedger, p. 12
speculator, p. 12
nearby contract, p. 13

Further Reading

The following sources treat derivatives in a nontechnical manner or provide interesting insights into the world
of derivatives:

Boyle, P. and F. Boyle. Derivatives: The Tools That
Changed Finance. London: Risk Books, 2001.

Chance, D. M. Essays in Derivatives: Risk-Transfer
Tools and Topics Made Easy. Hoboken, NJ: John
Wiley & Sons, 2008.

Derman, E. My Life as a Quant. New York: Wiley,
2004.

Durbin, M. All About Derivatives. New York: McGraw-
Hill, 2005.

Johnson, P. M. Derivatives: A Manager’s Guide to the
World’s Most Powerful Financial Instruments. New
York: McGraw-Hill, 1999.

Klein, R. A., and J. Lederman. Derivatives Risk and
Responsibility. Chicago: Irwin, 1996.

Lindsey, R. R. and B. Schachter. How I Became a
Quant: Insights from 25 of Wall Street’s Elite. New
York: Wiley, 2007.

McLaughlin, R. M. Over-the-Counter Derivative
Products. New York: McGraw-Hill, 1999.

Mehrling, P. Fischer Black and the Revolutionary Idea
of Finance. New York: Wiley, 2005.

Modern Risk Management: A History. London: Risk
Books, 2003.

Taleb, N. N. The Black Swan: The Impact of the Highly
Improbable. New York: Random House, 2007.

Taleb, N. N. Fooled by Randomness: The Hidden Role
of Chance in the Markets and in Life. New York:
Texere, 2001.

Concept Checks

1. Distinguish between business risk and financial
risk.

2. Distinguish between real assets and financial
assets.

3. What is the difference between an investor who
is risk neutral and one who is risk averse?

4. Explain the concept of a risk-return trade-off.
5. What are the components of the expected return?

Questions and Problems

1. What is an efficient market? Why do efficient
markets benefit society?

2. Define arbitrage and the law of one price. What
role do they play in our market system? What do
we call the “one price” of an asset?

3. Suppose you are shopping for a new automobile.
You find the same car at two dealers but at

different prices. Is the law of one price being
violated? Why or why not?

4. What is storage? Why is it risky? What role does
it play in the economy?

5. Why is delivery important if so few futures con-
tracts end in delivery?

6. What are the major functions of derivative mar-
kets in an economy?

20 Chapter 1 Introduction



7. Why is speculation controversial? How does it
differ from gambling?

8. What are the three ways in which derivatives can
be misused?

9. Assume that you have an opportunity to visit a
civilization in outer space. Its society is at roughly
the same stage of development as U.S. society is
now. Its economic system is virtually identical to
that of the United States, but derivative trading is
illegal. Compare and contrast this economy with
the U.S. economy, emphasizing the differences
due to the presence of derivative markets in
the latter.

10. Contrast dollar return and percentage return. Be
sure to identify which return is more useful when
comparing investments.

11. An option dealer needs to finance the purchase
of a security and holds an inventory of U.S.
Treasury bills. Explain how the dealer can use the
repo market for financing the security purchase.

12. Compare and contrast options and forward
markets.

13. All derivatives are based on the random perfor-
mance of something. Identify and discuss this
“something.”
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CHA P T E R 2
Structure of Options Markets

There weren’t many traders at the sharp end over thirty. Eyes flitting between
flickering lines of information on four different screens, one ear on the phone,
the other on the cries of the colleagues, twelve hours of split-second
calculations, judging yourself and being judged on the score at the end of every
day. These men and women lived and breathed the market.

Linda Davies

Into the Fire, 1999, p. 34

In Chapter 1 we introduced the concept of an option, a contract between two parties—a
buyer and a seller, or writer—in which the buyer purchases from the writer the right to
buy or sell an asset at a fixed price. As in any contract, each party grants something to
the other. The buyer pays the seller a fee called the premium, which is the option’s price.
The writer grants the buyer the right to buy or sell the asset at a fixed price.

An option to buy an asset is a call option. An option to sell an asset is a put option. The
fixed price at which the option buyer can either buy or sell the asset is called the exercise
price or strike price, or sometimes the striking price. In addition, the option has a definite
life. The right to buy or sell the asset at a fixed price exists up to a specified expiration date.

Options are often encountered in everyday life. For example, a rain check offered by a
store to allow you to return and purchase a sale item that is temporarily out of stock is an
option. You return to the store and buy the item, if it is really worth it. Or you can throw
the rain check away. You could even give (or sell) it to someone else. A coupon clipped
from the newspaper that allows you to buy an item for a special price at any time up to
an expiration date is also an option. Suppose you plan to purchase a deeply discounted
airline ticket. You are afraid your plans might change, and the airline says the ticket at
that price is nonrefundable. For just $75 more, you can obtain the right to cancel the ticket
at the last minute. If you pay the extra $75 for the right to cancel, you have just purchased
an option. Finally, there is a good chance you are taking a college or university course right
now, and you probably hold a valuable option: your right to drop the course up to a spe-
cific date. That right is paid for automatically with your tuition payment. On a certain date
later in the term, you will decide whether to continue with the course or drop it. This is
certainly a valuable option, but one we hope you will not use, at least not in this course.

In each example, you hold the right to do something. You will exercise that right if it
turns out to be worth it to you. Although that is the essence of an option, options on secu-
rities and other assets do have a few more complicating features. First however, let us take
a look at how options markets developed.

DEVELOPMENT OF OPTIONS MARKETS
There are plenty of examples of options in everyday life. Historians and archaeologists
have even discovered primitive options. Though these arrangements may resemble mod-
ern options, the current system of options markets traces its origins to the nineteenth

CHAPTER
OBJECT I V ES

• Define and provide
examples of call and
put options

• Describe the
institutional
characteristics of
options markets,
including both the
exchange and over-
the-counter markets

• Provide information
on the options
available for trading
and the volume of
trading on exchanges

• Describe the process
of placing an order to
trade an option on an
exchange

• Illustrate the role of
the clearinghouse in
exchange-listed
options trading

• Show how to access
option prices

• Present information
on the magnitude and
effects of transaction
costs in options
trading

• Discuss the regulatory
structure of options
markets

• Illustratehowmargins
and taxes affect
options transactions

24



century, when puts and calls were offered on shares of stock. Little is known about the
options world of the 1800s other than that it was fraught with corruption.

Then, in the early 1900s, a group of firms calling itself the Put and Call Brokers and
Dealers Association created an options market. If someone wanted to buy an option, a
member of the association would find a seller willing to write it. If the member firm
could not find a writer, it would write the option itself. Thus, a member firm could be
either a broker—one who matches buyer and seller—or a dealer—one who actually takes
a position in the transaction.

Although this over-the-counter options market was viable, it suffered from several
deficiencies. First, it did not provide the option holder the opportunity to sell the option
to someone else before it expired. Options were designed to be held all the way to expi-
ration, whereupon they were either exercised or allowed to expire. Thus, an option con-
tract had little or no liquidity. Second, the writer’s performance was guaranteed only by
the broker-dealer firm. If the writer or the Put and Call Brokers and Dealers Association
member firm went bankrupt, the option holder suffered a credit loss.1 Third, the cost of
transacting was relatively high, due partly to the first two problems.

In 1973, a revolutionary change occurred in the options world. The Chicago Board of
Trade, the world’s oldest and largest exchange for the trading of commodity futures con-
tracts, organized an exchange exclusively for trading options on stocks. The exchange
was named the Chicago Board Options Exchange (CBOE). It opened its doors for call
option trading on April 26, 1973, and the first puts were added in June 1977.

The CBOE created a central marketplace for options. By standardizing the terms and
conditions of option contracts, it added liquidity. In other words, an investor who had
previously bought or sold an option could go back into the market prior to its expiration
and sell or buy the option, thus offsetting the original position. Most importantly, how-
ever, the CBOE added a clearinghouse that guaranteed to the buyer that the writer would
fulfill his or her end of the contract. Thus, unlike in the over-the-counter market, option
buyers no longer had to worry about the credit risk of the writer. This made options
more attractive to the general public.

Since that time, several stock exchanges and almost all futures exchanges have begun
trading options. Fueled by the public’s taste for options, the industry grew tremendously
until the great stock market crash of 1987. Hit by the shock of the crash, many individ-
ual investors who had formerly used options stayed away, and volume recovered to its
1987 level in 1997 and has been rising. In 2004, total option contract volume exceeded
one billion for the first time.

Although institutional trading on the options exchanges remained fairly strong after
the crash, a concurrent trend forced the exchanges to address a new competitive threat:
the revival of the over-the-counter options markets. In the early 1980s, many corporations
began to use currency and interest rate swaps to manage their risk. These contracts, which
we briefly mentioned in Chapter 1 and shall cover in more detail in Chapter 12, are private
transactions that are tailored to the specific needs of the two parties. They are subject to
credit risk in that a party could default, leaving the opposite party holding a claim that had
to be pursued in bankruptcy courts. As it turned out, however, these claims were few and
far between, and the market functioned exceptionally well. Soon thereafter, firms began to
create other types of over-the-counter contracts, such as forwards, and, as expected, op-
tions began to be used as well. Because of the large minimum size of each transaction
and the credit risk, however, the general public is unable to participate in this new, revived
over-the-counter market. The growth in this institutional over-the-counter market has

1The individual or firm could, of course, pursue costly legal remedies.
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placed severe pressures on the options exchanges. By the early 1990s the exchanges were
trying to become more innovative to win back institutional trading and to stimulate the
public’s interest in options. These trends, however, should not suggest that options are
fading in popularity; in fact they are more popular than ever with corporations and finan-
cial institutions, but the growth is concentrated in the over-the-counter market.

CALL OPTIONS
A call option is an option to buy an asset at a fixed price—the exercise price. Options are
available on many types of assets, but for now we shall concentrate on stock options.2

Consider the following example: On August 1, 2005, several exchanges offered options
on the stock of Microsoft. One particular call option had an exercise price of $27.5 and
an expiration date of September 16. Microsoft stock had a price of $25.92. The buyer of
this option received the right to buy the stock at any time up through September 16
at $27.5 per share. The writer of that option therefore was obligated to sell the stock at
$27.5 per share through September 16 whenever the buyer wanted it. For this privilege,
the buyer paid the writer the premium, or price, of $0.125.

Why would either party have entered into the call option contract? The call option
buyer would not have done so to immediately exercise the option, because the stock could
be bought in the market for $25.92, which was less than the exercise price of $27.5.
The call option buyer must have expected that the stock’s price would rise above $27.5
before the option expired. Conversely, the call writer expected that the stock price would
not get above $27.5 before the option expired. The call buyer and writer negotiated the
premium of $0.125, which can be viewed as the call buyer’s wager on the stock price
going above $27.5 by September 16. Alternatively, either the call buyer or writer may
have been using the option to protect a position in the stock—a strategy we mentioned
in Chapter 1 called hedging.

Suppose that immediately after a call is purchased, the stock price increases. Because
the exercise price is constant, the call option is now more valuable. New call options with
the same terms will sell for higher premiums. Therefore, older call options with the same
expiration date and exercise price must also sell for higher premiums. Similarly, if the
stock price falls, the call’s price also will decline. Clearly the buyer of a call option has
bullish expectations about the stock.

A call in which the stock price exceeds the exercise price is said to be in-the-money.
As we shall see in Chapter 3, however, in-the-money calls should not necessarily be ex-
ercised prior to expiration. If the stock price is less than the exercise price, the call option
is said to be out-of-the-money. Out-of-the-money calls should never be exercised. We
shall explore these points more thoroughly in Chapter 3. If the stock price equals the
exercise price, the option is at-the-money.

PUT OPTIONS
A put option is an option to sell an asset, such as a stock. Consider the put option on
Microsoft stock on August 1, 2005, with an exercise price of $27.5 per share and an ex-
piration date of September 16. It allowed the put holder to sell the stock at $27.5 per
share any time up through September 16. The stock currently was selling for $25.92.
Therefore, the put holder could have elected to exercise the option, selling the stock to
the writer for $27.5 per share. The put holder may, however, have preferred to wait and

2As we noted in Chapter 1, derivatives are created not only on assets, but also on futures contracts and the
weather, neither of which would be considered an asset.
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see if the stock price fell further below the exercise price. The put buyer expected the
stock price to fall, while the writer expected it to remain the same or rise.

The put option buyer and writer negotiated a premium of $1.70, which the buyer paid
to the writer. The put option premium can be viewed as the buyer’s wager that the stock
price would not rise above $27.5 per share by September 16. The put writer accepted the
premium because it was deemed to be fair compensation for the willingness to buy the
stock for $27.5 any time up through September 16. As in the case of call options, either
the put option buyer or the writer might have been using the put to hedge a position in
the stock.

Since the put allows the holder to sell the stock for a fixed price, a decrease in the
stock price will make the put more valuable. Conversely, if the stock price increases, the
put will be less valuable. It should be apparent that the buyer of a put has bearish expec-
tations for the stock.

If the stock price is less than the exercise price, the put is said to be in-the-money. In
Chapter 3, we shall see that it is sometimes, but not always, optimal to exercise an in-the-
money put prior to expiration. If the stock price is more than the exercise price, the put
is out-of-the-money. An out-of-the-money put should never be exercised. When the
stock price equals the exercise price, the put is at-the-money.

OVER-THE-COUNTER OPTIONS MARKET
As noted earlier, there is now a rather large over-the-counter options market dominated
by institutional investors. Chicago is no longer the center of the options industry. The
scope of this market is worldwide. An option bought by an American corporation in
Minnesota from the New York office of a Japanese bank, who in turn buys an offset-
ting option from the London office of a Swiss bank, would not at all be unusual. These
contracts are entered into privately by large corporations, financial institutions, and
sometimes even governments, and the option buyer is either familiar with the credit-
worthiness of the writer or has had the credit risk reduced by some type of collateral
guarantee or other credit enhancement. Nonetheless, there is nearly always some credit
risk faced by the buyers of these options. There are, however, several major advantages
of this type of option.

The first advantage is that the terms and conditions of the options can be tailored to
the specific needs of the two parties. For example, suppose the manager of a pension
fund would like to protect the profit in the fund’s portfolio against a general decline
in the market. As we shall discuss in great detail in Chapter 6, the purchase of a put in
which the holder of the portfolio can sell it to the option writer for a specific value on
a certain date can assure the manager of a minimum return. Unfortunately, this type of
transaction cannot always be accomplished on the options exchange. First, the options
available on the exchange are based on certain stocks or stock indices. The manager
would need an option on the specific portfolio, which might not match the indices on
which options were available.3 Second, the options on the exchange expire at specific
dates, which might not match the manager’s investment horizon. Third, even if options
were available, there might not be enough liquidity to handle the large trades necessary
to protect the entire portfolio. In the over-the-counter market, the manager can specify
precisely which combination of stocks the option should be written on and when it

3It would be wasteful to purchase an option on each security, even if one were available; the purchase would
protect the portfolio against risk that is already eliminated by the portfolio diversification.
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should be exercised.4 Although unusually large transactions could take some time to ar-
range, it is likely that most pension fund managers could get the desired transactions
accomplished. Fourth, in the over-the-counter markets, options can be created on a
wider range of instruments than just stocks. Options exist on bonds, interest rates, com-
modities, currencies, and many other types of assets as well as some instruments that are
not even assets, such as the weather.

A second advantage is that the over-the-counter market is a private market in which
neither the general public nor other investors, including competitors, need know that the
transactions were completed. This does not mean that the transactions are illegal or sus-
picious. On the options exchange, a large order to buy puts could send a signal to the
market that someone might have some bad news. This could send the market reeling as
it worries about what impending information might soon come out.

Another advantage is that over-the-counter trading is essentially unregulated. Its rules are
those of commonsense business honesty and courtesy. Institutions that do not conform
would find themselves unable to find counterparties with which to trade. This largely unreg-
ulated environment means that government approval is not needed to offer new types of
options. The contracts are simply created by parties that see mutual gain in doing business
with each other. There are no costly constraints or bureaucratic red tape to cut through.

Clearly there are some disadvantages to over-the-counter trading, the primary one of
which is that credit risk is higher and excludes many customers who are unable to estab-
lish their creditworthiness in this market. The credit risk problem is an important and
highly visible contemporary issue in derivatives markets, and we shall discuss it more in
later chapters. In addition to the credit risk problem, the sizes of the transactions in the
over-the-counter market are larger than many investors can handle. It is not clear, how-
ever, that over-the-counter trading is any more or less costly than trading on the exchange.

The over-the-counter market is quite large, but because of the private nature of the
transactions, gauging its size is difficult. The Bank for International Settlements (BIS)
conducts semiannual surveys that attempt to provide some data. These surveys, however,
take a long time to complete and are published with a considerable lag. The BIS’s latest
survey estimated that in December 2007, the outstanding notional principal, which is the
amount of the underlying instrument, of options on interest rates, currencies, equities,
and commodities was $76 trillion, with a market value of about $2.1 trillion.

Most of the options created on the over-the-counter market are not the traditional
case of an option on an individual common stock. They tend to be options on bonds,
interest rates, commodities, swaps, and foreign currencies and include many variations
that combine options with other instruments. As noted earlier, a significant number are
created on equity portfolios or indices. Many are on foreign stock indices. The principles
behind pricing and using options, however, are pretty much the same, whether the op-
tion is created on an options exchange or on the over-the-counter market. There are
obvious variations to accommodate the different types of options. We shall cover many
of these in later chapters. Most of the material on options, which comprises Chapter 2
through Chapter 7, however, will use examples that come from organized markets. Now
let us take a look at how the organized options markets operate.

ORGANIZED OPTIONS TRADING
An exchange is a legal corporate entity organized for the trading of securities, options, or
futures. It provides a physical facility and stipulates rules and regulations governing the

4Because the specific combination of stocks is called a basket, these types of options are called basket options.
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transactions in the instruments trading thereon. In the options markets, organized
exchanges evolved in response to the lack of standardization and liquidity of over-
the-counter options. Over-the-counter options were written for specific buyers by partic-
ular sellers. The terms and conditions of the contracts, such as the exercise price and
expiration date, were tailored for the parties involved. Organized exchanges filled the
need for standardized option contracts wherein the exchange would specify the contracts’
terms and conditions. Consequently, a secondary market for the contracts was made
possible. This made options more accessible and attractive to the general public.

As a result of providing a trading facility, specifying rules and regulations, and stan-
dardizing contracts, options became as marketable as stocks. If an option holder wanted
to sell the option before the expiration date or an option writer wished to get out of the
obligation to buy or sell the stock, a closing transaction could be arranged at the options
exchange. We shall examine these procedures in more detail in a later section.

The Chicago Board Options Exchange, the first organized options exchange, estab-
lished the procedures that made options marketable. In addition, it paved the way for
the American, Philadelphia, and Pacific Exchanges to begin option trading. The next sev-
eral sections examine the CBOE’s contract specifications.

Listing Requirements
The options exchange specifies the assets on which option trading is allowed. For stock
options, the exchange’s listing requirements prescribe the eligible stocks on which op-
tions can be traded. At one time, these requirements limited options listings to stocks
of large firms, but these requirements have been relaxed, and more small firms’ options
are available for trading. The exchange also specifies minimum requirements that a stock
must meet to maintain the listing of options on it. These requirements are similar to but
slightly less stringent than those for the initial listing. In all cases, however, the exchange
has the authority to make exceptions to the listing and delisting requirements.

All options of a particular type—call or put—on a given stock are referred to as an
option class. For example, the Microsoft calls are one option class and the Microsoft
puts are another. An option series is all the options of a given class with the same exer-
cise price and expiration. For example, the Microsoft September 27.5 calls are a particu-
lar series, as are the Microsoft October 25 puts.

In recent years many options have been listed on more than one exchange. An
options exchange determines whether options of a particular stock will be listed on its
exchange. The company itself does not make this decision.

Contract Size
A standard exchange-traded stock option contract provides exposure to 100 individual
stocks. Thus, if an investor purchases one contract, it actually represents options to buy
100 shares of stock. An exception to the standard contract size occurs when either a
stock splits or the company declares a stock dividend. In that case, the number of shares
represented by a standard contract is adjusted to reflect the change in the company’s
capitalization. For example, if a company declares a 15 percent stock dividend, the num-
ber of shares represented by an outstanding contract changes from 100 to 115. In addi-
tion, the exercise price is adjusted to 0.8696 (¼1/1.15), rounded to the nearest eighth—or
0.875—of its former value. If a stock split or stock dividend results in the new number of
shares being an even multiple of 100, holders of outstanding contracts are credited with
additional contracts. For example, if the stock splits two-for-one, buyers and writers are
credited with two contracts for every one formerly held and the exercise price is reduced
to one-half of its previous value.

Chapter 2 Structure of Options Markets 29



Contract sizes for options on indexes and certain other instruments are specified as
a multiple. For example, an option on the S&P 100 index has a multiple of 100; an in-
vestor who buys one contract actually buys exposure to 100 times the index.

Exercise Prices
On options exchanges the exercise prices are standardized. Exchanges prescribe the exer-
cise prices at which options can be written. Investors must be willing to trade options
with the specified exercise prices. Of course, over-the-counter transactions can have any
exercise price the two participants agree on.

The goal when establishing the exercise prices is to provide options that will attract
trading volume. Most option trading is concentrated within options in which the stock
price is close to the exercise price. Accordingly, exchange officials tend to list options in
which the exercise prices surround but are close to the current stock price. They must
use their judgment as to whether an exercise price is too far above or below the stock
price to generate sufficient trading volume. If the stock price moves up or down, new
exercise prices close to the stock price are added.

In establishing exercise prices of stock options, exchanges generally follow the rule
that the exercise prices are in $2.50 intervals if the stock price is less than $25, in $5
intervals if the stock price is between $25 and $200, and in $10 intervals if the stock
price is above $200. For index options, the exercise price intervals vary due to the wide
range of the various indices. There are some exceptions to these rules; the very actively
traded options have exercise prices closer together.

In 1993 the CBOE launched the FLEX (for flexible) option, a new type of option that
represented a dramatic departure from the standardization of organized options mar-
kets. FLEX options can have any exercise price. In addition, there are other variations
that we shall mention when we discuss expirations. FLEX options are available with a
minimum face value of $10 million for index options and 250 contracts for options on
individual stocks.

When a stock pays a dividend, the stock price typically falls by the present value of
the dividend on the ex-dividend day, which is the day after the last day on which the
purchaser of the stock is entitled to receive the upcoming dividend. Because call option
holders do not receive dividends and benefit from increases in the stock price, and put
option holders benefit from stock price decreases, the ex-dividend decrease in the stock
price would arbitrarily hurt call holders and help put holders. In the old over-the-
counter options market, options were dividend-protected. If the company declared a
$1 dividend, the exercise price was reduced by $1. Since over-the-counter options were
not meant to be traded, the frequent dividend adjustments caused no problems. For
exchange-listed options, however, such dividend adjustments would have generated many
nonstandard exercise prices. Thus, the exchanges elected not to adjust the exercise price
when a cash dividend was paid. This is also true in the current over-the-counter market.

Expiration Dates
Expiration dates of over-the-counter options are tailored to the buyers’ and writers’
needs. On the options exchanges, each stock is classified into a particular expiration
cycle. The expiration cycles are (1) January, April, July, and October; (2) February,
May, August, and November; and (3) March, June, September, and December. These
were called the January, February, and March cycles. The available expirations are the
current month, the next month, and the next two months within the January, February,
or March cycle to which the stock is assigned. For example, in early June, IBM, which is
assigned to the January cycle, will have options expiring in June and July plus the next
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two months in the January cycle: October and the following January. When the June op-
tions expire, the August options will be added; when the July options expire, the Septem-
ber options will be added; and when the August options expire, the April options will be
added. Index options typically have expirations of the current and next two months.

The maturities of options on individual stocks go out about nine months with a few
exceptions. LEAPS (Long-Term Equity Anticipation Shares) are options on certain
stocks and indices that have expirations of up to three years. LEAPS have proven to be
very popular. Although LEAPS are available on index options, most of the trading vol-
ume is in LEAPS on individual stocks.

As noted above, FLEX options are available on stocks and indices and permit the in-
vestor to specify any exercise price. FLEX options can also have any desired expiration
up to five years for index options and three years for options on individual stocks. FLEX
options are a response on the part of the options exchanges to the growing over-the-
counter market in which options have tailored exercise prices and expirations.

The expiration day of an exchange-traded option is the Saturday following the third
Friday of the month. The last day on which the option trades is the third Friday of the
month.

Position and Exercise Limits
In the U.S., the Securities and Exchange Commission forces the options exchanges to
impose position limits that define the maximum number of options an investor can
hold on one side of the market. For example, because they are both bullish strategies, a
long call and a short put on the same stock are transactions on the same side of the mar-
ket. Likewise, a short call and a long put are both bearish strategies and thus are consid-
ered to be on the same side of the market. The options exchange publishes the position
limit for each stock, which varies from 25,000 to 250,000, depending on the stock’s trad-
ing volume and number of outstanding shares. Index options do not generally have posi-
tion limits because they are widely used in large institutional portfolios. Certain traders
called market makers have specific exemptions from these position limits.

Exercise limits are similar to position limits. An exercise limit is the maximum num-
ber of options that can be exercised on any five consecutive business days by any indi-
vidual or group of individuals acting together. The figure for the exercise limit is the
same as that for the position limit.

The purpose of position and exercise limits is to prevent a single individual or group
from having a significant effect on the market. It is not clear, however, that such restric-
tions are necessary. They do, however, prevent many large investors from using exchange-
traded options, and they reduce liquidity. They have probably hurt the options exchanges
by forcing institutional investors to take their business to the over-the-counter markets.

OPTIONS EXCHANGES AND TRADING ACTIVITY
Options trading currently exists on several U.S. and many foreign exchanges. Table 2.1
lists the exchanges and their Web addresses.

Options trading is not confined to these exchanges. Options on futures trade on vir-
tually every futures exchange in the country. We shall defer discussing those contracts
and exchanges until Chapter 8.

According to Futures Industry magazine data, about 946 million contracts were traded
on the Chicago Board Options Exchange (CBOE) and 804 million contracts were traded
on the International Securities Exchange (ISE) in 2007. Interestingly, the CBOE has been
trading since 1973 and the ISE started trading in May 2000. In 2007 the American Stock
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Exchange traded about 240 million contracts, the Philadelphia Stock Exchange traded
about 408 million contracts, and the Boston Options Exchange traded about 130 million
contracts. United States option volume totaled over 2.8 billion contracts in 2007, accord-
ing to the Options Clearing Corporation. In 1973, 1 million option contracts traded, and
1980 was the first year that more than 100 million options contracts traded. Over 500
million options contracts traded for the first time in 1999.

Although it is difficult to obtain an accurate count of worldwide options volume,
Futures Industry estimates that global exchange-traded options volume was about 8.2 bil-
lion contracts for 2007. As we noted earlier, the over-the-counter options market, whose
size is not measured by volume, is estimated by the Bank for International Settlements as
$76 trillion notional principal and $2.1 trillion market value at the end of 2007.

OPTION TRADERS
In the over-the-counter market, certain institutions, which may be banks or brokerage
firms, stand ready to make markets in options. Exchange-listed options, of course, are
created on an exchange, which is a legal corporate entity whose members are individuals
or firms. Each membership is referred to as a seat. Although the organizational structures
of the various exchanges differ somewhat, membership generally entitles one to physically

TABLE 2.1 MAJOR OPTIONS EXCHANGES

North America

American Stock Exchange
New York, New York
http://www.amex.com

Boston Options Exchange
Boston, Massachusetts
http://www.bostonoptions.com

Chicago Board Options Exchange
Chicago, Illinois
http://www.cboe.com

International Securities Exchange
New York, New York
http://www.iseoptions.com

Montreal Exchange
Montreal, Quebec
http://www.me.org

NYSE Euronext (Arca)
New York, New York
http://www.nyse.com

NASDAQ OMX Group
Washington, D.C.
http://www.nasdaqtrader.com

South America

Bolsa de Mercadorias & Futuros
Sao Paulo, Brazil
http://www.bmf.com.br

Santiago Stock Exchange
Santiago, Chile
http://www.bolsadesantiago.com

Europe

Wiener Börse AG
Vienna, Austria
http://www.wienerborse.at

NYSE Euronext
Brussels, Paris, Amsterdam,
London
http://www.euronext.com

OMX Nordic Exchange
Copenhagen, Denmark
Helsinki, Finland
http://www.omxnordicexchange
.com

EUREX
Frankfurt, Germany
Zurich, Switzerland
http://www.eurexchange.com

Italian Stock Exchange
Milan, Italy
http://www.borsaitaliana.it

Sibex
Sibiu, Romania
http://www.sibex.ro

MEFF
Madrid, Spain
http://www.meffrv.es

NASDAQ OMX
Stockholm, Sweden
London, England
http://www.nasdaqomx.com

Africa

South African Futures Exchange
Republic of South Africa
http://www.safex.co.za/ed/

Australia and New Zealand

Australian Stock Exchange
Sydney, Australia
http://www.asx.com.au

New Zealand Futures and Options
Exchange
Auckland, New Zealand
http://www.nzx.com

Asia

Hong Kong Exchange
Hong Kong, China
http://www.hkex.com.hk

Korea Stock Exchange
Seoul, Korea
http://www.krx.or.kr

National Stock Exchange of India
Mumbai, India
http://www.nse-india.com

Tel Aviv Stock Exchange
Tel Aviv, Israel
http://www.tase.co.il

Tokyo Stock Exchange
Tokyo, Japan
http://www.tse.or.jp

Note: Exchanges on which options on futures trade are covered in Chapter 8.
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go onto the trading floor and trade options. The following sections discuss the types of
traders who operate both on and off the exchange floor. This system of traders is based
on the market maker system used by the CBOE.

Market Maker
An individual who has purchased a seat on the CBOE can apply to be either a market
maker or a floor broker. The market maker is responsible for meeting the public’s de-
mand for options. When someone from the public wishes to buy (sell) an option and no
other member of the public is willing to sell (buy) it, the market maker completes the
trade. This type of system ensures that if a private investor wishes to buy a particular
option, there will be a seller willing to make an offer, and if one buys an option and later
wants to sell it, there will be a buyer available. The market maker offers the public the
convenience of immediate execution of trades.

The market maker is essentially an entrepreneur. To survive, the market maker must
profit by buying at one price and selling at a higher price. One way this is done is by
quoting a bid price and an ask price. The bid price is the maximum price the market
maker will pay for the option. The ask price is the minimum price the market maker
will accept for the option. The ask price is set higher than the bid price. The difference
between the ask and bid price is called the bid-ask spread.

The bid-ask spread is a significant transaction cost for those who must trade with a
market maker. To the market maker, however, it represents the reward for the willing-
ness to buy when the public is selling and sell when the public is buying. Bid-ask spreads
are discussed further in the section on transaction costs.

Market makers use a variety of techniques to trade options intelligently and prof-
itably. Many look at fundamentals, such as interest rates, economic conditions, and com-
pany performance. Others rely on technical analysis, which purports to find signals of
the direction of future stock prices in the behavior of past stock prices. Still others rely
simply on intuition and experience. In addition, market makers tend to employ different
trading styles. Some are scalpers, who try to buy at the bid and sell at the ask before the
price moves downward or after the price moves just slightly upward. Scalpers seldom
hold positions for more than a few minutes. In contrast, position traders have somewhat
longer holding periods. Many option traders, including some scalpers and position traders,
are also spreaders, who buy one option and sell another in the hope of earning small pro-
fits at low risk. Option spreading strategies are covered in more detail in Chapter 7.

Floor Broker
The floor broker is another type of trader on the exchange. The floor broker executes
trades for members of the public. If someone wishes to buy or sell an option, that individ-
ual must first establish an account with a brokerage firm. That firm must either employ a
floor broker or have an arrangement whereby it contracts with either an independent
floor broker or a floor broker of a competing firm.

The floor broker executes orders for nonmembers and earns either a flat salary or a
commission on each order executed. The floor broker generally need not be concerned
about whether the price is expected to go up or down; however, a good broker will work
diligently to obtain the best price for the customer.

The CBOE also has a number of Designated Primary Market Makers, or DPMs, who
are allowed to be both market makers and brokers. This system is somewhat controver-
sial because the ability to be both a market maker, who executes trades for her own ac-
count, and a broker, who executes trades for others, can lead to abuse. With this practice,
known as dual trading, a market maker could take advantageous positions for her own
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account prior to taking a customer’s order to the floor. This would allow the market
maker to potentially profit because of knowledge of the customer’s order. On the other
hand, dual trading also increases liquidity.

Order Book Official
A third type of trader at the CBOE is the order book official (OBO) or board broker, an
employee of the exchange. To see how an OBO works, suppose you place a limit order—an
order specifying a maximum price to be paid on a purchase or a minimum acceptable
price on a sale—to buy a call option at a maximum price of $3. The floor broker handling
your order determines that the best quote offered by a market maker is 2.75 bid and 3.25
ask. This means that the lowest price at which a market maker will sell the call is 3.25. If
your floor broker has other orders to execute, the OBO takes your limit order and enters it
into the computer along with all the other public limit orders. The market makers are in-
formed of the best public limit orders. If conditions change such that at least one market
maker is willing to quote an ask price of $3 or lower, the OBO will execute your limit order.

Public limit orders are always executed before market maker orders; however, the
market makers, being aware of the best public limit orders, know the maximum and
minimum prices at which they can trade. For example, if your limit order to buy at 3 is
the highest bid and the market maker is quoting an ask price of 3.10, the market maker
chooses between accepting your bid and selling the call at 3 or holding out for an offer of
3.05 or higher. If no one bids 3.05 within a reasonable time period, the market maker
might choose to take your bid of 3.

The options exchanges also have brought the benefits of modern technology to their
order-processing operations, using a variety of electronic means for accelerating the rate at
which orders are filled. For example, most CBOE traders now use handheld terminals instead
of decks of handwritten cards and pieces of paper to submit and keep track of their trades.

Other Option Trading Systems
The CBOE uses the system of competing market makers. The American and Philadelphia
Stock Exchanges use a slightly different system. Here an individual called a specialist is
responsible for making bids and offers on options. The specialist maintains and attempts
to fill public limit orders but does not disclose them to others. In addition to the special-
ist are individuals called registered option traders (ROTs), who buy and sell options for
themselves or act as brokers for others. Unlike the CBOE market makers, ROTs are not
obligated to make a market in the options; market making is the specialist’s task.

Most U.S. exchanges and many exchanges elsewhere use pit trading, the form of trad-
ing we have described here. Electronic trading systems do away with the pit and allow
trading from electronic terminals, which can be placed anywhere, including offices and
even homes. There are a number of different electronic trading systems, but, for the most
part, they permit bids and offers to be entered into a computer that collects the informa-
tion and makes it available to participants, who can then execute transactions with the
stroke of a key. The International Securities Exchange, located in New York, trades op-
tions electronically on many actively traded stocks. In addition, many foreign exchanges
are fully automated, including EUREX, one of the world’s largest exchanges.

Off-Floor Option Traders
The financial world consists of a vast number of institutions of all sizes, many of which par-
ticipate in options trading. Some of these institutions are brokerage firms that execute orders
for the public. Most brokerage firms employ individuals responsible for recommending

34 Part I Options



profitable option trades to their brokers. Many, however, have specialized option-
trading departments that search for mispriced options, trade in them, and in so doing
contribute to their firms’ profitability. Many large institutional investors, such as pen-
sion funds, trusts, and mutual funds, also trade options. In most cases, these types of
investors write options on the stocks held in their portfolios. A growing contingent of
foreign institutions also trade options. In addition to the large institutional investors,
there are, of course, numerous individuals—some wealthy and some not—who trade op-
tions. Among those who trade options themselves are many wealthy people who turn
over their financial affairs to specialized managers and thus participate in the options
market without being personally involved. The dollar amounts required for trading
exchange-listed options are so small that virtually anyone can afford to participate.

Cost and Profitability of Exchange Membership
An individual who decides to purchase a seat on an exchange that has options trading
can take one of several routes. The most obvious is to purchase a seat from an existing
member. Figure 2.1 shows the history of the price of a seat on the CBOE.

At a price near the end of 2005 of around $875,000, the cost of obtaining membership
would seem prohibitive to most individuals. There are, however, other ways to gain
membership. Some seat owners lease their seats to others; rental rates run about 0.50 to
0.75 percent of the seat’s price per month. Also, some members allow “trainees” to trade
with their seats and charge them a percentage of the trading profits.

These prices are not the full cost of trading. They provide only access to the floor. In
addition there are various fees, including $5,400 annual dues. Furthermore, capital must

Figure 2.1 CBOE Quarterly Seat Prices
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be available to cover losses and a member must arrange for a firm to guarantee his or
her creditworthiness. The minimum amount of capital required is about $50,000. The
minimum capital requirement is established by the CBOE under Rule 3.5(c)(i). Members
must also undergo training and pass an examination verifying that they know the rules
and procedures, and they must agree to conform to all exchange and SEC regulations.
There are additional start-up costs and monthly expenses.

It is difficult to determine how profitable option memberships are. An SEC study in
1978 showed that the average market maker earned a respectable but not unusually large
amount of money. That study is outdated, however, because the options markets have
changed much since that time, particularly after the crash of 1987. Anecdotal evidence
suggests that options market making is a relatively high-risk profession characterized by
extreme pressure. The temptation to take undue risks in the hope of making large profits
is quite great. Many new market makers end up out of the business rather quickly. Those
who are successful generally have pursued conservative strategies. Due to the stress, the
typical market maker is a young person in his 20s or early 30s.

MECHANICS OF TRADING
Placing an Opening Order
An individual who wants to trade options must first open an account with a brokerage
firm. The individual then instructs the broker to buy or sell a particular option. The bro-
ker sends the order to the firm’s floor broker on the exchange on which the option trades.
All orders must be executed during the normal trading hours, which vary by product
from 8:30 A.M. to either 3:02 P.M. or 3:15 P.M. Central time. Trading is performed within
the trading pit designated for the particular option. The trading pit is a multilevel, octag-
onally shaped area within which the market makers and floor brokers stand.

An investor can place several types of orders. A market order instructs the floor bro-
ker to obtain the best price. A limit order, as indicated earlier, specifies a maximum
price to pay if buying or a minimum price to accept if selling. Limit orders can be either
good-till-canceled or day orders. A good-till-canceled order remains in effect until can-
celed. A day order stays in effect for the remainder of the day. Finally, an investor hold-
ing a particular option might place a stop order at a price lower than the current price.
If the market price falls to the specified price, the broker is instructed to sell the option
at the best available price. There are a number of other types of orders designed to han-
dle different contingencies.

In addition to specifying the option the investor wishes to buy or sell, the order must
indicate the number of contracts desired. The order might be a request to purchase ten
contracts at the best possible price. The market maker’s quote, however, need apply to
only one contract. Therefore, if multiple contracts are needed, the market maker may
offer a less favorable price. In that case, the order might be only partially filled. To avoid
a partial fill, the investor can place an all or none order. An all or none order allows the
broker to fill part of the order at one price and part at another. Each options exchange
determines the set of permissible types of orders allowed on its exchange. These order
types change as technology changes as well as traders preferences change.

Role of the Clearinghouse
After the trade is consummated, the clearinghouse enters the process. The clearing-
house, formally known as the Options Clearing Corporation (OCC), is an independent
corporation that guarantees the writer’s performance. The OCC is the intermediary in each
transaction. A buyer exercising an option looks not to the writer but to the clearinghouse.
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The writer of an exercised option makes payment for or delivery of the stock to the
clearinghouse.

Each OCC member, known as a clearing firm, has an account with the OCC. Each
market maker must clear all trades through a member firm, as must every brokerage
firm, although in some cases a brokerage firm is also a clearing firm.

Figure 2.2 illustrates the flow of money and information as an option transaction is
consummated and cleared. We shall illustrate how the clearinghouse operates by assum-
ing that you bought the Microsoft September 27.5 call options we described earlier. You
contacted your broker, who, through either his firm’s floor broker or an independent
floor broker, found a seller. You bought ten contracts at a price of $0.125 per option,
which totals $125. The seller, whose identity you do not know, has an account with an-
other brokerage firm. Your brokerage firm clears its trades through XYZ Trading Com-
pany, a clearing firm that is a member of the OCC. The seller’s broker clears through
ABC Options, another member of the OCC. You pay your broker the $125, and your
broker pays XYZ Trading Company. XYZ pools the transactions of all its customers
and, through a predetermined formula, deposits a sum of money with the OCC.

Let us also assume that the seller does not already own the stock, so she
will have to deposit some additional money, called margin, with ABC. The
amount of margin required is discussed in Appendix 2.A; for now, how-

ever, just assume that the amount is 20 percent of the value of the stock, which comes
to ($25.92)(100)(10)(0.2) ¼ $5,184. The seller delivers $5,184 to the broker, who deposits
it with ABC Options, which also keeps the $125 premium. ABC, in turn, is required to
deposit with the OCC an amount of money determined according to a formula that takes
its outstanding contracts into account.

The OCC guarantees the performance of ABC, the seller’s clearing firm. Thus, you,
the buyer, need not worry about whether the shares will be there if you decide to exercise

Figure 2.2 A Transaction on an Options Exchange
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(1a)(1b) Buyer and seller instruct their respective brokers to conduct an options transaction.
(2a)(2b) Buyer's and seller's brokers request that their firms' floor brokers execute the transaction.

Both floor brokers meet in the pit on the floor of the options exchange and agree on a price.
 Information on the trade is reported to the clearinghouse.

(5a)(5b) Both floor brokers report the price obtained to the buyer's and seller's brokers.
(6a)(6b) Buyer's and seller's brokers report the price obtained to the buyer and seller.
(7a)(7b) Buyer deposits premium with buyer's broker.  Seller deposits margin with seller's broker.
(8a)(8b) Buyer's and seller's brokers deposit premium and margin with their clearing firms.
(9a)(9b) Buyer's and seller's brokers' clearing firms deposit premium and margin with clearinghouse.

(3)
(4)

Note: Either buyer or seller (or both) could be a floor trader, eliminating the broker and floor trader.
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your option. If the shares are not delivered by the seller, the OCC will look to ABC who
will look to the seller’s brokerage firm, which will look to the seller’s personal broker,
who will look to the seller for payment or delivery of the shares.

The total number of option contracts outstanding at any given time is called the
open interest. The open interest figure indicates the number of closing transactions
that might be made before the option expires. In March 2009, open interest in options
cleared through the Options Clearing Corporation was about 230 million contracts.
About 91 percent of this is in options on individual stocks. Each contract covers 100
shares. Assuming an average stock, priced at about $50, the underlying asset value is
about $1 trillion. Seven percent of option open interest is index options and other op-
tions, such as currency options.

The OCC thus fulfills the important responsibility of guaranteeing option writers’ obli-
gations will be fulfilled. A call buyer need not examine the writer’s credit; in fact, in the case
of individuals and firms off the floor, the buyers do not even know the writers’ identities.

Because the member clearing firms assume some risk, the OCC imposes minimum
capital requirements on them. The OCC has a claim on their securities and margin de-
posits in the event of their default. As a further safeguard, the OCC maintains a special
fund supported by its members. If that fund is depleted, the OCC can assess its other
members to ensure its survival as well as that of the options market in general.

Options exchanges outside of the United States also use clearinghouses that operate
similarly to the OCC. Of course, in the over-the-counter market there is no clearing-
house, and the buyer is exposed to credit risk on the part of the writer.

Placing an Offsetting Order
Suppose an investor holds a call option. The stock price recently has been increasing, and
the call’s price is now much higher than the original purchase price. The liquidity of the
options market makes it possible for the investor to take the profit by selling the option
in the market. This is called an offsetting order or simply an offset. The order is exe-
cuted in the same manner as an opening order. Continuing with our example in which
you bought ten contracts of the Microsoft September 27.5 calls, suppose the price of the
calls is now $0.50. You instruct your broker to sell the calls. Your broker orders his
firm’s floor broker to sell the calls. The floor broker finds a buyer who agrees to the price
of $0.50. The buyer pays $500 to her broker, who passes the funds through to the com-
pany’s clearing firm, which passes the funds through to the OCC. The OCC then credits
the $500 to the account of your broker’s clearing firm, XYZ Trading Company, which
credits your broker’s firm, which in turn credits your account. You now have $500 and
no outstanding position in this option. The individual who bought these options from
you may have been offsetting a previously established short position in the calls or may
be establishing a new, long position in them. About half of all opening stock option
transactions are closed in this manner. In some cases, however, option traders may wish
to exercise the option, which we discuss in the next section.

In the over-the-counter markets, there is no facility for selling back an option previ-
ously bought or buying back an option previously sold. These contracts are created with
the objective of being held to expiration. As circumstances change, however, many
holders or writers of over-the-counter options find that they need to reverse their posi-
tions. This can be done by simply entering the market and attempting to construct an
offsetting position. In other words, if you had previously bought an April 5400 call on
London’s Financial Times 100 index and now would like to reverse the transaction before
expiration, you simply call a dealer and offer to sell the same option. In the over-the-
counter market, however, there is not likely to be someone trying to do the exact offsetting
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trade at the same time. A dealer takes the opposite position, but there are many dealers
willing to do the trade. The most important difference between offsetting in the over-
the-counter market and offsetting in the exchange-listed market is that in the latter the
contracts cancel any obligations of the writer. In the former, both contracts remain on
the books, so they are both subject to default risk. In some cases, a reversing trade with
the same dealer with whom one did the original contract can be structured as an offset,
thereby terminating both contracts.

Exercising an Option
An American option can be exercised on any day up through the expiration date. Euro-
pean options, which have nothing to do with Europe, can be exercised only on the expi-
ration date. Suppose you elect to exercise the Microsoft September 27.5 calls, which, like
all options on stocks in the United States, are American options. You notify your broker-
age firm, which in turn notifies the clearing firm through which the trade originally was
cleared. The clearing firm then places an exercise order with the OCC, which randomly
selects a clearing firm through which someone has written the same option. The clearing
firm, using a procedure established and made known to its customers in advance, selects
someone who has written that option. Procedures such as first-in, first-out or random
selection are commonly used. The chosen writer is said to be assigned.

If the option is a call option on an individual stock, the writer must deliver the stock.
You then pay the exercise price, which is passed on to the writer. If the option had been
a put option on an individual stock, you would have had to deliver the stock. The writer
pays the exercise price, which is passed on to you. For either type of option, however, the
writer who originally wrote the contract might not be the one who is assigned the exercise.

Because an index represents a portfolio of stocks, exercise of the option ordinarily
would require the delivery of the stocks weighted in the same proportions as they are
in the index. This would be quite difficult and inconvenient. Instead, an alternative exer-
cise procedure called cash settlement is used. With this method, if an index call option is
exercised, the writer pays the buyer the contract multiple times the difference between
the index level and the exercise price. For example, assume that you buy one index call
option that has a multiple of 100. The index is at 1500, and the exercise price is 1495. If
you exercise the option, the assigned writer pays you 100(1500 – 1495) ¼ $500 in cash.
No stock changes hands. A put option is exercised by the writer paying the buyer the
multiple times the difference between the exercise price and the index level.

An order to exercise an index option during the day is executed after the close of trading.
The index value at the end of the day, rather than the index value when the exercise was
ordered, is used to determine the amount of the settlement. Thus, an investor is well advised
to wait until the end of the day to order an exercise of an index option. In addition, certain
index options are settled based on the index value at the opening of the next day.

For a call option on the expiration day, if you find that the stock price is less than the
exercise price or, for a put, that the stock price is greater than the exercise price, you
allow the option to expire by doing nothing. When the expiration day passes, the option
contract is removed from the records of the clearing firm and the OCC.

About 10 to 20 percent of options on stocks are exercised and about a third expire
with no value. In some cases, options that should have been exercised at expiration
were not, due to customer ignorance or lack of oversight. Some brokerage firms have a
policy of exercising options automatically when doing so is to the customer’s advantage.
Such a policy is usually stated in the agreement that the customer signs when opening
the account. The OCC automatically exercises options that are at least slightly in-the-money
at expiration.
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OPTION PRICE QUOTATIONS
Option prices are available daily in The Wall Street Journal and in many newspapers in
large cities. The print version of The Wall Street Journal covers only the most active op-
tion classes. Thus, on any given day you will see the options of fewer than 100 stocks.
The prices of all options are available on the Journal’s Web site, http://www.wsj.com,
which is accessible to subscribers of the print edition. The print version of The Wall Street
Journal provides the price of the last trade and the volume for the day, along with the ex-
ercise price, expiration month, and closing stock price. The online version also provides
the open interest for each option.

One problem with option prices obtained from newspapers, however, is that by the
time the prices are available, they are quite outdated. In addition, the price of an option
is not necessarily synchronized with the indicated closing price of the underlying stock.
The last transaction of the day for the option need not occur near the same time as the
last transaction of the day for the stock. For one, the options market and the market
where the stock trades may not even close at the same time. Also, for thinly traded op-
tions and/or stocks, the last trade for each can easily occur hours apart.

Another problem with newspaper prices is that they are transaction prices and not
bid and ask prices. These are the prices at which the market maker will buy and sell to
the public. Suppose that the option bid price is 3.25 and the ask price is 3.30. If the last
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Reading Option Price Quotations

The following example illustrates the price quotations

for Microsoft® options during the trading day of April

16, 2009.

Option price quotations can be obtained from the

Web sites of the options exchanges. When accessing

an option quote, you are typically given a choice of

whether to enter the stock ticker symbol or the option

symbol. Stock ticker symbols can found on the ex-

changes’ Web sites, or on other Web sites such as

http://finance.yahoo.com, or in The Wall Street Journal’s

stock quotation pages.

The ticker symbols of New York Stock Exchange-

listed stocks are one, two, or three letters. The ticker

symbols of NASDAQ-listed stocks are four letters.

Microsoft is a NASDAQ stock, and its symbol is MSFT.

To look up option quotations on Microsoft, go to the

Web site http://www.cboe.com. From the menu, choose

“Quotes.” Then select the free “Delayed Quotes” link.

From there, you can enter the stock ticker symbol, along

with choices regarding whether you wish to see all op-

tion quotes, regardless of the exchange on which the

option is traded, or certain other restrictions that can

make the amount of data returned to you either very

large or more limited.

On April 16, 2009 at 10:16 A.M. Eastern time, the

quote below was obtained for two Microsoft options.

These are the options expiring in May 2009 with an

exercise price of 19.00. For calls, the last trade was at

$1.24, which was up $0.24. The current bid is $1.18 and

the current ask is $1.21. So far that day, 62 contracts had

traded. Over the life of the contract, 38,765 contracts had

been opened and not yet closed or exercised. Volume and

open interest statistics include all exchanges. Similar in-

formation is provided for the puts.

Notice in the boxes labeled “Calls” and “Puts” that

there is a symbol in parentheses: MQFES-E for calls and

Calls

Last

Sale Net Bid Ask Vol

Open

Int Puts

Last

Sale Net Bid Ask Vol

Open

Int

09 May

19.00

(MQFES-E)

1.24 +0.24 1.18 1.21 62 38,765 09 May

19.00

(MQFQS-E)

0.96 −0.18 0.96 0.99 8 10,627
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trade of the day is a public order to buy, the closing price will be 3.30. If the last trade of
the day is a public order to sell, the closing price will be 3.25.

As a result of these problems and for numerous other obvious reasons, the best
sources of option price information are the Web sites of the exchanges. All of the U.S.
exchanges follow a similar format in reporting option prices. Real-time price quotes are
typically available on a fee-only basis; however, 15-minute-delayed quotes are available
free. In addition, the options exchanges show not only the last sale, but also the current
bid and ask price. The latest stock price is also shown, but, again, there is no guarantee
that the indicated stock price is synchronized with the option quotes. That is, while the
option bid and ask prices may be accurate and current (subject to the 15-minute delay),
the indicated stock price will simply be the last trade, which may have occurred hours
earlier. If one uses the stock price to help determine the value of an option, which is
the focus of Chapters 4 and 5, the stock price may be stale and misleading. Nonetheless,
having the bid and ask prices are better than having only the last trade price. If the stock
bid and ask prices and the time of the last stock trade are needed, they can usually be
obtained from sites such as http://finance.yahoo.com or from a brokerage service Web site.

Both The Wall Street Journal and the exchange Web sites show volume and open in-
terest for options on U.S. exchanges and the overall total for each exchange.

See Making the Connection for information on how to access and interpret this
information.

MQFQS-E for puts. These symbols are referred to as op-

tion codes and can be used instead of the stock ticker

symbol to look up the prices of particular options. The

first three letters of the option symbol is a three-letter

root. The options of a given stock, however, can have

several different roots. For example, Microsoft’s root is

either MQF or MSQ. Appended to the root are two other

letters, the first of which represents a combination of

the expiration month and type of option (call or put)

and the second of which is an indication of the exercise

price. The first letter after the root is interpreted from

the table on the previous page.

Note that the code for the Microsoft calls is the letter

E and the code for the Microsoft puts is the letter Q.

From this table, we see that this letter refers to the Sep-

tember calls and puts.

Interpretation of the exercise price code requires a

large table, which can be accessed on the exchanges’

Web sites. Notice that Microsoft’s code for the calls

and puts is S. Referring to the chart from the CBOE’s

Web site, we find that S can stand for exercise prices

of 95, 195, 295, 395, or various other prices including

$19. Knowing that Microsoft’s stock is trading at around

$19, you would know that this exercise price is 19.

Different codes are used for index options, however, be-

cause stock index levels can be on a completely differ-

ent order of magnitude.

The final letter in the option symbol refers to the ex-

change on which the option trades. E stands for the

CBOE, A stands for the American Stock Exchange, X is

the Philadelphia Exchange, and 8 is the International Se-

curities Exchange.

Thus, if you wished to obtain a quote only for the May

19 call trading on the CBOE, you would enter MSQ ES-E

(the space is required). MSQ indicates Microsoft, E

indicates the May calls, S indicates an exercise price of

19 and E indicates the Chicago Board Options Exchange.

If you wanted the May 20 calls, you would enter MSQ

ED-E. Thus, you have to know the three-letter code. In

general, it is probably just as easy to enter the Microsoft

ticker symbol and obtain the quotes of numerous

options on Microsoft.

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec

Calls A B C D E F G H I J K L

Puts M N O P Q R S T U V W X
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TYPES OF OPTIONS
Two popular types of options are stock options and index options. We shall touch only
briefly on these here, as they are the major focus of discussions through Chapter 7. We
will also briefly review currency options, interest rate options, real options, as well as
many other types of options.

Stock Options
Options on individual stocks are sometimes called stock options or equity options.
These options are available on several thousand individual stocks, though trading volume
may be low for options on certain stocks. In addition, certain options on virtually every
stock, such as options with long expirations and options that are either deep-in-the-
money or deep-out-of-the-money, have very low trading volume. In the U.S., the options
of many stocks trade on more than one exchange.

Index Options
A stock index is a measure of the overall value of a designated group of stocks. As in any
index, it is a relative measure, capturing value relative to a previous value. For index op-
tions, we interpret the quoted level as the market value of the stocks relative to a base
level value, typically created many years ago when the index was initiated. The first op-
tion on a stock index was launched at the CBOE in 1983 and index options have been
highly successful ever since. Since that time, a number of index options have been added
and many, but not all, have been very actively traded. The option on the NASDAQ 100
stock index is typically the most active of all options in the United States. In most coun-
tries, there is an index option trading in which the underlying is a stock index represent-
ing the most actively traded stocks of that country’s market. These are also usually
among the most actively traded of all options in a given country.

Index options are available on broad-based indices, such as the S&P 500 and NASDAQ
100, and also on more narrowly defined indices. The widely followed Dow Jones Indus-
trial Average consists of only 30 stocks, but its index options are very actively traded. In
addition, there are index options on various industry indices (e.g., technology, telecom-
munications, oil) and various market sectors (e.g., large-capitalization stocks, medium-
capitalization stocks, and small-capitalization stocks).

Index options have been popular for two reasons. First, they are nearly always de-
signed to be cash settled at expiration, which enables investors to trade options without
having to take or make delivery of stock. Cash settlement has, however, been both a
blessing and a curse. Many institutional investors hold large portfolios of stocks that pur-
port to replicate the index. They then write call options or sell futures against these port-
folios. At other times, these investors sell short the stocks and buy call options or futures.
When the options approach the expiration date, the institutional investors, not wanting
to hold the stocks after the options expire, attempt to unwind their stock positions.
Holders of stock sell the stock, and short sellers buy it back. As a result, many large stock
transactions are made near expiration and are accompanied by increased volatility. The
cash settlement feature of index options and futures has been blamed for this volatility,
although it is not clear that it is truly the cause.

The second reason for the popularity of index options is the fact that they are options
on the market as a whole. Because there are so many stocks on which options trade, few
investors have the time to screen that many opportunities. Many prefer to analyze the
market as a whole and use index options (and futures) to act on their forecasts.
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Currency Options
A foreign exchange rate is the price at which a party can exchange one currency for an-
other currency. For example, if the exchange rate for euros (€) against dollars is $0.98
per €, one can give up $0.98 and receive €1. Alternatively, the exchange rate can be in-
verted to obtain €1/$0.98 ¼ €1.0204. Thus, one could give up €1.0204 and receive $1.
A currency can be viewed as an asset, much like a stock or bond. Like a stock or a
bond price, the currency price, which is the exchange rate, fluctuates in a market. One
can buy the currency and deposit it into a foreign bank, during which time it will accrue
interest at the foreign interest rate. The interest can be viewed like the interest on a bond
or the dividends on a stock.

Because many firms and investors have exposure to exchange rate risk, options and
other currency derivatives are widely used. A currency option contract specifies an exer-
cise price, expressed in terms of an exchange rate, an expiration, the identity of the under-
lying currency, the size of the contract, and various other specifications similar to those
of stock and index options.

Exchange-listed currency options trade on the Philadelphia Stock Exchange, though
trading activity is very low. The more active market is the over-the-counter currency op-
tions market. The Bank for International Settlements estimates that the notional princi-
pal of currency options at year-end 2007 was about $12.7 trillion, with a market value of
about $315 billion.

Other Types of Options
The options exchanges have experimented with a number of different types of options,
including options on bonds, though these have attracted little interest. Options on bonds
and related options called interest rate options are, however, extremely popular in the
over-the-counter markets. We shall explore these in Chapter 13. As previously noted, there
are also options on futures, a topic which we shall defer discussing until Chapter 8, when
we cover futures.

Many financial institutions now offer securities on which they pay interest based on a
minimum value plus the performance of the stock market above a specific level. This is
like a call option plus a bond. Other innovative options include some that pay off based on
how the price of a commodity, such as oil, performs. It is possible to trade an option that
pays off based on which stock index, say the S&P 500 or London’s Financial Times 100, per-
forms better. There are also options that expire if the stock price falls to a certain level;
options that are based on the average, maximum, or minimum stock price during the life
of the option; and an option that allows you to decide, after buying it but before it expires,
whether to make it a put or a call. These options, often called exotics, are but a sampling of
the tremendous number of innovations that have developed in the over-the-counter markets
in recent years. We shall take a look at some of these kinds of instruments in Chapter 14.

A number of other common instruments are practically identical to options. For ex-
ample, many corporations issue warrants, which are long-term options to buy the com-
panies’ stock. Warrants are often issued in conjunction with a public offering of debt or
equity. Many corporations issue convertible bonds, which allow the holder to convert the
bond into a certain number of shares of stock. The right to convert is itself a call option.
Callable bonds, which give the issuing firm the right to repay the bonds early, contain an
option-like component. Stock itself is equivalent to a call option on the firm’s assets writ-
ten by the bondholders with an exercise price equal to the amount due on the debt.
Executive stock options, which are call options written by a corporation and given to
its executives, are used extensively as compensation and to give executives a strong
incentive to engage in activities that maximize shareholder wealth.
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Real Options
Real options are not options on real estate, nor does the name real options suggest that
other options are somehow not real. Real options are options that are commonly found
in corporate investment decisions, which are themselves often referred to as real
investments.

Consider for example a firm that builds a new plant. Once the plant is built and op-
erating, the company usually has the opportunity to expand it, contract it, temporarily
shut it down, terminate it, or sell it to another firm. These options are similar to ordi-
nary options. They allow the owner, which is the firm, to decide at a future date whether
to “exercise” the option, which can entail paying an additional sum of money and receiv-
ing something of greater value (as in a call)—or receiving a sum of money and giving up
something of lesser value (as in a put). These examples are among the simplest of real
options. Let us now consider a more complex real option.

Consider a pharmaceutical company that is considering whether or not to invest in
research and development (R&D), clinical trials, government approval, and subsequent
production and marketing of a new drug. Suppose that the preliminary stages have the
following times and costs:

Research and development 3 years $100 million

Clinical trials 5 years $200 million

Government approval 2 years $20 million

If the firm elects to invest $100 million in three years of R&D and the R&D success-
fully results in developing a drug, the firm will subsequently face another decision:
whether to invest $200 million in five years of clinical trials. At the end of five years, if
the clinical trials are successful, the firm must then decide whether to invest two years
and $20 million in obtaining governmental approval to manufacture and sell the drug.
If governmental approval is obtained, let us assume that the firm would then need to
decide whether to invest $500 million in manufacturing and marketing the drug.

Traditional capital investment analysis, such as net present value, is unable to adequately
capture the value of the flexibility. Capital investment decisions are often made sequentially
as additional information is available. For example, the firm will not decide whether to
begin clinical trials until the results of the R&D period are in. It will not decide whether
to seek governmental approval for the drug until the results of the clinical trials are in.

These decisions can be viewed as options. They are the choices the firm has to exer-
cise, by investing these sums of money, or not, at a future date, conditional on the infor-
mation available at those times. While the example given here is a relatively complex
series of interrelated options, it should be easy to see that the company has a sequence
of call options.

Real options have many of the characteristics of ordinary options. Yet in many ways,
they are quite different. Real options have rights that clearly have value, but oftentimes the
expirations and exercise prices of real options are not always clearly known. For example,
does the pharmaceutical company know today exactly how long governmental approval
will require or what it will cost? Real options are often based on vaguely specified under-
lying estimates of costs or benefits that either do not trade in a liquid market or do not
trade at all. In the example mentioned earlier in the paragraph, the underlying includes
the market value of the drug, which cannot be accurately assessed until it is marketed.

In spite of these and many other limitations, the use of option models for estimating
the value of real options is a growing interest among academics and practitioners. While
we cannot easily identify real options, we know that they are there and that they have value.
You will have an opportunity to study them when you study the financial management
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of corporations. What you will learn in this book will be extremely helpful for under-
standing real options.

TRANSACTION COSTS IN OPTION TRADING
Option trading entails certain transaction costs. The costs depend on whether the trader
is a member of the exchange, a nonmember institutional investor, or a member of the
public who is trading through a broker. This section discusses the different types of
transaction costs.

Floor Trading and Clearing Fees
Floor trading and clearing fees are the minimum charges assessed by the exchange, the
clearing corporation, and the clearing firms for handling a transaction. For trades that go
through a broker, these fees are included in the broker’s commission, as is discussed in the
next section. For market makers, the fees are collected by the market maker’s clearing firm.

The clearing firm enters into a contractual arrangement with a market maker to clear
trades for a fee usually stated on a per contract basis.

The cost to a market maker is usually less than $1.00 per transaction, though this can vary
based on the volume of trades. In addition, market makers incur a number of fixed costs.

For over-the-counter options, these types of costs are not incurred; however, compa-
rable, if not higher, costs are associated with a firm’s trading operation and with process-
ing these customized transactions.

Commissions
One of the main advantages of owning a seat on an exchange is that it lets one avoid
paying commissions on each trade. The market maker pays indirectly via the opportu-
nity cost associated with the funds tied up in the seat price, the labor involved in trading,
and forgoing the earnings that would be realized in another line of work. The savings in
commissions, however, are quite substantial.

Discount brokers offer the lowest commission rates, but frequent or large trades are
sometimes necessary for taking advantage of discount brokers’ prices. A discount broker-
age firm does not provide the advice and research that is available from full-service bro-
kers charging higher commission rates. One should not, however, automatically assume
that a full-service broker is more costly.

Options commissions are fairly simple, based on a fixed minimum and a per contract
charge. Internet rates of about $20 plus $1.25 per contract are available from major dis-
count brokers. Some brokers may set charges based on the total dollar size of the trans-
action, and some offer discounts to more active customers.

When exercising a stock option, the investor must pay the commission for buying or
selling the stock. (Stock commissions are discussed in a later section.) If an investor ex-
ercises a cash settlement option, the transaction entails only a bookkeeping entry. Some
brokerage firms do not charge for exercising a cash settlement option. When any type of
option expires unexercised, there is normally no commission.

For over-the-counter options, commissions are not generally incurred, because the op-
tion buyer or seller usually trades directly with the opposite party.

Bid-Ask Spread
The market maker’s spread is a significant transaction cost. Suppose the market maker is
quoting a bid price of 3 and an ask price of 3.25 on a call. An investor who buys the call
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immediately incurs a “cost” of the bid-ask spread, or a 0.25 point; that is, if the inves-
tor immediately sold the call, it would fetch only $3, the bid price, and the investor
would immediately incur a 0.25 point, or $25, loss. This does not, however, mean that
the investor cannot make a profit. The call price may well increase before the option is
sold, but if the spread is constant, the bid price must increase by at least the amount of
the bid-ask spread before a profit can be made.

The bid-ask spread is the cost of immediacy—the assurance that market makers are
willing and able to buy and sell the options on demand. The cost is not explicitly observed,
and the investor will not see it on the monthly statement from the broker. It is, however, a
real cost and can be quite substantial, amounting to several percent of the option’s price.

It may appear that market makers can avoid the bid-ask spread transaction cost. This
is true in some cases. If, however, the market maker must buy or sell an option, there may
be no public orders of the opposite position. In that case, the market maker would have to
trade with another market maker and thus would incur the cost of the bid-ask spread.

In the over-the-counter market, the buyer or seller trades directly with the opposite
party. In many cases, one of the parties is a financial institution that makes markets in
whatever options its clients want. Thus, the client will probably face a bid-ask spread that
could be quite significant; but of course, the client is free to shop around.

Other Transaction Costs
Option traders incur several other types of transaction costs. Some of these costs, such as
margins and taxes, are discussed in Appendix 2.A and Appendix 2.B, respectively. Most
option traders also trade stocks. Thus, the transaction costs of stock trades are a factor in
option trading costs.

Stock trading commissions vary widely among brokerage firms; however, 1 percent to
2 percent of the stock’s value for a single purchase or sale transaction is a reasonable
estimate. Market makers normally obtain more favorable rates from their clearing firms.
Also, large institutional investors can usually negotiate volume discounts from their bro-
kers. Internet rates of $10 or less are sometimes seen. Stocks, however, also have bid-ask
spreads; ultimately 1 to 2 percent is probably a good estimate of stock trading costs for
public investors.

All the transaction costs discussed here are for single transactions. If the option or stock
is subsequently purchased or sold in the market, the transaction cost is incurred again.

REGULATION OF OPTIONS MARKETS
In the U.S., the exchange-traded options industry is regulated at several levels. Although
federal and state regulations predominate, the industry also regulates itself according to
rules and standards established by the exchanges and the Options Clearing Corporation.

The Securities and Exchange Commission (SEC) is the primary regulator of the op-
tions market in the U.S. The SEC is a federal regulatory agency established in 1934 to
oversee the securities industry, which includes stocks, bonds, options, and mutual funds.
The SEC’s general purpose is to ensure full disclosure of all pertinent information on
publicly offered investments. It has the authority to establish certain rules and procedures
and to investigate possible violations of federal securities laws. If the SEC observes a vio-
lation it may seek injunctive relief, recommend that the Justice Department press charges,
or impose some sanctions itself. For more information on the SEC, see its Web site at
http://www.sec.gov.

The exchanges establish rules and procedures that apply to all members as well as to
individuals and firms participating in options transactions. Rule violations are punishable
by fines and/or suspensions. The Options Clearing Corporation also regulates its members
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to help ensure that all activities in the options markets are proper and do not pose a risk
to the market’s viability.

The regulatory authority of an individual state extends to any securities or options
trading occurring within that state. States with significant option trading, such as Illinois
and New York, actively enforce their own laws on the propriety of transactions con-
ducted therein. Many important issues in the options industry as a whole are sometimes
settled in state courts in Illinois and New York.

Other levels of regulation are imposed by the Federal Reserve System, which regulates
the extension of margin credit; the Securities Investor Protection Corporation, which
provides insurance against the failure of brokerage firms; and the Financial Industry Reg-
ulatory Authority (FINRA), of which most firms involved in options trading are mem-
bers. FINRA was created in July 2007 and replaced the National Association of Securities
Dealers, and provides some of the regulatory functions of many U.S. exchanges. It is the
largest self-regulator for security firms conducting business in the U.S. For more infor-
mation, see http://www.finra.org. In addition, several regional and national organizations,
such as the CFA Institute, indirectly regulate the industry by prescribing ethical stan-
dards for their members.

Outside of the United States, the options industry is regulated by federal government
regulatory agencies. In most countries options and futures are regulated by the same fed-
eral agency. In the United States, these products are regulated by separate agencies, with
the Commodity Futures Trading Commission (CFTC), regulating the futures industry.
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Suspicious Put Option Trading and Bear Stearns & Co., Inc. Implosion

The Bear Stearns Companies, Inc. (BSC) was founded in

1923 and grew into a large global investment bank. The

market capitalization of its stock at fiscal year ending

November 30, 2007 was approximately $13 billion

($100 share price, 130,000,000 shares outstanding).

Due to the emerging global credit crisis, BSC stock price

had fallen from an all-time high on January 18, 2007 of

$172.61 to $100 by November 30, 2007, or a 58% de-

cline. By March 11, 2008, BSC stock price had fallen to

$63.8 due to the failure of hedge funds and the worsen-

ing of the credit crisis.

According to a Bloomberg.com article appearing on

August 11, 2008, someone purchased put options on

BSC during March 11, 2008 for 5.7 million shares with

a strike price of $30 and 165,000 shares with a strike

price of $25 and maturing in nine days. Note again

that the stock was at $63.8 and someone purchased

puts to sell 5.7 million shares to sell the stock at $30

just nine days later! Six days later, that person hit the

jackpot as BSC reached an all-time low of $2.84 per

share and was ultimately purchased by JP Morgan

Chase for $10 per share. On March 20, 2008 when the

options expired, BSC closed at $6 per share. The

purchaser of these put options, if held to expiration,

would have made $139,935,000 on an investment of ap-

proximately $1,700,000 in just nine days (an 8,131 per-

cent rate of return).

How would anyone have had a suspicion that a stock

worth over $60 might fall to below $30 in the next nine

days? The only explanation is that this person had inside

information. Based onSEC regulations, it is illegal to trade

stock, stock options, or other stock-related derivatives

based on material, non-public information, regardless of

its source. Hence, SEC Chairman Christopher Cox indi-

cated publicly that the SECwas investigating whether ille-

gal trading occurred in BSC during this time.

Clearly, the option market makers bear significant

risk related to trading with investors with an informa-

tional advantage. Economists refer to this risk as ad-

verse selection. The market maker has to trade with

everyone and does not know which of his counterpar-

ties might have this kind of information. We will see in

the coming chapters how option market makers attempt

to mitigate their trading risk.
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Many new exchange-traded options products were introduced in the 1980s, including
options on stock indices, options on foreign currencies, and options on futures. These
products created some confusion as to whether the SEC or the CFTC had regulatory
purview. The options on futures instruments caused the greatest confusion, because it is
similar to both an option and a futures. In an important step in resolving the matter, the
then chairmen of these agencies—John Shad of the SEC and Phillip McBride Johnson of
the CFTC—reached an agreement. In what has come to be known as the Johnson-Shad
agreement, or CFTC-SEC accord, it was decided that the SEC would regulate options on
stocks, stock indices, and foreign currencies, whereas the CFTC would govern options on
all futures contracts. Also, a CFTC-regulated contract cannot permit delivery of instru-
ments regulated by the SEC. Although the Johnson-Shad agreement was a milestone in
regulatory cooperation, continued disputes between the SEC and the CFTC characterized
the regulatory environment of the early 1990s. We shall learn more about these issues
when we cover futures.

The primary purpose of the exchange-traded regulatory system is to protect the pub-
lic. Over the years, many controversial issues have been raised and discussed. In an in-
dustry as large as the options industry, some abuses are certain to occur. In recent years,
the options industry has been subjected to criticisms that it has manipulated the stock
market and abused the public’s trust by charging exorbitant prices for options. There is
no evidence, however, that any of these charges are true. There have even been a few
defaults by writers, but, thanks to the clearinghouse, in no case has any buyer lost money
because of a writer’s failure to perform. The options industry works hard to maintain the
public’s trust by operating in an environment of self-regulation. By policing itself and pun-
ishing wrong-doers, some of the cost of having federal regulation is offset for taxpayers.

As noted earlier in the chapter, the over-the-counter market is an unregulated market,
bound loosely by customs and accepted procedures. The firms that participate, however,
are often regulated by the FINRA, the Federal Reserve, or the Comptroller of the Cur-
rency. Of course, commercial laws always apply. The SEC and the CFTC, however,
have no direct regulatory authority over the over-the-counter options market.

Summary

This chapter provided the foundation for an under-
standing of the types of options, individuals, and insti-
tutions involved in the options markets. It examined
contract specifications, the mechanics of trading, trans-
action costs, and regulations. This information is a pre-
requisite to the study of options trading strategies and
the pricing of options.

Chapters 3, 4, and 5 focus on the principles and
models that determine options prices. Chapters 6 and
7 concentrate on applying this knowledge to the imple-
mentation of options trading strategies.

Key Terms

Before continuing to Chapter 3, you should be able to give brief definitions of the following terms:

premium, p. 24
call option, p. 24
put option, p. 24
exercise price/strike price/striking
price, p. 24

expiration date, p. 24
in-/out-of-/at-the-money, p. 26
option class, p. 29
option series, p. 29
position limits, p. 31

exercise limit, p. 31
seat, p. 32
market maker, p. 33
bid price, p. 33
ask price, p. 33
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bid-ask spread, p. 33
scalpers, p. 33
position traders, p. 33
spreaders, p. 33
floor broker, p. 33
order book official (OBO)/board
broker, p. 34

specialist, p. 34
registered option traders (ROTs),
p. 34

market order, p. 36
limit order, p. 36

good-till-canceled order, p. 36
day order, p. 36
stop order, p. 36
all or none order, p. 36
clearinghouse, p. 36
Options Clearing Corporation

(OCC), p. 36
clearing firm, p. 37
margin, p. 37
open interest, p. 38
offsetting order/offset, p. 38
exercise, p. 39

assigned, p. 39
cash settlement, p. 39
stock options, p. 42
equity options, p. 42
index options, p. 42
exotics, p. 43
Real options, p. 44
Johnson-Shad agreement/

CFTC-SEC accord, p. 48

Further Reading

The following provide good sources of information on options:

Boyle, P. and F. Boyle. Derivatives: The Tools
that Changed Finance. London: Risk Books,
2001.

McMillan, L. G. McMillan on Options. New York:
Wiley, 1996.

The Options Institute. Options: Essential Concepts and
Trading Strategies, 3rd ed. New York: McGraw-Hill,
1999.

Thomsett, M. C. Getting Started in Options. 4th ed.
New York: Wiley, 2001.

Concept Checks

1. Determine whether each of the following ar-
rangements behaves like an option. If so, decide
whether it is a call or a put and identify the
premium.
a. You purchase homeowner’s insurance for

your house.
b. You are a high school senior evaluating pos-

sible college choices. One school promises
that if you enroll, it will guarantee your tu-
ition rate for the next four years.

c. You enter into a noncancelable, long-term
apartment lease.

2. Explain the difference between an American op-
tion and a European option. What do they have
in common?

3. Contrast option class and option series. Who
determines the options that will be publicly
traded?

4. When an option exchange is trying to establish
which exercise prices will be traded, what is the
option exchange’s goal?

5. Market makers can use a variety of trading styles.
Identify and discuss three trading styles.

Questions and Problems

1. Explain each of the terms in the following de-
scription of an option: AT&T January 65 call.

2. What adjustments to the contract terms of CBOE
options would be made in the following
situations?
a. An option has an exercise price of 60. The

company declares a 10 percent stock dividend.

b. An option has an exercise price of 25. The
company declares a two-for-one stock split.

c. An option has an exercise price of 85. The
company declares a four-for-three stock split.

d. An option has an exercise price of 50. The
company declares a cash dividend of $.75.
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3. Consider the January, February, and March stock
option exercise cycles discussed in the chapter.
For each of the following dates, indicate which
expirations in each cycle would be listed for
trading in stock options.
a. February 1
b. July 1
c. December 1

4. Why are short puts and long calls grouped to-
gether when considering position limits?

5. Compare and contrast the roles of market maker
and floor broker. Why do you think an individ-
ual cannot generally be both?

6. Explain how the CBOE’s order book official
(OBO) handles public limit orders.

7. Contrast the market maker system of the CBOE
with the specialist system of the AMEX and
Philadelphia Stock Exchange. What advantages
and disadvantages do you see in each system?

8. Suppose you are an individual investor with an
options account at a brokerage firm. You pur-
chase 20 call contracts at a price of $2.25 each.
Explain how your premium ends up at the
clearinghouse.

9. Compare and contrast the exercise procedure for
stock options with that for index options. What
major advantage does exercising an index option
have over exercising a stock option?

10. Discuss the limitations of prices obtained from
newspapers such as The Wall Street Journal and
the advantages of quotes obtained from Web
sites of the exchanges.

11. Discuss the three possible ways in which an open
option position can be terminated. Is your an-
swer different if the option is created in the
over-the-counter market?

12. Name and briefly describe at least two other
instruments that are very similar to options.

13. Explain how real options are similar to, but
different from, ordinary options.

14. Identify and briefly discuss the various types of
option transaction costs. How do these costs
differ for market makers, floor brokers, and firms
trading in the over-the-counter market?

15. Explain the major difference between the
regulation of exchange-traded options and over-
the-counter options.
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APPENDIX 2.A
Margin Requirements
Margin is the amount of money an individual commits when entering into an invest-
ment. The remainder is borrowed from the brokerage firm. The objective of a margin
trade is to earn a higher return by virtue of investing less of one’s own funds. This ad-
vantage is, however, accompanied by increased risk. If the value of the investment does
not move sufficiently in the desired direction, the profit from the investment may not be
enough to pay off the loan.

The initial margin is the minimum amount of funds the investor supplies on the day of
the transaction. The difference between this amount and the full value of the transaction can
be thought of as the amount advanced as credit. The maintenance margin is the minimum
amount of funds required each day after the first day of the transaction. Also, on any day on
which a trade is executed, the initial margin requirement must be met. Regulation T of the
Federal Reserve Act authorizes the Federal Reserve to regulate the extension of credit in the
United States, which means that the Federal Reserve regulates initial margins on both stocks
and options. Maintenance margins are generally regulated by exchanges and the Financial
Industry Regulatory Authority (FINRA). For options, however, the guaranty provided by
the Options Clearing Corporation gives it some authority over margin requirements. In
addition, the SEC’s authority is typically relevant in cases of margin requirements.

Margin requirements on option transactions have traditionally been based on specific
formulas that we will cover here below. In late 2006, however, the CBOE and New York
Stock Exchange applied for and received permission from the SEC and OCC to institute
a new system of margin requirements called portfolio margining, whereby combined
positions of stock and options on that stock can be used to offset each other. Portfolio
margining is based on a system of stress tests in which possible adverse movements in the
overall position are evaluated and used as a basis for setting the margin as a function of
potential losses. In most cases, portfolio margining results in lower margin requirements.
Portfolio margining is not automatic, however, and is generally available only for large
customers but is used by all U.S. options exchanges. Because the stress testing that is in-
volved in portfolio margining is a more advanced topic than we can cover at this point,
we will present only the standard fixed margin requirements in this Appendix.

MARGIN REQUIREMENTS ON STOCK TRANSACTIONS
The minimum initial margin for stock purchases and short sales is 50 percent. The
minimum maintenance margin is 25 percent. Many brokerage firms add an additional
5 percent or more to these requirements.

MARGIN REQUIREMENTS ON OPTION PURCHASES
Options with maturities of nine months or less must be paid for in full. That is, the margin
requirement is 100 percent. Options with maturities of greater than nine months can, how-
ever, be margined. An investor can borrow up to 25 percent of the cost of these options.

MARGIN REQUIREMENTS ON THE UNCOVERED
SALE OF OPTIONS
An uncovered call is a transaction in which an investor writes a call on stock not already
owned. If the option is exercised, the writer must buy the stock in the market at the cur-
rent price, which has no upper limit. Thus, the risk is quite high. Many brokerage firms
do not allow their customers to write uncovered calls. Those that do usually restrict such
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trades to wealthy investors who can afford large losses; yet even these must meet the
minimum margin requirements.

For an uncovered call, the investor must deposit the premium plus 20 percent of the
stock’s value. If the call is out-of-the-money, the requirement is reduced by the amount
by which the call is out-of-the-money. The margin must be at least the option market
value plus 10 percent of the value of the stock. Consider an investor who writes one
call contract at an exercise price of $30 on a stock priced at $33 for a premium of
$4.50. The required margin is 0.2($3,300) + $450 ¼ $1,110. If the stock is priced at
$28 and the call is at $0.50, the margin is 0.2($2,800) + $50 – $200 ¼ $410. These
amounts are greater than 10 percent of the value of the stock plus the option market
value. The amount by which the call is out-of-the-money reduces the required margin.

The same rules apply for puts except that the 10 percent rule is applied to the aggre-
gate exercise price. If a put is written at an exercise price of $30 when the stock price is
$33 and the put price is $2.375, the required margin is 0.2($3,300) + $237.50 – $300 ¼
$597.50. If the stock price is $29 and the put price is $3.25, the margin is 0.2($2,900) +
$325 ¼ $905. These amounts are greater than 10 percent of the aggregate exercise price
of $3,000 plus the option value.

Broad-based index options are somewhat less volatile than options on individual
stocks and, appropriately, have lower margin requirements. The required margin is 15
percent, instead of 20 percent, of the stock’s value.

MARGIN REQUIREMENTS ON COVERED CALLS
A covered call is a transaction in which an investor writes an option against a stock al-
ready owned. If the option’s exercise price is at least equal to the stock price, the investor
need not deposit any additional margin beyond that required on the stock. Also, the pre-
mium on the option can be used to reduce the margin required on the stock. If, however,
the exercise price is less than the stock price, the maximum amount the investor can
borrow on the stock is based on the call’s exercise price rather than on the stock price.
For example, if the stock price is $40 and the exercise price is $35, the investor can bor-
row only 0.5($3,500) ¼ $1,750, not 0.5($4,000) ¼ $2,000, on the purchase of the stock.

Although it is possible to hold a portfolio of stocks that is identical to the index, current
margin requirements do not recognize covered index call writing. Therefore, all short positions
in index options must be margined according to the rules that apply to uncovered writing.

There are exceptions to many of these rules, particularly when spreads, straddles, and
more complex option transactions are used. In these cases, the margin requirements often
are complicated. Investors should consult a broker or some of the trade-oriented publica-
tions for additional information on margin requirements for the more complex transactions.

Questions and Problems
1. Suppose that a stock is currently priced at $50. The margin requirement is 20 per-

cent on uncovered calls and 50 percent on stocks. Calculate the required margin, in
dollars, for each of the following trades:
a. Write 10 call contracts with an exercise price of 45 and a premium of 7.
b. Write 10 call contracts with an exercise price of 55 and a premium of 3.
c. Write 10 put contracts with an exercise price of 45 and a premium of 3.
d. Write 10 put contracts with an exercise price of 55 and a premium of 7.
e. Buy 1,000 shares of stock and write 10 call contracts with an exercise price of 45

and a premium of 7.
f. Buy 20 put contracts with an exercise price of 50 and a premium of 5. The

option matures in six months.
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APPENDIX 2.B
Taxation of Option Transactions
Determining the applicable taxation of many investment transactions is a complex pro-
cess that requires the advice of highly trained specialists. The rules covered in this ap-
pendix outline most of the basic option transactions. There are many exceptions and
loopholes, and the laws change frequently. In all cases, one should secure competent pro-
fessional advice. Of course, these rules are based on U.S. tax law, which changes often,
and the material presented here is based on 2007 law.

The ordinary income of most individuals is taxed at either 10, 15, 25, 28, 33, or 35
percent. Long-term capital gains, defined as profits from positions held more than 12
months, are taxed at a maximum of 15 percent. Although there are some exceptions
noted herein, most exchange-listed options profits are short-term.

In these examples, we ignore brokerage commissions; however, they are deductible.
The commission on the purchase of the asset is added to the purchase price; the com-
mission on its sale is subtracted from the sale price.

The deductibility of any losses is determined by offsetting them against other invest-
ment gains. If the losses exceed the gains, any excess up to $3,000 per year is deductible
against the investor’s ordinary income.

These rules apply to individual investors. Corporations and other institutions trading
options, especially over-the-counter options, may be subject to different tax rules and
interpretations.

For the following examples, we shall assume the investor is in the 28 percent tax
bracket.

TAXATION OF LONG CALL TRANSACTIONS
If an investor purchases a call and sells it back at a later date at a higher price, there is a
capital gain, which is either long- or short-term, usually short-term. Thus, it is taxed at
the ordinary income rate. If the investor sells the call at a loss or allows it to expire, the
loss is deductible as previously described.

Consider an investor who purchases a call at $3.50 on a stock priced at $36 with an
exercise price of $35. Less than 12 months later, but before expiration, the investor sells
the call at $4.75. The profit of $1.25 is taxed at 28 percent for a tax of $1.25(0.28) ¼ $0.35.
If the call were sold at a loss, the loss would be deductible as described earlier.

If the investor exercised the call, the call price plus the exercise price would be treated
as the stock’s purchase price and subsequently used to determine the taxable gain on the
stock. For example, if the above call were exercised when the stock price was $38, the
purchase price of the stock would be considered as the $35 exercise price plus the $3.50
call price for a total of $38.50. If the investor later sold the stock for $40, the taxable gain
would be $1.50 and the tax $1.50(0.28) ¼ $0.42. A tax liability or deduction arises only
when the stock is subsequently sold.

TAXATION OF SHORT CALL TRANSACTIONS
If an investor sells a call and later repurchases it or allows it to expire, any profit is a
short-term capital gain and taxed at the ordinary income rate. If the call is exercised,
the exercise price plus the call price is treated as the price at which the stock is sold.
Then the difference between the price at which the stock is sold and the price at which
it is purchased is the taxable gain.
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For example, if the above investor writes the call at a price of $5.25 and subsequently
buys it at $3.50 before expiration, the profit of $1.75 will be taxed at 28 percent for a tax
of $1.75(0.28) ¼ $0.49. A loss would be deductible as previously described. If the call
were exercised, the writer would deliver the stock. Suppose the stock price were $38
and the writer did not already own the stock. Then the writer would purchase the stock
for $38 and sell it to the buyer for $35. The sum of the exercise price plus the premium,
$35 C $5.25 ¼ $40.25, would be treated as the stock’s sale price. The taxable gain to the
writer would be $2.25 and the tax would be $2.25(0.28) ¼ $0.63. Had the writer pur-
chased the stock at an earlier date at $30, the taxable gain would be $10.25 and the tax
would be $10.25(0.28) ¼ $2.87.

TAXATION OF LONG PUT TRANSACTIONS
If an investor purchases a put and sells it or allows it to expire less than 12 months later,
the profit is a short-term capital gain and is taxed at the ordinary income rate. If the put
is exercised, the exercise price minus the premium is treated as the stock’s sale price.
Then the profit from the stock is taxed at the ordinary income rate.

Consider an investor in the 28 percent tax bracket who purchases a put at $3 on a
stock priced at $52 with an exercise price of $50. Later the investor sells the put for
$4.25. The gain of $1.25 is taxed at 28 percent for a tax of $1.25(0.28) ¼ $0.35. If the
put is sold at a loss, the loss is deductible as previously described.

Suppose the investor exercises the put when the stock price is $46. The law would
treat this as the sale of stock at $50 less the premium of $3 for a net gain of $47. If the
investor purchases the stock at $46 and exercises the put, the taxable gain is $1 and
the tax is $1(0.28) ¼ $0.28. If the investor had previously purchased the stock at $40, the
taxable gain would be $7 and the tax would be $7(0.28)¼ $1.96. Had the investor purchased
the stock at a price higher than $47, the loss would be deductible as described earlier.

Another possibility is that the investor uses the exercise of the put to sell short the
stock. Recall from Chapter 1 that a short sale occurs when an investor borrows stock
from the broker and sells it. If the stock price falls, the investor can buy back the stock at a
lower price, repay the broker the shares, and capture a profit. A short sale is made in order
to profit in a falling market. In our example, the stock is sold short at $47. When the inves-
tor later repurchases the stock, any gain on the stock is taxable or any loss is deductible.

TAXATION OF SHORT PUT TRANSACTIONS
If an investor writes a put and subsequently buys it back before expiration, any gain is
considered a short-term capital gain and is taxed at the ordinary income rate and any
loss is deductible. If the put is exercised, the put’s exercise price minus the premium is
considered to be the stock’s purchase price. The taxable gain or loss on the stock is de-
termined by the difference between the purchase and sale prices of the stock.

Consider the put with an exercise price of $50 written at $3 when the stock price is
$52. Suppose the stock price goes to $46 and the put is exercised. The put writer is con-
sidered to have purchased the stock for $50 − $3, or $47. If the investor later sells the
stock for $55, the taxable gain is $8 and the tax is $8(0.28) ¼ $2.24.

TAXATION OF NON-EQUITY OPTIONS
Index options, debt options, and foreign currency options have a special tax status. At
the end of the calendar year, all realized and unrealized gains are taxable. All losses are
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deductible as previously described. The profits are taxed at a blended rate in which
60 percent are taxed at the long-term capital gains rate and 40 percent are taxed at the
short-term capital gains rate, which is the ordinary income rate. For an investor in the 28
percent bracket, this is an effective rate of 0.6(0.20) + 0.4(0.28) ¼ 0.232.

For example, assume that during the year an investor in the 28 percent bracket had
$1,250 of net profits (profits minus losses) on index options. At the end of the year, the
investor holds 1,000 index options worth $2.25 that previously had been purchased for
$1.75. The unrealized profit is thus $500. The total taxable profits are $1,250 + $500 ¼
$1,750. The tax is $1,750(0.6)(0.20) + $1,750(0.4)(0.28) ¼ $406.

WASH AND CONSTRUCTIVE SALES
Option traders should be aware of an important tax condition called the wash sale rule.
A wash sale is a transaction in which an investor sells a security at a loss and replaces it
with essentially the same security shortly thereafter. Tax laws disallow the deduction of
the loss on the sale of the original security. The purpose of the wash sale rule is to prevent
investors from taking losses at the end of a calendar year and then immediately replacing
the securities. The time period within which the purchase of the security cannot occur is
the 61-day period from 30 days before the sale of the stock through 30 days after.

The wash sale rule usually treats a call option as being the same security as the stock.
Thus, if the investor sells the stock at a loss and buys a call within the applicable 61-day
period, the loss on the stock is not deductible.

In addition, the sale of a call option on a stock owned can, under some circumstances,
be treated as the investor effectively having sold the stock, thereby terminating the stock
holding period. This is called a constructive sale.

Questions and Problems
1. Suppose a stock is priced at $30 and an eight-month call on the stock with an ex-

ercise price of $25 is priced at $6. Compute the taxable gain and tax due for each of
the following cases, assuming that your tax bracket is 28 percent. Assume 100 shares
and 100 calls.
a. You buy the call. Four months later, the stock is at $28 and the call is at $4.50.

You then sell the call.
b. You buy the call. Three months later, the stock is at $31 and the call is at $6.50.

You then sell the call.
c. You buy the call. At expiration, the stock is at $32. You exercise the call and sell

the stock a month later for $35.
d. You buy the stock and write the call. You hold the position until expiration,

whereupon the stock is at $28.
e. You write the call. Two months later, the stock is at $28 and the call is at $3.50.

You buy back the call.

2. Consider an index option. The index is at 425.48, and a two-month call with an
exercise price of 425 is priced at $15. You are in the 31 percent tax bracket. Com-
pute the after-tax profit for the following cases. Assume 100 calls.
a. You buy the call. One month later, the index is at 428 and the call is at $12. You

sell the call.
b. You buy the call and hold it until expiration, whereupon the index is at 441.35.

You exercise the call.
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c. You hold the call until expiration, when the index is at 417.15.
d. How will your answers in a and b be affected if the option positions are not

closed out by the end of the year?

3. Which of the following would be a wash sale? Explain.
a. You buy a stock at $30. Three weeks later, you sell the stock at $26. Two weeks

later, you buy a call on the stock.
b. You buy a stock at $40. One month later, you buy a call on the stock. One week

later, you sell the stock for $38.
c. You buy a stock for $40. Three months later, you sell the stock for $42 and buy

a call on the stock.
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CHA P T E R 3
Principles of Option Pricing

The best we can do with modelling is create resemblance of behavior.
But we cannot determine the reality of behavior.

Randall Payant

Risk Professional, September, 1999, p. 20

This chapter identifies certain factors and shows why they affect an option’s price. It
examines option boundary conditions—rules that characterize rational option prices.
Then it explores the relationship between options that differ by exercise price alone and
those that differ only by time to expiration. Finally, the chapter discusses how put and
call prices are related as well as several other important principles. An overriding
point throughout this chapter, and indeed throughout this entire book, is that arbitrage
opportunities are quickly eliminated by investors.

Suppose that an individual offers you the following proposition. You can play a game
called Game I in which you draw a ball from a hat known to contain three red balls and
three blue balls. If you draw a red ball, you receive nothing; if you draw a blue ball, you
receive $10. Will you play? Because the individual did not mention an entry fee, most peo-
ple will play. You incur no cash outlay up front and have the opportunity to earn $10. Of
course, this opportunity is too good to be true and only an irrational person would make
such an offer without charging an entry fee.

Now suppose that a fair fee to play Game I is $4. Consider a new game called Game II.
The person offers to pay you $20 if you draw a blue ball and nothing if you draw a red ball.
Will the entry fee be higher or lower? If you draw a red ball, you receive the same payoff as
in Game I; if you draw a blue ball, you receive a higher payoff than in Game I. You should
be willing to pay more to play Game II because these payoffs dominate those of Game I.

From these simple games and opportunities, it is easy to see some of the basic princi-
ples of how rational people behave when faced with risky situations. The collective behav-
ior of rational investors operates in an identical manner to determine the fundamental
principles of option pricing. As you read the various examples in this chapter in which
arbitrage is used to establish fundamental rules about option pricing, keep in mind the
similarity of the investment situation to the games just described. In so doing, the rational
result should become clear to you.

In this chapter, we do not derive the exact price of an option; rather, we confine the
discussion to identifying upper and lower limits and factors that influence an option’s
price. Chapters 4 and 5 explain how the exact option price is determined.

CHAPTER
OBJECT I V ES

• Explain the role of
arbitrage in option
pricing, illustrating
fundamental
principles that
determine an option’s
price, such as the
minimum value,
maximumvalue, value
at expiration, and the
lower bound

• Identify and explain
the rationale for
factors that affect an
option’s price,
including stock price,
exercise price, time to
expiration, risk-free
rate, and volatility

• Explain the difference
between American
and European options
and why early exercise
may or may not occur

• Understand the very
important
relationship of
put-call parity
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BASIC NOTATION AND TERMINOLOGY
The following symbols are used throughout the book:

S0 ¼ stock price today ðtime 0 ¼ todayÞ
X ¼ exercise price
T ¼ time to expiration as defined below
r ¼ risk-free rate as defined below

ST ¼ stock price at option’s expiration; that is;
after the passage of a period of time of length T

CðS0,T,XÞ ¼ price of a call option in which the stock price is S0;
the time to expiration is T; and the exercise price is X

PðS0,T,XÞ ¼ price of a put option in which the stock price is S0;
the time to expiration is T; and the exercise price is X

In some situations, we may need to distinguish an American call from a European
call. If so, the call price will be denoted as either Ca(S0,T,X) or Ce(S0,T,X) for the Ameri-
can and European calls, respectively. If there is no a or e subscript, the call can be either
an American or a European call. In the case where two options differ only by exercise
price, the notations C(S0,T,X1) and C(S0,T,X2) will identify the prices of the calls with
X1 less than X2. A good way to remember this is to keep in mind that the subscript of
the lower exercise price is smaller than that of the higher exercise price. In the case
where two options differ only by time to expiration, the times to expiration will be T1

and T2, where T1 < T2. The options’ prices will be C(S0,T1,X) and C(S0,T2,X). Identical
adjustments will be made for put option prices.

For most of the examples, we shall assume that the stock pays no dividends. If, during the
life of the option, the stock pays dividends of D1, D2,… , and so forth, then we can make a
simple adjustment and obtain similar results. To do so, we simply subtract the present value
of the dividends, ∑Nj¼1Djð1þ rÞ�tj where there are N dividends and tj is the time to each ex-

dividend day, from the stock price. We assume that the dividends are known ahead of time.
The time to expiration is expressed as a decimal fraction of a year. For example, if the

current date is April 9 and the option’s expiration date is July 18, we simply count the
number of days between these two dates. That would be 21 days remaining in April, 31
in May, 30 in June, and 18 in July for a total of 100 days. The time to expiration therefore
would be 100/365=0.274.

The risk-free rate, r, is the rate earned on a riskless investment. An example of such an
investment is a U.S. Treasury bill, or T-bill. A Treasury bill is a security issued by the U.S.
government for purchase by investors. T-bills with original maturities of 91 and 182 days
are auctioned by the Federal Reserve each week; T-bills with maturities of 365 days are
auctioned every four weeks. All T-bills mature on a Thursday.1 Because most exchange-
traded options expire on Fridays, there is always a T-bill maturing the day before expira-
tion. For other options with maturities of six months or less, there is a T-bill maturing
within one week of the option’s expiration. The rate of return on a T-bill of comparable
maturity would be a proxy for the risk-free rate.2

1If Thursday is a holiday, such as Thanksgiving, the Treasury bill matures on Wednesday of that week.
2There is an ongoing debate regarding the appropriate discount rate to use with financial derivatives. Another
possible rate to use is the London Interbank Offer Rate (LIBOR) because it is a good proxy for the marginal
dealers’ cost of funds. We will use the T-bill rate here because this is an introductory book and T-bills are
familiar instruments to most students of finance. We will cover the use of LIBOR in later chapters.

58 Part I Options



T-bills pay interest not through coupons but by selling at a discount. The
T-bill is purchased at less than face value. The difference between the pur-
chase price and the face value is called the discount. If the investor holds
the bill to maturity, it is redeemed at face value. Therefore, the discount is

the profit earned by the bill holder.
Bid and ask discounts for several T-bills for the business day of May 14 of a particular

year are as follows:

Maturity Bid Ask

5/20 4.45 4.37

6/17 4.41 4.37

7/15 4.47 4.43

The bid and ask figures are the discounts quoted by dealers trading in Treasury
bills. The bid is the discount if one is selling to the dealer, and the ask is the discount
if one is buying from the dealer. Bid and ask quotes are reported daily in The Wall Street
Journal.

In the United States, most exchange-listed stock options expire on the third Friday of
the month. In the preceding example, the third Friday of May was May 21. To find
an estimate of the T-bill rate, we use the average of the bid and ask discounts, which
is (4.45+ 4.37)/2 = 4.41. Then we find the discount from par value as 4.41(7/360) =

0.08575, using the fact that the option has seven days until maturity. Thus, the price is

100 − 0.08575 = 99.91425

Note that the price is determined by assuming a 360-day year. This is a long-standing
tradition in the financial community, originating from the days before calculators, when
bank loans often were for 60, 90, or 180 days. A banker could more easily calculate the
discount using the fraction 60/360, 90/360, or 180/360. This tradition survives today.

The yield on our T-bill is based on the assumption of buying it at 99.91425 and
holding it for seven days, at which time it will be worth 100.3 This is a return of
(100−99.91425)/99.91425 = 0.000858. If we repeated this transaction every seven days
for a full year, the return would be

(1.000858)365/7−1 = 0.0457,

where 1.000858 is simply 100/99.91425, or one plus the seven-day return. Note that when
we annualize the return, we use the full 365-day year. Thus, we would use 4.57 percent as
our proxy for the risk-free rate for options expiring on May 21.

To illustrate the principles of option pricing, we shall be using prices for options on
DCRB, a fictional large high-tech company traded on NASDAQ. These prices were as-
sumed to be observed on May 14 and are presented in Table 3.1. The May options expire
on May 21, the June options expire on June 18, and the July options expire on July 16.

In the U.S. markets, stock prices are quoted in units of $0.01 and option prices in units
of $0.05 if the option price is below $3.00. For option prices above $3.00, the option prices
are quoted in $0.10. The data illustrated in our examples, assume mid-market quotes
implying option prices will be quoted in units of $0.01.

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance

3Actually the number of days is counted from the settlement day, which is the second business day after the
purchase day. We shall disregard this point in the calculations in this book.

Chapter 3 Principles of Option Pricing 59

http://www.cengage.com/finance/chance
http://www.cengage.com/finance/chance


Following the same procedure described for the May T-bill gives us risk-free rates of 4.56
and 4.63 for the June and July expirations, respectively. The times to expiration are 0.0192
(7 days/365) for the May options, 0.0959 (35 days/365) for the June options, and 0.1726
(63 days/365) for the July options.

PRINCIPLES OF CALL OPTION PRICING
In this section we formulate rules that enable us to better understand how call options
are priced. It is important to keep in mind that our objective is to determine the price of
a call option prior to its expiration day.

Minimum Value of a Call
A call option is an instrument with limited liability. If the call holder
sees that it is advantageous to exercise it, the call will be exercised. If
exercising it will decrease the call holder’s wealth, the holder will not

exercise it. The option cannot have negative value, because the holder cannot be forced to
exercise it. Therefore,

C(S0,T,X)� 0.

For an American call, the statement that a call option has a minimum value of zero is
dominated by a much stronger statement:

CaðS0,T,XÞ � Maxð0, S0 � XÞ:

The expression Max(0,S0 − X) means “Take the maximum value
of the two arguments, zero or S0 − X.”

The minimum value of an option is called its intrinsic value, some-
times referred to as parity value, parity, or exercise value. Intrinsic
value, which is positive for in-the-money calls and zero for out-

of-the-money calls, is the value the call holder receives from exercising the option and the
value the call writer gives up when the option is exercised. Note that we are not concerned
about the appropriateness of immediately exercising the option; we note only that one could
do so if a profit opportunity were available.

To prove the intrinsic value rule, consider the DCRB June 120 call. The stock price is
$125.94, and the exercise price is $120. Evaluating the expression gives Max(0, 125.94 −
120) = 5.94. Now, consider what would happen if the call were priced at less than
$5.94—say, $3. An option trader could buy the call for $3, exercise it—which would

TABLE 3.1 DCRB OPTION DATA, MAY 14

Calls Puts

Exercise Price May June July May June July

120 8.75 15.40 20.90 2.75 9.25 13.65

125 5.75 13.50 18.60 4.60 11.50 16.60

130 3.60 11.35 16.40 7.35 14.25 19.65

Current stock price: 125.94
Expirations: May 21, June 18, July 16

Because a call option need not be
exercised, its minimum value is zero.

The intrinsic value of an American call is
the greater of zero or the difference
between the stock price and the exercise
price.
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entail purchasing the stock for $120—and then sell the stock for $125.94. This arbitrage
transaction would net an immediate riskless profit of $2.94 on each share.4 All investors
would do this, which would drive up the option’s price. When the price of the option
reached $5.94, the transaction would no longer be profitable. Thus, $5.94 is the mini-
mum price of the call.

What if the exercise price exceeds the stock price, as do the options with an exercise
price of $130? Then Max(0, 125.94 − 130) = 0, and the minimum value will be zero.

Now look at all of the DCRB calls. Those with an exercise price of $120 have a minimum
value of Max(0, 125.94 − 120) = 5.94. All three calls with an exercise price of $120 indeed
have prices of no less than $5.94. The calls with an exercise price of $125 have minimum
values of Max(0, 125.94 − 125) = 0.94 and are priced at no less than 0.94. The calls with
an exercise price of 130 have minimum values of Max(0, 125.94 − 130) = 0. All those op-
tions obviously have nonnegative values. Thus, all the DCRB call options conform to the
intrinsic value rule. In fact, extensive empirical testing has revealed that options in general
conform quite closely to the rule.

The intrinsic value concept applies only to an American call, because a European call
can be exercised only on the expiration day. If the price of a European call were less than
Max(0, S0 − X), the inability to exercise it would prevent traders from engaging in the
aforementioned arbitrage that would drive up the call’s price.

The price of an American call normally exceeds its intrinsic value.
The difference between the price and the intrinsic value is called the
time value or speculative value of the call, which is defined as Ca(S0,
T,X) − Max(0, S0 − X). The time value reflects what traders are
willing to pay for the uncertainty of the underlying stock. Table 3.2

presents the intrinsic values and time values of the DCRB calls. Note that the time values
increase with the time to expiration.

Figure 3.1 illustrates what we have established so far. The call price lies in the shaded
area. Figure 3.1(a) illustrates the European call price can lie in the entire area, whereas the
American call price lies in a smaller area. This does not mean that the American call price
is less than the European call price but only that its range of possible values is narrower.

Maximum Value of a Call
A call option also has a maximum value:

CðS0,T,XÞ � S0:

TABLE 3.2 INTRINSIC VALUES AND TIME VALUES

OF DCRB CALLS

Time Value

Exercise
Price

Intrinsic
Value May June July

120 5.94 2.81 9.46 14.96

125 0.94 4.81 12.56 17.66

130 0.00 3.60 11.35 16.40

4Actually, it would not be necessary to sell the stock. In the absence of transaction costs, it is immaterial
whether one holds the stock—an asset valued at $125.94—or converts it to another asset—cash—worth
$125.94. The wealth is the same, $125.94, in either case.

The time value of an American call is the
difference between the call price and the
intrinsic value.
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The call is a conduit through which an investor can obtain the
stock. The most one can expect to gain from the call is the stock’s
value less the exercise price. Even if the exercise price were zero, no

one would pay more for the call than for the stock. However, one call that is worth the
stock price is one with an infinite maturity. It is obvious that all the DCRB calls are
worth no more than the value of the stock.

Figure 3.2 adds the maximum value rule to Figure 3.1. Notice that the maximum
value rule has significantly reduced the range of possible option values.

Value of a Call at Expiration
The price of a call at expiration is given as

CðST,0,XÞ ¼ Maxð0,ST � XÞ:

Because no time remains in the option’s life, the call price contains
no time value. The prospect of future stock price increases is irrele-
vant to the price of the expiring option, which will be simply its
intrinsic value.5

Figure 3.1 Minimum Values of European and American Calls
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The maximum value of a call is the price of
the stock.

At expiration, a call option is worth the in-
trinsic value.

5Because of the transaction cost of exercising the option, it could be worth slightly less than the intrinsic value.
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At expiration, an American option and a European option are identical instruments.
Therefore, this rule holds for both types of options.

Figure 3.3 illustrates the value of the call at expiration. This is one situation in which
the value of the call is unambiguous. But do not confuse this with our ultimate objective,
which is to find the value of the call prior to expiration.

Effect of Time to Expiration
Consider two American calls that differ only in their times to expiration. One has a time
to expiration of T1 and a price of Ca(S0,T1,X); the other has a time to expiration of T2

and a price of Ca(S0,T2,X). Remember that T2 is greater than T1. Which of these two
options will have the greater value?

Suppose that today is the expiration day of the shorter-lived option. The stock price is.
The value of the expiring option is Max(0, ST1

− X). The second option has a time to
expiration of T2 − T1. Its minimum value is Max(0, ST1

− X). Thus, when the shorter-
lived option expires, its value is the minimum value of the longer-lived option. Therefore,

CaðS0,T2,XÞ � CaðS0,T1,XÞ:

Figure 3.2 Minimum and Maximum Values of European and American Calls
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Normally the longer-lived call is worth more, but if it carries no time
value when the shorter-lived option expires, the two options will have
the same price. This can occur if the stock price is either very high or
very low. Looking at the prices of the DCRB calls, we can see that this is
the case. The longer the time to expiration, the greater the call’s value.

The time value of a call option varies with the time to expiration and the proximity of
the stock price to the exercise price. Investors pay for the time value of the call based on
the uncertainty of the future stock price. If the stock price is very high, the call is said to
be deep-in-the-money and the time value will be low. If the stock price is very low, the
call is said to be deep-out-of-the-money and the time value likewise will be low. The
time value will be low because at these extremes, the uncertainty about the call expiring
in- or out-of-the-money is lower. The uncertainty is greater when the stock price is near
the exercise price, and it is at this point that the time value is higher.

A simple analogy is useful for understanding why the time value is highest when the
stock price is close to the exercise price. Suppose that you were watching an important
basketball game between the New York Knicks and the Boston Celtics. Let us assume
that you enjoy a good game but have no sentimental attachment to either team. It is now
halftime. Suppose that New York is ahead 65−38. How interesting is the game now? How
probable is it that New York will win? Are you likely to keep watching if there is some-
thing more interesting to do with your time? But suppose, instead, that the score is tied at
55−55. Isn’t the game much more interesting now? Aren’t you more likely to watch the
second half?

An option with the stock price near the exercise price is like a close game. A deep-in-
or out-of-the-money option is like a game with one team well ahead. A close game and
an option nearly at-the-money are situations to which people are more willing to allocate
scarce resources—for example, time to watch the game or money to buy the option.

These properties of the time value and our previous results enable us to get a general
idea of what the call price looks like relative to the stock price. Figure 3.4 illustrates this
point for American calls. The curved line is the price of the call, which lies above the
intrinsic value, Max(0, S0 − X). As expiration approaches, the call price loses its time
value, a process called time value decay, and the curve moves gradually toward the in-
trinsic value. At expiration, the call price curve collapses onto the intrinsic value and the
curve looks exactly like Figure 3.3.

Figure 3.3 The Value of a Call at Expiration

C
al

l P
ri

ce

Stock Price at Expiration (ST)

0
X

C(ST,0,X)

Max(0,S T 
– X)

A longer-lived American call must always
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The time value effect is evident in the DCRB calls. Note that in Table 3.2, for a given
exercise price, the time values increase with the time to expiration. For a given time to
expiration, the time values are highest for the calls with an exercise price of 125, the exercise
price closest to the stock price.

The relationship between time to expiration and option price also holds for European
calls. Nevertheless, we cannot yet formally accept this as fact, because we have not yet
established a minimum value for a European call. That will come a bit later.

Effect of Exercise Price
Effect on Option Value Consider two European calls that are identical in all respects
except that the exercise price of one is X1 and that of the other is X2. Recall that X2 is
greater than X1. We want to know which price is greater Ce(S0,T,X1) or Ce(S0,T,X2).

Now consider two portfolios, A and B. Portfolio A consists of a long position in the
call with the exercise price of X1 and a short position in the call with the exercise price of
X2. This type of portfolio is called a money spread and is discussed further in Chapter 7.
Because we pay Ce(S0,T,X1) and receive Ce(S0,T,X2), this portfolio will have an initial
value of Ce(S0,T,X1) − Ce(S0,T,X2). We do not yet know whether the initial value is pos-
itive or negative; that will depend on which option price is higher.

Portfolio B consists simply of risk-free bonds with a face value of X2 − X1. These
bonds should be considered as pure discount instruments, like Treasury bills, and as ma-
turing at the options’ expiration. Thus, the value of this portfolio is the present value of
the bonds’ face value, or simply (X2 − X1)(1 + r)−T.6

For the time being, we shall concentrate on portfolio A. First, we need to determine the
portfolio’s value at expiration. The value of any portfolio will be its cash flow or payoff when
the options expire, contingent on the stock price at expiration, ST. The stock price at expira-
tion has three possible ranges: (1) ST < X1; (2) X1 � ST < X2; or (3) X1 < X2 � ST. Table 3.3
illustrates the values of portfolios A and B at expiration.

When ST is greater than X1, the call option with exercise price X1 will be worth ST − X1.
If ST exceeds X2, the call option with exercise price X2 will be worth ST − X2. However, we

Figure 3.4 The Price Curve for American Calls
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6Note that the time to expiration can be denoted as T. Technically it is the difference between time T and
today, time 0, so we just use T − 0 = T.

Chapter 3 Principles of Option Pricing 65



are short the option with exercise price X2. Because the buyer receives a payoff of ST − X2

when this option expires in-the-money, the writer has a payoff of −ST + X2. Adding the
payoffs from the two options shows that portfolio A will always produce a payoff of no less
than zero and, in some cases, more than zero. Therefore,

CeðS0,T,X1Þ � CeðS0,T,X2Þ:

Why is this so? The best way to understand this rule is to look at
the contradiction. Suppose that Ce(S0,T,X1) < Ce(S0,T,X2). Because
we pay Ce(S0,T,X1) for the option bought and receive Ce(S0,T,X2)
for the option sold, we will have a net cash inflow at the beginning
of the transaction. The payoffs at expiration were shown to be non-
negative. Anyone would jump at the opportunity to construct a port-

folio with a positive cash inflow up front and no possibility of a cash outflow at
expiration. There would be no way to lose money. Everyone would try to execute this
transaction, which would drive up the price of the call with exercise price X1 and drive
down the price of the call with exercise price X2. When the call with the lower exercise
price is worth at least as much as the call with the higher exercise price, the portfolio will
no longer offer a positive cash flow up front.

We have proven this result only for European calls. With American calls the long call
need not be exercised, so we need only consider what would happen if the short call
were exercised early.

Suppose that the stock price prior to expiration is St and exceeds
X2. For whatever reason, the short call is exercised. This produces a
negative cash flow, −(St − X2). The trader then exercises the long
call, which produces a positive cash flow of St − X1. The sum of these
two cash flows is X2 − X1, which is positive because X2 > X1.

Thus, early exercise will not generate a negative cash flow. Portfolio
A therefore will never produce a negative cash flow at expiration, even if the options are
American calls. Thus, our result holds for American calls as well as for European calls.

Note that this result shows that the price of the call with the lower exercise price cannot
be less than that of the call with the higher exercise price. However, the two call prices
conceivably could be equal. That could occur if the stock price were very low, in which
case both calls would be deep-out-of-the-money. Neither would be expected to expire
in-the-money, and both would have an intrinsic value of zero. Therefore, both prices could

TABLE 3.3 THE EFFECT OF EXERCISE PRICE ON CALL

VALUE: PAYOFFS AT EXPIRATION OF

PORTFOLIOS A AND B

Payoffs from Portfolio Given Stock
Price at Expiration

Portfolio Current Value ST < X1 X1 � ST < X2 X1 < X2 � ST

A +Ce(S0,T,X1) 0 ST − X1 ST − X1

−Ce(S0,T,X2) 0 0 −ST + X2

0 ST − X1 � 0 X2 − X1 > 0

B (X2 − X1)(1 + r)−T X2 − X1 > 0 X2 − X1 > 0 X2 − X1 > 0

The price of a European call must be at
least as high as the price of an otherwise
identical European call with a higher
exercise price.

The price of an American call must be at
least as high as the price of an otherwise
identical American call with a higher
exercise price.
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be approximately zero. However, with a very high stock price, the call with the lower exer-
cise price would carry a greater intrinsic value, and thus its price would be higher than that
of the call with the higher exercise price.

The prices of the DCRB calls adhere to the predicted relationships. The lower the ex-
ercise price, the higher the call option price.

Limits on the Difference in Premiums Now compare the results
of portfolio A with those of portfolio B. Note that in Table 3.3, portfolio
B’s return is never less than portfolio A’s. Therefore, investors would not
pay less for portfolio B than for portfolio A. The price of portfolio A is
Ce(S0,T,X1) − Ce(S0,T,X2), the price of the option purchased minus the
price of the option sold. The price of portfolio B is (X2 − X1)(1 + r)−T,
the present value of the bond’s face value. Thus,

ðX2 � X1Þð1þ rÞ�T � CeðS0,T,X1Þ � CeðS0,T,X2Þ:

A related and useful statement is

X2 − X1 � Ce(S0,T,X1) − Ce(S0,T,X2).

This follows because the difference in the exercise prices is greater than the present value
of the difference in the exercise prices. For two options differing only in exercise price,
the difference in the premiums cannot exceed the difference in the exercise prices.

The intuition behind this result is simple: The advantage of buying an option with a
lower exercise price over one with a higher exercise price will not be more than the dif-
ference in the exercise prices. For example, if you own the DCRB June 125 call and are
considering replacing it with the June 120 call, the most you can gain by the switch is $5.
Therefore, you would not pay more than an additional $5 for the 120 over the 125. This
result will be useful in Chapter 7, where we discuss spread strategies.

For American calls, the call with the lower exercise price is worth at least as much as
the call with the higher exercise price. However, the statement that the difference in pre-
miums cannot exceed the present value of the difference in exercise prices does not hold
for the American call. If both calls are exercised at time t before expiration and the payoff of
X2 − X1 is invested in risk-free bonds, portfolio A’s return will be (X2 − X1)(1+ r)(T−t),
which will exceed portfolio B’s return of X2 − X1. Thus, portfolio B will not always outper-
form or match portfolio A.

If, however, the bonds purchased for portfolio B have a face value of (X2 − X1)(1+ r).T,
and thus a present value of X2 − X1, portfolio B will always outperform portfolio A. In
that case, the current value of portfolio A cannot exceed that of portfolio B. Accordingly,
we can state that for American calls

X2 � X1 � CaðS0,T,X1Þ � CaðS0,T,X2Þ:

Table 3.4 presents the appropriate calculations for examining these
properties on the DCRB calls. Consider the May 120 and 125 calls.
The difference in their premiums is 3.

The present value of the difference in exercise prices is
5(1.0457)−0.0192 = 4.9957. The remaining combinations are calcu-

lated similarly using the appropriate risk-free rates and times to expiration for those op-
tions. Because these are American calls, the difference in their prices must be no greater
than the difference in their exercise prices. As Table 3.4 shows, all the calls conform to

The difference in the prices of two
European calls that differ only by exercise
price cannot exceed the present value of
the difference in their exercise prices.

The difference in the prices of two
American calls that differ only by exercise
price cannot exceed the difference in their
exercise prices.
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this condition. In addition, all the differences in the call prices are less than the present
value of the difference between the exercise prices. Remember that this result need not
hold for American calls because they can be exercised early.

Lower Bound of a European Call
We know that for an American call,

Ca(S0,T,X) � Max(0, S0 − X).

Because of the requirement that immediate exercise be possible, we were unable to make
such a statement for a European call. We can, however, develop a lower bound for a
European call that will be higher than the intrinsic value of an American call.

Again consider two portfolios, A and B. Portfolio A consists of a single share of stock
currently priced at S0, while portfolio B contains a European call priced at Ce(S0,T,X)
and risk-free bonds with a face value of X and, therefore, a present value of X(1+ r)−T.
The current value of this portfolio is thus Ce(S0,T,X)+ X(1+ r)−T. The payoffs from
these two portfolios are shown in Table 3.5.

As the table shows, the return on portfolio B is always at least as large as that of port-
folio A and sometimes larger. Investors will recognize this fact and price portfolio B at a
value at least as great as portfolio A’s; that is,

Ce(S0,T,X)+ X(1+ r)−T � S0.

TABLE 3.4 THE RELATIONSHIP BETWEEN EXERCISE

PRICE AND CALL PRICE FOR DCRB CALLS

Difference between Call Prices
(Present Value of Difference between

Exercise Prices in Parentheses)

Exercise Prices
Exercise Price
Difference May June July

120, 125 5 3.00 1.90 2.30

(4.9957) (4.9787) (4.9611)

120, 130 10 5.15 4.05 4.50

(9.9914) (9.9573) (9.9222)

125, 130 5 2.15 2.15 2.20

(4.9957) (4.9787) (4.9611)

Note: Risk-free rates are 4.57% (May), 4.56% (June), and 4.63% (July); times to expiration are
0.0192 (May), 0.0959 (June), and 0.1726 (July).

TABLE 3.5 THE LOWER BOUND OF A EUROPEAN CALL:

PAYOFFS AT EXPIRATION OF PORTFOLIOS A AND B

Payoffs from Portfolio Given
Stock Price at Expiration

Portfolio Current Value ST � X ST > X

A S0 ST ST

B Ce(S0,T,X) + X(1 + r)−T X (ST − X) + X = ST
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Rearranging this expression gives

Ce(S0,T,X) ≥ S0 − X(1+ r)−T.

If S0 − X(1+ r)−T is negative, we invoke the rule that the minimum
value of a call is zero. Combining these results gives us a lower
bound of

CeðS0,T,XÞ � Max½0,S0 � Xð1þ rÞ�T�:

If the call price is less than the stock price minus the present value of the exercise price,
we can construct an arbitrage portfolio. We buy the call and risk-free bonds and sell short
the stock. This portfolio has a positive initial cash flow, because the call price plus the
bond price is less than the stock price. At expiration, the payoff is X − ST if X > ST and
zero otherwise. The portfolio has a positive cash flow today and either a zero or positive
cash flow at expiration. Again there is no way to lose money.

Figure 3.5 shows this result for European calls. The curved line is the call price, which
must lie above the lower bound. As expiration approaches, the time to expiration de-
creases such that the lower bound moves to the right. The time value decreases on the
option as well and follows the lower bound, with all eventually converging to the intrin-
sic value, Max(0, S0 − X), at expiration.

When we showed that the intrinsic value of an American call is Max(0, S0 − X), we
noted that the inability to exercise early prevents this result from holding for a European
call. Now we can see that this limitation is of no consequence. Because the present value
of the exercise price is less than the exercise price itself, the lower bound of a European
call is greater than the intrinsic value of an American call.

In the earlier description of how time to expiration affects the
price of an American call, we could not draw the same relationship
for a European call. Now we can. Consider two European calls that
differ by their times to expiration, T1 and T2. Their prices are Ce(S0,
T1,X) and Ce(S0,T2,X), respectively. At time T1, the shorter-lived op-

tion expires and is worth Max(0, ST1
− X). The minimum value of the longer-lived

option is Max(0, ST1
− X(1+ r)−(T2− T1)). Thus, the value of the shorter-lived option is

less than the lower bound of the longer-lived option. Therefore, the longer-lived call must
be priced at least as high as the shorter-lived call.

Figure 3.5 The Price Curve for European Calls
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As expiration approaches, the
lower bound approaches the
intrinsic value. The call price curve
follows the lower bound and
converges to the intrinsic value.

The price of a European call must at least
equal the greater of zero or the stock price
minus the present value of the exercise
price.

For European calls, a longer-lived call will
always be worth at least as much as a
shorter-lived call with the same terms.
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We should note that if the stock pays dividends such that the stock price minus the pres-

ent value of the dividends is S00 ¼ S0 � ∑Nj¼1Djð1þ rÞ�tj , then the lower bound is restated as

CeðS0,T,XÞ � Max½0,S00 � Xð1þ rÞ�T�:
Suppose that instead of options on stock, the option is on a currency. The exchange

rate is represented by S0, but we must recognize that the currency pays interest at the
discrete compounding rate of ρ. This is the foreign risk-free rate, which is obtained in
the same manner we did for Treasury bills. If we buy one unit of the currency, it will
grow to (1+ ρ)T units at time T. Let us redefine portfolio A to consist of (1+ ρ)−T units
of the currency. Because of the accumulation of interest, the (1+ ρ)−T units of the cur-
rency will grow to (1+ ρ)−T(1+ ρ)T = 1 unit of the currency. Then, the payoffs are the
same as those in Table 3.5. The only difference in this case is that the initial value of
portfolio A is now defined as S0(1+ ρ)−T. The lower bound of the call then becomes

Ce(S0,T,X) � Max[0,S0(1 + ρ)−T − X(1 + r)−T].

The similarity between the interest paid on a currency and the dividends on a stock
should be apparent. In each case, the asset makes payments to the holder. To establish
the lower bound, we must remove these payments from the value of the asset.

MAK ING THE CONNECT I ON

Asynchronous Closing Prices and Apparent Boundary Condition Violations

There are many apparent option boundary condition

violations when you begin to explore actual market

data. For example, both the New York Stock Exchange’s

(NYSE) and the Chicago Board Options Exchange’s

(CBOE) regular trading hours are from 8:30 A.M. to

3:00 P.M. Central time (or 9:30 A.M. to 4:00 P.M. Eastern

time). Both the CBOE and the NYSE report the

closing option and stock prices that are roughly

equivalent to the transaction prices of the last trades of

the day.

Suppose you observe that the NYSE reports a given

stock closing price of $100. The CBOE reports that the

price of the last trade of a three-month option on the

same stock with an exercise price of $95 is $5.90. Let

us assume the option is European, there are no divi-

dends, and transaction costs are zero. The appropriate

annually compounded interest rate is 4.32 percent. Is

there a boundary condition violation?

Although it appears that there is, most likely there

is not. Recall that the lower boundary condition is

Ce(S0,T,X) � Max[0,S0 � X(1þ rÞ�T
]

In this example, the lower bound is

Ce(S0,T,X) � Max[0,0100� 95(1þ 0:0432)�0:25]

¼ 6:00

Because the last trade was reported at $5.90, there

appears to be a boundary violation with $0.10 arbitrage

profit available.

Most likely, this is not the case. The reported stock

and option prices are asynchronous, meaning that

they were not actually observed and available at the

same time. The option price, which is the last trade

of the day, may have occurred at 3:45 P.M. when the

stock price was much lower (say $99.50) and the stock

price was actively traded up to 4:00 P.M. and rose in

those last fifteen minutes to $100.

Therefore, because real-time (synchronous) prices

are difficult to observe by those looking in from the out-

side, often there appear to be boundary condition viola-

tions that do not exist in practice. This point is very

important in understanding derivatives markets, be-

cause there is a market for the underlying asset and a

market for the derivative, which are often in different

time zones and often open and close at different times.

This problem was considerably more severe in the pre-

Internet era, when option and stock prices were often

taken from newspapers, which themselves were a day

old. The Internet has enabled us to obtain nearly real-

time prices for stock and option markets. But even real-

time prices that are separated by only minutes are not

necessarily synchronous. As traders will often say,

“a few seconds is an eternity in this market.”
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We should note that some people view the lower bound for a European option as a
kind of adjusted intrinsic value. The price of the stock or currency is, by definition, the
present value of its value at expiration. The present value of the exercise price is obvi-
ously the exercise price discounted from the expiration. With that in mind, some people
prefer to define an at-the-money option as the condition that the stock or currency price,
adjusted for dividends or interest, equals the present value of the exercise price, instead
of just the exercise price. Then the time value would be defined as the option price mi-
nus the lower bound. We do not use those definitions in this book, but do not be sur-
prised to encounter them in some other books.

American Call Versus European Call
Many of the results presented so far apply only to European calls. For example, we restricted
the derivation of the lower bound to European calls. That is because an early exercise of an
American call can negate the cash flows expected from the portfolio at expiration.

In many cases, however, American calls behave exactly like Euro-
pean calls. In fact, an American call can be viewed as a European call
with the added feature that it can be exercised early. Since exercising
an option is never mandatory,

CaðS0,T,XÞ � CeðS0,T,XÞ:

We already proved that the minimum value of an American call is Max(0, S0 − X) while
the lower bound of a European call is Max[0, S0 − X(1+ r)−T]. Because S0 − X(1+ r)−T

is greater than S0 − X; as shown in Figure 3.5, the lower bound value of the American call
must also be Max[0, S0 − X(1+ r)−T].

Let us now examine the DCRB options to determine whether their prices exceed the
lower boundary. Table 3.6 presents the lower bound of each DCRB call. To see how the
computations are performed, take the May 120 call. The time to expiration is 0.0192, and
the risk-free rate is 0.0457. Thus,

Max[0, S0 − X(1+ r)−T] = Max[0, 125.94 − 120(1.0457)−0.0192] = 6.0428.

From Table 3.1, the price of the call is $8.75. Thus, this option does meet the boundary con-
dition. Tables 3.1 and 3.6 reveal that the remaining calls also conform to the lower boundary.
In general, studies show that call prices conform closely to the lower bound rule.

With the lower bound of an American call established, we can
now examine whether an American call should ever be exercised
early. First, assume that the call is in-the-money; otherwise, we
would not even be considering exercising it. If the stock price is S0,
exercising the call produces a cash flow of S0 − X. The call’s price,

TABLE 3.6 LOWER BOUNDS OF DCRB CALLS

Expiration

Exercise Price May June July

120 6.0428 6.4520 6.8738

125 1.0471 1.4733 1.9127

130 0.0000 0.0000 0.0000

Note: Risk-free rates are 4.57% (May), 4.56% (June), and 4.63% (July); times to expiration are
0.0192 (May), 0.0959 (June), and 0.1726 (July).

An American call will be at least as valu-
able as a European call with the same
terms.

An American call on a non-dividend-paying
stock will never be exercised early, and we
can treat such a call as if it were European.
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however, must be at least S0 − X(1+ r)−T. Since the cash flow from exercising,
S0 − X, can never exceed the call’s lower bound, S0 − X(1+ r)−T, it will always be better
to sell the call in the market. When the transaction cost of exercising is compared to the
transaction cost of selling the call, the argument that a call should not be exercised early
is strengthened. Thus, if the stock pays no dividends, Figure 3.5 is also the call price curve
for American calls.

Although many people find it difficult to believe that an American option on a non-
dividend-paying stock would never be exercised early, it is really quite easy to see by
analogy. Have you ever subscribed to a magazine and, shortly afterward, received a re-
newal notice mentioning the attractive rate they could offer you? You have barely begun
receiving the magazine, perhaps have not yet decided if you like it, and already you are
granted an option to renew. Do you immediately renew? Hardly any rational person
would do so. Not only would you be giving the magazine company the interest on your
money, you would also be giving up the right to decide later if you wanted to renew. It is
almost always the case that you would still have the right to renew much later at the
same rate. Likewise, exercising a call option early not only gives the writer the interest
on your money, but also throws away the right to decide later if you want to own the
stock.

If that argument is not convincing, simply consider this. The urge to exercise a deep-
in-the-money call simply because you think the stock has gone as far up as you think it
will should be suppressed. If your views on the stock are correct, you will not be any
more pleased to own a stock that is not increasing than you would to be holding the
call option. The story changes, however, if the stock pays dividends.

Early Exercise of American Calls on Dividend-Paying Stocks
When a company declares a dividend, it specifies that the dividend is payable to all stock
holders as of a certain date, called the holder-of-record date. Two business days before
the holder-of-record date is the ex-dividend date. To be the stockholder of record by the
holder-of-record date, one must buy the stock by the ex-dividend date. The stock price
tends to fall by the amount of the dividend on the ex-dividend date.

When a stock goes ex-dividend, the call price drops along with it. The amount by
which the call price falls cannot be determined at this point in our understanding of op-
tion pricing. Since the call is a means of obtaining the stock, however, its price could
never change by more than the stock price change. Thus, the call price will fall by no
more than the dividend. An investor could avoid this loss in value by exercising the op-
tion immediately before the stock goes ex-dividend. This is the only time the call should
be exercised early.

Another way to see that early exercise could occur is to recall that
we stated that the lower bound of a European call on a dividend-
paying stock is Max½0,S00 � Xð1þ rÞ�T� where S

0
0 is the stock price

minus the present value of the dividends. To keep things simple, as-
sume only one dividend of the amount D, and that the stock will go

ex-dividend in the next instant. Then S
0
0 is approximately equal to S0 − D (since the

present value of D is almost D). Since we would consider exercising only in-the-money
calls, assume that S0 exceeds X. Then it is easy to see that S0 − X could exceed S

0
0 minus

the present value of X. By exercising the option, the call holder obtains the value S0 − X.
Suppose that you were holding a European call whose value was only slightly above the
lower bound. Then you might wish it were an American call because an American call
could be exercised to capture the value S0 − X. If you were holding a European call and
wished it were an American call for at least that instant, then it should be obvious that

It may be optimal to exercise an American
call early if the stock is about to go ex-
dividend.
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the right to exercise early would have value. So an American call could be worth more
than a European call. Note that this does not mean that exercise will definitely occur at
the ex-dividend instant. It means only that exercise could occur. The value of the right to
exercise early is what distinguishes an American call from a European call. That right is
worth something only when there are dividends on the stock. A similar argument applies
when the underlying is a currency, which pays interest.

There is one other situation in which you can determine that the right to exercise
early has no value. If the present value of all the dividends over the life of the option is
less than X(1 − (1+ r)−T), then the option would never be exercised early because the
dividends are not large enough to offset the loss of interest from paying out the exercise
price early.

In Chapters 4 and 5 we shall learn about option pricing models that will give us the
exact price of the option. We will then be able to see the early exercise value more
explicitly.

Effect of Interest Rates
Interest rates affect a call option’s price in several ways. First, interest
rates affect the lower bound. The lower the interest rate, the lower the
lower bound. In the extreme case of a zero interest rate, the lower
bound would be the same as the intrinsic value. Nothing special hap-

pens to the option price if the interest rate is zero. It will still have value that will be
limited by the lower bound/intrinsic value. But there are other more complex effects as
well. Perhaps the easiest way to understand the effect of interest rates on calls is to think
of a call as a way to purchase stock by paying an amount of money less than the face
value of the stock. By paying the call premium, you save the difference between the call
price and the exercise price, the price you are willing to pay for the stock. The higher the
interest rate, the more interest you can earn on the money you saved by buying the call.
Thus, when interest rates increase, calls are more attractive to buyers so they will have
higher prices.7

Effect of Stock Volatility
One of the basic principles of investor behavior is that individuals
prefer less risk to more. For holders of stocks, higher risk means
lower value. But higher risk in a stock translates into greater value
for a call option on it. This is because greater volatility increases the

gains on the call if the stock price increases, because the stock price can then exceed
the exercise price by a larger amount. On the other hand, greater volatility means that
if the stock price goes down, it can be much lower than the exercise price. To a call
holder, however, this does not matter because the potential loss is limited; it is said to
be truncated at the exercise price. For example, consider the DCRB July 125 call. Suppose
the stock price is equally likely to be at 110, 120, 130, or 140 at expiration. The call, then,
is equally likely to be worth 0, 0, 5, and 15 at expiration. Now suppose the stock’s vola-
tility increases so that it has an equal chance of being at 100, 120, 130, or 150. From a

The price of a call is directly related to
interest rates.

7The exact relationship between interest rates and call prices is more involved than this, however, because the
purchase of a call is actually more than just an option to defer purchase of the stock. Holding the call instead
of the stock limits your loss to much less than if you had bought the stock. A call is said to have insurance
value. Interest rates affect the insurance value of the call in a negative manner, but the overall effect on the
call price is still positive. See D. M. Chance, “Translating the Greek: The Real Meaning of Call Option Deriva-
tives,” Financial Analysts Journal 50 (July−August 1994): 43–49.

The price of a call is directly related to the
volatility of the underlying stock.
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stockholder’s point of view, the stock is far riskier, which is less desirable. From the
option holder’s perspective, the equally possible option prices at expiration are 0, 0, 5,
and 25, which is more desirable. In fact, the option holder will not care how low the stock
can go. If the possibility of lower stock prices is accompanied by the possibility of higher
stock prices, the option holder will benefit, and the option will be priced higher when the
volatility is higher.

Another way to understand the effect of volatility on the call price is to consider the
extreme case of zero volatility.8 If the stock price is less than the exercise price, the ab-
sence of volatility guarantees that the option will expire out-of-the-money. No one would
pay anything for this option. If the stock price exceeds the exercise price and has zero
volatility, it will expire in-the-money and will be worth ST − X at expiration, where ST
is the future value of S0. In this case, the call will then simply be a risk-free asset worth
S0 minus the present value of X. Since volatility does not affect the lower bound, the call
price and lower bound remain above the intrinsic value, reflecting the fact that the op-
tion will still not be exercised until expiration. On the other hand, high volatility is what
makes call options attractive, and investors are willing to pay higher premiums on op-
tions with greater volatility.

In Chapter 4, we shall begin to explore in more detail how volatility affects option
prices. In Chapter 5 we look at volatility in more detail, and we see that volatility is cap-
tured by the standard deviation of the stock return.

PRINCIPLES OF PUT OPTION PRICING
Many of the rules applicable to call options apply in a straightforward manner to put
options. There are, however, some significant differences.

Minimum Value of a Put
A put is an option to sell a stock. A put holder is not obligated to
exercise it and will not do so if exercising will decrease wealth. Thus,
a put can never have a negative value:

P(S0,T,X) � 0.

An American put can be exercised early. Therefore,

Pa(S0,T,X) � Max(0, X− S0).

Suppose that the DCRB June 130 put sells for less than X − S0. Let the put sell for $3.
Then it would be worthwhile to buy the stock for $125.94, buy the put for $3, and exer-
cise the put. This would net an immediate risk-free profit of $1.06. The combined ac-
tions of all investors conducting this arbitrage would force the put price up to at least
$4.06, the difference between the exercise price and the stock price.

Figure 3.6 illustrates these points for puts. The European put price lies somewhere
in the shaded area of graph a. The American put price lies somewhere in the shaded
area of graph b.

The value, Max(0, X − S0), is called the put’s intrinsic value. An in-
the-money put has a positive intrinsic value, while an out-of-the-
money put has an intrinsic value of zero. The difference between the
put price and the intrinsic value is the time value or speculative value.

8To keep this discussion simple, we also assume a zero risk-free rate.

Because a put option need not be exer-
cised, its minimum value is zero.

The intrinsic value of an American put is the
greater of zero or the difference between
the exercise price and the stock price.
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The time value is defined as Pa(S0,T,X) − Max(0, X − S0). As with calls, the time value
reflects what an investor is willing to pay for the uncertainty of the final outcome.

Table 3.7 presents the intrinsic values and time values of the DCRB puts. Note how
the values increase with the time to expiration.

The intrinsic value specification, Max(0, X − S0), does not hold for
European puts. That is because the option must be exercisable for an
investor to execute the arbitrage transaction previously described.
European puts indeed can sell for less than the intrinsic value. Later
this will help us understand the early exercise of American puts.

TABLE 3.7 INTRINSIC VALUES AND TIME VALUES

OF DCRB PUTS

Time Value

Exercise Price Intrinsic Value May June July

120 0.00 2.75 9.25 13.65

125 0.00 4.60 11.50 16.60

130 4.06 3.29 10.19 15.59

Figure 3.6 Minimum Value of European and American Puts
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The time value of an American put is the
difference between the put price and the
intrinsic value.
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Maximum Value of a Put
At expiration, the payoff from a European put is Max(0, X − ST).
The best outcome that a put holder can expect is for the company
to go bankrupt. In that case, the stock will be worthless and the put
holder will be able to sell the shares to the put writer for X dollars.

Thus, the present value of the exercise price is the European put’s
maximum possible value. Since an American put can be exercised at any time, its maxi-
mum value is the exercise price:

PeðS0,T,XÞ � Xð1þ rÞ�T,
PaðS0,T,XÞ � X:

Figure 3.7 adds the maximum value rule to Figure 3.6. Although the range of possible
values is reduced somewhat, there is still a broad range of possible values.

Value of a Put at Expiration
On the put’s expiration date, no time value will remain. Expiring
American puts therefore are the same as European puts. The value

Figure 3.7 Minimum and Maximum Values of European and American Puts
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The maximum value of a European put is
the present value of the exercise price. The
maximum value of an American put is the
exercise price.

At expiration, a put option is worth the in-
trinsic value.
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of either type of put must be the intrinsic value. Thus,

PðST,0,XÞ ¼ Maxð0,X� STÞ:
If X > ST and the put price is less than X − ST, investors can buy the put and the

stock, and exercise the put for an immediate risk-free profit. If the put expires out-
of-the-money (X < ST), it will be worthless. Figure 3.8 illustrates the value of the put at
expiration.

Effect of Time to Expiration
Consider two American puts, one with a time to expiration of T1 and the other with a
time to expiration of T2, where T2 > T1. Now, assume today is the expiration date of the
shorter-lived put. The stock price is. The expiring put is worth Max(0, X − ST1). The
other put, which has a remaining time to expiration of T2 − T1, is worth at least Max
(0, X − ST1). Consequently, it must be true that at time 0, we must have,

Pa(S0,T2,X) � Pa(S0,T1,X).

Note that the two puts could be worth the same; however, this
would occur only if both puts were very deep-in- or out-of-the-
money. Even then, the longer-lived put would likely be worth a little
more than the shorter-lived put. The longer-lived put can do every-

thing the shorter-lived put can do and has an additional period of time in which to
increase in value.

The principles that underlie the time value of a put are the same as those that under-
lie the time value of a call. The time value is largest when the stock price is near the
exercise price and smallest when the stock price is either very high or very low relative
to the exercise price. With these points in mind, we can now see that the American put
price would look like Figure 3.9. As expiration approaches, the put price curve ap-
proaches the intrinsic value, which is due to the time value decay. At expiration the put
price equals the intrinsic value, as in Figure 3.8.

The relationship between time to expiration and put price is more complex for
European puts. Think of buying a put as deferring the sale of stock at the exercise price, X.

Figure 3.8 The Value of a Put at Expiration
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A longer-lived American put must always
be worth at least as much as a shorter-lived
American put with the same terms.
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The further into the future the expiration date, the longer the put holder must wait to sell the
stock and receive X dollars. This can make the longer-lived European put less valuable than
the shorter-lived one. This does not hold for an American put, because the holder can always
exercise it and receive X dollars today. For a European put, the longer time to expiration is
both an advantage—the greater time value—and a disadvantage—the longer wait to receive
the exercise price. The time value effect tends to dominate, however, and in most cases
longer-lived puts will be more valuable than shorter-lived puts.

Because the DCRB puts are American options, the longer-term puts should be expected
to show higher prices. A check of their premiums, shown in Table 3.1, confirms this point.

The Effect of Exercise Price
The Effect on Option Value Consider two European puts identical in all respects ex-
cept exercise price. One put has an exercise price of X1 and a premium of Pe(S0,T,X1);
the other has an exercise price of X2 and a premium of Pe(S0,T,X2). As before X2> X1.
Which put will be more valuable?

Consider two portfolios. Portfolio A consists of a long position in the put priced at Pe(S0,
T,X2) and a short position in the put priced at Pe(S0,T,X1). Portfolio B consists of a long

position in risk-free bonds with a face value of X2 − X1 and a present
value of (X2 − X1) (1+ r)−T. Table 3.8 presents these portfolios’ pay-
offs at expiration.

For portfolio A, all outcomes are nonnegative. Because this port-
folio cannot produce a cash outflow for the holder, the price of the
put purchased must be no less than the price of the put sold; that is,

PeðS0,T,X2Þ � PeðS0,T,X1Þ:

To understand why this is so, consider what would happen if it were not. Suppose that
the price of the put sold were greater than the price of the put purchased. Then an
investor would receive more for the put sold than would be paid for the put purchased.

Figure 3.9 The Price Curve for American Puts

Pu
t P

ric
e

Stock Price (S0)

0
X

X

Pa (S0,T,X)

Max(0,X – S
0 )

As expiration
approaches, the put
price curve approaches
the intrinsic value curve.

The price of a European put must be at
least as high as the price of an otherwise
identical European put with a lower exer-
cise price.
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That would produce a net positive cash flow up front, and, from Table 3.8, there would
be no possibility of having to pay out any cash at expiration. This transaction would be
like a loan that need not be paid back. Obviously, this portfolio would be very attractive
and would draw the attention of other investors, who would buy the put with the higher
exercise price and sell the put with the lower exercise price. This would tend to drive up
the price of the former and drive down the price of the latter. The transaction would
cease to be attractive when the put with the higher exercise price became at least as valu-
able as the put with the lower exercise price.

The intuition behind why a put with a higher exercise price is worth more than one
with a lower exercise price is quite simple. A put is an option to sell stock at a fixed
price. The higher the price at which the put holder can sell the stock, the more attractive
the put.

Suppose that these were American puts. In that case, the put with
the lower exercise price could be exercised early. For example, let the
stock price at time t prior to expiration be St, where St < X1. Let the
option with exercise price X1 be exercised. Then the investor simply
exercises the option with exercise price X2. The cash flow from these
two transactions is −(X1 − St)+ (X2 − St) = X2 − X1, which is

positive. Early exercise will not generate a negative cash flow. Thus, our result holds for
American puts as well as for European puts.

Limits on the Difference in Premiums Now let us compare the outcomes of port-
folios A and B. We see that portfolio B’s outcomes are never less than portfolio A’s.
Therefore, no one would pay more for portfolio A than for portfolio B; that is,

ðX2 � X1Þð1þ rÞ�T � PeðS0,T,X2Þ � PeðS0,T,X1Þ:

This result does not, however, hold for American puts. If the puts were
American and both were exercised, the investor would receive X2 − X1

dollars. This amount would be invested in risk-free bonds and would
earn interest over the options’ remaining lives. At expiration, the inves-
tor would have more than X2 − X1, the payoff from portfolio B.

Since the difference in exercise prices is greater than the present value of the differ-
ence in exercise prices, we can state that for European puts,

X2 − X1 � Pe(S0,T,X2) − Pe(S0,T,X1).

This means that the difference in premiums cannot exceed the difference in exercise
prices. This result holds for American as well as European puts. To see this, let portfolio
B’s bonds have a face value of (X2 − X1)(1+ r)T and a present value of X2 − X1. If early

TABLE 3.8 THE EFFECT OF EXERCISE PRICE ON PUT VALUE:

PAYOFFS AT EXPIRATION OF PORTFOLIOS A AND B

Payoffs from Portfolio Given Stock
Price at Expiration

Portfolio Current Value ST < X1 X1 ≤ ST < X2 X1 < X2 ≤ ST

A −Pe(S0,T,X1) −X1 + ST 0 0

+Pe(S0,T,X2) X2 − ST X2 − ST 0

X2 − X1 > 0 X2 − ST > 0 0

B (X2 − X1)(1 + r)−T X2 − X1 > 0 X2 − X1 > 0 X2 − X1 > 0

The price of an American put must be at
least as high as the price of an otherwise
identical American put with a lower exer-
cise price.

The difference in the prices of two Euro-
pean puts that differ only by exercise price
cannot exceed the present value of the
difference in their exercise prices.
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exercise occurred at time t, the most the holder of portfolio A would have at expiration
is (X2 − X1)(1+ r)T−t. The holder of portfolio B would have a larger amount, (X2 − X1)
(1+ r)T. So again portfolio A would never pay more at expiration than would portfolio B.
Therefore, the current value of portfolio A, Pa(S0,T,X2) − Pa(S0,T,X1), could not exceed
the current value of portfolio B, X2 − X1. Thus,

X2 � X1 � PaðS0,T,X2Þ � PaðS0,T,X1Þ:

Table 3.9 shows the differences between the put premiums and
exercise prices for the DCRB puts. Since these are American puts,
we would expect only that the difference in their put premiums will
not exceed the difference in their exercise prices—which indeed is the
case. In addition, the differences in premiums do not exceed the pres-
ent values of the differences in exercise prices.

Lower Bound of a European Put
We showed that the minimum value of an American put is Max(0, X − S0). This state-
ment does not hold for a European put, because it cannot be exercised early. However, it
is possible to derive a positive lower bound for a European put.

Again consider two portfolios, A and B. Portfolio A consists of a single share of stock.
Portfolio B consists of a short position in a European put priced at Pe(S0,T,X) and a long
position in risk-free bonds with a face value of X and a present value of X(1+ r)−T. The
payoffs at expiration from these portfolios are shown in Table 3.10.

TABLE 3.9 THE RELATIONSHIP BETWEEN EXERCISE PRICE

AND PUT PRICE FOR DCRB PUTS

Difference between Put Prices
(Present Value of Difference between Exercise

Prices in Parentheses)

Exercise
Prices

Exercise Price
Difference May June July

120, 125 5 1.85 2.25 2.95

(4.9957) (4.9787) (4.9611)

120, 130 10 4.60 5.00 6.00

(9.9914) (9.9573) (9.9222)

125, 130 5 2.75 2.75 3.05

(4.9957) (4.9787) (4.9611)

Note: Risk-free rates are 4.57% (May), 4.56% (June), and 4.63% (July); times to expiration are
0.0192 (May), 0.0959 (June), and 0.1726 (July).

TABLE 3.10 LOWER BOUND OF A EUROPEAN PUT: PAYOFFS

AT EXPIRATION OF PORTFOLIOS A AND B

Payoffs from Portfolio Given Stock Price
at Expiration

Portfolio Current Value ST < X ST � X

A S0 ST ST
B X(1+r)−T − Pe(S0,T,X) X − (X − ST)=ST X

The difference in the prices of two Ameri-
can puts that differ only by exercise price
cannot exceed the difference in their ex-
ercise prices.
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Portfolio A’s outcome is always at least as favorable as portfolio B’s. Therefore, no one
would be willing to pay more for portfolio B than for portfolio A. Portfolio A’s current value
must be no less than portfolio B’s; that is,

S0 � X(1+ r)−T − Pe(S0,T,X).

Rearranging this statement gives

Pe(S0,T,X) � X(1+ r)−T − S0.

If the present value of the exercise price is less than the stock price, this lower bound
will be negative. Since we know that a put cannot be worth less than zero, we can say that

PeðS0,T,XÞ � Max½0,Xð1þ rÞ�T � S0�:

Figure 3.10 illustrates these results. The curved line is the European put price, which
must lie above the lower bound. As expiration approaches, the time to expiration gets

smaller, so the lower bound moves to the right and at expiration
converges to the intrinsic value. The put price curve moves down, a
result of the loss of its time value as expiration approaches, but is still
above the lower bound. At expiration, the put price, lower bound,
and intrinsic value are all the same.

Now let us compare the minimum price of the American put, its
intrinsic value of Max(0, X − S0), with the lower bound of the European put, Max[0,
X(1+ r)−T − S0]. Since X − S0 is greater than X(1+ r)−T − S0, the American put’s
intrinsic value is higher than the European put’s lower bound. Therefore, the European
put’s lower bound is irrelevant to the American put price because it is a lower minimum,
as seen in Figure 3.10. Max[0, X(1+ r)−T − S0] is, however, relevant to the European
put’s price.

Finally, we can use the lower bound of a European put to examine the effect of time
to expiration on the option. Earlier we stated that the direction of this effect is uncertain.
Consider two puts with times to expiration of T1 and T2, where T2 > T1. Suppose that

Figure 3.10 The Price Curve for European Puts
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As expiration approaches, the
lower bound approaches the
intrinsic value. The put price
curve follows the lower bound
and converges to the intrinsic value.

The price of a European put must at least
equal the greater of zero or the present
value of the exercise price minus the stock
price.
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we are at time T1, the stock price is S0T, and the shorter-lived put is expiring and is worth
Max(0, X −S0T). The longer-lived put has a remaining life of T2 − T1 and a lower bound
of Max[0, X(1+ r)−(T2 −T1) − S0T]. Although the lower bound of the longer-lived put is
less than the shorter-lived put’s intrinsic value, the value of the additional time on the
former, during which the stock price can more than make up the difference. Therefore,
we cannot unambiguously tell whether a longer- or shorter-lived European put will be
worth more.

If the stock pays dividends such that S00 ¼ S0 � ∑Nj¼1Djð1þ rÞ�tj , that is, the stock
price minus the present value of the dividends, the rule becomes

PeðS0,T,XÞ � Max½0,Xð1þ rÞ�T � S00�:

As we did for a call, if the underlying is a currency, we adjust portfolio A to start off
with (1+ ρ)−T units of the currency. This will grow to one unit at T, and the payoffs will
be the same as those in Table 3.10. The net effect is that the lower bound for the put is

Pe(S0,T,X) � Max[0,X(1+ r)−T − S0(1+ ρ)−T].

American Put Versus European Put
Everything that can be done with a European put can be done with
an American put. In addition, an American put can be exercised at
any time prior to expiration. Therefore, the American put price must
at least equal the European put price; that is,

PaðS0,T,XÞ � PeðS0,T,XÞ:

Early Exercise of American Puts
Recall that it might be advisable to exercise an American call early if the stock is about to
go ex-dividend. If the stock does not pay dividends, then the call will not be exercised
early, and an American call will have the same value as a European call. The same can-
not be said for American puts.

Let us suppose there are no dividends. Suppose that you hold an American put and
the company goes bankrupt, meaning that the stock price goes to zero. You are holding
an option to sell it for X dollars. There is no reason to wait until expiration to exercise it
and obtain your X dollars. You might as well exercise it now. Thus, bankruptcy is one
obvious situation in which an American put would be exercised early, but, bankruptcy is
not required to justify early exercise. Look back at Figure 3.10. Note that the curved line
representing the European put price crosses the straight line representing the intrinsic
value of the American put. That means that at that stock price, the holder of the Euro-
pean put would prefer to have had an American put and would be willing to pay more
to have one. This particular stock price, however, is not the one that would trigger early
exercise of the American put because if the put were American, it would be optimal to
hold it until the stock price dropped a little more.

If the stock pays dividends, it might still be worthwhile to exer-
cise it early, but because dividends drive the stock price down, they
make American puts less likely to be exercised early. In fact, if the
dividends are sufficiently large, it can sometimes be shown that the
put would never be exercised early, thus making it effectively a
European put. With currency options, the foreign interest has a
similar effect.

An American put will be at least as valuable
as a European put with the same terms.

If the stock price falls to a critical level, an
American put might be exercised early. The
likelihood of early exercise is reduced if the
stock pays dividends.
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At this point in our material, the exact situation at which an American put would be
exercised early cannot be specified. We shall cover this topic again in more detail, how-
ever, in Chapter 4.

Put-Call Parity
The prices of European puts and calls on the same stock with identical exercise prices
and expiration dates have a special relationship. The put price, call price, stock price, ex-
ercise price, time to expiration, and risk-free rate are all related by a formula called put-
call parity. Let us see how this formula is derived.

Imagine a portfolio, called portfolio A, consisting of one share of
stock and a European put. This portfolio will require an investment of
S0+ Pe(S0,T,X). Now consider a second portfolio, called portfolio B,
consisting of a European call with the same exercise price and risk-
free pure discount bonds with a face value of X. That portfolio will

require an investment of Ce(S0,T,X)+ X(1+ r)−T. Now let us look at what happens at
the expiration. Table 3.11 presents the outcomes.

The stock is worth ST regardless of whether ST is more or less than X. Likewise the
risk-free bonds are worth X regardless of the outcome. If ST exceeds X, the call expires
in-the-money and is worth ST − X and the put expires worthless. If ST is less than or
equal to X, the put expires in-the-money worth X − ST and the call expires worthless.
The total values of portfolios A and B are equal. Recalling our law of one price from
Chapter 1, the current values of the two portfolios must be equal. Thus, we require that

S0 þ PeðS0,T,XÞ ¼ CeðS0,T,XÞ þ Xð1þ rÞ�T:

This statement is referred to as put-call parity and it is probably one of the most impor-
tant results in understanding options. It says that a share of stock plus a put is equivalent
to a call plus risk-free bonds. It shows the relationship between the call and put prices,
the stock price, the time to expiration, the risk-free rate, and the exercise price.

Suppose the combination of the put and the stock is worth less than the combination
of the call and the bonds. Then you could buy the put and the stock and sell short the
call and the bonds. Selling short the call just means to write the call and selling short
the bonds simply means to borrow the present value of X and promise to pay back X
at the options’ expiration. The cash inflow of the value of the call and the bonds would
exceed the cash outflow for the put and the stock. At expiration, there would be no cash
inflow or outflow because you would have stock worth ST and owe the principal on the
bonds of X, but you would also have a put worth X − ST and a call worth zero or a call
worth −(ST − X) and a put worth zero. All of this adds up to zero (check it). In other

TABLE 3.11 PUT-CALL PARITY

Payoffs from Portfolio Given
Stock Price at Expiration

Payoff From Current Value ST � X ST > X

A Stock S0 ST ST
Put Pe(S0,T,X) X − ST 0

X ST
B Call Ce(ST,T,X) 0 ST − X

Bonds X(1+r)−T X X

X ST

Put-call parity is the relationship among the
call price, the put price, the stock price, the
exercise price, the risk-free rate, and the
time to expiration.
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words, you would get some money up front but not have to pay any out at expiration.
Since everyone would start doing this transaction, the prices would be forced back in line
with the put-call parity equation.

By observing the signs in front of each term, we can easily determine which combina-
tions replicate others. If the sign is positive, we should buy the option, stock, or bond. If
it is negative, we should sell. For example, suppose we isolate the call price,

Ce(S0,T,X) = Pe(S0,T,X)+ S0 − X(1+ r)−T.

Then owning a call is equivalent to owning a put, owning the stock, and selling short the
bonds (borrowing). If we isolate the put price,

Pe(S0,T,X) = Ce(S0,T,X) − S0+ X(1+ r)−T.

This means that owning a put is equivalent to owning a call, selling short the stock, and
buying the bonds. Likewise, we could isolate the stock or the bonds.

To convince yourself that these combinations on the right-hand side of the equation
are equivalent to the combinations on the left-hand side, it would be helpful to set up a
table like Table 3.11. Analyze the outcomes at expiration, and you will see that the vari-
ous combinations on the right-hand side do indeed replicate the positions taken on the
left-hand side.

If the stock pays dividends, once again, we simply insert S00 which is the stock price
minus the present value of the dividends, for the stock price S0. If the underlying is a
currency, then portfolio A is adjusted to start off with (1+ ρ)−T units of the currency.
This will grow to one unit at T, and the payoffs will be the same as in Table 3.11. Then
put-call parity for currency options will become

S0(1+ ρ)−T+ Pe(S0,T,X) = Ce(S0,T,X)+ X(1+ r)−T.

While put-call parity is an extremely important and useful result, it does not hold so
neatly if the options are American. The put-call parity rule for American options must
be stated as inequalities,

CaðS00,T,XÞ þ Xþ ∑Nj¼1Djð1þ rÞ�tj � S0 þ PaðS00,T,XÞ
� CaðS00,T,XÞ þ Xð1þ rÞ�T,

where S00 is, again, the stock price minus the present value of the dividends. Although we
shall skip the formal proof of this statement, it is, nonetheless, easy to make the calcula-

tions to determine if the rule is violated.
Now let us take a look at whether put-call parity holds for the

DCRB options. Since the stock does not pay dividends, the DCRB
calls are effectively European calls. The puts, however, are strictly

American. But first let us apply the European put-call parity rule. Panel A of Table 3.12
shows the appropriate calculations. Each cell represents a combination of exercise price
and expiration and contains two figures. The upper figure is the value of the stock plus
the put, while the lower is the value of the call plus the bonds. If put-call parity holds,
these two figures should be identical. Of course, we might not expect it to hold perfectly,
because transaction costs may prevent some arbitrage opportunities from being worth
exploiting. In most of the cases, the figures are very close.

Now we apply the American put-call parity rule. Panel B contains three figures for each
cell. Recalling that there are no dividends, the top figure is Ca(S0,T,X)+X, the middle figure
is S0+ Pa(S0,T,X), and the bottom figure is Ca(S0,T,X)+X(1+ r)−T. These figures should
line up in descending order—that is, the top figure should be no lower than the middle figure,

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance
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which should be no lower than the bottom figure in each cell. This is the case only for the
May and June 120 options, though the discrepancies might not be large enough to justify an
arbitrage transaction.

Put-call parity is the linkage between the call, put, underlying asset, and risk-free
bond. Figure 3.11 illustrates these relationships. Throughout the book, we shall further
develop this figure to show other important relationships between derivative contracts,
the underlying asset, and the risk-free bond market.

Effect of Interest Rates
Interest rates affect a put option in several ways. First, they affect the
lower bound. The lower the interest rate, the higher the lower bound,
reflecting the higher present value of the exercise price. In the ex-
treme case of a zero interest rate, the lower bound is the same as

TABLE 3.12 PUT-CALL PARITY FOR DCRB CALLS

A European Put-Call Parity

Top row of cell: S0 + Pe(S0,T,X)

Bottom row of cell: Ce(S0,T,X)+ X(1+ r)−T

Exercise Price May June July

120 128.69 135.19 139.59

128.6472 134.8880 139.9662

125 130.54 137.44 142.54

130.6429 137.9667 142.6273

130 133.29 140.19 145.59

133.4886 140.7953 145.3884

B American Put-Call Parity

Top row of cell: Ca(S0,T,X) + X (note: no dividends so S0
0 = S0)

Middle row of cell: S0 + Pa(S0,T,X)

Bottom row of cell: Ca(S0,T,X)+ X(1+ r)−T

Exercise Price May June July

120 128.75 135.40 140.90

128.69 135.19 139.59

128.6472 134.8880 139.9662

125 130.75 138.50 143.60

130.54 137.44 142.54

130.6429 137.9667 142.6273

130 133.60 141.35 146.40

133.29 140.19 145.59

133.4886 140.7953 145.3884

Note: Risk-free rates are 4.57% (May), 4.56% (June), and 4.63% (July); times to expiration are
0.0192(May), 0.0959 (June), and 0.1726 (July).

The price of a put is inversely related to
interest rates.
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the intrinsic value. Nonetheless, the put price will remain above the lower bound, because
there is nothing special about a put if the interest rate is zero. But there is another effect
of interest rates on put prices. When you finally sell the stock by exercising the put, you
receive X dollars. If interest rates are higher, the X dollars will have a lower present value.
Thus, a put holder forgoes higher interest while waiting to exercise the option and receive
the exercise price. So higher interest rates make puts less attractive to investors.

Effect of Stock Volatility
The effect of volatility on a put’s price is the same as that for a call: Higher volatility
increases the possible gains for a put holder. For example, in our discussion of the ef-
fect of volatility on a call, we considered four equally likely stock prices at expiration
for DCRB: 110, 120, 130, and 140. The four possible put prices at expiration for a 125
put are 15, 5, 0, and 0. If the volatility increases so that the four possible stock prices at
expiration are 100, 120, 130, and 150, the four possible put prices at expiration are 25,
5, 0, and 0. For the holder of a put, this increase in volatility is desirable because the
put price now can rise much higher. It does not matter that the put can be even deeper
out-of-the money when it expires, because its lowest possible value is still zero. The put
holder’s loss thus is truncated. Therefore, the put will have a higher price if the volatil-
ity is higher.

Another approach to understanding the volatility effect is to con-
sider a European put on a stock with zero volatility. If the put is
currently in-the-money, it will be worth the present value of X minus
the stock price S0, because no further changes in the stock price other

than the risk-free return will be expected. If the put is out-of-the-money, it will be worth-
less, because it will have no chance of expiring in-the-money. Either of these cases would
be like a risk-free asset and would have no use for either hedgers or speculators. In addi-
tion, the lower bound and put price would remain below the intrinsic value, reflecting the
fact that a European put still cannot be exercised until expiration.

As we discussed in the section on calls, we shall take up the role and measurement of
volatility in Chapters 4 and 5.

Figure 3.11 The Linkage between Calls, Puts, and Underlying Asset and Risk-Free Bonds
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volatility of the underlying stock.
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MAK ING THE CONNECT I ON

Put-Call Parity Arbitrage

The put-call parity equation states that

P(S0,T,X)+ S0 = C(S0,T,X)+ X(1+ r)−T.

The interpretation of the equation is that the

left-hand side is a long put and long stock and the

right-hand side is a long call and long risk-free bond.

Positive signs refer to long positions and negative

signs refer to short positions. There are a numerous

other ways in which put-call parity can be rewritten:

P(S0,T,X)= C(S0,T,X) − S0 + X(1+ r)−T (long

put= long call, short stock, long bond)

S0 = C(S0,T,X) − P(S0,T,X)+ X(1+ r)−T (long

stock= long call, short put, long bond)

C(S0,T,X)= P(S0,T,X)+ S0 − X(1+ r)−T (long

call= long put, long stock, short bond)

X(1+ r)−T = P(S0,T,X)+ S0 − C(S0,T,X) (long

bond= long put, long stock, short call)

−P(S0,T,X)=−C(S0,T,X)+ S0 − X(1+ r)−T (short

put= short call, long stock, short bond)

−S0 =−C(S0,T,X)+ P(S0,T,X) − X(1+ r)−T (short

stock= short call, long put, short bond)

−C(S0,T,X)=−P(S0,T,X) − S0 + X(1+ r)−T (short

call= short put, short stock, long bond)

−X(1+ r)−T =−P(S0,T,X) − S0 + C(S0,T,X) (short

bond= short put, short stock, long call)

There are even more combinations with two instru-

ments on each side. Also we can put all four instru-

ments on one side of the equation. The important

point is that if there is an arbitrage opportunity, then

any one of these equations can be used to exploit it.

For example, put-call parity says that the put price

should equal the call price minus the stock price plus

the present value of the exercise price. Suppose that

we calculate C(S0,T,X) − S0 + X(1+ r)−T. We then ob-

serve the put price in the market, which we shall label

P(S0,T,X)*, and we find that P(S0,T,X)* is too high.

That is, P(S0,T,X)* > C(S0,T,X) − S0 + X(1+ r)−T. So

now what should we do?

Intuition says that the put price is too high so we

should sell it. The first equation in the list above says

that a put is equivalent to a combination of a long call,

short stock, and long bond. Thus, this combination is

equivalent to a put and is sometimes called a syn-

thetic put. So if we sell the actual put and buy the syn-

thetic put, we should be hedged, and yet we receive

more from the sale of the actual put than we paid for

the synthetic put. Here are the outcomes:

Value at Expiration

Instrument ST � X ST > X

Short put −(X − ST) 0

Long call 0 ST − X

Short stock −ST −ST

Long bond X X

Total 0 0

The absence of any positive or negative payoff means

that this is a perfect hedge. But in fact, we could detect

this mispricing using any of the above equations. Let us

pick the second one, S0 = C(S0,T,X) − P(S0,T,X) +

X(1+ r)−T. We use the market price of the put for

P(S0,T,X) on the right-hand side. Since we know that

P(S0,T,X)* is too high, we will be subtracting too much

from the right-hand side. Then the right-hand side will

be too low relative to the left-hand side. So, we should

sell the left-hand side (meaning to sell short the stock)

and buy the right-hand side (buy the call, sell the put,

and buy the bond). Indeed, this is the strategy illus-

trated above.

It is even more important to see that it does not mat-

ter if the put is themispriced instrument.Wedonot need

to actually identify whether the put, call, or stock is mis-

priced. In the above transaction,we see thatwe are short

the put, long the call, and short the stock. This means

that the same transaction would be done if the put were

overpricedor the callwere underpriced or the stockwere

overpriced. We do not need to determine which instru-

ment is the one mispriced. We simply plug into the for-

mula and the equationwill tell uswhat to do. All we need

to do is remember to always sell overpriced instruments

and buy underpriced instruments.
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Summary

This chapter examined the basic principles of option
pricing. It identified rules that impose upper and lower
limits on put and call prices and examined the variables
that affect an option’s price. In addition, it demon-
strated how put and call prices are related to each other
by the put-call parity rule. Finally, the chapter exam-
ined the conditions that can induce an option trader to
exercise an option prior to expiration.

We learned a number of principles that apply in
some cases to European options only, in others to
American options only, and in still others to both.
Table 3.13 summarizes these principles.

An often confusing principle is the establishment of
a minimum price. We started off by establishing a low
minimum and then worked our way up until we could
establish the highest possible minimum. First, we de-
veloped the absolute minimum price of any call, which
is zero. For American calls, the intrinsic value will pro-
vide a higher minimum if the option is in-the-money.

Thus, it dominates the minimum of zero. It does not,
however, apply to European calls, because they cannot
be exercised early. Nonetheless, there is a lower bound
for European calls, which is the maximum of zero or
the stock price minus the present value of the exercise
price. This is at least as high as the intrinsic value of the
American call. Because American calls must be worth
at least as much as European calls, this lower bound
applies to American calls as well. Thus, the ultimate
minimum for both European and American calls on
non-dividend-paying stocks is the lower bound we es-
tablished for European calls.

Both American and European puts have an absolute
minimum value of zero. American puts have an intrin-
sic value, which is the maximum of zero or the exercise
price minus the stock price. This minimum does not
apply to European puts, because they cannot be exer-
cised early. European puts have a lower bound that
is the maximum of zero or the present value of the

TABLE 3.13 SUMMARY OF THE PRINCIPLES OF OPTION PRICING

European Calls American Calls European Puts American Puts

Assuming no
dividends:

Minimum value � 0 � 0 � 0 � 0

Intrinsic value (IV) NA Max(0, S0 − X) NA Max(0, X − S0)

Time value Ce(S0,T,X)−Max(0, S0 − X) Ca(S0,T,X) − IV Pe(S0,T,X) − Max(0, X − S0) Pa(S0,T,X) − IV

Maximum value S0 S0 X(1+ r)−T X

Effect of time to
expiration

Ce(S0,T2,X)
� Ce(S0,T1,X)

Ca(S0,T2,X)
� Ca(S0,T1,X)

Pe(S0,T2,X)
⋛Pe(S0,T1,X)

Pa(S0,T2,X)
� Pa(S0,T1,X)

Effect of exercise price Ce(S0,T,X1)
� Ce(S0,T,X2)

Ca(S0,T,X1)
� Ca(S0,T,X2)

Pe(S0,T,X2)
� Pe(S0,T,X1)

Pa(S0,T,X2)
� Pa(S0,T,X1)

Maximum difference in
premiums

(X2 − X1)(1+ r)−T X2 − X1 (X2 − X1)(1+ r)−T X2 − X1

Lower bound Max[0, S0 − X(1+ r)−T] Max[0, S0 − X(1+ r)−T] Max[0, X(1+ r)−T − S0] Max(0, X − S0)

Other results:

American versus Ca(S0,T,X) � Ce(S0,T,X)

European option prices Pa(S0,T,X) � Pe(S0,T,X)

Put-call parity Pe(S0,T,X) = Ce(S0,T,X) − S0+X(1+ r)−T (European)

Ca(S0,T,X)+X � S0+Pa(S0,T,X) � Ca(S0,T,X)+X(1+ r)−T (American)

Effect of dividends Replace S0 with S00 ¼ S0−∑
N
j¼1Djð1þ rÞ−tj and for American put-call parity add

∑Nj¼1Djð1þ rÞ−tj to the left-hand term. The middle S0 does not have the dividend adjustment.

Currency options Replace S0 with S0(1+ρ)−T
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exercise price minus the stock price. Because this lower
bound is never greater than the intrinsic value of the
American put, it does not help us raise the minimum
for American puts. Thus, the lower bound is the mini-
mum for European puts and the intrinsic value is the
minimum for American puts (on non-dividend-paying
stocks). Appendix 3 at the end of this chapter intro-
duces an Excel spreadsheet that illustrates many of
the principles in this chapter. It is highly recommended
as a learning exercise.

While we have identified the factors relevant to de-
termining an option’s price, we have not yet discussed
how to determine the exact price. Although put-call par-
ity appears to be a method of pricing options, it is only a
relative option pricing model. To price the put, we need

to know the call’s price; to price the call, we must know
the put’s price. Therefore, we cannot use put-call parity
to price one instrument without either accepting the
market price of the other as correct or having a model
that first gives us the price of the other.

In short, we need an option pricing model—a formula
that gives the option’s price as a function of the variables
that should affect it. If the option pricing model is correct,
it should give option prices that conform to these bound-
ary conditions. Most important, it should establish the
theoretically correct option price. If the market price is
out of line with the model price, arbitrage should force it
to move toward the model price. We are now ready to
look at option pricing models.

Key Terms

Before continuing to Chapter 4, you should be able to give brief definitions of the following terms:

intrinsic value/parity value/parity/
exercise value, p. 60

time value/speculative value, p. 61

deep-in-the-money/deep-out-of-
the-money/time value decay, p. 64

put-call parity, p. 83
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Concept Checks

1. Explain why a call option with zero exercise price
is equivalent to the underlying stock, assuming
no dividends on the stock during the life of the
option.

2. Suppose someone offers you the following gam-
ble: You pay $7 and toss a coin. If the coin comes
up heads, he pays you $10, and if tails comes up,
he pays you $5. You in turn get the idea of of-
fering another person a coin toss in which he
pays you $7 and tosses another coin. You tell him
that if heads comes up, you will pay him $9 and
if tails comes up, you will pay him $5. You think
you see an opportunity to earn an arbitrage profit
by engaging in both transactions at the same
time. Why is this not an arbitrage opportunity
and how could you make it one, assuming you
could get two people to engage in these gambles?

3. In this chapter, we did not learn how to obtain the
exact price of a call without knowing the price of
the put and using put-call parity. In one special
case, however, we can obtain an exact price for a
call. Assume that the option has an infinite matu-
rity. Then use the maximum and minimum values
we learned in this chapter to obtain the prices of
European and American calls.

4. Why might two calls or puts alike in all respects
but time to expiration have approximately the
same price?

5. Why might two calls or puts alike in all respects
but exercise price have approximately the same
price?

6. Assume that European call and put options exist
on a stock. That stock, however, is the target of a
takeover in which an acquiring firm offers a fixed
price for the stock. The takeover is almost certain
to occur shortly before the option expires. When
it does, investors will tender their shares and
receive the cash offer. Hence, the stock price is
essentially frozen for the remainder of the life
of the stock. Explain how the nature of in-the-
money and out-of-the-money European calls and
puts would change.

7. On the book Web site, http://www.cengage.com/
finance/chance, download the Microsoft Power-
Point® presentation titled Option Pricing Prin-
ciples Tutorial 8e.ppt. It is designed to review
almost all of the material in this chapter. Work
through it by going through each page and trying
to anticipate what the next page will show.

Questions and Problems

1. Consider an option that expires in 68 days. The
bid and ask discounts on the Treasury bill ma-
turing in 67 days are 8.20 and 8.24, respectively.
Find the approximate risk-free rate.

2. What would happen in the options market if the
price of an American call were less than the value
Max(0, S0 − X)? Would your answer differ if the
option were European?

3. Suppose that you observe a European call option
that is priced at less than the value Max[0, S0 −
X(1+ r)−T]. What type of transaction should
you execute to achieve the maximum benefit?
Demonstrate that your strategy is correct by
constructing a payoff table showing the outcomes
of expiration.

4. Explain why an option’s time value is greatest
when the stock price is near the exercise price
and why it nearly disappears when the option is
deep-in- or out-of-the-money.

5. Critique the following statement, made by an
options investor: “My call option is very deep-
in-the-money. I don’t see how it can go any
higher. I think I should exercise it.”

6. Call prices are directly related to the stock’s vol-
atility, yet higher volatility means that the stock
price can go lower. How would you resolve this
apparent paradox?

7. The value Max[0, X(1+ r)−T − S0] was shown
to be the lowest possible value of a European
put. Why is this value irrelevant for an Amer-
ican put?

8. Why do higher interest rates lead to higher call
option prices but lower put option prices?

9. Suppose a European put price exceeds the value
predicted by put-call parity. How could an in-
vestor profit? Demonstrate that your strategy is
correct by constructing a payoff table showing
the outcomes at expiration.

90 Part I Options

http://www.cengage.com/finance/chance
http://www.cengage.com/finance/chance


10. Why does the justification for exercising an
American call early not hold up when consid-
ering an American put?

The following option prices were observed for a
stock on July 6 of a particular year. Use this in-
formation to solve problems 14 through 19. Unless
otherwise indicated, ignore dividends on the stock.
The stock is priced at 165.13. The expirations are
July 17, August 21, and October 16. The risk-free
rates are 0.0516, 0.0550, and 0.0588, respectively.

CALLS PUTS

Strike Jul Aug Oct Jul Aug Oct

155 10.50 11.80 14.00 0.20 1.25 2.75

160 6.00 8.10 11.10 0.75 2.75 4.50

165 2.70 5.20 8.10 2.35 4.70 6.70

170 0.80 3.20 6.00 5.80 7.50 9.00

11. Compute the intrinsic values, time values, and
lower bounds of the following calls. Identify any
profit opportunities that may exist. Treat these as
American options for purposes of determining
the intrinsic values and time values and Euro-
pean options for the purpose of determining the
lower bounds.
a. July 160
b. October 155
c. August 170

12. Compute the intrinsic values, time values, and
lower bounds of the following puts. Identify any
profit opportunities that may exist. Treat these as
American options for purposes of determining
the intrinsic values and time values and as Eu-
ropean options for the purpose of determining
the lower bounds.
a. July 165
b. August 160
c. October 170

13. Check the following combinations of puts and
calls, and determine whether they conform to the
put-call parity rule for European options. If you
see any violations, suggest a strategy.
a. July 155
b. August 160
c. October 170

14. Repeat Question 16 using American put-call
parity, but do not suggest a strategy.

15. Examine the following pairs of calls, which differ
only by exercise price. Determine whether any vio-
late the rules regarding relationships between
American options that differ only by exercise price.
a. August 155 and 160
b. October 160 and 165

16. Examine the following pairs of puts, which differ
only by exercise price. Determine if any violate
the rules regarding relationships between Amer-
ican options that differ only by exercise price.
a. August 155 and 160
b. October 160 and 170

17. On December 9 of a particular year, a January
Swiss franc call option with an exercise price of
46 had a price of 1.63.

The January 46 put was at 0.14. The spot rate
was 47.28. All prices are in cents per Swiss franc.

The option expired on January 13. The U.S.
risk-free rate was 7.1 percent, while the Swiss
risk-free rate was 3.6 percent. Do the following:
a. Determine the intrinsic value of the call.
b. Determine the lower bound of the call.
c. Determine the time value of the call.
d. Determine the intrinsic value of the put.
e. Determine the lower bound of the put.
f. Determine the time value of the put.
g. Determine whether put-call parity holds.

18. Suppose that the current stock price is $100, the
exercise price is $100, the annually compounded
interest rate is 5 percent, the stock pays a $1
dividend in the next instant, and the quoted call
price is $3.50 for a one year option. Identify the
appropriate arbitrage opportunity and show the
appropriate arbitrage strategy.

19. Suppose that the current stock price is $90, the
exercise price is $100, the annually compounded
interest rate is 5 percent, the stock pays a $1
dividend in the next instant, and the quoted put
price is $6 for a one year option. Identify the
appropriate arbitrage opportunity and show the
appropriate arbitrage strategy.

20. Suppose the annually compounded risk-free rate
is 5% for all maturities. A non-dividend-paying
common stock is trading at $100. Suppose you
are considering a European call option with a
strike price of $110. What is the time to maturity
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of this option where the boundary condition be-
gins to be non-zero?

21. A non-dividend-paying common stock is trading
at $100. Suppose you are considering a European
put option with a strike price of $110 and one
year to expiration. What is the annually com-
pounded risk-free interest rate where the
boundary condition begins to be non-zero?

22. (Concept Problem) Put-call parity is a powerful
formula that can be used to create equivalent
combinations of options, risk-free bonds, and
stock. Suppose that there are options available
on the number of points LeBron James will
score in his next game. For example, a call op-
tion with an exercise price of 32 would pay off
Max(0, S0 − 32), where S0 is the number of
points LeBron has recorded by the end of the
game. Thus, if he scores 35, call holders receive
$3 for each call. If he scores less than 32, call

holders receive nothing. A put with an exercise
price of 32 would pay off Max(0, 32−S0). If
LeBron scores more than 32, put holders receive
nothing. If he scores 28, put holders receive $4
for each put. Obviously there is no way to ac-
tually buy a position in the underlying asset, a
point. However, put-call parity shows that the
underlying asset can be recreated from a com-
bination of puts, calls, and risk-free bonds. Show
how this would be done, and give the formula
for the price of a point.

23. (Concept Question) Suppose Congress decides
that investors should not profit when stock prices
go down so it outlaws short selling. Congress has
not figured out options, however, so there are no
restrictions on option trading. Explain how to
accomplish the equivalent of a short sale by using
options.
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APPENDIX 3
Dynamics of Option Boundary Conditions: A Learning Exercise
As we have seen in this chapter, option prices are limited by various boundaries. We
examined maximum prices and minimum prices, the latter of which can differ depend-
ing on whether the option is European or American. We also alluded to the fact that
these boundaries change over time. This book comes with a Microsoft Excel® spreadsheet
called BoundaryConditions8e.xls, which can be used to observe how these boundary con-
ditions, as well as the option price, change with changes in various inputs.

To use the spreadsheet, you will need Windows 95 or higher. The spreadsheet
BoundaryConditions8e.xls is available as a download via the product support Web site.
To access it:

1. Go to http://www.cengage.com/finance/chance.
2. Click on Instructor Resources or Student Resources.
3. Click on the link for BoundaryConditions8e.xls.
4. Follow the instructions on the Web page to download and install the spreadsheet.

Download and access the spreadsheet to observe the sample case, a European call
with exercise price of 100, risk-free rate of 8 percent, 200 days until expiration, and a
volatility of 50. At this point, we have not specifically studied how the volatility is mea-
sured. We mentioned that volatility is usually interpreted as the standard deviation of the
stock return. In Chapters 4 and 5, we shall get into a more specific treatment of volatil-
ity. For this exercise, you should just be prepared to enter a value between 0 and 100 (%)
for the volatility. Excel computes the option price based on the model that we shall cover
in Chapter 5.

Observe the graph, which shows four lines: the maximum price of a European call,
the lower bound for a European call, the European option price, and the intrinsic value
of an American call. Each input value is inserted into a cell. You can enter any reason-
able value, but the graph will print the results for a range of stock prices from 0 to 200,
so you should not choose an exercise price more than 200.

To observe how these lines change, you can slide the scroll bars left or right, which will
automatically change the appropriate input value. Alternatively, you can click on the ar-
rows at each end of the scroll bar for automatic incrementing of the appropriate input
value. If you choose to slide the scroll bar, the graph will be redrawn only when you re-
lease the left mouse button. By dragging the scroll bar, you can observe the graph change.

Do the following exercise. You will be asked several questions. References to locations
in the chapter where the answers can be found are provided.

• Select European Calls
• Drag the Days to Expiration from 200 gradually down to zero. What happens?

1. The call price converges to the lower bound. Do you know why? (p. 69)
2. The lower bound converges downward to the intrinsic value. Do you know why?

(p. 69)
• (With Days to Expiration at 200) Drag the volatility from 50 percent down to

0 percent. What happens?
1. The call price converges to the lower bound. Do you know why? (p. 73)
2. The lower bound remains above the American intrinsic value. Do you know

why? (p. 71)
• (With Days to Expiration at 200 and Volatility at 50 percent) Drag the risk-free rate

from 8 percent down to zero. What happens?
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1. The lower bound converges downward to the intrinsic value. Do you know why?
(p. 73)

2. The call price stays above the lower bound. Do you know why? (p. 73)

Now do the same exercise for puts

• Select European puts
• Drag the Days to Expiration from 200 gradually down to zero. What happens?

1. The put price converges to the lower bound. Do you know why? (pp. 81)
2. The lower bound converges upward to the intrinsic value. Do you know why?

(pp. 81)
• (With Days to Expiration at 200) Drag the volatility from 50 percent down to

0 percent. What happens?
1. The put price converges to the lower bound. Do you know why? (p. 81)
2. The lower bound remains below the American intrinsic value. Do you know

why? (p. 81)
• (With Days to Expiration at 200 and Volatility at 50 percent) Drag the risk-free rate

from 8 percent down to zero. What happens?
1. The lower bound converges upward to the intrinsic value. Do you know why?

(pp. 82)
2. The put price stays above the lower bound. Do you know why? (pp. 82)
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CHA P T E R 4
Option Pricing Models
The Binomial Model

Banks have used quantitative methods since the Medicis, but their ability
today to aggregate risk information meaningfully across a variety of activities
is unprecedented.

Erik Falkenstein

Risk Professional, September, 1999, p. 20

This chapter examines the first of two general types of option pricing models. Amodel is a
simplified representation of reality that uses certain inputs to produce an output, or result.
An option pricing model is a mathematical formula or computational procedure that uses
the factors determining the option’s price as inputs. The output is the theoretical fair value
of the option. If the model performs as it should, the option’s market price will equal
the theoretical fair value. Obtaining the theoretical fair value is a process called option
pricing.

In Chapter 3, we examined some basic concepts in determining option prices. We saw,
however, only how to price options relative to other options; for example, put-call parity
demonstrates that given the price of a call, one can determine the price of a put. We also
discovered relationships among the prices of options that differ by exercise prices and
examined the upper and lower bounds on call and put prices. We did not, however, learn
how to determine the exact option price directly from the factors that influence it. A large
body of research on option pricing exists. Much of it goes far beyond the intended level of
this book. The models range from the relatively simple to the extremely complex. All
of the models have much in common, but it is necessary to understand the basic models
before moving on to the more complex but more realistic ones.

We begin with a simple model called the binomial option pricing model, which is
more of a computational procedure than a formula. After taking the binomial model
through several stages, we move on to Chapter 5 and the Black-Scholes-Merton option
pricing model, which is a mathematical formula. In both cases, however, we have the
same objective: to obtain the theoretical fair value of the option, which is the price at
which it should be trading.

ONE-PERIOD BINOMIAL MODEL
First, let us consider what we mean by a one-period world. An option has a defined life,
typi cally expressed in days. Assume that the option’s life is one unit of time. This time
period can be as short or as long as necessary. If the time period is one day and the
option has more than one day remaining, we will need a multiperiod model, which we
shall examine later. For now, we will assume that the option’s life is a single time
period.

CHAPTER
OBJECT I V ES

• Introduce the concept
of an option pricing
model

• Provide a thorough
treatment of the
binomial option
pricing model, in one-
and two-period
worlds, explaining
how a risk-free hedge
of stock and option is
maintained through
time

• Show how the
binomialmodel canbe
used to capture the
effects of early exercise
of puts and calls and
properly reflect those
effects in the price of
the option

• Illustrate how the
binomialmodel canbe
extended for any
number of time
periods

• Present an alternate
way to specify the
binomial model
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The model is called a binomial model. It allows the stock price to go either up or
down, possibly at different rates. A binomial probability distribution is a distribution in
which there are two outcomes or states. The probability of an up or down movement is
governed by the binomial probability distribution. Because of this, the model is also
called a two-state model.

In applying the binomial model to an underlying asset, however, it is immediately ob-
vious that the range of possible outcomes is greater than the two states that the binomial
distribution can accommodate; however, that makes the model no less worthwhile. Its
virtues are its simplicity and its ability to present the fundamental concepts of option
pricing models clearly and concisely. In so doing, it establishes a foundation that facili-
tates an understanding of the Black-Scholes-Merton model.

Consider a world in which there is a stock priced at S on which call options are avail-
able.1 The call has one period remaining before it expires. The beginning of the period is
today and is referred to as time 0. The end of the period is referred to as time 1. When the
call expires, the stock can take on one of two values: It can go up by a factor of u or down
by a factor of d. If it goes up, the stock price will be uS. If it goes down, it will be dS.

For example, suppose that the stock price is currently $50 and can go either up by 10
percent or down by 8 percent. Thus, u ¼ 1.10 and d ¼ 1 � 0.08 ¼ 0.92. The variables u
and d, therefore, are 1.0 plus the rates of return on the stock. When the call expires, the
stock will be either 50(1.10) ¼ 55 or 50(0.92) ¼ 46.

Consider a call option on the stock with an exercise price of X and a current price of
C. When the option expires, it will be worth either Cu or Cd. Because at expiration the
call price is its intrinsic value, then

Cu ¼ Max[0, uS � X]

Cd ¼ Max[0, dS � X].

Figure 4.1 illustrates the paths of both the stock and the call prices. This diagram is
simple, but it will become more complex when we introduce the two-period model.

If both stock prices resulted in the option expiring in-the-money, the option would
not be very speculative; however, it would still be correctly priced by the model. The
writer would receive a premium compensating for the future cash outflow expected
upon exercising the option. To make things more interesting, however, we shall define
our variables such that the option has a chance of expiring out-of-the-money. Assume
that dS is less than X; that is, if the stock price goes down, the option will expire out-
of-the-money. Also assume that uS is greater than X such that if the stock price goes
up, the option will expire in-the-money.

Let the per period risk-free rate be identified by the symbol r. The risk-free rate is the
interest earned on a riskless investment over a time period equal to the option’s remain-
ing life. The risk-free rate is between the rate of return if the stock goes up and the rate
of return if the stock goes down. Thus, d < 1 + r < u.2 We shall assume that all inves-
tors can borrow or lend at the risk-free rate.

The objective of this model is to derive a formula for the theoretical fair value of the
option, the variable C. The theoretical fair value is then compared to the actual price and
reveals whether the option is overpriced, underpriced, or correctly priced. The formula

1The model can also price put options. We shall see how this is done in a later section.
2This requirement is necessary or there would be an arbitrage opportunity. If one could sell short the stock,
invest the proceeds in the risk-free bond and, in the worst case, earn a return that would exceed the highest
possible payout that would be owed to buy back the shorted stock. If one could borrow at the rate r, invest
in the stock, and always earn more than the cost of the loan, then one could make unlimited amounts of
money without committing any funds.
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for C is developed by constructing a riskless portfolio of stock and options. A riskless portfo-
lio should earn the risk-free rate. Given the stock’s values and the riskless return on the port-
folio, the call’s value can be inferred from the other variables.

This riskless portfolio is called a hedge portfolio and consists of h
shares of stock and a single written call. The model provides the hedge
ratio, h. The current value of the portfolio is the value of the h shares
minus the value of the short call. We subtract the call’s value from the
value of the h shares because the shares are assets and the short call is a
liability. Thus, the hedge portfolio value is assets minus liabilities, or

simply net worth. The current hedge portfolio value is denoted as V, where V ¼ hS � C.
Alternatively, we can think of the hedge portfolio as requiring that we purchase h shares at
S per share, but we offset some of this price by selling one call for C. Thus, V ¼ hS � C is
the amount of our own money required to construct the hedge portfolio. Notice the invest-
ment perspective as opposed to the cash flow perspective for the hedge portfolio. A positive
hedge ratio implies a positive investment in shares and hence a negative cash flow. The
minus sign in front of the call indicates a negative investment or a positive cash flow,
thus the hedge portfolio requires selling the call option.

At expiration, the hedge portfolio value will be either Vu if the stock goes up or Vd if
the stock goes down. Using the previously defined terms,

Vu ¼ huS � Cu

Vd ¼ hdS � Cd.

Think of Vu and Vd as the amount of money we can obtain by liquidating the hedge
portfolio when the option expires. If the same outcome is achieved regardless of what
the stock price does, the position is riskless. We can choose a value of h that will make
this happen. We simply set Vu ¼ Vd so that

huS � Cu ¼ hdS � Cd.

Figure 4.1 The One-Period Binomial Tree

(a) The Stock Price Path

S

uS

dS

C

Cu

Cd

(b) The Call Price Path
Time 1Time 0

Time 1Time 0

An option is priced by combining the stock
and option in a risk-free hedge portfolio
such that the option price can be inferred
from other known values.
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Solving for h,

h ¼ Cu � Cd

uS� dS
:

Since we know the values of S, u, and d, we can determine Cu, Cd, and h.
A riskless investment must earn a return equal to the risk-free rate. Thus, the hedge

portfolio’s value one period later should equal its current value compounded for one pe-
riod at the risk-free rate. If it does not, the hedge portfolio will be incorrectly valued and
represent a potential arbitrage opportunity. Later we shall see how the arbitrage would be
executed.

If the hedge portfolio’s initial value grows at the risk-free rate, its value at the option’s
expiration will be (hS � C)(1 + r). The two values of the hedge portfolio at expiration,
Vu and Vd, are equal, so we can select either one. Choosing Vu and setting it equal to the
original value of the hedge portfolio compounded at the risk-free rate gives

V(1 + r) ¼ Vu,

(hS � C)(1 + r) ¼ huS � Cu.

Substituting the formula for h and solving this equation for C gives
the option pricing formula,

C ¼ pCu þ ð1� pÞCd

1þ r
,

where p is defined as (1 + r � d)/(u � d).
The formula gives the call option price as a function of the vari-

ables Cu, Cd, p, and r; however, Cu and Cd are determined by the
variables S, u, d, and X. Thus, the variables affecting the call option

price are the current stock price, S, the exercise price, X, the risk-free rate, r, and the
parameters, u and d, which define the possible future stock prices at expiration. Notice
how the call price is a weighted average of the two possible call prices the next period,
discounted at the risk-free rate. Notice also that we never specified the probabilities of the
two stock price movements; they do not enter into the model. The option is priced rela-
tive to the stock. Therefore, given the stock price, one can obtain the option price. The
stock, however, is priced independently of the option, and thus the probabilities of the
stock price movements would be a factor in pricing the stock. But pricing the stock is not
our concern. We already have the stock price, S.

In Chapter 1, we introduced the concept of risk neutrality and noted that we would
be using it to price derivatives. The investors’ feelings about risk play an important role
in the pricing of securities, but in the risk-neutral option pricing framework, investors’
sensitivities to risk are of no consequence. This does not mean, however, that the model
assumes that investors are risk neutral. The stock price is determined by how investors
feel about risk. If investors are risk neutral and determine that a stock is worth $20, the
model will use $20 and take no account of investors’ feelings about risk. If investors are
risk averse and determine that a stock is worth $20, the model will use $20 and disregard
investors’ feelings about risk. This does not mean that the stock will be priced equally by
risk-averse and risk-neutral investors; rather, the model will accept the stock price as
given and pay no attention to how risk was used to obtain the stock price. In other
words, given the stock price, both an aggressive and a conservative investor will assign
the same price to an option on the stock.

The one-period binomial option pricing for-
mula provides the option price as a
weighted average of the two possible op-
tion prices at expiration, discounted at the
risk-free rate.

TECHNICAL NOTE
go to http://www.cengage.com/finance/

chance
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Illustrative Example
Consider a stock currently priced at $100. One period later it can go up to $125, an increase
of 25 percent, or down to $80, a decrease of 20 percent. Assume a call option with an exer-
cise price of $100. The risk-free rate is 7 percent. The inputs are summarized as follows:

S ¼ 100 d ¼ 0:80

X ¼ 100 r ¼ 0:07

u ¼ 1:25

First, we find the values of Cu and Cd:

Cu ¼ Max½0,uS� X�
¼ Max½0,100ð1:25Þ � 100�
¼ 25

Cd ¼ Max½0,dS� X�
¼ Max½0,100ð0:80Þ � 100�
¼ 0.

The hedge ratio, h, is

h ¼ 25� 0
125� 80

¼ 0:556:

The hedge requires 0.556 shares of stock for each call.3 The value of p is

p ¼ 1þ r� d
u� d

¼ 1:07� 0:80
1:25� 0:80

¼ 0:6:

Then

1 � p ¼ 1 � 0.6 ¼ 0.4.

Plugging into the formula for C gives

C ¼ ð0:6Þ25þ ð0:4Þ0
1:07

¼ 14:02:

Thus, the theoretical fair value of the call is $14.02.

Hedge Portfolio
Consider a hedge portfolio consisting of a short position in 1,000 calls and a long posi-
tion in 556 shares of stock. The number of shares is determined by the hedge ratio of
0.556 shares per written call. The current value of the hedge portfolio is

556($100) � 1,000($14.02) ¼ $41,580.

Thus, the investor buys 556 shares at $100 per share and writes 1,000 calls at $14.02.
This requires a payment of 556($100) ¼ $55,600 for the stock and takes in for the calls.
The net cash outlay is $55,600 � $14,020 ¼ $41,580. This total represents the assets (the
stock) minus the liabilities (the calls), and thus is the net worth, or the amount the in-
vestor must commit to the transaction. Figure 4.2 illustrates the process.

If the stock goes up to $125, the call will be exercised for a value of $125 � $100 ¼ $25.
The stock will be worth 556($125) ¼$69,500. Thus, the hedge portfolio will be worth

3We assume that odd lots of stock can be purchased, but we do not permit the purchase of fractional shares.

Chapter 4 Option Pricing Models 99



556($125) � 1,000($125 � $100) ¼ $44,500. If the stock goes down to $80, the call will
expire out-of-the-money. The hedge portfolio will be worth 556($80) ¼ $44,480. These two
values of the hedge portfolio at expiration are essentially equal, because the $20 difference
is due only to the rounding off of the hedge ratio. The return on the hedge portfolio is

rh ¼ $44,500
$41,580

� �
� 1≈0:07,

which is the risk-free rate. The original investment of $41,580 will have grown to $44,500—a
return of about 7 percent, the risk-free rate.

If the call price were not $14.02, an arbitrage opportunity would exist. First we will
consider the case where the call is overpriced.

Overpriced Call
If the call were overpriced, a riskless hedge could generate a riskless return in excess of
the risk-free rate. Suppose the market price of the call is $15. If you buy 556 shares and
write 1,000 calls, the value of the investment today is

556($100) � 1,000($15) ¼ $40,600.

If the stock goes up to $125, at expiration the call will be priced at $25 and the hedge
portfolio will be worth 556($125) � 1,000($25) ¼ $44,500. If the stock goes down to
$80, the call will be worth nothing and the hedge portfolio will be worth 556($80) ¼
$44,480. In either case, the hedge portfolio will be worth the same, the difference of $20
again due to rounding. The initial investment of $40,600 will have grown to $44,500, a
riskless return of

rh ¼ $44,500
$40,600

� �
� 1≈0:096,

Figure 4.2 One-Period Binomial Example

S = 100

uS = 125

dS = 80

C = 14.02
h = 0.556
Hold 556 shares @ 100, short 1,000

     calls @ 14.02
V = 556(100) – 1,000(14.02)

   = 41,580

Cu = 25
Vu = 556(125) – 1,000(25)

        = 44,500
rh = (44,500/41,580) – 1 ≈ .07

Cd = 0
Vd = 556(80) – 1,000(0)

       = 44,480
rh = (44,480/41,580) – 1 ≈ .07
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which is considerably higher than the risk-free rate. In fact, the investor could have bor-
rowed the $40,600 at the risk-free rate. Thus, the investor could have done this risk-free
transaction without putting up any money.

A riskless portfolio that will earn more than the risk-free rate violates the law of one
price. The risk-free bond and the hedge portfolio produce identical results but have dif-
ferent prices, $41,580 for the former and $40,600 for the latter. Obviously, this is a very
attractive opportunity. All investors will recognize it and hurry to execute the transac-
tion. This will increase the demand for the stock and the supply of the option. Conse-
quently, the stock price will tend to increase and the option price to decrease until the
option is correctly priced. For illustrative purposes, assume that the stock price stays at
$100. Then the option price must fall from $15 to $14.02. Only at an option price of
$14.02 will this risk-free portfolio offer a return equal to the risk-free rate.

Now consider what happens if the option is underpriced.

Underpriced Call
If the option is underpriced, it is necessary to buy it. To hedge a long option position,
the investor must sell the stock short. Suppose the call is priced at $13. Then the investor
sells short 556 shares at $100, which generates a cash inflow of 556($100) ¼ $55,600.
Now the investor buys 1,000 calls at $13 each for a cost of $13,000. This produces a
net cash inflow of $42,600.

If the stock goes to $125, the investor buys it back at 556($125) ¼ $69,500. He exercises
the calls for a gain of 1,000($125 � $100) ¼ $25,000. The net cash flow is �$69,500 +

$25,000 ¼ �$44,500. If the stock goes down to $80, the investor buys it back, paying
556($80) ¼ $44,480 while the calls expire worthless. The $20 difference is again due to
rounding.

In both outcomes, the returns are essentially equivalent. The overall transaction is like a
loan in which the investor receives $42,600 up front and pays back $44,500 later. This is
equivalent to an interest rate of ($44,500/$42,600) � 1 ¼ 0.0446. Because this transaction
is the same as borrowing at a rate of 4.46 percent and the risk-free rate is 7 percent, it is an
attractive borrowing opportunity. The investor could have lent the original $42,600 at the
risk-free rate, thereby earning a profit at no risk and with no commitments of funds. All
investors will recognize this and execute the transaction. This will tend to drive up the call
price, or possibly drive down the stock price, until equilibrium is reached. If the price of
the stock stays at $100, equilibrium will be reached when the call price rises to $14.02.

This model considered only a single period. In the next section, we extend the model
to a two-period world.

TWO-PERIOD BINOMIAL MODEL
In the single-period world, the stock price goes either up or down. Thus, there are only
two possible future stock prices. To increase the degree of realism, we will now add an-
other period. This will increase the number of possible outcomes at expiration. Thus, our
model has three time points: today or time 0, time 1, and time 2.

Suppose that at the end of the first period the stock price has risen to uS. During the
second period it could go either up or down, in which case it would end up at either u2S
or udS. If the stock price has gone down in the first period to dS, during the second
period it will either go down again or go back up, in which case it will end up at either
d2S or duS. In this example, we let d ¼ 1/u which means that udS ¼ duS ¼ S. This is a
convenient but not necessary assumption that is helpful when working with very basic
versions of this model.
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Figure 4.3 illustrates the paths of the stock price and the corresponding call prices.
Viewed this way, we can see why the diagram is often called a binomial tree. The option
prices at expiration are

Cu2 ¼ Max½0,u2S� X�
Cud ¼ Max½0,udS� X�
Cd2 ¼ Max½0,d2S� X�:

The possible option prices at the end of the first period, Cu and Cd, initially are un-
known; however, they can be found.

Suppose that in the first period the stock price increases to uS. Because there will be
only one period remaining with two possible outcomes, the one-period binomial model
is appropriate for finding the option price, Cu. If at the end of the first period the stock
price decreases to dS, we will again find ourselves facing a single-period world with two

MAK ING THE CONNECT I ON

Binomial Option Pricing, Risk Premiums, and Probabilities

You have observed that the binomial model does not

require the actual probabilities of up and down moves.

But what if we had the actual probabilities of the up

and down moves? Would our binomial tree be incon-

sistent with this information? Let us take a look.

Go back to our example of the stock at 100 with u ¼
1.25, ¼ D 0.80, and r ¼ 0.07. Suppose we knew that the

probability of an up move is 0.7 and the probability of a

down move is 0.3. That means that the expected stock

price at time 1 would be

(0.7)125 þ (0.3)80 ¼ 111.50

If the current stock price is 100, then investors must

be discounting the expected stock price at a rate of 11.5

percent. That is, 111.50/1.115 ¼ 100. Thus, 11.5 percent

is the required return on the stock. Since the risk-free

rate is 7 percent, investors are requiring a risk premium

of 4.5 percent for this stock.

Given that we know something about how investors

value the stock, can we use that information to value

the call option? Remember that we found that a one-

period call with an exercise price of 100 is worth

14.02. The payoffs at time 1 were 25 and 0. Thus, the

expected option price is

(0.7)25 + (0.3)0 ¼ 17.50.

If we apply the same discount rate to the option as

we did to the stock, we would obtain a current option

price of

17:50

1:115
¼ 15:70:

But if 15.70 is the price of the call option, we can

easily earn an arbitrage profit. We demonstrated that

this option, which should be worth 14.02, could be

used to generate a riskless return of 9.6 percent if it is

selling at 15. Hence, we could earn even more if the call

were selling for 15.70. Clearly something is wrong.

What is wrong is that the required return on the op-

tion cannot be the same as that of the stock. To be

priced at 14.02, the required return must be

17:50

14:02
� 1 ¼ 0:248:

In other words, the required return on the option must

be almost 25 percent, which is more than twice that of

the stock.

Options are riskier than stock and, consequently,

they must have higher required rates of return. We

can determine how the required return on the call

relates to the required return on the stock by using

the binomial model.

Remember that if the stock goes up or down, the

return on the hedge portfolio is the risk-free rate. So

in either case, we have

Vu

V
� 1 ¼ huS� Cu

hS� C
� 1 ¼ r and
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possible outcomes. Here we can again use the one-period binomial model to obtain the
value of Cd. Using the one-period model, the option prices Cu and Cd are

Cu ¼ pCu2 þ ð1� pÞCud

1þ r

and

Cd ¼ pCud þ ð1� pÞCd2

1þ r
:

In a single-period world, a call option’s value is a weighted average of the option’s two
possible values at the end of the next period. The call’s value if the stock goes up in the
next period is weighted by the factor p; its value if the stock goes down in the next period
is weighted by the factor 1 � p. To obtain the call price at the start of the period, we
discount the weighted average of the two possible future call prices at the risk-free rate

Vd

V
� 1 ¼ hdS� Cd

hS� C
� 1 ¼ r

The returns on the stock for the two outcomes are de-

fined as

uS

S
� 1 ¼ rus and

dS

S
� 1 ¼ rds :

The returns on the call for the two outcomes are de-

fined as

Cu

C
� 1 ¼ ruC and

Cd

C
� 1 ¼ rdC:

We shall need these in the form of C(1 + ruc) ¼ Cu

and C(1 + rdc) ¼ Cd. The initial value of the hedge port-

folio of hS – C should grow at the risk-free rate to equal

the value if the hedge portfolio goes up of huS – Cu:

(1 + r)(hS � C) ¼ huS � Cu.

Substituting C(1 + ruc) for Cu and solving for ruc we

obtain the equation

ruc ¼ rþ ðrus � rÞhðS=CÞ:
If we do the same for the case that the stock goes

down, we obtain

rdc ¼ rþ ðrds � rÞhðS=CÞ:
By definition, the expected return on the call is a

weighted average of the up and down returns, where

the weights are the probabilities of the up and down

returns, respectively:

EðrcÞ ¼ qruc þ ð1� qÞrdc :

Substituting r + (rus – r)h(S/C) for ruc and r + (rds – r)

h(S/C) for rdc and recognizing that qrus + (1 – q)rds is the

expected return on the stock, E(rs), we obtain the ex-

pected return on the call in terms of the expected return

on the stock:

E(rc) ¼ r + [E(rs) � r]h(S/C).

We see from this result that the expected return on

the call is the risk-free rate plus a risk premium that is

related to the risk premium on the stock, E(rs) – r, and a

factor, h(S/C), that reflects the leverage on the call.

In our example, h ¼ 0.556. Plugging in, we obtain

E(rc) ¼ 0.07 + [0.115 � 0.07]0.556(100/14.02) ¼ 0.248.

If an asset is correctly priced in the market, its expected

return equals the return required by investors. Thus,

the required return on the option is the risk-free rate

and a premium related to the stock’s risk premium

and the option’s leverage. We see here that the re-

quired and expected returns are 24.8 percent, which

we found would have to be the option’s required return

to justify a price of 14.02.

But regardless of what the expected return on the

stock and call are or the true probabilities of the up

and down moves, we can price the call using the ar-

bitrage approach presented in this chapter and be

confident that nothing we have done is incompatible

with the expected returns and true probabilities.
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for one period. The single-period binomial model is, thus, a general formula that can be
used in any multiperiod world when there is but one period remaining.

Even if the call does not expire at the end of the next period, we can use the formula
to find the current call price, the theoretical fair value, as a weighted average of the two
possible call prices in the next period; that is,

C ¼ pCu þ ð1� pÞCd

1þ r
:

First, we find the values of Cu and Cd; then we substitute these into the above formula for C.
For a more direct approach, we can use

C ¼ p2Cu2 þ 2pð1� pÞCud þ ð1� pÞ2Cd2

ð1þ rÞ2 :

This formula illustrates that the call’s value is a weighted average of
its three possible values at expiration two periods later. The denomi-
nator, (1 + r)2 discounts this figure back two periods to the present.

Notice that we have not actually derived the formula by construct-
ing a hedge portfolio. This is possible, however, and in a later section
we shall see how the hedge portfolio works. First, note that the hedge
is constructed by initially holding h shares of stock for each call
written. At the end of the first period, the stock price is either uS

Figure 4.3 The Two-Period Binomial Tree

(a) The Stock Price Path

S

u2S

udS

d2S

uS

dS

(b) The Call Price Path

C

Cu2

Cud

Cd2

Cu

Cd

Time 1 Time 2Time 0

Time 1 Time 2Time 0

The two-period binomial option pricing for-
mula provides the option price as a
weighted average of the two possible op-
tion prices the next period, discounted at
the risk-free rate. The two future option
prices are obtained from the one-period
binomial model.
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or dS. At that point, we must adjust the hedge ratio. If the stock is at uS, let the new
hedge ratio be designated as hu; if at dS, let the new ratio be hd. The formulas for hu and
hd are of the same general type as that of h in the single- period model. The numerator is
the call’s value if the stock goes up the next period minus the call’s value if the stock goes
down the next period. The denominator is the price of the stock if it goes up the next
period minus its price if it goes down the next period. In equation form,

h ¼ Cu � Cd

uS� dS
, hu ¼ Cu2 � Cud

u2S� udS
, hd ¼ Cud � Cd2

duS� d2S
:

Illustrative Example
Consider the example in a two-period world from the previous section. All input values
remain the same. The possible stock prices at expiration are

u2S ¼ 100(1.25)2

¼ 156.25

udS ¼ 100 (1.25)(0.80)

¼ 100

d2S ¼ 100(0.80)2

¼ 64.

The call prices at expiration are

Cu2 ¼ Max½0,u2S� X�
¼ Maxð0,156:25� 100Þ
¼ 56.25

Cud ¼ Maxð0,udS� XÞ
¼ Maxð0,100� 100Þ
¼ 0

Cd2 ¼ Max½0,d2S� X�
¼ Maxð0,64� 100Þ
¼ 0.

The value of p is the same, (1 + r � d)/(u � d), regardless of the number of periods in
the model.

We can find the call’s value by either of the two methods discussed in the previous
section. Let us first compute the values of Cu and Cd:

Cu ¼ ð0:6Þ26:25þ ð0:4Þ0
1:07

¼ 31:54

Cd ¼ ð0:6Þ0þ ð0:4Þ0
1:07

¼ 0

Note why the value of the call is $0.00 at time 1 when the stock is at 80: The call cannot
expire in-the-money at time 2; therefore it must be worth nothing at time 1. The value of
the call at time 0 is a weighted average of the two possible call values one period later:

C ¼ ð0:6Þ31:54þ ð0:4Þ0
1:07

¼ 17:69:

Note that the same call analyzed in the one-period world is worth more in the two-
period world. Why? Recall from Chapter 3 that a call option with a longer maturity is
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never worth less than one with a shorter maturity and usually is worth more. If this
principle did not hold here, something would have been wrong with the model.

Hedge Portfolio
Now consider a hedge portfolio. Figure 4.4 illustrates this process. It would be very help-
ful to keep an eye on the figure as we move through the example. Let the call be trading
in the market at its theoretical fair value of $17.69. The hedge will consist of 1,000 short
calls. The number of shares purchased at time 0 is given by the formula for h,

h ¼ 31:54� 0:00
125� 80

¼ 0:701

Thus, we buy 701 shares of stock and write 1,000 calls. The transaction can be summa-
rized as follows:

Buy 701 shares at $100 ¼ $70,100 (assets);

write 1,000 calls at $17.69 ¼ �$17,690 (liabilities);

net investment ¼ $52,410 (net worth).

Stock Goes to 125 The hedge portfolio consists of 701 shares at $125 and 1,000 calls
at $31.54. The value of the hedge portfolio is 701($125) � 1,000($31.54) ¼ $56,085. Our
investment has grown from $52,410 to $56,085. You should be able to verify that this is a

Figure 4.4 Two-Period Binomial Example

S = 100

uS = 125

Cu = 31.54
Vu = 701(125) – 1,000(31.54)

      = 56,085
rh = (56,085/52,410) – 1 ≈ .07
hu = 1.0000
Buy 299 calls @ 31.54 ($9,430)
Borrow $9,430
Hold 701 shares @ 125, short 701

     calls @ 31.54, debt of
     $9,430

C = 17.69
h  = 0.701
Hold 701 shares @ 100, short 1,000

    calls @ 17.69
V = 701(100) – 1,000(17.69)

     = 52,410

udS = 100

Cud = 0.00
Vud = 701(100) – 701(0.0)

     – 9,430(1.07)
     = 60,010

rh = (60,010/56,085) – 1 ≈ .07
Vdu = 0(100) – 1,000(0.00)

     + 56,080(1.07)
     = 60,006

rh = (60,006/56,080) – 1 ≈ .07

d2S = 64 

Cd2 = 0.00
Vd2 = 0(64) – 1,000(0.00)

     + 56,080(1.07)
     = 60,006

rh = (60,006/56,080) – 1 ≈ .07

dS = 80

Cd = 0.00
Vd = 701(80) – 1,000(0.00)

      = 56,080
rh  = (56,080/52,410) – 1 ≈ .07
hd = 0.00
Sell 701 shares @ 80 ($56,080)
Invest $56,080 in bonds
Hold 0 shares @ 80, short 1,000

     calls @ 0.00, hold
     $56,080 in bonds

u2S = 156.25

Cu2 = 56.25
Vu2 = 701(156.25) – 701(56.25)

     – 9,430(1.07)
     = 60,010

rh = (60,010/56,080) – 1 ≈ .07
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7 percent return, the risk-free rate. To maintain a hedge through the next period, we
need to revise the hedge ratio. The new hedge ratio, hu, is

hu ¼ 56:25� 0:00
156:25� 100

¼ 1:

The new hedge ratio will be one share of stock for each call.
To establish the new hedge ratio, we need either 701 calls or 1,000 shares of stock. We

can either buy back 299 calls, leaving us with 701, or buy 299 shares, giving us 1,000
shares. Since it is less expensive to buy the calls, let us buy back 299 calls at $31.54
each for a total cost of $9,430. To avoid putting out more of our own funds, we borrow
the money at the risk-free rate.

Stock Goes to 80 The hedge portfolio consists of 701 shares valued at $80 and 1,000
calls valued at $0.00. The hedge portfolio value is 701($80) � 1,000($0.00) ¼ $56,080,
which differs from the outcome at a stock price of $125 only by a round-off error. Since
the return is the same regardless of the change in the stock price, the hedge portfolio is
riskless. To maintain the hedge through the next period, we adjust the hedge ratio to

hd ¼ 0:00� 0:00
100:00� 64:00

¼ :000:

Thus, we need zero shares of stock for the 1,000 calls. We currently hold 701 shares, so
we can sell off all of the shares at $80 and receive $56,080. Then we invest this money in
riskless bonds paying the risk-free rate. At the end of the second period, the bonds will
pay off $56,080 plus 7 percent interest.

Stock Goes from 125 to 156.25 We sell the 701 shares at $156.25, the calls are ex-
ercised at $56.25 each, and we repay the loan of $9,430 plus 7 percent interest. The value
of the hedge portfolio is 701($156.25) � 701($56.25) � $9,430(1.07) ¼ $60,010, a return
of 7 percent from the previous period.

Stock Goes from 125 to 100 We have 701 shares valued at $100, 701 calls worth
$0.00, and the repayment of the loan of $9,430 plus interest for a total hedge portfolio
value of 701($100) � 701($0.00) � $9,430(1.07) ¼ $60,010, a return of 7 percent from
the previous period.

Stock Goes from 80 to 100 The hedge portfolio consists of no shares, 1,000 calls
worth $0.00, and bonds worth $56,080 plus 7 percent interest. The total value of the
hedge portfolio is 0($100) � 1000($0.00) + $56,080(1.07) ¼ $60,006, a 7 percent return
from the previous period.

Stock Goes from 80 to 64 We have no shares at $64, 1,000 calls expiring worthless,
and principal and interest on the risk-free bonds. The value of this hedge portfolio is
0($64) + 1000($0.00) + $56,080(1.07) ¼ $60,006. This is essentially the same amount
received as in the other cases; the difference is due only to a round-off error. Thus,
regardless of which path the stock takes, the hedge will produce an increase in wealth
of 7 percent in each period.

Now let us consider what happens if the call is mispriced.

Mispriced Call in the Two-Period World
If the call is mispriced at time 0, the law of one price is violated and an arbitrage oppor-
tunity exists. If the call is underpriced, we should purchase it and sell short h shares of
stock. If the call is overpriced, we should write it and purchase h shares of stock.
Whether we earn the arbitrage return over the first period, the second period, or both

Chapter 4 Option Pricing Models 107



periods, however, will depend on whether the call price adjusts to its theoretical fair
value at the end of the first period. If it does not, we may not earn a return in excess
of the risk-free rate over the first period. The call must be correctly priced at the end of
the second period, however, because it expires at that time. It is completely out of the
question that an option could be mispriced at expiration.

The two-period return will be the geometric average of the two one-period returns;
that is, if 6 percent is the first-period return and 9 percent is the second-period return,
the two-period return will be

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1:06Þð1:09Þp � 1 ¼ 0:0749 or 7.49 percent. If one of the
two returns equals the risk-free rate and the other exceeds it, the two-period return will
exceed the risk-free rate. If one of the two returns is less than the risk-free rate and the
other is greater, the overall return can still exceed the risk-free rate. The return earned
over the full two periods will exceed the risk-free rate if the option is mispriced at time 0,
the proper long or short position is taken, and the correct hedge ratio is maintained.

There are many possible outcomes of such a hedge, and it would take an entire chap-
ter to illustrate them. We therefore shall discuss the possibilities only in general terms. In
each case, we will assume that the proper hedge ratio is maintained and the investor
buys calls only when they are underpriced or correctly priced and sells calls only when
they are overpriced or correctly priced.

Suppose that the call originally was overpriced and is still overpriced at the end of the
first period. Because the call has not fallen sufficiently to be correctly priced, the return
over the first period actually can be less than the risk-free rate. Because the call must be
correctly priced at the end of the second period, however, the return earned over the
second period will more than make up for it. Overall, the return earned over the two
periods will exceed the risk-free rate.

If the call originally is overpriced and becomes correctly priced at the end of the first
period, the return earned over that period must exceed the risk-free rate. The return
earned over the second period will equal the risk-free rate, because the call was correctly
priced at the beginning of the second period and is correctly priced at the end of it.
Thus, the full two-period return will exceed the risk-free rate.

If the call is overpriced at the start and becomes underpriced at the end of the first period,
the return earned over that period will exceed the risk-free rate. This is because the call will
have fallen in price more than is justified and now is worth considerably less than it should be.
At this point, we should close out the hedge and initiate a new hedge for the second period,
consisting of a long position in the underpriced call and a short position in the stock. We can
invest the excess proceeds in risk-free bonds. The second-period return will far exceed the
risk-free rate. The overall two-period return obviously will be above the risk-free rate.

Table 4.1 summarizes these results. Similar conclusions apply for an underpriced call,
although the interpretation differs somewhat because the hedge portfolio is short.

TABLE 4.1 HEDGE RESULTS IN THE TWO-PERIOD

BINOMIAL MODEL

Return from Hedge Compared to
Risk-Free Rate

Period 1 Period 2 Two-Period

Options Overpriced at Start of Period 1

Status of option at start of period 2

Overpriced Indeterminate Better Better

Correctly priced Better Equal Better

Underpriced Better Better Better
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EXTENSIONS OF THE BINOMIAL MODEL
Pricing Put Options
We can use the binomial model to price put options just as we can for call options. We
use the same formulas, but instead of specifying the call payoffs at expiration, we use the
put payoffs at expiration. To see the difference, look at Figure 4.3. Then we simply
replace every C with a P; likewise, we substitute P for C in each formula. The relevant
formulas are produced here for convenience.

P ¼ p2Pu2 þ 2pð1� pÞPud þ ð1� pÞ2Pd2
ð1þ rÞ2

Pu ¼ pPu2 þ ð1� pÞPud
1þ r

, Pd ¼ pPud þ ð1� pÞPd2
1þ r

, P ¼ pPu þ ð1� pÞPd
1þ r

hu ¼ Pu2 � Pud
u2S� udS

, hd ¼ Pud � Pd2

udS� d2S
, h ¼ Pu � Pd

uS� dS

Let us consider the same problem we have been working on, but we shall price the
two-period European put that has an exercise price of 100. The values of the put at expi-
ration are as follows:

Pu2 ¼ Maxð0,100� 156:25Þ ¼ 0:00

Pud ¼ Maxð0,100� 100Þ ¼ 0:00

Pd2 ¼ Maxð0,100� 64Þ ¼ 36:

Note how we use the put intrinsic value formula at expiration, the greater of zero or X
minus the stock price. Now we step back to time 1. Using the same formulas we used for calls,

Pu ¼ ð0:6Þ0þ ð0:4Þ0
1:07

¼ 0

Pd ¼ ð0:6Þ0þ ð0:4Þ36
1:07

¼ 13:46:

Again, the option value is a weighted average of its two possible
values in the next period, where the weights are p and 1 � p,
discounted back one period at the risk-free rate. Now we find the
time 0 value to be

P ¼ ð0:6Þ0þ ð0:4Þ13:46
1:07

¼ 5:03:

Now let us work through a hedge example. The principles are essentially the same as for
hedging with calls, but instead of selling calls to hedge a long position in stock, we are buy-
ing puts. Calls move directly with the stock price, so to hedge, we have to sell calls. Puts,
however, move inversely with the stock price, so to hedge stock, we buy puts.

The formula for the hedge ratio is the same as that for calls: the option price the next
period if the stock goes up minus the option price the next period if the stock goes down,
divided by the stock price in the next period if the stock price goes up, minus the stock
price in the next period if the stock goes down. Thus, at time 0 the hedge ratio is

h ¼ 0� 13:46
125� 80

¼ �0:299:

The negative sign seems to imply that we would be long stock and short puts, but
since puts move opposite to stock, that position would make no sense. It would mean

Pricing a put with the binomial model is the
same procedure as pricing a call, except
that the expiration payoffs reflect the fact
that the option is the right to sell the un-
derlying stock.
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that the puts would gain or lose in value precisely when the stock is correspondingly in-
creasing or decreasing, which would hardly constitute a hedge. The hedge ratio formula
that we took from the call model assumed we are long the stock and short the option. If
we had actually set up the hedge portfolio using puts, we would be long the stock and
long the put and the hedge ratio would be positive. However, we can just use the hedge
formula similar to the call and simply remember to change the sign. So we need to buy
299 shares for a long position in 1,000 puts. This will cost

299 ($100) ¼ $29,900 (in shares)

1,000 ($5.03) ¼ $5,030 (in puts)

Total $34,930.

Stock Goes to 125 We now have 299 shares worth $125 and 1,000 puts worth $0.00
for a total value of 299($125) + 1,000($0.00) ¼ $37,375. This is approximately 7 percent
more than our initial investment of $34,930. Now the new hedge ratio will be

hu ¼ 0� 0
156:25� 100

¼ 0:

So, we need no shares for our 1,000 puts. We sell the 299 shares, collecting 299($125) ¼
$37,375 and invest this money in risk-free bonds that will earn 7 percent.

Stock Goes to 80 We now have 299 shares worth $80 and 1,000 puts worth $13.46 for
a total value of 299($80) + 1,000($13.46) ¼ $37,380. This is the same as when the stock
went to 125, except for a round-off difference. Again, the return is 7 percent on our ini-
tial investment of $34,930. Now the hedge ratio will be

hd ¼ 0� 36
100� 64

¼ �1:0000:

Again, ignore the minus sign. So now we need 1,000 shares and 1,000 puts, or 299 shares
and 299 puts. Let us buy 701 shares, which will give us 1,000 shares and 1,000 puts. This
purchase of stock will cost money so we borrow the funds at 7 percent. Now we have
1,000 shares worth $80, 1,000 puts worth $13.46, and a loan of $56,080.

Stock Goes from 125 to 156.25 We have only a bond worth $37,375(1.07) ¼
$39,991, which is a return of 7 percent for the period.

Stock Goes from 125 to 100 Again, we have only a bond worth $37,375(1.07) ¼
$39,991, which is a 7 percent return for the period.

Stock Goes from 80 to 100 Now we have 1,000 shares worth $100, 1,000 puts that are
worthless, and we owe $56,080(1.07) ¼ $60,006 on our loan. Thus, our total value is 1,000
($100) + 1,000($0.00) � $60,006 ¼ $39,994. This is the same total as the two outcomes
above, except for a small round-off error. Again, the return for the period is 7 percent.

Stock Goes from 80 to 64 Now we have 1,000 shares worth $64, 1,000 puts worth
$36, and we owe $56,080(1.07) ¼ $60,006 on our loan. Thus, our total value is 1,000
($64) + 1,000($36) � $60,006 ¼ $39,994 the same total and 7 percent return as above.

So we see that as long as the hedge is maintained properly, we earn the risk-free re-
turn over each period. If the put were mispriced, we would take the appropriate position
and hedge it with the stock. For example, if the put were selling for less than the model
price, we would consider it underpriced. We would then buy it and hedge by buying the
proper number of shares of stock. If the put were overpriced, we would sell it, but to
hedge, we would need to sell short the stock.
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American Puts and Early Exercise
The two-period binomial model is an excellent opportunity to illustrate how American
options can be exercised early. Let us use the same two-period put with an exercise price
of 100, but make it an American put. This means that at any point in the life of the
option, we can choose to exercise it early if it is best to do so. That means at any point
in the binomial tree when the put is in-the-money, we need to see if it is worth more to
exercise it early.

For example, go back to the values calculated for the European put at time 1. Recall
that they were

Pu ¼ ð0:6Þ0� ð0:4Þ0
1:07

¼ 0:00, when the stock is at 125,

Pd ¼ ð0:6Þ0� ð0:4Þ36
1:07

¼ 13:46, when the stock is at 80:

When the stock is at 125 the put is out-of-the-money, so we do not need to worry about
exercising it. When the stock is at 80, however, the put is in-the-money, and we have the
right to exercise it. In fact, the put is in-the-money by $20[Max(0, 100 � 80)], which is
far more than its unexercised value of $13.46. So we exercise it, which means that we
replace the calculated value Pd of 13.46 with 20. Thus, we now have Pu ¼ 0 and Pd ¼ 20.
Then the value at time 0 is

P ¼ ð0:6Þ0� ð0:4Þ20
1:07

¼ 7:48:

We would also have to consider the possibility of exercising it imme-
diately, but since it is at-the-money, there is no reason to exercise it
today. Note that its value is considerably more than its value as a
European put of 5.03.

Forming a hedge portfolio with American options follows the
same procedure as forming a hedge portfolio for European options,

except that we use the American option values to compute the hedge portfolio values and
hedge ratios.

Dividends, European Calls, American Calls, and
Early Exercise
For call options on stocks without dividends, there will, of course, never be an early ex-
ercise. Let us now consider how early exercise will affect American calls in the binomial
model. To do so we must add a dividend.

There are a number of ways to incorporate dividends into the model. The simplest is
to express the dividend as a yield of δ percent. Thus, when the stock price moves into
the dividend period, it immediately declines by δ percent as it goes ex-dividend. We
then use the ex-dividend stock prices in the binomial formulas. If the intrinsic value of
the call before it goes ex-dividend exceeds the value of the call given by the binomial
formula, the call should be exercised. Then the intrinsic value replaces the formula
value.

Consider the same two-period problem we worked earlier in the chapter. Because we
want to see a case where the call is exercised early, let us assume a fairly high dividend
yield—say, 10 percent—and, let the dividend be paid and the stock go ex-dividend at

The binomial model can easily accommo-
date the early exercise of an American put
by simply replacing the computed value
with the intrinsic value if the latter is
greater.
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time 1. At time 1, if the stock goes to 125, it then pays a 12.50 dividend and falls to
112.50. If the stock goes down to 80, it pays a dividend of 8.00 and falls to 72. The fol-
lowing period, its movement is based from values of either 112.50 or 72 and will be
140.625, 90, or 57.60. This process is shown in Figure 4.5.

The corresponding call prices at expiration are

Cu2 ¼ Maxð0,140:625� 100Þ ¼ 40:625

Cud ¼ Cdu ¼ Maxð0,90:00� 100Þ ¼ 0

Cd
2 ¼ Max(0, 57.60 � 100) ¼ 0.

The European call prices after one period are

Cu ¼ ð0:6Þ40:625þ ð0:4Þ0
1:07

¼ 22:78

Cd ¼ ð0:6Þ0þ ð0:4Þ0
1:07

¼ 0:00:

Thus, the European call value at time 0 is

C ¼ ð0:6Þ22:78þ ð0:4Þ0
1:07

¼ 12:77:

Note that this value is considerably less than its value without dividends of 17.69.
Dividends will always reduce the value of a European option, because they represent a
payout rather than a reinvestment of corporate cash flows for the purpose of generating
growth in the stock price.

Now let the call be American. Let us move from time 0 to time 1 and let the stock
move to 125. The firm is paying a dividend of 10 percent of 125, or 12.50, in just another
instant. When that happens, the stock will fall to 112.50. Holding an American call, we

Figure 4.5 Two-Period Stock Price Path with 10 Percent Dividend Yield at Time 1

100(1.25) = 125
Dividend of 12.50
Ex-dividend price of 112.50

100

100(0.80) = 80
Dividend of 8 
Ex-dividend price of 72

112.50(1.25) = 140.625

72(0.80) = 57.60

112.50(0.80) = 90
72(1.25) = 90
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have the right to exercise it before the stock goes ex-dividend, thereby paying 100 and
receiving a stock worth 125. When the stock goes ex-dividend, its value drops to
112.50, but having acquired the stock before it goes ex-dividend, we are entitled to the
dividend and have a net value of 25. Consequently, the option value at that point is 25.
In other words, we simply choose to exercise the option before it goes ex-dividend and
claim its intrinsic value of 25. Consequently, we, replace the binomial formula value of
22.78, previously computed in the European option example, with 25. Thus, we now
have Cu ¼ 25. In the time 1 outcome where the stock falls to 80, we cannot justify early
exercise as the call is out-of-the-money.

Stepping back to time 0, we find that the value of the American call is, therefore4

C ¼ ð0:6Þ25þ ð0:4Þ0
1:07

¼ 14:02:

As an alternative approach, suppose we simply have the firm pay a specific dollar div-
idend at time 1. Let us make it a dividend of 12. Now we run into a slight problem. As
Figure 4.6 shows, at time 1 the stock goes ex-dividend to a value of either 113 or 68. If
the stock is at 113 and goes down at time 2, its new price will be 113(0.80) ¼ 90.40. If
the stock is at 68 and goes up at time 2, its new price will be 68(1.25) ¼ 85. Conse-
quently, the middle state at time 2 will not be the same regardless of where the stock
was at time 1. In the example illustrated here, this is not really a problem: The option
value can still be computed in the normal manner. When we expand the model to in-
clude a large number of periods, however, this problem will greatly increase the compu-
tational requirements.

Figure 4.6 Two-Period Stock Price Path with Dividend of $12 at Time 1

100(1.25) = 125
Dividend of 12
Ex-dividend price of 113

100

100(0.80) = 80
Dividend of 12
Ex-dividend price of 68

113(1.25) = 141.25

113(0.80) = 90.40

68(1.25) = 85.00

68(0.80) = 54.40

4You may recall that the value of 14.02 was also the value of the one-period call. There is no connection be-
tween the one-period European option value and the two-period American option value other than that, in
the latter case, we exercised the option at time 1, thereby effectively making it a one-period option.
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A binomial tree in which an up move followed by a down move puts you in the same
location as a down move followed by an up move is called a recombining tree. When an
up move followed by a down move does not put you in the same location as a down move
followed by an up move, the tree is called non-recombining tree. For a tree with n time
periods, a recombining tree will have n+ 1 final stock prices. There will be 2n distinct paths
taken to reach the final stock prices, but some of the paths will leave you in the same loca-
tion; consequently, we would not have to work our way through each path to identify the
final outcome. This greatly simplifies and reduces the computations in a tree with a large
number of time periods. A non-recombining tree will have 2n distinct paths and, therefore,
2n final outcomes. If n is large, this number becomes astronomical quite quickly and can
pose severe computational difficulties, even for the fastest computers. Figure 4.7 illustrates a
three-period recombining and non-recombining tree.

One special trick can greatly simplify the binomial computations for the case of an
American option with dividends. Recall that in Chapter 3, in cases with dividends, we
subtracted the present value of the dividends from the stock price and used this adjusted
value in our formulas. We can do the same here. We are simply assuming that the divi-
dends are fully predictable and that it is the stock price minus the present value of the
dividends that follows the binomial process.

Figure 4.7 Recombining and Non-Recombining Three-Period Binomial Trees

(a) Recombining Tree

(b) Non-recombining Tree
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Figure 4.8 illustrates this approach.Thecurrent stockprice is $100, butweadjust that value
to100�12/1.07¼88.79.Thenthevalue88.79goesupordownbythe factor1.25or0.80.Thus,
at time 0, the stock is observed to be 100, which consists of a present value of the dividend of
12/1.07 ¼ 11.21 and the remainder of the price, 88.79, which reflects the stock’s growth
potential.At time1, if the stockgoesup, theadjustedstockprice is88.79(1.25)¼110.99.Before
the stockgoes ex-dividend, its actual price is 110.99+12¼122.99. It then falls immediately to
110.99 as it goes ex-dividend. If at time 1, the stock went down, the adjusted price will be
88.79(0.80)¼71.03.Before it goesex-dividend, itwillbeworth83.03.Then it goesex-dividend
andwill fall to 71.03.We then see in the figure that at time 2, themiddle pointwill be the same,
with the stock at 88.79 regardless of which path was taken to get there.

Now we can easily calculate the call value:

Cu2 ¼ Maxð0,138:74� 100Þ ¼ 38:74

Cud ¼ Maxð0,88:79� 100Þ ¼ 0:00

Cd2 ¼ Maxð0,56:82� 100Þ ¼ 0:00:

Now we step back to time 1. If the call is European, we calculate its values to be

Cu ¼ ð0:6Þ38:74þ ð0:4Þ0
1:07

¼ 21:72

Cd ¼ ð0:6Þ0þ ð0:4Þ0
1:07

¼ 0:

If the call is American, however, at time 1 when the stock is at 122.99, we have the
opportunity to exercise the call just before the stock goes ex-dividend. In that case we
obtain a payoff of 22.99, resulting from acquisition of the stock for $100, collection of
the dividend of $12, and the stock falling to a value of $110.99. Since the payoff from

Figure 4.8 Two-Period Stock Price Path with Dividend of $12 at Time 1 and Stock Price Minus Present Value of
Dividends Follows the Binomial Process

88.79(1.25) = 110.99
Dividend of 12
Price of 122.99

100 – 12/1.07 = 88.79

88.79(0.80) = 71.03
Dividend of 12
Price of 83.03

110.99(1.25) = 138.74

71.03(0.80) = 56.82

110.99(0.80) = 88.79
71.03(1.25) = 88.79
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exercising of 22.99 is greater than the value if not exercised, we use 22.99 for Cu. We
then step back to time 1. The European option value would be

C ¼ ð0:6Þ21:72þ ð0:4Þ0
1:07

¼ 12:18:

The American option value would be

C ¼ ð0:6Þ22:99þ ð0:4Þ0
1:07

¼ 12:89:

The additional advantage of the American option in obtaining the dividend and avoiding
the loss in value when the stock goes ex-dividend is worth a value of 0.71 today.

Extending the Binomial Model to n Periods
The binomial model is easily extended to any number of time periods. With n periods
remaining until the option expires and no dividends, the European call price is given by
the formula:5

C ¼
∑
n

j¼0

n!
j!ðn� jÞ! p

jð1� pÞn�jMax½0,ujdn�jS� X�
ð1þ rÞn

This seemingly difficult formula actually is not nearly as complex as it appears. It simply
captures all of the possible stock price paths over the n periods until the option expires.
Consider the example from the text in a three-period world where j will go from 0 to 3.
First, we find the summation of the following terms.

For j ¼ 0,
3!
0!3!

ð:6Þ0ð:4Þ3Max½0,ð1:25Þ0ð:80Þ3100� 100� ¼ 0:

For j ¼ 1,
3!
1!2!

ð:6Þ1ð:4Þ2Max½0,ð1:25Þ1ð:80Þ2100� 100� ¼ 0:

For j ¼ 2,
3!
2!1!

ð:6Þ2ð:4Þ1Max½0,ð1:25Þ2ð:80Þ1100� 100� ¼ 10:80:

For j ¼ 3,
3!
3!0!

ð:6Þ3ð:4Þ0Max½0,ð1:25Þ3ð:80Þ0100� 100� ¼ 20:59:

Adding these and dividing by (1.07)3 gives

0þ 0þ 10:80þ 20:59

ð1:07Þ3 ¼ 25:62:

Since we did not hold the time to expiration fixed, the value of the call is higher in the
three-period world than in the two-period world. This reflects the effect of a longer time
to expiration.

Notice once again the investor’s subjective probability is not an input in the binomial
model. Recall that the probability, p, used in the binomial model is based on the under-
lying asset growing at the risk free interest rate.

The n-period binomial formula works because the factorial term, n!/j!(n � j)!, counts
the number of ways a stock price could end up at a certain level. For example, when n ¼ 3

5The meaning of factorial or n! is n! ¼ n(n � 1)(n � 2) … 3(2)(1).
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the stock price at the end of the third period could be either d3S, ud2S, u2dS, or u3S. There
is only one path the stock could have taken for it to end up at d3S: to go down three
straight periods. There is only one path it could have taken for it to end up at u3S: to go
up three straight periods. For the stock price to end up at ud2S, there are three possible
routes: (1) up, down, down; (2) down, down, up; or (3) down, up, down. For the stock to
end up at u2dS, there are three paths: (1) up, down, up; (2) down, up, up; and (3) up, up,
down. The factorial expression enumerates the routes that a stock can take to reach a cer-
tain level. The remaining terms in the formula then apply exactly as we have seen in the
one- and two-period cases.

The three-period case is a good opportunity to observe one other aspect of the early
exercise problem. Consider a three-period American put with an exercise price of 100.
Figure 4.9 illustrates the tree. Below each stock price are two or more figures in parenthe-
ses. The first is the value of the European put expiring at time 3 with exercise price of 100,
which we see is worth 7.26 today (check it for practice). The second figure in parentheses
is the American put value. Notice at time 2 when the stock price is 64, we show a value of
29.46 with a line drawn through it and replaced by 36. The value 29.46 is the value of the
American put if not exercised at that point. It should, however, be exercised because it is
$36 in the money. So we replace 29.46 with 36. Now, we step back to time 2 and note
what happens with the stock at 80. The European put value is 15.21, based on the next
two possible values of 7.48 and 29.46. The American put value if not exercised is, however,

Pd ¼ ð0:6Þ7:48þ ð0:4Þ36
1:07

¼ 17:65:

It is $20 in the money, however, so we would exercise it and replace the value 17.65 with
20. The important point is that we can have early exercise at more than one location in
the tree. Although it is optimal to exercise at time 3 if the stock is at 64, the stock would
actually not get to 64 without having been at 80 at time 2 and having been exercised
early. Yet the only way to determine if we should exercise at 80 at time 2 is to see what
would happen if we do not exercise at that time. Thus, we must evaluate the possibility
of being at 64 at time 3, not having exercised at 80 at time 2. In all cases we should

Figure 4.9 Three-Period Binomial Stock Price Path
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compare the American option value if not exercised at a given point with the intrinsic
value and use the larger value for the value of the option at that point.

Behavior of the Binomial Model for Large n and
Fixed Option Life
In the examples we have done so far, when we added a time period we simply extended
the option’s life. Naturally, we will get a larger option value. Suppose, however, that we
keep the option’s life the same and simply divide it into a larger number of increasingly
smaller time periods. It turns out that when we do so, we need to make a few adjust-
ments, but then we obtain an option value that increasingly reflects the realities of the
world we live in.

For example, let us use an actual option, the June 125 DCRB call. Recall that the stock
price is 125.94, the option has 35 days remaining, and the risk-free rate is 4.56 percent.
The only information we have that could tell us something about the up and down fac-
tors is the volatility of the stock, a variable we briefly discussed in Chapter 3. Volatility is
often measured by the statistical concept of standard deviation, which is more specifically
the standard deviation of the return on the stock. This variable will become more mean-
ingful to us in the next chapter, but for now, let us just take a value and use it. In the
case of our DCRB stock, we shall use a volatility of 0.83 or 83 percent, a number we shall
see how to obtain in Chapter 5.

To price this option in a binomial framework with the correct volatility, we need to
know what to set the risk-free rate to and what to use as the up and down parameters.
The risk-free rate is simple. We adjust it in the following manner:

risk-free rate in binomial model ¼ (1 + r)T/n.

If the stock paid a dividend at a constant yield, it would be adjusted in an identical
manner. There are several approaches to setting the up and down parameters. We shall
initially use the following:

binomial up parameter: u ¼ eσ
ffiffiffiffiffiffi
T=n

p

binomial down parameter: d ¼ 1/u,

where σ is the volatility. Of course, these adjustments will change the value of p.
Let us do a one-period binomial model for the DCRB June 125 call. Our parameters

are:

r ¼ (1.0456)0.0959/1 � 1 ¼ 0.004285

u ¼ e0:83
ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959=1

p
¼ 1:293087

d ¼ 1/1.293087 ¼ 0.773343.

Our stock prices at time 1 would be:

uS ¼ 125.94(1.293087) ¼ 162.8514

dS ¼ 125.94(0.773343) ¼ 97.3948.

Thus, the option values would be

Cu ¼ Max(0, 162.8514 � 125) ¼ 37.85

Cd ¼ Max(0, 97.3948 � 125) ¼ 0.00.
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The value of p would be (1.004285 � 0.773343)/(1.293087 � 0.773343) ¼ 0.444 and
1 � p ¼ 0.556. The value of the call today would, therefore, be

C ¼ ð0:444Þ37:85þ ð0:556Þ0
1:004285

¼ 16:74:

The actual price of that option is 13.50, but, of course, we would not
expect a one-period binomial model to accurately reflect reality. Notice
in Table 4.2, however, what happens when we increase the number of
time periods, each time adjusting the values of r, u, d, and p, accord-

ingly. We seem to be converging to the value of 13.56.
Using a binomial model to price an option is much like using a still camera to photo-

graph an activity with fast action, such as a horse race. If we take a picture of the race at
some point, we will not have a very good idea of what happened during the race. If we
take several pictures, we begin to get a clearer view of how the race proceeded. If we take
a very large number of pictures, each at very short time intervals—meaning essentially to
make a movie—we obtain a near-perfect reproduction of what happened from start to
finish. In the binomial model, the process of making n large is like making a movie. If
we take a large enough number of pictures, meaning to make n large enough, we obtain
a very accurate depiction of what happens to the stock over the option’s life. Consequently,
we can be confident that our estimated option value is a pretty accurate reflection of the
true value of the option.

The value of the option when n approaches infinity has a very special name. It is the
Black-Scholes-Merton value and is the subject of Chapter 5.

Alternative Specifications of the Binomial Model
In the preceding section we saw that the binomial model can approximate a real-life sce-
nario if we let the number of periods be large and adjust the up and down factors and
the risk-free rate to reflect the volatility of the stock and the interest accrued per period.
The formulas used in that section are not, however, the only ones that can be used. Al-
though the adjustment for the risk-free rate is the same, the up and down parameters
can be adjusted as follows:

u ¼ eðInð1þrÞ�σ2=2ÞðT=nÞþσ
ffiffiffiffiffiffi
T=n

p

d ¼ eðInð1þrÞ�σ2=2ÞðT=nÞ�σ
ffiffiffiffiffiffi
T=n

p
,

TABLE 4.2 BINOMIAL OPTION VALUES FOR DCRB

JUNE 125 CALL WHEN N IS INCREASED

n u d r p C

1 1.2931 0.7733 004285 0.4443 16.75

2 1.1993 0.8338 .002140 0.4605 12.32

5 1.1218 0.8914 .000856 0.4750 14.19

10 1.0847 0.9219 .000428 0.4823 13.35

25 1.0528 0.9498 .000171 0.4888 13.67

50 1.0370 0.9643 .000086 0.4921 13.54

100 1.0260 0.9747 .000043 0.4944 13.55

200 1.0183 0.9820 .000021 0.4960 13.56

Note: S ¼ 125.94, X ¼ 125, r ¼ 4.56%, T ¼ 0.0959, σ ¼ 0.83.

The binomial model converges to a specific
value of the option as the number of time
periods increases.
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where ln(1 + r) is the continuously compounded interest rate, which we shall cover in
more detail in Chapter 5.

Recall that we have been using p ¼ (1 + r � d)/(u � d). Now, however, the formula
for p is

p ¼ eσ
2ðT=nÞ=2 � e�σ

ffiffiffiffiffiffi
T=n

p

eσ
ffiffiffiffiffiffi
T=n

p
� e�σ

ffiffiffiffiffiffi
T=n

p :

As it turns out, however, the above formula for p tends to be very close to 0.5 and will
approach 0.5 as the number of time periods, n, increases. So for all intents and purposes,
we can use 0.5 for p and the above formulas for u and d.6

Let us make some comparisons between the two methods. Consider again
the June 125 DCRB call. Let us first price the option using a two-period
binomial model. The risk-free rate will be

r ¼ (1.0456)0.0959/2 � 1 ¼ 0.0021.

Although we do not have a dividend in this problem, if there were a dividend, the rate
would be adjusted in the same manner.

First, we develop the model with the formulas for u and d used earlier in the chapter.
We have

u ¼ e0:83
ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959=2

p
¼ 1:1993

d ¼ 1/1.1993 ¼ 0.8338.

The value of p is (1.0021 � 0.8338)/(1.1993 � 0.8338) ¼ 0.4605. Part a of Figure 4.10
shows the price of the option in the two-period binomial tree. The option value is shown
in parentheses below the stock price. The option value today is 12.3235.

Now we develop the model with the formulas for u and d presented above in this
section. We have

u ¼ eðInð1:0456Þ�0:832=2Þð0:0959=2Þþ0:83
ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959=2

p
¼ 1:1822

d ¼ eðInð1:0456Þ�0:832=2Þð0:0959=2Þ�0:83
ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959=2

p
¼ 0:8219:

The value of p is

p ¼ e0:83
2ð0:0959=2Þ=2 � e�0:83

ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959=2

p

e0:83
ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959=2

p
� e�0:83

ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959=2

p ¼ 0:500251:

We shall just use 0.5. Part b of Figure 4.10 illustrates this option’s price in the two-period
binomial tree. The price today is $12.6984. The difference in what we are doing here and
what we previously did is that the previous formulas force the binomial model to replicate
the behavior of the stock only in the limit, meaning when n is very large. These formulas
force the binomial model to replicate the behavior of the stock regardless of the size of n.
When we refer to replicating the behavior of the stock, we mean that the probability dis-
tribution of the stock will be of a particular form that we cover in the next chapter.

Obviously there are significant differences in the option price using the two methods. So
which is best? The binomial model has two primary purposes: (1) to teach the underlying
principles of option pricing with a minimum of mathematics, and (2) by letting the number

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance

6Turn back to Table 4.2 and observe the value of p using the model previously described. That value is also
converging to 0.5.

120 Part I Options

http://www.cengage.com/finance/chance
http://www.cengage.com/finance/chance


of time periods be sufficiently large to use in actually pricing options in real-world situations.
In the case of a large number of time periods, these two methods will give nearly the same
price. For example, with n ¼ 200, we would find that the first method gives an option price
of $13.56, while the second gives a price of $13.55. Note from Table 3.1 that the actual price
of the option is $13.50. Provided the correct inputs are used, the binomial model, in what-
ever version one chooses, will do a pretty good job of pricing options. For some types of
options, specifically standard European calls and puts, there is an even better method, how-
ever, called the Black-Scholes-Merton model, which is the subject of Chapter 5.

Obviously for a large number of time periods, a computer is necessary to perform the
binomial option pricing calculations. There are a wide variety of ways to perform these
calculations using computer programs, including Web applications, stand alone pro-
grams, and spreadsheet applications. This book provides Excel spreadsheets to do many
of the computations. Software Demonstration 4.1 introduces you to the spreadsheet file
BSMbin8e.xls, which computes binomial and Black-Scholes-Merton option prices.

Advantages of the Binomial Model
When first exploring option valuation models, the binomial model is very useful in
illustrating important concepts. Perhaps the most valuable feature of the model is that
it enables you to see how the construction of a dynamic risk-free hedge leads to a for-
mula for the option price. You saw that if the option price in the market does not con-
form to the formula, someone could construct a dynamic hedge and earn better than
the risk-free rate. Once we have the formula, we can see that the probability of stock

Figure 4.10 Pricing the DCRB June 125 Call in a Two-Period World

181.1421
(56.1421)

151.0398
(26.3082)

105.0088
(0.4307)

125.9400
(12.3235)

125.9370
(0.9370)

87.5563
(0.0000)

(a)

176.0112
(51.0112)

148.8853
(25.4511)

103.5110
(0.0000)

125.9400
(12.6984)

122.3700
(0.0000)

85.0765
(0.0000)

(b)
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price movements does not play a role in option pricing. While the probability that the
stock will make a certain move will play an important role in the particular option strat-
egy pursued, it does not appear anywhere in the formula, and, hence, does not affect the
option price. Because the probability of the stock price movement is irrelevant, the bino-
mial model shows that option valuation is consistent with “risk neutrality.” That is, the
probability of an up jump and the size of the up jump are selected such that the expected
growth in the underlying asset is the risk-free interest rate, even though in reality the
stock does not grow at the risk-free rate. In short, the binomial model illustrates that
options can be valued as the present value of the expected future payout, treating the
underlying asset as though it grows at the risk-free interest rate. It is the ability to
construct this dynamic risk-free hedge that enables the model to work in this manner.

In addition, there are several practical advantages of the binomial model. It is partic-
ularly useful in handling American options, because investors may decide to exercise
these options early. One can easily check if early exercise is advantageous at each loca-
tion in the binomial tree. In addition, dividends can also easily be incorporated into the
binomial model. As we will see later in the book, the binomial model can be very useful
in valuing options far more complex than those we have seen here. The binomial model
is a very useful tool to have in your toolbox when faced with an option-related problem.

MAK ING THE CONNECT I ON

Uses of the Binomial Option Pricing Framework in Practice

The actual practice of financial management will provide

many instances where knowing how to deploy the bino-

mial model will prove beneficial. For example, many

projects faced by firm management contain embedded

options such as the option to expand a project, the option

to terminate a project, the option to delay the start of a

project, and various financing options. These kinds of

choices are called real options. To properly analyze their

value requires the ability to capture flexibility, meaning

that a choice will be made and that having such a choice

is of potentially great value. The binomial framework is

very flexible in being able to capture unique aspects re-

lated to managing projects that contain real options.

Many executive incentive plans contain very com-

plex options from both the firm’s perspective and the

manager’s perspective. For example, executive stock

option plans provide an incentive for senior manage-

ment to seek better projects that should enhance stock-

holder value. Management, however, has the option to

leave the firm, in which case the manager typically has

about 90 days to exercise the options or lose them. The

manager could also be terminated or die. Many execu-

tive stock options are very long-term, often expiring in

10 years. There are vesting requirements that restrict

the exercise of these options, often for several years.

Many firms grant options to lower-level employees.

Hence, executive and employee stock options are very

complex derivatives that require a flexible option valua-

tion framework. The binomial option pricing framework

is often used to value executive stock options both by

management and the firm.

Debt securities often contain embedded options,

making it more difficult to appraise their current market

value. Examples of embedded options include the op-

tion to call the debt (callable bonds) and the option to

convert the debt to equity (convertible bonds). The call

feature essentially amounts to determining whether a

bond is worth more to keep it alive, thereby paying the

contracted interest rate, or to call it at the contracted call

price, thereby paying it off. The conversion feature is

one in which the value of the bond, if continued, is worth

more or less than the value of the equity into which it

would be converted. Both of these decisions are similar

to exercising an option early. The binomial framework,

through its ability to handle early exercise, provides a

practical mechanism for determining the value of a call

or conversion feature and assessing whether to exercise

either of those options.

Thus, the binomial framework is an extremely use-

ful tool for derivatives professionals to have when

called upon to estimate the fair market value of com-

plex financial instruments.
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SOFTWARE DEMONSTRATION 4.1

Calculating the Binomial Price with the Excel

Spreadsheet BSMbin8e.xls

The Excel spreadsheet BSMbin8e.xls is written in Excel

2002. It calculates both the binomial and Black-Scholes-

Merton option pricing models. The binomial model pro-

vides European and American call and put prices, as well

as the delta, gamma, and theta, known as the option

“Greeks.” These concepts are covered in Chapter 5, along

with the Black-Scholes-Merton model. This spreadsheet is

a read-only spreadsheet, meaning that it cannot be saved

under the name BSMbin8e.xls, which preserves the origi-

nal file. You may, however, load the spreadsheet without

the read-only feature.

To use the spreadsheet, you will need Windows 95 or

higher. The spreadsheet BSMbin8e.xls is available as a

download via the product support Web site. To use it:

1. Go to http://www.cengage.com/finance/chance.

2. Click on Instructor Resources or Student Resources.

3. Click on the link for BSMbin8e.xls.

4. Follow the instructions on the Web page to download

and install the spreadsheet.

Now let us calculate an option price. Assume that you

wish to find the binomial price of the option illustrated in

this chapter, the DCRB June 125 call. The DCRB stock is

at 125.94, the exercise price is 125, the risk-free rate is

4.56 percent, the standard deviation is 0.83, and the

time to expiration is 0.0959, based on 35 days to expira-

tion. There are no dividends on the stock.

The Excel screen reproduced below contains a sec-

tion labeled Inputs: Each cell that will accept inputs has a

double-line border and the values are in blue. Output

cells have a single-line border. Enter the values in the ap-

propriate cells. For greater accuracy enter the time to ex-

piration as a formula: ¼35/365. Leave the dividend yield

and the discrete dividends blank or insert zeroes. For the

risk-free rate, select “discrete” from the pull-down list.

The risk-free rate can be entered with or without deci-

mals, that is, as “0.0456” or “4.56”. Volatility and the div-

idend yield can also be entered in this manner.

Near the right side of the screen is the section labeled

Binomial Model. Enter the number of time steps, with a

maximum of 1,000. Since the binomial calculation can be

time-consuming, the spreadsheet does not automatically

recalculate the binomial value. You must click on the but-

ton Run Binomial Model. While the program is running,

Excel’s status bar at the bottom will count down by dis-

playing the line “Iterating through binomial tree at time

step #xxx” where “xxx” is the number of the time step

the program is on.

http://www.cengage.com/finance/chance


Summary

This chapter introduced the concept of an option pricing
model, which is a mathematical formula or computational
procedure that produces the theoretical fair value of the op-
tion. This process is called option pricing. The theoretical fair
value is the price at which the option should be trading. The
chapter focuses on the binomial model, which is a computa-
tional procedure for pricing the option.

We began by developing the model in a one-period
world, which means that one period later the option ex-
pires. A period is defined as a specific length of time over
which the underlying stock canmake one of twomoves—
up to a specific price or down to a specific price—and
there is a given interest rate. We showed that it is possible
to combine a long position in the stock with a short posi-
tion in a call option to produce a risk-free portfolio. Given
that the return on a risk-free portfolio should be the risk-
free rate, it is then possible to solve for the theoretical
option price, given the other input parameters. If the op-
tion is not selling for its theoretical price, it is possible to
capture an arbitrage profit at no risk.

We then extended the model to a two-period world,
where we showed that the combination of long stock and

short callsmust be adjusted over each period tomaintain the
risk-free nature of the hedge portfolio. Again, if the option is
mispriced, it is possible to capture an arbitrage profit.

We examined how the binomial model will behave
as the number of time periods is increased, and we
showed that it seems to converge to a specific value.
We also looked at how the binomial model can easily
accommodate the problem of early exercise of Ameri-
can options. At a given time point, if the option is
worth more exercised than not exercised, we simply
replace the computed value of the option with the in-
trinsic value. We also saw that there are alternative
specifications of the binomial model.

Although Chapter 4 focused only on the binomial
model, we saw that as the number of time periods in-
creased and the length of each time period decreased,
we obtained a picture of a real world in which there are
many possible prices over a given instant of time. This
scenario, like the way in which a movie camera consoli-
dates a collection of still photos to represent amore or less
continuous view of time, leads us right into Chapter 5,
where we cover the Black-Scholes-Merton model.

Key Terms

Before continuing to Chapter 4, you should be able to give brief definitions of the following terms:

model/option pricing model/option
pricing/binomial option pricing
model/Black-Scholes-Merton
option pricing model, p. 95

binomial/two-state model, p. 96
hedge portfolio/hedge ratio, p. 97
recombining tree/non-recombining
tree, p. 114
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Concept Checks

1. Explain the similarities and differences
between pricing an option by its boundary con-
ditions and using an exact option pricing
formula.

2. What is the principal benefit of a binomial op-
tion pricing model?

3. Describe the components of a hedge portfolio in
the binomial option pricing model where the

instrument being hedged is, first, a call, and,
second, a put.

4. If the binomial model produces a call option
price that is higher than the price at which the
option is trading in the market, what strategy is
suggested?

5. Discuss how a binomial model accommodates
the possibility of early exercise of an option.

Questions and Problems

1. Explain the differences between a recombining
and non-recombining tree. Why is the former
more desirable?

2. How is the volatility of the underlying stock re-
flected in the binomial model?

3. Why are the up and down parameters adjusted
when the number of periods is extended? Recall
that in introducing the binomial model, we illus-
trated one- and two-period examples, but we did
not adjust the parameters. What is the difference
in these two examples, and why did we adjust the
parameters in one case and not in the other?

4. Describe the three primary ways of incorporating
dividends into the binomial model.

5. Consider a stock worth $25 that can go up or
down by 15 percent per period. The risk-free rate
is 10 percent. Use one binomial period.
a. Determine the two possible stock prices for

the next period.
b. Determine the intrinsic values at expiration of

a European call option with an exercise price
of $25.

c. Find the value of the option today.
d. Construct a hedge by combining a position in

stock with a position in the call. Show that the
return on the hedge is the risk-free rate
regardless of the outcome, assuming that the
call sells for the value you obtained in part c.

e. Determine the rate of return from a riskless
hedge if the call is selling for $3.50 when the
hedge is initiated.

6. Consider a two-period, two-state world. Let the
current stock price be 45 and the risk-free rate be

5 percent. Each period the stock price can go
either up by 10 percent or down by 10 percent. A
call option expiring at the end of the second pe-
riod has an exercise price of 40.
a. Find the stock price sequence.
b. Determine the possible prices of the call at

expiration.
c. Find the possible prices of the call at the end

of the first period.
d. What is the current price of the call?
e. What is the initial hedge ratio?
f. What are the two possible hedge ratios at the

end of the first period?
g. Construct an example showing that the hedge

works. Make sure the example illustrates how
the hedge portfolio earns the risk-free rate
over both periods.

h. What would an investor do if the call were
overpriced? If it were underpriced?

7. Consider the following binomial option pricing
problem involving an American call. This call has
two periods to go before expiring. Its stock price is
30, and its exercise price is 25. The risk-free rate is
.05, the value of u is 1.15, and the value of¼ is 0.90.
The stock pays a dividend at the end of the first
period at the rate of 0.06. Find the value of the call.

8. Find the value of anAmerican put option using the
binomial option pricing model. The parameters
are S¼ 62, X¼ 70, r¼ 0.08, u¼ 1.10, and d¼ 0.95.
There are no dividends. Use n ¼ 2 periods.

9. Consider a European call with an exercise price of
50 on a stock priced at 60. The stock can go up by 15
percent or downby 20 percent each of two binomial
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periods. The risk-free rate is 10 percent. Determine
the price today of the option. Then construct a risk-
free hedge of long stock and short option. At each
point in the binomial tree, show the composition
and value of the hedge portfolio and demonstrate
that the return is the same as the risk-free rate. On
any revisions to the hedge portfolio, make the
transactions (buying or selling) in stock and not
options. You can borrow any additional funds re-
quired at the risk-free rate, and any excess funds
should be invested at the risk-free rate.

10. Construct a table containing the up and down
factors for a one-year option with a stock vola-
tility of 55 percent and a risk-free rate of 7 per-
cent for n ¼ 1, 5, 10, 50, and 100 where n is the
number of binomial periods. Let u and d be de-
fined as

u ¼ eσ
ffiffiffiffiffiffi
T=n

p

d ¼ 1/u

11. Use the Excel spreadsheet BSMbin8e.xls and de-
termine the value of a call option on a stock
currently priced at 165.13, where the risk-free
rate is 5.875 percent (annually compounded), the
exercise price is 165, the volatility is 21 percent,
the option expires in 102 days, and there are no
dividends on the stock. Let the number of bino-
mial periods be 1, 5, 10, 25, and 50.

12. Use the binomial model and two time periods to
determine the price of the DCRB June 130 Amer-
ican put. Use the appropriate parameters from the
information given in the chapter, which was orig-
inally given in Chapter 3, and a volatility of 83.

13. The binomial option pricing model has several
advantages, particularly related to illustrating
important concepts and practical applications.
Identify and discuss three advantages related to
illustrating important concepts, and three ad-
vantages related to practical applications.

14. Use the Excel spreadsheet BSMbin8e.xls and
determine the value of a call option and a put op-
tion on a stock currently priced at 100, where the
risk-free rate is 5 percent (annually compounded),
the exercise price is 100, the volatility is 30 percent,
the option expires in one year, and there are no
dividends on the stock. Let the number of binomial
periods be 25. Verify that put-call parity holds.

15. Consider three call options identical in every re-
spect except for the strike price of $90, $100, and
$110. Specifically, the stock price is $100, the
annually compounded risk free rate is 5%, and
time to maturity is 1 year. Use a one-period
binomial model with u ¼ 4/3 and d ¼ 3/4.
Calculate the p and h. Explain.

16. Consider three call options identical in every re-
spect except for the maturity of 0.5, 1, and 1.5
years. Specifically, the stock price is $100, the
annually compounded risk free rate is 5%, and
the strike price is $100. Use a one-period bino-
mial model with u ¼ 4/3 and d ¼ 3/4. Calculate
the p and h. Explain.

17. (Concept Problem) The binomial model can be
used to price unusual features of options. Consider
the following scenario. A stock priced at $75 can go
up by 20 percent or down by 10 percent per period
for three periods. The risk-free rate is 8 percent. A
European call option expiring in three periods has
an exercise price of $70. The parties to the option
agree, however, that the maximum payout of this
option is $40. Find the current value of the option.
Then determine whether an American version of
the option, also limited to a maximum payout of
$40, would have any additional value over the
European version. Compare your answers
to the value of the option if there were no limitation
on the payoff.

18. (Concept Problem) In this chapter, we obtained
the binomial option pricing formula by hedging a
short position in the call option with a long po-
sition in stock. An alternative way to do this is to
combine the stock and a risk-free bond to
replicate the call option. Construct a one-period
binomial option pricing model in which the stock
and a risk-free bond are used to replicate a
European call option. Then show that the option
pricing formula is the same as the one developed
in the text. Hint: Hold ns shares of stock and
issue B dollars of bonds paying r percent so that
the value in both outcomes matches precisely the
value of the option. Then solve for ns and B and
substitute back into the formula for the value of
the hedge portfolio today to obtain the formula
for C.
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CHA P T E R 5
Option Pricing Models
The Black-Scholes-Merton Model

Good theories, like Black-Scholes, provide a theoretical laboratory in which
you can explore the likely effect of possible causes. They give you a common
language with which to quantify and communicate your feelings about
value.

Emanuel Derman

The Journal of Derivatives, Winter, 2000, p. 64

ORIGINS OF THE BLACK-SCHOLES-MERTON
FORMULA
The roots of the Black-Scholes-Merton formula go back to the nineteenth century. In the
1820s, a Scottish scientist, Robert Brown, observed the motion of pollen suspended in
water and noticed that the movements followed no distinct pattern, moving randomly,
independent of any current in the water. This phenomenon came to be known as
Brownian motion. Similar versions of Brownian motion were subsequently discovered
by other scientists studying other natural phenomena. In 1900, a French doctoral stu-
dent, Louis Bachelier, wrote his dissertation on the pricing of options in the Paris market
and developed a model strikingly similar to the Black-Scholes-Merton model. Unfortu-
nately, his dissertation advisor was disappointed because Bachelier’s work was oriented
toward such a practical issue as pricing a financial instrument. Although Bachelier re-
ceived his degree, the less than enthusiastic support of his advisor damaged his career,
and nothing further was heard from him.

In the early twentieth century, Albert Einstein, working on the foundations of his the-
ories of relativity, used the principles of Brownian motion to explain movements of
molecules. This work led to several research papers that earned Einstein the Nobel Prize
and world renown. By that time, a fairly well developed branch of mathematics, often
attributed to American mathematician Norbert Wiener, proved useful for explaining
the movements of random particles. Other contributions to the mathematics were made
by Japanese mathematician Kiyoshi Itô. In 1951, Itô developed an extremely important
result called Itô’s Lemma that 20 years later made it possible to find an option’s price.
Keep in mind, however, that these people were working on complex problems in physics
and mathematics, not finance.

The mathematics that was used to model random movements had now evolved into
its own subdiscipline, which came to be known as stochastic calculus. While ordinary
calculus defined the rates of change of known functions, stochastic calculus defined the
rates of change of functions in which one or more terms were random but behaved ac-
cording to well-defined rules of probability.

CHAPTER
OBJECT I V ES

• Present the Black-
Scholes-Merton
model and learn how
to use it to price
options

• Understand the
relationship of the
model’s inputs to the
option price

• Learn how to adjust
the model to
accommodate
dividends and put
options

• Understand how
volatility is estimated,
both historically and
as the implied
volatility

• Observe how an
option position is
delta hedged and how
the risk canbe reduced
by gamma hedging
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In the late 1960s, Fischer Black finished his doctorate in mathe-
matics at Harvard. Passing up a career as a mathematician, he went
to work for Arthur Little, a management consulting firm in Boston.
Black met a young MIT finance professor named Myron Scholes, and
the two began an interchange of ideas on how financial markets

worked. Soon Black joined the MIT finance faculty, where he made many contributions
to our understanding of how assets other than options are priced. Black and Scholes then
began studying options, which at that time were traded only on the over-the-counter
market. They first reviewed the attempts of previous researchers to find the elusive option
pricing formula.

Black and Scholes took two approaches to finding the price. One approach assumed
that all assets were priced according to the Capital Asset Pricing Theory, a well-accepted
model in finance. The other approach used the stochastic calculus. They obtained an
equation using the first approach, but the second method left them with a differential
equation they were unable to solve. This more mathematical approach was considered
more important, so they continued to work on the problem, looking for a solution. Black
eventually found that the differential equation could be transformed into the same one
that described the movement of heat as it travels across an object. There was already a
known solution, and Black and Scholes simply looked it up, applied it to their problem,
and obtained the correct formula, which matched the formula they had obtained using
the first method. Their paper reporting their findings was rejected by two academic
journals before eventually being published in the Journal of Political Economy, which
reconsidered an earlier decision to reject the paper.

At the same time, another young financial economist at MIT, Robert Merton, was
also working on option pricing. Merton discovered many of the arbitrage rules that we
covered in Chapter 3. In addition, Merton more or less simultaneously derived the for-
mula. Merton’s modesty, however, compelled him to ask a journal editor that his paper
not be published before that of Black and Scholes. As it turned out, both papers were
published, with Merton’s paper appearing in the Bell Journal of Economics and Manage-
ment Science at about the same time. Merton, however, did not initially receive as much
credit as Black and Scholes, whose names became permanently associated with the
model. Fischer Black left academia in 1983 and went to work for the Wall Street firm
of Goldman Sachs. Unfortunately, he died in 1995 at the age of 57. Scholes and Merton
have remained in academia but have been extensively involved in real-world derivatives
applications. In 1997 the Nobel Committee awarded the Nobel Prize for Economic
Science to Myron Scholes and Robert Merton, while recognizing Black’s contributions.
You can read more about this important event at the Web site http://www.nobel.se/
economics/laureates/1997.

The model has been one of the most significant developments in the history of the pric-
ing of financial instruments. It has generated considerable research attempting to test the
model and improve on it. A new industry of derivative products based on the Black-
Scholes-Merton model has developed. Even if one does not agree with everything the model
says, knowing something about it is important for surviving in the options markets.

BLACK-SCHOLES-MERTON MODEL AS THE LIMIT
OF THE BINOMIAL MODEL
In Chapter 4 we developed the binomial model, which served two primary purposes. It
enabled us to see the basic elements underlying the principles of pricing an option with-
out resorting to advanced mathematics. We saw that an option is priced by combining it

The knowledge required to develop the
Black-Scholes-Merton model came from
mathematics and physics.
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with the underlying asset in such a manner that the risk is eliminated, and, as we move
through time, the combination of stock and options must be adjusted. Since the return
on a riskless portfolio is the risk-free rate, the value of that portfolio can be easily obtained
by discounting its value at the option expiration by the risk-free rate. We saw that there is
but a single value of the option that will result in the combined option-stock portfolio
earning the risk-free rate. If the option is selling for any other price, the law of one price
is violated and making an arbitrage profit is possible by selling an overpriced option and
buying the stock or buying an underpriced option and selling short the stock. If the proper
ratio of options to stock is maintained, the arbitrageur either has no risk and earns more
than the risk-free rate or borrows at no risk and pays less than the risk-free rate. Another
use of the binomial model is in pricing American options. The model can easily capture
the value of exercising early.

In the last chapter we worked through an example in which the DCRB June 125 call
option was priced by using the binomial model and an increasing number of time steps.
We saw that its price was 13.56 with either 100 or 200 time steps. Figure 5.1 shows the
behavior of the binomial option price in this problem as the number of time steps is in-
creased in increments of 5, starting at n ¼ 5 and ending at n ¼ 200. We see that the option
price bounces around and begins to stabilize at about 100 time steps. This behavior is what
mathematicians call convergence. The binomial option pricing model converges to a specific
value in the limit. It turns out that this value is the Black-Scholes-Merton price.

The binomial model is one of two types of models called discrete
time models. In such models the life of the option is divided into a
specific number of finite units of time. For example, if an option has
a life of 100 days and we use binomial time steps, each time step rep-
resents one day. As time elapses, the stock price jumps from one level

Figure 5.1 Binomial Option Prices for Different n; DCRB June 125 call; S0 = 125.94, r = 0.0456, T = 0.0959, σ = 0.83
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to either of the next two levels. The real world, however, is characterized by the continuous
passage of time and the fact that the stock price generally moves only in very small incre-
ments. In fact we might even characterize a stock’s movements as being either up the
smallest possible increment, called an uptick, or down the smallest possible decrement,
called a downtick. Such properties are captured much better with continuous time models.
Although in a later section we shall see how discrete and continuous time come together,
let us now proceed to identify and understand the characteristics of a continuous time
model. It is this continuous time framework that the Black-Scholes-Merton model uses to
price options.

MAK ING THE CONNECT I ON

Logarithms, Exponentials, and Finance

The Black-Scholes-Merton model requires the use of

both the natural logarithm and the exponential function.

Although this material is generally covered in secondary

school math courses, you may find this review helpful.

A logarithm, often just called a log, is an exponent

representing the power to which one number, called

the base, must be raised to equal another number. The

two most commonly used base numbers are 10 and e

where e is a special number approximately equal to

2.71828. Take a number such as 25. Its logs are as

follows:

log1025 ¼ 1.3979 (the log of the base 10 of 25)

loge25 ¼ 3.2189 (the log of the base e of 25).

We can verify these results as follows:

101.3979 ¼ 25

2.718283.2189 ¼ 25.

(Both numbers are subject to round-off error.) Logs

using base 10 are referred to as common logs, while

logs using base e are called natural logs. In finance we

use natural logs more often, a point we explain a few

paragraphs down. Henceforth, when referring to logs,

we shall always mean natural logs.

Here are some important rules regarding logs:

• The log of a positive number is a positive number.

• The log of a negative number is undefined.

• The log of zero is undefined.

• The log of 1 is zero.

• The log of a number between zero and one is

negative.

For shorthand notation, we tend to write loge as

simply ln.

In the financial world, logarithms are nearly always

on the base e, because e is the appropriate function for

calculating continuously compounded interest. For ex-

ample, consider the investment of $1 in a bank account

for one year at 6 percent interest, compounded annu-

ally. At the end of one year, you will have $1(1.06) ¼
$1.06. If the interest is compounded semiannually, you

will have $1(1 þ (0.06/2))2 ¼ $1.0609. If the interest is

compounded quarterly, you will have $1(1 þ (0.06/4))4 ¼
$1.06136. If the interest is compounded daily, you will

have $1(1 þ (0.06/365))365 ¼ $1.06183. If the rate is the

same, the more frequent the compounding, the more

money you will have. In general, if r is the rate, T is the

number of years, and n is the number of compounding

periods per year, the amount of money you will have

per $1 invested after T years is

1þ r

n

� �� �Tn
:

The table below shows the value of $1 invested for one

year at 6% with various compounding frequencies:

Compounding

periods per year

$1 invested for

one year at 6%

1 (annually) $1.06000000

2 (semiannually) $1.06090000

4 (quarterly) $1.06136355

12 (monthly) $1.06167781

52 (weekly) $1.06179982

365 (daily) $1.06183131
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ASSUMPTIONS OF THE BLACK-SCHOLES-MERTON
MODEL
All models are based on a specific set of assumptions. In the binomial model we assumed
that the up and down factors were known and constant across time and that the risk-free
rate was constant. More importantly, we made the critical assumption that the stock’s
movements can be characterized by the simplicity of the binomial model. We also im-
plicitly made assumptions such as there are no transaction costs and taxes. Let us now
look at the assumptions of the Black-Scholes-Merton model.

It appears that we are converging to a little over

$1.0618. Let us carry it further to verify:

1,000 (1000 times a year) $1.06183464

10,000 (10,000 times a year) $1.06183636

100,000 (100,000 times a year) $1.06183653

1,000,000 (1,000,000 times a year) $1.06183654

Indeed, the value is stabilizing.

The ultimate in compounding frequency is continu-

ous compounding, in which the number of compounding

periods is infinite. The formula for the continuous com-

pounding factor must be written as a limit:

lim
n!∞

1þ r

n

� �� �Tn
:

As it turns out, this is the definition of e:

lim
n!∞

1þ r

n

� �� �Tn
¼ erT,

where e is 2.71828. . . . . In our example, e
0.06(1)

=

$1.06183655. Because of the fact that e captures the

value of an investment compounded continuously, its

role in finance is important.

The return on any asset over a period of time is usu-

ally expressed as either an annual return or a continu-

ously compounded return. Consider a stock purchased

for $100. A year later, let us say that the stock is at $110.

Assume that there are no dividends, so we would typi-

cally say that the stock earned a return of 10 percent.

This is formally derived as

$110

$100
�1 ¼ 0:10:

In other words, if we had put $100 in an investment

that paid 10 percent interest, where the interest is

added only at the end of the year, then it would grow

to a value of $110. We can, however, obtain the same

$110 at the end of the year if the $100 investment grows

continuously at a rate of 9.531 percent. That is,

$100e0.09531(1) = $110.

Where did we get 9.531 percent? It is simply the inverse

of the exponential function, which is the natural loga-

rithm function:

ln(1.10) = 0.09531.

Thus, money invested at 9.531 percent compounded

continuously for any number of years is the same as

having invested that money at 10 percent, compounded

only once per year. The same information is available in

knowing that an asset earned 10 percent compounded

annually or knowing that an asset earned 9.531 percent

compounded continuously.

In general, for any exponent x, the function ex is

called the exponential function. For notational conve-

nience and to avoid using a subscript, it is sometimes

written as exp(x).

You will encounter continuous compounding (as

well as discrete compounding) in many situations in

this book as well as in other finance courses and books,

and you should be very comfortable with using either

form of compounding and discounting, as well as with

expressing returns and interest rates as continuously

compounded rates.
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Stock Prices Behave Randomly and Evolve
According to a Lognormal Distribution
The notion that stock prices are random is central for much of the body of knowledge of
pricing assets and derivatives. Are stock prices really random, however? Observe Figure 5.2.
We see two panels, each purporting to be the daily closing price of an actual stock for a

Figure 5.2b

Figure 5.2a Simulated and Real Stock Prices of DCRB
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period of one year. One panel is the actual sequence of stock prices. The other is a set of
randomly generated stock prices that have statistical properties similar to those that DCRB
had during that period. Can you identify which one is the actual sequence of stock prices?1

Many professional money managers claim to have the ability to predict stock prices.
They observe a graph, such as Figure 5.2, and claim that such a series is at least partially
predictable. They see the upward trend and believe that it can be exploited to earn large
gains. Consider, however, Figure 5.3, showing the daily returns, which are simply the
daily percentage price changes, on the stock over that same period. It is the return series
that determines how an investor will perform. Can anyone predict a series like this? Not
likely. Although there may be very small elements of predictability, particularly over very
short time intervals, studies show that stock returns are largely unpredictable.

We also noted that stock returns are lognormally distributed. What do we mean by this?
First, remember the normal, or bell-shaped, distribution. Are stock returns normally distrib-
uted? A look at the data would reveal that this is not the case. The return on a stock, however,
can be expressed in a slightly different form, known as continuous compounding. Suppose
that we have a $100 stock. One year later that stock is at $120. We would say that its return is
20 percent. This is what we call the simple or discrete return. It compounds only once, at the
end of the year. We can obtain the future value, $120, from the present value, $100, by the
simple relation $120 ¼ $100(1.20), which involves no compounding. To express this return
in continuous compounding, we take the natural logarithm of one plus the return.

Recall that the logarithm of a number is the power to which a base must be raised in
order to equal that number. Typical bases for logarithms are 10, the base of common
logarithms, and e, which is approximately 2.718 and is the base of natural logarithms.
In financial models the base is nearly always e.

Figure 5.3 Daily Returns on DCRB
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1Part a of Figure 5.2 is the imposter. It was randomly generated by the authors. If you got it right, you proba-
bly just made a lucky guess.
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The continuously compounded return, also called the log return, in our example is
log(1.20)¼ 0.1823 or 18.23 percent. The relationship between the end of year price and the
beginning of year price is $120 ¼ $100e0.1823. Obviously we cannot change the prices; they
were, after all, determined in a competitivemarket. But we can express the return in the form
of log returns. It turns out that log returns tend to have properties that make them slightly
closer to a normal distribution. Figure 5.4 shows a histogram of the log returns on the stock
over the period indicated. Although we do not obtain a perfect representation of the normal
distribution, we are probably not too far from it.

If the log of a variable is normally distributed, then that variable is said to be lognor-
mally distributed. The distribution of the returns themselves has positive skewness,
meaning that it has too many observations on the right side to be symmetric, as required
by the normal distribution. The assumption of a lognormal distribution is quite appeal-
ing. It is fairly consistent with reality and, more importantly, does not permit stock
prices to be negative. Moreover, it lends itself nicely to the high-level mathematics that
were required to develop the Black-Scholes-Merton model.

Risk-Free Rate and Volatility of the Log Return on the
Stock Are Constant Throughout the Option’s Life
The assumption that the risk-free rate is constant is tantamount to assuming that interest
rates do not change. We know that is certainly not the case, and later in this book we
shall examine risk management problems that arise in a world of changing interest rates.
For now, however, it is mostly a convenience to ignore interest rate uncertainty. As it
turns out, we shall see later that interest rates do not have much effect on the prices of
options on stocks and some other underlying assets, so this assumption is relatively
harmless at this point and keeps the model as simple as possible.

Figure 5.4 Histogram of Daily Log (Continuously Compounded) Returns of DCRB
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The assumption that the volatility, which is the standard deviation, is constant is an
important one. It turns out that this assumption is nearly always violated in the real
world. In fact it is virtually inconceivable that any risky asset will have the same level
of volatility over a period of time such as a year. Later in this chapter we learn how vol-
atility is estimated, but for now let us just note that estimates of the volatility of DCRB
over this one-year period were as low as 37 percent and as high as 150 percent.

Since we fail to meet the assumption of constant volatility, should we throw out the
Black-Scholes-Merton model in favor of one that assumes that the volatility can change?
We could do that, but models with changing volatility are much more complicated. Also
it is not clear that such models are any better. Although changing volatility is a problem,
we shall see that there are better ways to deal with it than to adopt a more complex
model. Thus, we shall go ahead and assume that we meet this requirement.

No Taxes or Transaction Costs
Option trading decisions are certainly affected by taxes and transaction costs, but these
complexities will tend to cloud our understanding of the fundamentals of pricing op-
tions. The Black-Scholes-Merton option pricing model is based on the ability to actively
trade stocks, risk-free instruments and options. This active trading will trigger tax con-
sequences and transaction costs. There are ways to relax these assumptions, but this is an
advanced subject and not appropriate or necessary at this introductory level.

Stock Pays No Dividends
We have already made this assumption in previous chapters, and we saw how it can be
relaxed. The same is true here, and we shall eventually see how to incorporate dividends
into the Black-Scholes-Merton model.

Options Are European
Unfortunately, the possibility of early exercise cannot be easily accommodated within the
Black-Scholes-Merton framework. We shall see, however, that the Black-Scholes-Merton
model can help us better understand what happens when a call is exercised early. For the
most part, the binomial model remains the best way to price American options.

It is tempting to reject a model because its assumptions are not met.
Acceptance or rejection of a model must come from three criteria: (1) Do
the results obtained from the model conform to reality? (2) Is there a
better model? and (3) Is the model widely used in practice? Though the
Black-Scholes-Merton model results do not always conform to reality and
though there are other, more complex models, it is a very widely used
model. Moreover, other models nearly always come from the same basic
structure as the Black-Scholes-Merton model. In fact it is fairly safe to say
that perhaps no other financial model has been so widely used in practice.

A NOBEL FORMULA
In Chapter 4, we saw that the binomial option pricing model is de-
rived by forming a hedge portfolio consisting of a long position in
shares and a short position in calls. We observed that in the two-
period model, the relative number of shares to calls changes so the
investor must do some trading to maintain the riskless nature of the
transaction. If this is done, the portfolio will earn the risk-free rate if

The Black-Scholes-Merton option pricing
model assumes that stock prices are ran-
dom and lognormally distributed, that the
risk-free rate and volatility are constant,
that there are no taxes, transaction costs,
or dividends, and that the options are
European.

The Black-Scholes-Merton call option
pricing formula gives the call price in terms
of the stock price, exercise price, risk-free
rate, time to expiration, and variance of the
stock return.
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and only if the option is priced by the formula we obtained. If the option trades at any
other price, the law of one price is violated and the investor can earn an arbitrage profit.
In the Black-Scholes-Merton model, trading occurs continuously, but the general idea is
the same. A hedge portfolio is established and maintained by constantly adjusting the
relative proportions of stock and options, a process called dynamic trading. The end
result is obtained through complex mathematics, but the formula is straightforward.

The Black-Scholes-Merton formula is:

C ¼ S0Nðd1Þ � Xe�rcTNðd2Þ,

where

d1 ¼ lnðS0=XÞþ ðrc þ σ2=2ÞT
σ
ffiffiffi
T

p

d2 ¼ d1 � σ
ffiffiffi
T

p
:

N(d1), N(d2) ¼ cumulative normal probabilities
σ ¼ annualized volatility (standard deviation) of the

continuously compounded (log) return on the stock
rc ¼ continuously compounded risk-free rate

All other variables are the same ones previously used.

Digression on Using the Normal Distribution
Since computation of the Black-Scholes-Merton model requires the normal
probability distribution, it will probably be helpful to review this concept.
Figure 5.5 illustrates the normal, or bell-shaped, curve. Recall that the curve

is symmetric and everything we need to know about it is contained in the expected value,
or mean, and the variance. Approximately 68 percent of the observations in a sample
drawn from a normal distribution will occur within one standard deviation of the ex-
pected value. About 95 percent of the observations will lie within two standard deviations
and about 99 percent within three standard deviations.

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance.

Figure 5.5 The Standard Normal Probability Distribution
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A standard normal random variable is called a z statistic. One can take any normally
distributed random variable, convert it to a standard normal or z statistic, and use a table to
determine the probability that an observed value of the random variable will be less than or
equal to the value of interest.

Table 5.1 gives the cumulative probabilities of the standard normal distribution. Sup-
pose that we want to know the probability of observing a value of z less than or equal to
1.57. We go to the table and look down the first column for 1.5, then move over to the
right under the column labeled 0.07; that is, the 1.5 and 0.07 add up to the z value, 1.57.
The entry in the 1.5 row/0.07 column is 0.9418, the probability in a normal distribution
of observing a value of z less than or equal to 1.57.

Suppose the value of z is less than zero—say, �1.12. We then look for the appropriate
value for a positive 1.12. In the 1.1 row/0.02 column is the value 0.8686. Then we sub-
tract this number from 1. The answer is 0.1314. Because the table is symmetric, it is not
necessary to show negative values. The probability of observing a value less than or

TABLE 5.1 STANDARD NORMAL PROBABILITIES

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359

0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753

0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141

0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517

0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879

0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224

0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549

0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852

0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133

0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389

1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621

1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830

1.2 0.8849 0.8860 0.8888 0.8907 0.8925 0.8943 0.8962 0.8980 0.8997 0.9015

1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177

1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319

1.5 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441

1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545

1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633

1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706

1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767

2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817

2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857

2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890

2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916

2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936

2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952

2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964

2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974

2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981

2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986

3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990
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equal to −1.12 is the same as that of observing a value greater than or equal to 1.12. The
probability of observing a value greater than or equal to 1.12 is 1 minus the probability
of observing a value less than or equal to 1.12. Note that we overlapped with the proba-
bility of observing a value exactly equal to 1.12. The probability of observing any single
value is zero. This is so because we can observe an infinite number of possible values.

Instead of using tables, the normal probability can be accurately approximated with a
polynomial equation. There are several formulas that give good approximations for the
normal probability. In addition, the mathematical function ¼ normsdist ( ) in Excel is
easy to use. In many applications in this book, we shall use values computed using Excel.
Keep in mind, however, that Black-Scholes-Merton option values are highly sensitive to the
normal probability calculation and can be off by several cents depending on which method
is used.

Numerical Example
Let us use the Black-Scholes-Merton model to price the DCRB June 125 call. Recall that the
inputs are a stock price of $125.94, an exercise price of $125, and a time to expiration of
0.0959. We gave the risk-free rate of 4.56 percent as the Treasury bill yield that corresponds
to the option’s expiration. In the Black-Scholes-Merton model, however, the risk-free rate
must be expressed as a continuously compounded yield. The continuously compounded
equivalent of 4.56 percent is ln(1.0456) ¼ 4.46. Later in this chapter, we shall take a closer
look at the basis for this transformation and at how the volatility can be determined. For
now we will continue to use 0.83 as the standard deviation, which we used in Chapter 4.

The computation of the Black-Scholes-Merton price is a five-step process that is pre-
sented in Table 5.2. You first calculate the values of d1 and d2. Then you look up N(d1)
and N(d2) in the normal probability table. Then you plug the values into the formula for C.

Here the theoretical fair value for the June 125 call is $13.21. The call’s actual market
price is $13.50. This suggests that the call is overpriced. Assuming no transaction costs, an
investor should sell the call. The number of calls to sell to form a riskless hedge portfolio
that will outperform the risk-free rate is discussed in a later section.

TABLE 5.2 CALCULATING THE BLACK-SCHOLES-MERTON PRICE

S0 ¼ 125.94 X ¼ 125 rc ¼ 0.0446 σ ¼ 0.83 T ¼ 0.0959

1. Compute d1

d1 ¼ ln ð125:94=125Þ þ ð0:0446þ ð0:83Þ2=2Þ0:0959
0:83

ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959

p ¼ 0:1743:

2. Compute d2

d2 ¼ 0:1743� 0:83
ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959

p ¼ �0:0827:

3. Look up N(d1)

N(0.17) = 0.5675.

4. Look up N(d2)

N(−0.08) = 1 − N(0.08) = 1 − 0.5319 = 0.4681.

5. Plug into formula for C

C = 125.94(0.5675) − 125e–0.0446(0.0959) (0.4681) ¼ 13.21.
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Unfortunately, the Black-Scholes-Merton model is especially sensitive to round-off
error, most of which will occur in the normal probability figures. For example, consider
the value of d1 of 0.1743 and d2 of −0.0827. To look up the d1 and d2 in the normal
probability table, we were forced to round to two decimal places and we obtained
N(0.17) ¼ 0.5675 and N(−0.08) ¼ 0.4681. Suppose we use Excel’s ¼ normsdist( ) func-
tion. We simply go to a clean spreadsheet and enter the formulas, ¼ normsdist(0.1743)
and ¼ normsdist(−0.0828). We obtain the following values:

N(0.1743) ¼ 0.5692

N(−0.0827) ¼ 0.4670,

and the option price would then be

C ¼ 125.94(0.5692) � 125e−0.0446(0.0959) (0.4670) ¼ 13.56,

which is substantially higher and quite close to the market price of $13.50. If anything,
the option is now viewed as slightly underpriced in the market. Errors of this sort are
common in Black-Scholes-Merton computations.

Although manual calculations are sometimes necessary, we should ultimately calculate op-
tion prices using a computer to obtain a more accurate measure for the normal probability.
The accompanying Excel spreadsheet BSMbin8e.xls calculates the Black-Scholes-Merton
price, as well as the binomial price. Software Demonstration 5.1 illustrates how to use
BSMbin8e.xls to obtain the Black-Scholes-Merton price.

Characteristics of the Black-Scholes-Merton Formula
Interpretation of the Formula We see that the Black-Scholes-Merton formula has
two main terms on the right-hand side. These terms have their own interpretation. In
Chapter 4 we noted that pricing options is conducted as if investors were risk neutral. A
risk neutral investor prices an asset by finding its expected future value and discounting it
at the risk-free rate. For example, suppose you had the opportunity to participate in a coin
toss in which you would receive $10 if it lands on heads and $5 if it lands on tails. How
much would you pay for it? A risk neutral investor would pay 0.5($10) þ 0.5($5) ¼ $7.50.
Nearly all investors, however, are not risk neutral, but, rather, risk averse. They would
recognize that half of the time, they would lose $2.50; and half of the time, they would
make $2.50. A loss of $2.50 will hurt more than is offset by a profit of $2.50. Thus, a risk
averse investor would pay less than $7.50, say, $6.75. The difference of $0.75 is the risk
premium.

Risk averse investors determine the prices of the primary assets, stocks and bonds, in
the financial markets. They do not determine the prices of derivatives. Rather, the forces
of arbitrage determine the prices of derivatives. Given the price of the stock, the price of
an option on the stock is determined by combining the stock and option in a risk-free
portfolio. The option price is then obtained as a function of the stock price and other
variables. Consequently, we can price an option as if investors were risk neutral—that
is, by finding the expected future payoff of the option and discounting it at the risk-free
rate.

When we did this in the binomial model we needed the probabilities p, which was (1 þ
r � d)/(u � d), and 1 � p. These are called risk neutral probabilities. We saw that they
are not the actual probabilities of the up and down moves. They are what the probabilities
would be if investors actually were risk neutral. In the Black-Scholes-Merton model, the
probability of ending up in the money is N(d2).
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SOFTWARE DEMONSTRATION 5.1

Calculating the Black-Scholes-Merton Price with the

Excel Spreadsheet BSMbin8e.xls

The Excel spreadsheet BSMbin8e.xls is written in Excel

2002. It calculates both the binomial and Black-Scholes-

Merton option pricing models. The Black-Scholes-Merton

model provides European call and put prices, as well as

the delta, gamma, theta, vega, and rho, known as the

option “Greeks.”

This spreadsheet is a read-only spreadsheet, meaning

that it cannot be saved under the name BSMbin8e.xls,

which preserves the original file. You may, however, load

the spreadsheet without the read-only feature. To use the

spreadsheet, you will need Windows 95 or higher. The

spreadsheet BSMbin8e.xls is available as a download via

the product support Web site. To access it:

1. Go to http://www.cengage.com/finance/chance.

2. Click on Instructor Resources or Student Resources.

3. Click on the link BSMbin8e.xls.

4. Follow the instructions on the Web page to

download and install the spreadsheet.

Now let us calculate an option price. Assume that you

wish to find the Black-Scholes-Merton price of the option

illustrated in this chapter, the DCRB June 125 call. The

DCRB stock is at 125.94, the exercise price is 125, the

continuously compounded risk-free rate is 4.46%, the

standard deviation is 0.83, and the time to expiration is

0.0959, based on 35 days to expiration. There are no

dividends on the stock.

The Excel screen reproduced below contains a sec-

tion labeled Inputs: Each cell that will accept inputs has a

double-line border and the values are in blue. Output

cells have a single-line border. Enter the values in the ap-

propriate cells. For greater accuracy enter the time to ex-

piration as a formula: ¼ 35/365. Leave the dividend yield

and the discrete dividends blank or insert zeroes. For the

risk-free rate, select “continuous” from the pull-down

list. The risk-free rate can be entered with or without dec-

imals, that is, “0.0446” or “4.46”. Volatility and the divi-

dend yield can also be entered in this manner. The

spreadsheet automatically calculates the new values

any time an input is changed. Observe your answers in

the section labeled Black-Scholes-Merton Model.

The software provided with this book contains another

spreadsheet called BSMFunction8e.xls, which contains an

Excel function for calculating the Black-Scholes-Merton

price within a single cell. The instructions to that spread-

sheet show you how to drag and drop the function into

another spreadsheet where it will be available among

your other Excel mathematical functions.
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Thus, to price this option we first assume that investors are risk neutral.
Then we find the expected payoff and discount it at the risk-free rate. The ex-
pected payoff is the expected value of Max(0,ST � X) or, in other words, the
expected value of:

0 if ST � X

ST � X if ST > X.

To ignore the outcomes where ST � X, we must calculate the expected value of ST � X
given that ST is greater than X.

Let us multiply the first term on the right-hand side of the Black-Scholes-Merton for-
mula by ercT,

S0N(d1)e
rcT.

This entire expression is the expected value of the stock price at expiration, given that
the stock price exceeds the exercise price times the probability that the stock price ex-
ceeds the exercise price at expiration; however, N(d1) is not that probability. It is just a
component of the entire expression. After multiplying by the second term on the right-
hand side of the Black-Scholes-Merton formula,

�XN(d2),

is the expected value of the payment of the exercise price at expiration. Speci-
fically, N(d2) is the probability for risk neutral investors that X will be paid
at expiration. Thus, �XN(d2) is the expected payout of the exercise price at
expiration. Discounting these expressions at the continuously compounded
risk-free rate—that is, multiplying by e�rcT—gives

ðS0Nðd1ÞercT � XNðd2ÞÞe�rcT ¼ S0Nðd1Þ � Xe�rcTNðd2Þ,

which is the Black-Scholes-Merton formula.

Black-Scholes-Merton Formula and the Lower Bound of a European Call Recall
from Chapter 3 that we showed that the lower bound of a European call is

Maxð0,S0 � Xe�rcTÞ:

For the Black-Scholes-Merton model to conform to this bound, it must always be no lower
than this value. When S0 is very high, d1 and d2 approachþ1 which drives N(d1) and N(d2)
to 1.0. Then the Black-Scholes-Merton formula becomes S0 � Xe�rcT. When S0 is very low,
d1 and d2 approach �1, and N(d1) and N(d2) approach 0. Thus, the formula has a lower
bound of Max(0,S0 � Xe�rcT). The formula can never fall below this expression, because the
lowest it can get is zero. When S0 is very high, the formula is precisely the lower bound.

Next we shall examine the Black-Scholes-Merton formula when some of the variables
take on extreme values.

Black-Scholes-Merton Formula When T ¼ 0 It is important to remember that the
purpose of the Black-Scholes-Merton formula is to price an option prior to expiration.

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance.

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance.
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Yet, it would not be a correct formula if it did not price an option at its expiration as
well. We know that at expiration, a call option should be worth Max(0,ST � X). Would
the Black-Scholes-Merton formula give this value? Yes and no.

Let us move to expiration such that T ¼ 0 and the stock price is ST. First look at d1.
Notice that we are dividing by zero. Let us write the formula as follows:

d1 ¼ lnðST=XÞ
σ
ffiffiffi
T

p þ ðrc þ σ2=2ÞT
σ
ffiffiffi
T

p ¼ lnðST=XÞ
σ
ffiffiffi
T

p þ ðrc þ σ2=2Þ ffiffiffi
T

p

σ
:

When T goes to zero, the second term on the right-hand side disappears. What happens
to the first term? It would appear to be infinite, but is it 1 þ 1 or 2 � 1? That depends
on whether ST is greater than X. The natural log of a number greater than one is positive
and the natural log of a number that is positive but less than one is negative. (Try it on
your calculator.)

Thus, if ST > X,

ST/X > 1, ln(ST/X) > 0, and d1 approaches þ1.

If ST < X,

ST/X < 1, ln(ST/X) < 0, and d1 approaches �1.

If ST ¼ X,

ST/X ¼ 1, ln(ST/X) ¼ 0, and d1 approaches �1.

The third situation can be handled only by application of a special mathematical case
called L’Hôpital’s rule, but we shall take this result for granted. As it turns out, it will not
matter whether we let d1 approach þ1 or �1.

If d1 approaches þ1, then d2 also approaches þ1. If d1 approaches �1, then d2
also approaches �1. If d1 or d2 approaches þ1, then N(d1) or N(d2) approach 1.0. If
d1 or d2 approaches �1, then N(d1) and N(d2) approach zero. Thus, when T is zero,
the Black-Scholes-Merton formula behaves as follows:

If ST > X,

ST/X > 1, ln(ST/X) > 0, d1 approaches þ1, d2 approaches þ1,
N(d1) approaches 1.0, N(d2) approaches 1.0,
and since e�rc ð0Þ ¼ 1, the formula becomes ST � X.

If ST ≤ X,

ST/X > 1, ln(ST/X) ≤ 0, d1 approaches �1, d2 approaches �1,
N(d1) approaches 1.0, N(d2) approaches 0,
and the formula becomes 0 � 0 ¼ 0.

Thus the formula becomes Max(0,ST � X). Note, however, that if you program
the formula on a computer, it would blow up upon division by zero. It would have
to be coded to recognize the special case of T ¼ 0 so that the formula becomes
Max(0,ST � X).

142 Part I Options



Black-Scholes-Merton Formula When S0 ¼ 0 Now suppose that prior to expira-
tion, the stock price goes to zero. What has happened to the underlying stock? It must
be bankrupt with no chance of recovery, for if there were any chance of it recovering, a
nonzero price for the option would imply an arbitrage opportunity. In other words, if
there were any chance of the company recovering and the stock price were zero, every-
one would want the stock. Thus, the case of S0 ¼ 0 must be reserved for the special situ-
ation of a completely dead company. A call option on it must have a value of zero.

Looking again at the above formula for d1, we see that we must take the natural log of
0. There is no such number. We know, however, that when S0 < X the natural log of
S0/X is negative. As the stock is falling toward zero, the natural log of S0/X approaches
�1, and we can safely say that its limit is �1. Thus, we would have d1 and d2 ap-
proaching �1, meaning that N(d1) and N(d2) would approach 0. This would reduce the
Black-Scholes-Merton formula to zero.

As in the case for T ¼ 0 a computer program would require special coding to handle
this case or it would simply attempt to take ln(0/X), which is undefined, without recog-
nizing that we really want the limit of this value.

Black-Scholes-Merton Formula When � ¼ 0 In Chapter 3 (p. 70), we gave an ex-
ample of a case in which the volatility is zero. If the option is in-the-money, it would be
like a zero coupon bond. It would pay off a positive value and that value would not
change. If the option is at- or out-of-the-money, it would not pay off anything later for
certain and would have a value today of zero. Thus, when σ is zero, we need the formula
to reflect the payoff of a sure positive amount at expiration or zero, depending on
whether S0 is greater than, less than, or equal to zero.

Now let us write the formula for d1 as follows:

d1 ¼ lnðS0=XÞ
σ
ffiffiffi
T

p þ ðrc þ σ2=2ÞT
σ
ffiffiffi
T

p ¼
ln

S0
Xe�rcT

� �
σ
ffiffiffi
T

p þ ðσ2=2ÞT
σ
ffiffiffi
T

p ¼
ln

S0
Xe�rcT

� �
σ
ffiffiffi
T

p þ σ
ffiffiffi
T

p

2
:

Now, when we let σ go to zero, the second term goes to 0, but what happens to the first
term? It depends on whether S0 > Xe�rcT If that is true, then we are taking the log of a
number greater than 1.0, so the first term goes to þ1. If not, then we are taking the log
of a number greater than zero and less than one, and the log will be negative. Then the
term will go to �1.

Thus, if S0 > Xe�rcT,

d1 approaches þ1, N(d1) and N(d2) approach 1.0, and the call price be-
comes S0 � Xe�rcT. This means that at expiration the call holder will pay X,
which has a present value of Xe�rcT and will receive stock that is currently
worth S0 and will have that value for sure at expiration. Thus, the call is
now worth S0 � Xe�rcT.

If S0 ≤ Xe�rcT,

d1 approaches �1, N(d1) and N(d2) approach 0.0, and the call price becomes
zero.

Note that it is not exactly the condition of being in-the-money that determines the value
of the call when the volatility is zero. In other words, it is not that S0 > X but rather that
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S0 > Xe�rcT. Also, note again that special coding would be required to accommodate this
case in a computer program.

Black-Scholes-Merton Formula When X ¼ 0 We saw in Chapter 3 that when X¼ 0
a call is equivalent to the stock. So the Black-Scholes-Merton formula should approach S0
when that happens. It is easy to see that this will be the case. We would be taking ln(þ1),
which is þ1. Thus, d1 and d2 would approach þ1, and N(d1) and N(d2) would approach
1.0. Then, with X ¼ 0 the formula would become S0(1.0) � 0(1.0) ¼ S0. Again, special cod-
ing would be required in a computer program.

Black-Scholes-Merton Formula When rc ¼ 0 A zero risk-free rate is no special
case at all. It is not necessary to have a positive interest rate, and the Black-
Scholes-Merton formula does not reduce to any special value.

VARIABLES IN THE BLACK-SCHOLES-MERTON MODEL2

We have already learned that there are five variables that affect the option’s price: (1) the
stock price, (2) the exercise price, (3) the risk-free rate, (4) the time to expiration, and (5)
the volatility or standard deviation of the stock. With the Black-Scholes-Merton model,
we can see the effects of different values of these variables on the option price. The sen-
sitivities of some of the variables, in particular, are so important that they are quantified
and given Greek names. Accordingly, they are referred to as the Greeks.

Stock Price
A higher stock price should lead to a higher call price. Suppose that the stock price is
$130 instead of $125.94. This gives values of N(d1) and N(d2) of 0.6171 and 0.5162,
which gives a value of C of $15.96, which is higher than the previously obtained value,
$13.55.

The value of our DCRB call for a broad range of stock prices is illustrated in Figure 5.6.
Note that this graph is similar to Figure 3.5, where we showed what a European call price
curve should look like.

The relationship between the stock price and the call price is often
expressed as a single value, referred to as its delta. The delta is ob-
tained from the calculus procedure of differentiating the call price
with respect to the stock price. The mathematical details of the pro-
cedure are a bit technical but the result is quite simple:

Call Delta ¼ N(d1).

Since N(d1) is a probability, the delta must range from zero to one.
Because of the assumptions behind the calculus, the delta is the change in the call

price for a very small change in the stock price. Here our delta is 0.5692. This is some-
what loosely defined to mean that the option price moves 56.92 percent of the move in
the stock price. Technically this is correct only for a very small move in the stock price.
For example, we noted above that if the stock price were $130, a $4.06 move, the call
price would be $15.96, a move of $2.41, which is about 59 percent of the stock price

2All the calculations in this section were done using the spreadsheet BSMbin8e.xls. In addition, we start with a
base value of the DCRB June 125 call of the Black-Scholes price of 13.55.

The delta is approximately the change in
the option price for a small change in the
stock price. It is obtained as N(d1) from the
Black-Scholes-Merton model.
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move. Thus, while delta is a very important measure of the option’s sensitivity to the
stock price, it is precise only if the stock price makes a very small move.

Recall that the delta ranges from zero to one. When the stock price is high relative to
the exercise price, the delta is closer to one; when the stock price is low relative to the
exercise price, the delta is closer to zero. The relationship between the delta and the level
of the stock price for the DCRB June 125 call option is illustrated in Figure 5.7.

Figure 5.7 The Delta of a Call as a Function of the Stock Price DCRB June 125; S0 ¼ 125.94,
rc ¼ 0.0446, σ ¼ 0.83
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Figure 5.6 The Call Price as a Function of the Stock Price DCRB June 125; rc ¼ 0. 0446,
T ¼ 0.0959, σ ¼ 0.83

Stock Price

C
al

l P
ri

ce

60

8575 95 105 115 125 135 145 155 165 175

50

40

30

20

10

0

Chapter 5 Option Pricing Models 145



The delta also changes as the option evolves through its life. In otherwords, even if the stock
price did not change, the delta would change. As the life of the option decreases, for in-
the-moneycall options thedeltamoves towardone; forout-of-the-moneycall options, thedelta
moves toward zero. This relationship appears in Figure 5.8, which illustrates how the deltas of
twoDCRB calls change as the option gets closer to its expiration, assuming that the stock price
doesnot change.Welookat the June120,which iswell in-the-money, andtheJune130,which is
well out-of-the-money.Notice how the deltas of these options change slowly until the lastweek
of the options’ lives, but then converge quickly toward 1.0 and 0.0.

Recall from our discussion of the binomial model how we bought h shares of stock and
sold one call. As long as we adjusted the number of options per share according to the for-
mula for h, we maintained a risk-free hedge. In the Black-Scholes-Merton world, this is
called a delta hedge and must be done continuously. A delta-hedged position is said to be
delta neutral. For example, the stock price is $125.94. Recall that the delta is 0.5692 so we
construct a delta hedge by buying 569 shares and selling 1,000 calls. If the stock price falls by
a small amount, say $0.01, we shall lose $0.01(569) ¼ $5.69 on the stock. However, the op-
tion price will fall by approximately $0.01(0.569) or $0.00569. Since we have 1,000 calls, the
options collectively will fall by $0.00569(1,000) ¼ $5.69. Since we are short the options, we
gain $5.69, which offsets the loss on the stock. A similar result is obtained if the price goes
up. Once the price changes or time elapses, however, which it does continuously, the delta
changes, a new hedge ratio must be constructed, and shares or options must be purchased
or sold. If this is done properly, then a risk-free return is earned, provided the call was cor-
rectly priced at the start. Of course, in practice it is impossible to do a perfect delta hedge

because one cannot trade continuously. We shall see this more explic-
itly later.

An additional risk in delta hedging is that the stock price will not
change by a very small amount. For example, suppose the stock went
up to $130 and the call went to $15.96, as in our example. Then our

Figure 5.8 The Delta of a Call as a Function of the Time in Days to Expiration DCRB June 125;
S0 ¼ 125.94, rc ¼ 0.0446, σ ¼ 0.83
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model.

146 Part I Options



569 shares of stock would have gained $4.06 (569) ¼ $2,310. Our 1,000 calls would have
gone up by ($15.96 � $13.55)(1,000) ¼ $2,410. Since we are short the calls, the overall
position would have suffered a loss.

This type of risk is captured by the option’s gamma. The gamma is the change in the
delta for a very small change in the stock price. The formula for gamma is

Call Gamma ¼ e−d
2
1=2

S0σ
ffiffiffiffiffiffiffiffi
2πT

p :

In our example with the stock at 125.94, the gamma is calculated as e�ð0:1742Þ2=2=
ð125:94Þð0:83Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð3:14159Þð0:0959Þp ¼ 0:0123: This suggests that if the stock increased
to $130, the delta would go from 0.569 to 0.569 þ (130 � 125.94)(0.0123) ¼ 0.6189. The
actual delta if the stock goes to $130 is 0.6171. Of course, the gamma provides only an esti-
mate of the change in the delta, but in this case the estimate is fairly accurate.

The larger the gamma is, the more sensitive the delta is to a stock price change and
the harder it is to maintain a delta neutral position. The gamma is always positive and is
largest when the stock price is near the exercise price. When the stock price is high or
low relative to the exercise price, the gamma is near zero, as shown in Figure 5.9. The
gamma changes as the option approaches expiration. If the option is approximately at-
the-money, like our DCRB June 125 call, the uncertainty of whether it will finish in- or
out-of-the-money, causes the gamma to increase dramatically as expiration approaches,
as seen in Figure 5.10.

Remember that the gamma represents the uncertainty of the delta. A large gamma
makes it harder to delta hedge, because the delta is changing more rapidly and is more
sensitive to large stock price movements. In a later section of this chapter, we illustrate
more explicitly the nature and solution of this problem.

Figure 5.9 The Gamma of a Call Price as a Function of the Stock Price DCRB June 125; rc ¼ 0.0446,
T ¼ 0.0959, σ ¼ 0.83
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Exercise Price
Now let us change the exercise price to $130, which should decrease the call’s value. Spe-
cifically, let us examine the June 130 call. We retain all of the other original values, in-
cluding the stock price of $125.94. The values of d1 and d2 are 0.0217 and −0.2353. The
normal probabilities are 0.5087 and 0.4070, and the resulting call price is $11.38, which
is less than the original $13.55.

The change in the call price for a very small change in the exercise price is negative
and is given by the formula �e�rcTNðd2Þ. The exercise price of a given option does not
change, however, so this concept is meaningful only in considering how much more or
less a call with a different exercise price would be worth.3 In that case, the difference in
the exercise price would probably be too large to apply the formula above, which, as
noted, holds only when X changes by a very small amount.

Risk-Free Rate
Chapter 3 showed how to identify the risk-free rate for the purpose of examining an
option’s boundary conditions. Within the Black-Scholes-Merton framework, the risk-
free rate must be expressed as a continuously compounded rate.

Earlier in the chapter, we distinguished the simple or discrete return on a stock from
the continuously compounded or log return on a stock. A similar distinction exists for
interest rates. A simple or discrete risk-free rate assumes only annual compounding. A
continuously compounded rate assumes that interest compounds continuously. A simple
rate can be converted to a continuously compounded rate by taking the natural loga-
rithm of 1 plus the simple rate. For example, if the simple rate is 6 percent, $100 invested
at 6 percent for one year becomes $106. The equivalent continuously compounded rate is

Figure 5.10 The Gamma of a Call Price as a Function of the Time in Days to Expiration DCRB
June 125; S0 ¼ 125.94, rc ¼ 0.0446, σ ¼ 0.83
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3It is possible to create an option in which the exercise price changes randomly, but we shall not cover this at
this level.
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ln(1.06) ¼ 0.0583. Thus, $100 invested at 5.83 percent compounded continuously grows
to $106 in one year. The continuously compounded rate is always less than the simple
rate. To convert a continuously compounded rate to a simple rate, use the exponential
function, the inverse of the logarithmic function, that is, e0.0583 � 1 ¼ 0.06.

In our previous problem, the risk-free rate was 4.46 percent. We obtained this as
ln(1.0456), where 0.0456 was the simple rate that we obtained in Chapter 3. The Black-
Scholes-Merton formula requires the use of the continuously compounded rate so we
specify the rate as rc where it appears in two places in the formula. Note that in the
equation for C, we compute Xe�rcT which is the present value of the exercise price
when the interest rate is continuously compounded. The same value would have been
obtained had we used X(1 þ r)−T, where r is the discrete rate.

The value of our DCRB call for a range of continuously compounded risk-free rates
is illustrated in Figure 5.11. The call price is nearly linear in the risk-free rate and does
not change much over a very broad range of risk-free rates. For example, at a risk-free
rate of 4.46 percent, we obtained a call price of $13.55. If we raised the risk-free rate to
12 percent, a rather large change, the call price would increase to only $13.98. The sen-
sitivity of the call price to the risk-free rate is called its rho and is given by the formula,

Call Rho ¼ TXe�rcTNðd2Þ:

In our original problem, with the risk-free rate of 4.46 percent, the
rho would be (0.0959)125e−0.0446(0.0959)(0.4670) ¼ 5.57. If we let the
risk-free rate go from 0.0446 to 0.12, the rho would predict a change
in the call price of (0.12 � 0.0446)(5.57) ¼ 0.42. The actual change
was $13.98 � $13.55 ¼ $0.43. The nearly linear relationship between
the option price and the risk-free rate makes the rho a fairly accurate
measure of the option’s sensitivity to interest rate changes.

Figure 5.11 The Call Price as a Function of the Risk-Free Rate DCRB June 125; S0 ¼ 125.94,
T ¼ 0.0959, σ ¼ 0.83
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a change in the risk-free rate. It can be
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One should keep in mind, however, that the Black-Scholes-Merton model assumes
that interest rates do not change during the life of the option. More sophisticated models
are required to accurately capture the effects of changing interest rates.

The rho also changes with the level of the stock price, being higher the higher the
stock price, as seen in Figure 5.12.

Volatility or Standard Deviation
As covered in Chapter 3, the volatility or standard deviation is a critical variable in valu-
ing options. In the Black-Scholes-Merton model, the volatility is the standard deviation
of the continuously compounded return on the stock. Because the volatility is the only
unobservable variable, we devote an entire section later in the chapter to estimating its
value.

Figure 5.13 shows the option price for a range of volatilities. Because in-, at-, and out-
of-the-money calls behave somewhat differently with respect to volatility, we show the
graph for options with exercise prices of 120, 125, and 130. Recall that our 125 call had
a price of $13.55 when its volatility was 0.83. If we raise that volatility to 0.90, the call
price is about $14.62. If we lower it to 0.75, the call price is about $12.33. These are fairly
large changes in the call price over a fairly small range of volatilities.

The sensitivity of the call price to a very small change in volatility is called its vega
and is given as4

Call Vega ¼ e
ffiffiffi
T

p
e−d

2
1=2ffiffiffiffiffi

2π
p :

Figure 5.12 The Rho of a Call as a Function of the Stock Price DCRB June 125; rc ¼ 0.0446,
T ¼ 0.0959, σ ¼ 0.83
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4Though vega is typically included as one of the option Greeks, the word vega, unlike delta, gamma, theta, and
rho, is not actually Greek. Evidently someone simply named the effect vega, associating the “v” with the “v” in
volatility. In order to make this effect truly a Greek word, it has also been called kappa and lambda.
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In our original problem the vega is 125:94
ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959

p
e�ð0:1743Þ2=2=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð3:14159Þp ¼ 15:32. This suggests that if volatility changes by a
very small amount, say, 0.01, the call price would change by
15.32(0.01) ¼ 0.15. The actual call price change if volatility went to
0.84, an increase of 0.01, would be 0.16. If the volatility increased
0.12 to 0.95, the vega predicts that the call price would increase by

15.32(0.12) ¼ 1.84, when the actual call price would go to $15.39, an increase of $15.39 �
$13.55 ¼ $1.84. This accuracy is due to the fact that, as Figure 5.13 illustrates, the vola-
tility and the option price are nearly linear if the option is nearly at-the-money. This
result will be useful in a later section. As Figure 5.13 shows, however, if the option is not
at-the-money, the relationship is not quite linear and the vega will not capture all of the
risk of a changing volatility.

Figure 5.14 illustrates how the vega changes with the level of the stock price for our
DCRB June 125 call. Notice that when the stock price is near the exercise price, the vega

is largest, meaning that the option price is more sensitive to changes in the
volatility. When the stock price is large or small relative to the exercise price,
the vega is smallest, and the option price is less sensitive to changes in the
volatility.

Regardless of the option’s “moneyness” and whether the volatility change is large
or small, the option is still quite sensitive to changes in the volatility. The Black-
Scholes-Merton model does not actually permit the volatility to change while the option
is alive. There are more complex models that account for this phenomenon. Nonetheless,
the concept of changing volatility is still considered by option traders who use the Black-
Scholes-Merton model. This vega risk can be hedged by using an offsetting position in
another instrument, such as another call, based on its vega risk.

Time to Expiration
The relationship between the option price and the time to expiration is illustrated in
Figure 5.15. The graph should be viewed from right to left. The decrease in the value of

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance.

Figure 5.13 The Call Price as a Function of the Volatility DCRB June 125; S0 ¼ 125.94,
rc ¼ 0.0446, T ¼ 0.0959
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the call as time elapses is the time value decay, as we discussed in Chapter 3. The rate of
time value decay is measured by the option’s theta, which is given as

Call Theta ¼ � S0σe−d
2
1=2

2
ffiffiffiffiffiffiffiffi
2πT

p � rcXe
−rcTNðd2Þ:

For the June 125, d1 is 0.1743, N(d2) is 0.4670, and theta is �125:94ð0:83Þ
e−ð0:1743Þ

2=2=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ð3:1459Þð0:0959Þp � ð0:0446Þ125e−0:0446ð0:0959Þð0:4670Þ ¼�68:91: Thus,

in one week the time to expiration goes from 0.0959 to 28/365 =

0.0767, and the option price would be predicted to change by (0.0959�
0.0767)(�68.91) = �$1.32. The actual price changes to $12.16, so the
change is $12.16� $13.55=�$1.39. Of course, the theta is most accu-
rate only for a very small change in time, but the predicted price change
is still very close to the actual price change. Since time itself is not a

source of risk, however, it makes no sense to worry about it, but, of course, that does not
mean that we do not need to know the rate of time value decay.

Figure 5.16 shows that the theta is a u-shaped function of the stock price, being di-
rectly related for out-of-the-money calls and inversely related for in-the-money calls. The
rate of time value decay is greatest for at-the-money calls.

BLACK-SCHOLES-MERTON MODEL WHEN
THE STOCK PAYS DIVIDENDS
The Black-Scholes-Merton model in the form we have seen so far applies to stocks that
do not pay dividends, such as DCRB. As we saw in Chapter 3, dividends reduce the call
option’s price and may induce early exercise if the options are American. Incorporating

Figure 5.14 The Vega of a Call as a Function of the Stock Price DCRB June 125; rc ¼ 0.0446,
T ¼ 0.0959, σ ¼ 0.83
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Figure 5.15 The Call Price as a Function of the Time in Days to Expiration DCRB June 125;
S0 ¼ 125.94, rc ¼ 0.0446, T ¼ 0.0959, σ ¼ 0.83
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Figure 5.16 The Theta of a Call as a Function of the Stock Price DCRB June 125; rc ¼
0.0446, T ¼ 0.0959, σ ¼ 0.83
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dividends into the Black-Scholes-Merton model for European options is not difficult.
There are several suggested approaches, none of which has proven superior to the others.
We shall discuss two here.

Known Discrete Dividends
Suppose that a stock pays a dividend of Dt at some time during the option’s life. This divi-
dend is payable after a time period t, which is defined by the ex-dividend date. The dividend
is assumed to be known with certainty. If we make a small adjustment to the stock price, the
Black-Scholes-Merton model will remain applicable to the pricing of this option.

The adjustment is one we have done several times before. We sub-
tract the present value of the dividend from the stock price and use
the adjusted stock price in the formula. Let the stock price in the
Black-Scholes-Merton formula be S 0

0 defined as S 0
0 ¼ S0 � Dte�rct. If

there were other dividends during the life of the option, their present
values would be subtracted as well.

As noted earlier, the DCRB stock does not pay a dividend. For
illustrative purposes, however, we will now assume that it pays a $2 dividend and has an
ex-dividend date of June 4, 21 days later. All other variables are the same. The procedure
for calculating the Black-Scholes-Merton price is laid out in Table 5.3. Note that now the
call price is lower as we would expect.

The Excel spreadsheet BSMbin8e.xls, illustrated in Software Demonstration 5.1, per-
mits you to enter up to 50 known discrete dividends. You simply enter the dividend
amount and the time in years to the ex-dividend date. Be sure that you do not enter a
yield or the software will ignore the discrete dividends and use the yield. For the DCRB
June 125 call with a $2 dividend, the spreadsheet gives the more accurate answer of
N(d1) ¼ 0.5447, N(d2) ¼ 0.4424, and C ¼ $12.44.

TABLE 5.3 CALCULATING THE BLACK-SCHOLES-MERTON PRICE

WHEN THERE ARE KNOWN DISCRETE DIVIDENDS

S0 ¼ 125.94 X ¼ 125 rc ¼ 0.0446 σ ¼ 0.83 T ¼ 0.0959

One dividend of 2, ex-dividend in 21 days (May 14 to June 4)

1. Determine the amounts of the dividend(s)
Dt ¼ $2.

2. Determine the time(s) to the ex-dividend date(s)
21 days, so t ¼ 21/365 ¼ 0.0575.

3. Subtract the present value of the dividend(s) from the stock price to obtain S 0
0

$125.94 − 2e–0.0446(0.0575) ¼ $123.9451.
4. Compute d1, using S 0

0 in place S0

d1 ¼ ln ð123:9451=125Þ þ ð0:0446þ ð0:83Þ2=2Þ 0:0959
0:83

ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959

p ¼ 0:1122:

5. Compute d2
d2 ¼ 0:1122� 0:83

ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959

p ¼ �0:1449:

6. Look up N(d1)
N(0.11) ¼ 0.5438.

7. Look up N(d2)
N(–0.14) ¼ 1 − N(0.14) ¼ 1 − 0.5557 ¼ 0.4443.

8. Plug into formula for C, using S 0
0 in place of S0

C ¼ 123.9451(0.5438) − 125e–0.0446(0.0959)(0.4443) ¼ 12.10.

The Black-Scholes-Merton model can price
European options on stocks with known
discrete dividends by subtracting the pres-
ent value of the dividends from the stock
price.
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Known Continuous Dividend Yield
Another approach to the problem of adjusting the Black-Scholes-Merton formula for
dividends on the stock is to assume the dividend is paid continuously at a known yield.
This method assumes the dividend accrues continuously, which means that a dividend is
constantly being paid. We express the annual rate as a percentage, δc. For example, let
the DCRB stock have an annual continuously compounded dividend yield of δc ¼ 0.04.
Given the current stock price of $125.94, the annual dividend is $125.94(0.04) ¼ $5.04.
This dividend is not paid in four quarterly installments of $1.26 each; rather, it accrues
continuously in very small increments that are reinvested and accumulate over the year
to $5.04.5 Because the stock price fluctuates throughout the year, the actual dividend
can change but the yield will remain constant. Thus, this model does not require the
assumption that the dividend is known or is constant; it requires only that the dividend
being paid at that instant be a constant percentage of the stock price.

The adjustment procedure requires substituting the value S 0
0 for S0 in the Black-

Scholes-Merton model, where S 0
0 ¼ S0e�δcT. The expression S0ð1� e�δcTÞ is the present

value of the dividends. Subtracting this from S0 gives S
0
0, as given above. The adjustment

removes the present value of the dividends during the option’s life from the stock price.
Table 5.4 illustrates the computation of the option price. Again we see that the effect of
dividends is to lower the option’s price under what it would be if there were no dividends.
There is, of course, no assurance that the discrete and continuous dividend adjustments
will give equivalent option prices. Because the DCRB stock does not pay dividends, the

dividend amount and the yield are merely assumptions made for illus-
tration purposes and are not intended to be equivalent.

The assumption of a continuous dividend is unrealistic for most
options on stocks; however, the convenience of using a single yield
figure in lieu of obtaining the precise dividends could justify its use

TABLE 5.4 CALCULATING THE BLACK-SCHOLES-MERTON

PRICE WHEN THERE ARE CONTINUOUS DIVIDENDS

S0 ¼ $125.94 X ¼ 125 rc ¼ 0.0446 σ ¼ 0.83 T ¼ 0.0959 δc ¼ 0.04

1. Compute the stock price minus the present value of the dividends as S 0
0 ¼ S0e�δcT

$125.94e–0.04(0.0959) ¼ $125.4578.
2. Compute d1, using S 0

0 in place of S0

d1 ¼ lnð125:4578=125Þ þ ð0:0446þ ð0:83Þ2=2Þ 0:0959
0:83

ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959

p ¼ 0:1594:

3. Compute d2

d2 ¼ 0:1594� 0:83
ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959

p ¼ �0:0976:

4. Look up N(d1)

N(0.16) ¼ 0.5636.

5. Look up N(d2)

N(�0.10) ¼ 1 − N(0.10) ¼ 1 − 0.5398 ¼ 0.4602.

6. Plug into formula for C, using S 0
0 in place of S0

C ¼ 125.4578(0.5636) − 125e–0.0446(0.0959)(0.4602) ¼ 13.43.

5The quarterly dividend of $1.26 and annual dividend of $5.04 are approximations and are not precisely equiv-
alent to the continuously compounded yield of 4 percent, due to differences in assumptions about the times
and reinvestment of the dividends.

The Black-Scholes-Merton model can price
European options on stocks that pay divi-
dends at a known continuous rate by dis-
counting the stock price by that rate.
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for many purposes. For options on stocks, however, only a few dividends are paid over
the life of most options; thus the discrete dividend adjustment is not especially difficult.
For index options, however, the use of a yield may be preferable. The dividends on the
component stocks in the index would be paid more or less continuously, and thus it
would be difficult to obtain an accurate day-by-day figure for the dividends.6

In Chapters 3 and 4, we observed that the case of a stock with a dividend is similar to
a currency that pays interest. Consequently, option pricing models that incorporate divi-
dends on the underlying stock can be easily adapted to price options on currencies. Un-
der the assumption that the currency pays interest at the continuously compounded rate
of ρc, the Black-Scholes-Merton model with continuous dividends can be used with ρc in
place of δc. This model is sometimes referred to as the Garman-Kohlhagen model,
named after the two people who first recognized that the Black-Scholes-Merton model
could be adapted to currency options. An end-of-chapter problem will give you an op-
portunity to apply this result.

The Excel spreadsheet BSMbin8e.xls, illustrated in Software Demonstration 5.1, per-
mits you to enter a continuous dividend yield or foreign interest rate when calculating
an option price. Here the DCRB June 125 call with a dividend yield of 4 percent has a
price of $13.28.

BLACK-SCHOLES-MERTON MODEL AND SOME
INSIGHTS INTO AMERICAN CALL OPTIONS
None of the adjustments here make the Black-Scholes-Merton model capable of pricing
American options. Now having seen the Black-Scholes-Merton model, however, we can
use it to gain a greater understanding of why call options might be exercised early.

Consider our DCRB options. Let us take an option that is well in-the-money, the June
120. Using the Black-Scholes-Merton model and the spreadsheet BSMbin8e.xls, we
would find this option to be worth $16.03. Let us change things around a little. Suppose
that the stock is going to go ex-dividend in another instant. How large of a dividend
would it take to justify exercising it before it goes ex-dividend? Let us assume that this
is the last dividend that the stock will pay during the option’s life, so after the stock has
gone ex-dividend, we can safely use the Black-Scholes-Merton model to price the option.

In Table 5.5 we try dividend levels of $5−$25 in $5 increments. When the stock goes
ex-dividend, it will fall by the amount of the dividend, and we then can recompute the
option value using the Black-Scholes-Merton model, remembering that once the stock
goes ex-dividend, the Black-Scholes-Merton model will correctly price the call because
there are no more dividends during the option’s remaining life. The value obtained if
you exercise the option just before the stock goes ex-dividend is always the intrinsic
value, here $5.94. The stock will then go ex-dividend and fall by the amount of the divi-
dend. The third column shows the ex-dividend price of the call. You would exercise the
option if the intrinsic value exceeds the ex-dividend option value. Here it would take a
dividend of between $20 and $25 to justify early exercise. This would be an exceptionally
large dividend, almost 20 percent of the stock price. Thus, if the DCRB option were
American, it is unlikely that it would be exercised. A primary reason for this is that
DCRB’s volatility is so high that option holders would be throwing away a great deal of
time value by exercising early.

6Dividends and ex-dividend dates are available from several data services for a fee, see for example, http://
www.Ex-dividend.com.

156 Part I Options

http://www.Ex-dividend.com
http://www.Ex-dividend.com


Note that we never calculated the value of the option at any time before it went ex-
dividend. This would require an American option pricing model. At that instant before
the stock goes ex-dividend, if the dividend is not large enough to justify early exercise, the
American call price would sell for the European call price. If the dividend is large enough to
justify early exercise, the American call price would be $5.94, the intrinsic value. Well
before the ex-dividend instant, however, it is much more difficult to price the option
because the stock price at the ex-dividend instant is unknown. Thus, we would require an
American option pricing model. In addition, if there were more than one dividend, we
would need an American option pricing model to account for the remaining dividends.
American option pricing models are generally beyond the scope of this book. Recall,
however, that we covered the binomial model and demonstrated how it can be used to price
American options. This is the preferred method used by professional option traders. As
covered in Chapter 4, your Excel spreadsheet BSMbin8e.xls will calculate American call
prices using the binomial model.

Estimating the Volatility
Obtaining a reliable estimate of the volatility or standard deviation is difficult. Moreover,
the Black-Scholes-Merton model and option prices in general are extremely sensitive to
that estimate. There are two approaches to estimating the volatility: the historical volatil-
ity and the implied volatility.

Historical Volatility
The historical volatility estimate is based on the assumption that the volatility that pre-
vailed over the recent past will continue to hold in the future. First, we take a sample of
returns on the stock over a recent period. We convert these returns to continuously com-
pounded returns. Then we compute the standard deviation of the continuously com-
pounded returns.

The returns can be daily, weekly, monthly, or any desired time interval. If we use daily
returns, the result will be a daily standard deviation. To obtain the annualized standard devi-
ation the model requires, we must multiply either the variance by the number of trading days
in a year, which is about

ffiffiffiffiffiffiffi
250

p
, or the standard deviation by

ffiffiffiffiffiffiffi
250

p
. If we use monthly returns,

the result will be a monthly variance (or standard deviation) and must be multiplied by
either 12 (or

ffiffiffiffiffi
12

p
) to obtain an annualized figure.

There is no minimum number of observations; a sample size of about 60 will be ade-
quate in most cases. The trade-off in selecting a sample size is that the more observations

TABLE 5.5 THE EARLY EXERCISE DECISION

S0 ¼ 125.94 X ¼ 120 rc ¼ 0.0446 σ ¼ 0.83 T ¼ 0.0959

Dividend Value if Exercised1 Value When Stock Goes Ex-Dividend2 Exercise?

0 5.94 16.03 No

5 5.94 13.03 No

10 5.94 10.35 No

15 5.94 7.99 No

20 5.94 5.98 No

25 5.94 4.32 Yes

1The intrinsic value before the stock goes ex-dividend.
2Computed using the Black-Scholes-Merton model, with an ex-dividend stock price of $125.94 −
dividend.
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one uses, the further back in time one must go. The further back one goes, the more
likely the volatility will change. In the example used here, we do not use many historical
observations, but this is primarily to keep the computations brief.

Assume we have a series of J continuously compounded returns,
where each return is identified as rct which equals ln(1 þ rt) and t
goes from 1 to J. First, we calculate the mean return as

r�c ¼
XJ
t¼1

rct=J:

Then the variance is

σ2 ¼
∑
J

t¼1
ðrct�r�cÞ2

J� 1
¼

∑
J

t¼1
ðrct Þ2 �

�
∑
J

t¼1
rct

�2
=J

J� 1
:

Note that we divide the sum of the squared deviations around the mean by J � 1.
This is the appropriate divisor if the observations are a sample taken from a larger pop-
ulation. This adjustment is necessary for the estimate of the sample variance to be an
unbiased estimate of the population variance.

Table 5.6 illustrates this procedure for the DCRB stock using daily closing prices. The
simple return, rt, is computed and converted to a continuously compounded return, rct .
Then the mean and variance of the series of continuously compounded returns are cal-
culated. The variance is then converted to the standard deviation by taking the square
root. The resulting figure is a daily volatility, so it must be multiplied by the square
root of 250 to be converted to an annualized volatility, which is 0.8878.

The accompanying Excel spreadsheet Hisv8e.xls calculates the historical volatility.
Software Demonstration 5.2 illustrates how to use Hisv8e.xls.

TABLE 5.6 ESTIMATING THE HISTORICAL VOLATILITY OF DCRB

Date Price rt rct ðrct � rct Þ2

February 17 80.19 — — —

February 18 86.50 0.0787 0.0757 0.004650

February 19 88.00 0.0173 0.0172 0.000093

February 22 87.56 –0.0050 –0.0050 0.000158

February 23 87.19 –0.0042 –0.0042 0.000139

February 24 88.94 0.0201 0.0199 0.000152

February 25 89.56 0.0070 0.0069 0.000000

February 26 86.69 –0.0320 –0.0326 0.001610

March 1 87.06 0.0043 0.0043 0.000011

March 2 86.25 –0.0093 –0.0093 0.000286

March 3 86.94 0.0080 0.0080 0.000000

March 4 90.88 0.0453 0.0443 0.001352

March 5 90.13 –0.0083 –0.0083 0.000251

March 8 92.81 0.0297 0.0293 0.000473

March 9 95.81 0.0323 0.0318 0.000588

(continued)

The historical volatility is estimated from a
sample of recent continuously compounded
returns on the stock.
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Date
Price rt rct ðrct � rct Þ2

March 10 96.13 0.0033 0.0033 0.000018

March 11 102.00 0.0611 0.0593 0.002674

March 12 104.94 0.0288 0.0284 0.000435

March 15 109.06 0.0393 0.0385 0.000958

March 16 116.13 0.0648 0.0628 0.003053

March 17 119.25 0.0269 0.0265 0.000359

March 18 130.00 0.0901 0.0863 0.006202

March 19 121.00 –0.0692 –0.0717 0.006289

March 22 117.13 –0.0320 –0.0325 0.001605

March 23 126.50 0.0800 0.0770 0.004816

March 24 125.69 –0.0064 –0.0064 0.000195

March 25 132.38 0.0532 0.0519 0.001963

March 26 144.50 0.0916 0.0876 0.006407

March 29 147.00 0.0173 0.0172 0.000092

March 30 150.00 0.0204 0.0202 0.000160

March 31 166.94 0.1129 0.1070 0.009889

April 1 167.50 0.0034 0.0033 0.000018

April 5 158.00 –0.0567 –0.0584 0.004349

April 6 160.50 0.0158 0.0157 0.000066

April 7 159.94 –0.0035 –0.0035 0.000122

April 8 157.88 –0.0129 –0.0130 0.000421

April 9 159.31 0.0091 0.0090 0.000002

April 12 150.88 –0.0529 –0.0544 0.003835

April 13 143.88 –0.0464 –0.0475 0.003032

April 14 139.75 –0.0287 –0.0291 0.001346

April 15 115.88 –0.1708 –0.1873 0.037970

April 16 128.69 0.1105 0.1049 0.009466

April 19 142.75 0.1093 0.1037 0.009241

April 20 148.69 0.0416 0.0408 0.001103

April 21 147.00 –0.0114 –0.0114 0.000361

April 22 162.00 0.1020 0.0972 0.008029

April 23 153.00 –0.0556 –0.0572 0.004188

April 26 143.00 –0.0654 –0.0676 0.005648

April 27 141.38 –0.0113 –0.0114 0.000359

April 28 142.75 0.0097 0.0096 0.000004

April 29 133.13 –0.0674 –0.0698 0.005979

April 30 127.13 –0.0451 –0.0461 0.002881

May 3 129.75 0.0206 0.0204 0.000165

May 4 119.75 –0.0771 –0.0802 0.007702

May 5 118.19 –0.0130 –0.0131 0.000427

May 6 128.31 0.0856 0.0822 0.005565

May 7 141.44 0.1023 0.0974 0.008076

May 10 138.44 –0.0212 –0.0214 0.000841

May 11 132.63 –0.0420 –0.0429 0.002543

May 12 125.25 –0.0556 –0.0573 0.004200

Totals 0.4459 0.182817

rc ¼ 0:4459
59 ¼ 0:0076 σ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:182817

58

q
¼ 0:056143 Annualized σ ¼ 0:056143

ffiffiffiffiffiffiffi
250

p ¼ 0:8877

TABLE 5.6 (CONTINUED)

Date Price rt rct
ðrct � rct Þ2
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Implied Volatility
The second approach to estimating the volatility is called the implied
volatility, which we shall denote as ^σ This procedure assumes that
the option’s market price reflects the stock’s current volatility. The
Black-Scholes-Merton or any other acceptable option pricing model
is used to infer a standard deviation. The implied volatility is the
standard deviation that makes the Black-Scholes-Merton price equal

the option’s current market price.
The implied volatility approach would be simple if the Black-Scholes-Merton equation

could be rearranged to solve for the standard deviation. Since that cannot be done, we
obtain the solution by plugging in values of σ until we find the one that makes
the Black-Scholes-Merton price equal the market price. The procedure is illustrated in
Figure 5.17. Because it requires a trial-and-error search, it can be quite laborious, and it
is helpful to use a computer to do the calculations.7

Let us estimate the implied volatility for the DCRB June 125 call. The input values are
S0 ¼ 125.94, X ¼ 125, rc ¼ 0.0446, and T ¼ 0.0959. The market price of the call is
$13.50. We need to find the value of σ that will make the Black-Scholes-Merton value
come to $13.50. We must also be prepared to specify a certain degree of precision in
our answer; that is, how close should the model price come to the market price or how

SOFTWARE DEMONSTRATION 5.2

Calculating the Historical Volatility with the Excel

Spreadsheet Hisv8e.xls

The Excel spreadsheet Hisv8e.xls is written in Excel 2002.

It calculates the historical volatility (standard deviation)

for a sample of stock prices.

This spreadsheet is a read-only spreadsheet, meaning

that it cannot be saved under the name Hisv8e.xls, which

preserves the original file. You may, however, load the

spreadsheet without the read-only feature. To use the

spreadsheet, you will need Windows 95 or higher. The

spreadsheet Hisv8e.xls is available as a download via

the product support Web site. To access it:

1. Go to http://www.cengage.com/finance/chance.

2. Click on Instructor Resources or Student Resources.

3. Click on the link Hisv8e.xls.

4. Follow the instructions on the Web page to download

and install the spreadsheet.

Now let us assume that you wish to calculate a histor-

ical volatility. In the accompanying example, already en-

tered into the cells is a set of twenty-six weekly prices for

DCRB stock. Each cell that will accept input has a double-

line border and the values are in blue. Output cells have

a single-line border. In the section labeled Inputs:, you

should choose the data frequency. Directly below is a

set of cells containing your data observations. Enter the

prices in the column labeled “Asset Price.”

To obtain the results, hit the F9 (manual recalculation)

key. The output is shown in a section labeled Results:.

The output consists of the variance, standard deviation,

and the mean return. The column labeled “Periodic” pro-

vides the results in terms of the data frequency you

chose. The column labeled “Annualized” provides the

figures annualized by multiplying by the appropriate fac-

tor. The variance and mean are annualized by multiply-

ing by 250 (the approximate number of trading days in

a year), 52, 12, or 1, depending on your data frequency.

The annualized standard deviation is then the square

root of the annualized variance, which is equivalent to

multiplying the periodic standard deviation by the

square root of 250, 52, 12, or 1.

In this example, there are 26 prices, which leads to

25 returns. Obviously, you may wish to use this spread-

sheet for a different number of prices. The spreadsheet

is set as a read-only file, so you will need to save it un-

der another name and then make sure that the new file

The implied volatility is obtained by finding
the standard deviation that when used in
the Black-Scholes-Merton model makes the
model price equal the market price of the
option.

7A shortcut method is presented in Appendix 5, which also describes a spreadsheet included with this book to
compute the implied volatility.
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many decimal places to the right of zero do we require in our implied volatility? For
illustrative purposes, we shall use two decimal places in the implied volatility and stop
the trial-and-error process when we determine that the true implied volatility is within
0.01 of our answer.

Deriving the implied volatility will involve repetitive Black-Scholes-Merton calcula-
tions, so we will use the Excel spreadsheet BSMbin8e.xls. Open the file BSMbin8e.xls
and insert the appropriate values for the asset (stock) price, exercise price, risk-free
rate, and time to expiration. Let us start with a σ of 0.5. We see that the Black-
Scholes-Merton call price is $8.48. Obviously this is too low, so let us try a σ of 0.6. The
Black-Scholes-Merton call price is then $10.02, which is still too low. At a σ of 0.7, we
get $11.56; a σ of 0.8 gives $13.09; a σ of 0.85 gives $13.86; and a σ of 0.83 gives $13.55.
Thus, our answer is around 0.83.

Because σ is the stock’s volatility, all options on a given stock with the same expira-
tion should give the same implied volatility. For various reasons, including the possibility
that the Black-Scholes-Merton model is deficient, different options on the same stock
sometimes produce different implied volatilities.

Table 5.7 presents the implied volatilities obtained for the options whose exercise
prices surround the stock price. The implied volatilities range from 75 percent to 85 per-
cent. This forces us to choose a single value for the overall implied volatility.

is not saved as a read-only file in the Save Options dialog

box that is accessible through the Save As command.

The file saved under a new name can then be edited.

Enter or remove lines at the bottom by using the familiar

Windows commands for adding rows and copying

formulas or deleting rows. Always leave the double lines

after the last row of cells, however, as the overall formulas

look for those lines to determine the end of the data.
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Figure 5.17 Calculating the Implied Volatility

Collect So, X, rc, T
and market price of

call. Decide on
desired degree of

precision.

Select starting
value of σ

Compute model
price of call

Does the market
price equal the

model price within
the desired degree

of precision?

Yes

The implied
volatility is the

current value of σ.

Stop

No

The model price
exceeds the
market price.

Reduce the value
of σ

The model price
is less than the
market price.

Increase the value
of σ

TABLE 5.7 IMPLIED VOLATILITIES OF DCRB CALLS

Expiration

Exercise Price May June July

120 0.76 0.79 0.85

125 0.75 0.83 0.85

130 0.76 0.83 0.85

S0 ¼ 125.94, rc ¼ 0.0447 (May), 0.0446 (June), 0.0463 (July)
T ¼ 0.0192 (May), 0.0959 (June), 0.1726 (July)
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simply select the implied volatility of the option whose exercise price is closest to the current
stock price.

Recall from Figure 5.13 that we noticed that the call is nearly linear in the volatility if
the call is at-the-money. Brenner and Subrahmanyam (1988) exploited this fact and
showed that an at-the-money call price is approximately given as

C ≈ ð0:398ÞS0σ
ffiffiffi
T

p
,

where they define at-the-money as when the stock price equals the present value of the
exercise price, S0 ¼ Xe�rcT. The implied volatility of an at-the-money call can then be
obtained as

^σ≈
C

ð0:398ÞS0
ffiffiffi
T

p :

where C is the market price of the call.8 For example, our DCRB June 125 has C ¼
13.50, S0 ¼ 125.94, and T ¼ 0.0959. Thus,

^σ≈
13:50

ð0:398Þ125:94 ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959

p ¼ 0:8697:

Because this particular call is very close to at-the-money, the answer is fairly close to its
actual implied volatility, which we obtained by trial and error.

Interpreting the Implied Volatility The concept of implied volatility is one of the
most important ones in the world of options. Most investors consider the information
in implied volatilities to be among the most valuable and accurate information that in-
vestors receive from the stock or options markets. In this section we take a look at what
we know and can learn from the implied volatility.

First look back at Table 5.7 and observe that we obtain slightly different implied vo-
latilities for different options on the same stock. If we think about the implication of this
result, an inconsistency should immediately be apparent. How can these options tell us
that the DCRB stock has different volatilities? There can be only one volatility for a
stock. The implied volatilities tell us that the volatility of DCRB can range from 0.75 to
0.85, which is a fairly large range.

First, let us organize the information a little better. Let us hold the exercise price con-
stant and look at the volatilities across maturities. For the 120 call, the implied volatilities
range from 0.76 to 0.85. For the 125 call, they range from 0.75 to 0.85, and for the 130
call, they range from 0.76 to 0.85. For any given exercise price, the relationship between
implied volatility and option expiration is called the term structure of implied volatility,
which is depicted in Figure 5.18 for the DCRB options. Since the volatility is supposed to
represent the volatility of the stock across the option expirations, it is quite possible that
the volatilities could vary across different time horizons. In all cases here, we see that the
longer the time to expiration, the greater the volatility, though this will not always be the
case. In any case, there is nothing inherently wrong with different volatilities across dif-
ferent horizons.

8For the curious, 0.398 is 1ffiffiffiffi
2π

p , which is part of the mathematical formula that derives the normal probability.
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For a given option expiration, however, the volatilities across dif-
ferent exercise prices is a bit disconcerting. For example, for options
expiring in June, the call with exercise price of 120 tells us that the
volatility of DCRB is 0.79, while the call with exercise price of 125 (as
well as the 130) says that the volatility is 0.83. But how could the
volatility of a stock over this period be 0.79 and 0.83? Clearly, some-
thing is amiss. As it turns out, this finding is a common occurrence.

Quite often implied volatilities are lowest for at-the-money options and highest for deep
in- and out-of-the-money options. When the implied volatility is graphed against the
exercise price, this relationship forms a u-shaped pattern that is referred to as the vola-
tility smile. Oftentimes, the shape is more skewed, and the resulting pattern is called the
volatility skew, which is the case for the DCRB options, as seen in Figure 5.19. Note that
we used more strike prices to produce this figure than we had been working with in the
illustrations above.

The volatility smile or skew tells us that the Black-Scholes-Merton model is not a per-
fect model. Options with higher implied volatilities are more expensive options than
options with lower implied volatilities. Whatever makes these options more or less
expensive is not reflected in the Black-Scholes-Merton model. The source of these differ-
ences in implied volatilities is a subject of much interest to academic researchers and
practitioners, but the answer is, so far, a mystery.

From a practical standpoint, however, the differences in implied volatilities are simply
viewed as differences in the relative cost of these options. For whatever reason, some options
will simply be more costly than others. This result is used by the options market in a manner
that often simplifies the ability of a trader to obtain an accurate measure of how cheap or

Figure 5.18 The Term Structure of Implied Volatility DCRB calls; rc ¼ 0.0447 (May), 0.0446
(June), 0.0453 (July), T ¼ 0.0192 (May), 0.0959 (June), 0.1726 (July), σ ¼ 0.83
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Figure 5.19 The Implied Volatility Smile/Skew DCRB June and July Calls
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MAK ING THE CONNECT ION

Smiles, Smirks, and Surfaces

The relationship between the implied volatility and option

expiration for a given exercise price is known as the term

structure of volatility. The relationship between the im-

plied volatility and a set of exercise prices for a given op-

tion expiration is known as the implied volatility smile (or

skew, smirk, and so forth).We can combine these two per-

spectives to create a three-dimensional implied volatility

surface with strike and expiration on the horizontal axes

and implied volatility on the vertical axis. For comparison

purposes, the exercise price is converted tomoneyness or

S/X, as illustrated in the figure here.

According to the Black-Scholes-Merton option pricing

model, the implied volatility surface should be flat. Prior to

the 1987 stock market crash, the implied volatility surface

was relatively flat. After the 1987 stock market crash, the

implied volatility surface has becomemore skewed. In the

time since 1987, a non-flat implied volatility surface has

spread to most other options markets.

The non-flat implied volatility surface has important

implications for estimating risk variables such as delta

and gamma. Accurate risk variable estimates are re-

quired to adequately manage the risk of an options

portfolio. Since the emergence of non-flat implied vola-

tility surfaces, there has been a quest to improve the

Black-Scholes-Merton option pricing model to achieve

more accurate depiction of market realities.

Although numerous more complex models have

been explored, the fundamental question of how to

modify the estimate of risk parameters such as delta

and gamma in light of the non-flat implied volatility sur-

face remains unanswered. Therefore, the task of man-

aging the risks of a portfolio of options remains an

intellectually challenging job.
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expensive certain options are. For example, shown below are the prices of the DCRB calls,
information that we have been using for several chapters:

Exercise price May June July

120 8.75 15.40 20.90

125 5.75 13.50 18.60

130 3.60 11.35 16.40

Suppose that we wanted to buy a June option. Which is the most expensive? We can-
not say the June 120 is the most expensive simply because its premium is higher. We
know that one reason its premium is higher is that it has the lowest exercise price. We
found that its implied volatility is 0.79. The implied volatilities of the 125 and 130 are
0.83, so those options are actually more expensive than the June options, at least after
taking into account the stock price, exercise price, risk-free rate, and time to expiration.
We do not know why the June 120 is the least expensive June option, but at least we
know that it is indeed the least expensive. Of course, we do not even know if the market
is using the Black-Scholes-Merton model, but the general belief is that the market is ei-

that the options are European.
The options market often uses implied volatility to quote prices on options. For

example, the June 125 option can be quoted at a volatility of 0.83, while the June
120 can be quoted at a volatility of 0.79. Of course, it must then be understood
that a particular model, usually Black-Scholes-Merton, is used to obtain the actual
price of the option. But by quoting the price as an implied volatility, an investor im-
mediately knows that the June 120 is less expensive than the June 125. An investor
can look at all of the options at once and immediately determine which is the most
and least expensive, something that cannot be done just by looking at the prices
themselves.

The implied volatility is an important piece of information that the options market
reveals to us. For example, by observing the implied volatilities of index options, we
can obtain some information on what investors believe is the volatility of the market.
The Chicago Board Options Exchange has created two indices based on the implied
volatilities of one-month at-the-money options. One index, called the VIX, represents
the implied volatility of the S&P 500 Index, a very actively traded option on an index
of large stocks. The other index, called the VXN, represents the implied volatility of the
NASDAQ 100 Index, a very actively traded option on the NASDAQ Index of 100 lead-
ing over-the-counter stocks.

Data for the VIX and VXN are available on a daily basis from the CBOE’s Web site,
http://www.cboe.com. Figure 5.20 shows the VIX plotted on a monthly basis from

S&P 500 index over this time period. The range has been from around 10 percent to
over 40 percent and has averaged about 20 percent. Note also that the volatility moved
sharply up in response to the market turmoil related to the credit crisis in 2007 and
2008.

A number of studies have examined whether implied volatility is a good predictor of
the future volatility of a stock. The results are inconclusive, but there is a general consen-
sus that implied volatility is a better reflection of the appropriate volatility for pricing
an option than is the historical volatility. There is, however, circularity in that line of
reasoning. If we assume that the best estimate of the correct volatility is the implied
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volatility, then we throw the burden of determining the volatility on the options market.
We simply look to the options market for the implied volatility and accept it as the true
volatility. But all traders in the market cannot put the burden of estimating the volatility
on the market. All traders, collectively, make up the market. Someone must estimate the
appropriate volatility in order to price and trade the option.

Moreover, if we assume that the implied volatility is the best estimate of the market’s
volatility, then how do we use that information to trade? Suppose that we find that a
particular option has an unusually high implied volatility, making it undesirable for pur-
chase. On what basis can we make the statement that its implied volatility is unusually
high? We need a benchmark, that is, some measure of a reasonable value for volatility. In
short, we cannot simply price an option using the implied volatility without considering
whether that volatility is reasonable. And we cannot determine if that volatility is reason-
able without a benchmark. So we need some other source of information for volatility.
As in the VIX case, we see that when its volatility is over 40, we say that it is twice its
historical level. Does that mean the option is overpriced or that simply the market vola-
tility is too high? Without a benchmark, we do not know.

But of course, there is no clear-cut benchmark for a stock’s volatility. Investors cannot
expect to find easy answers and a guarantee of trading success when using implied vola-
tility. Indeed investors are likely to disagree greatly over the implied volatility. But that is
probably a good thing as it makes for more interesting and active markets.9

Figure 5.20 The Chicago Board Options Exchange’s VIX Index (Implied Volatility of the
S&P 500 Index)
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9Mark Twain in Pudd’nhead Wilson (1894) expressed this point succinctly by saying, “It were not best that we
should think alike; it is difference of opinion that makes horse races.”
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PUT OPTION PRICING MODELS
Recall that the put-call parity formula gives the relationship between
a put price and a call price. Expressing the put price as a function of
the call price, we have

Pe(S0,T,X) ¼ Ce(S0,T,X) � S0 þ X(1 þ r)–T.

In the Black-Scholes-Merton world, it is customary to use continuous
compounding and discounting. Restating put-call parity so that the present value of the
exercise price is computed using continuous discounting gives

Pe(S0,T,X) ¼ Ce(S0,T,X) � S0 þ Xe�rcT,

where, as discussed earlier, rc is the continuously compounded rate. Then we can substi-
tute the Black-Scholes-Merton value for the call price. Letting P stand for Pe(S0,T,X)
gives the Black-Scholes-Merton European put option pricing model:

P ¼ Xe�rcT [1 � N(d2)] � S0[1 � N(d1)],

where d1 and d2 are the same as in the call option pricing model.
Based on the properties of the standard normal distribution, the put
option can also be represented as:

P ¼ Xe�rcT N(�d2)] � S0N(�d1).

In the example of the DCRB June 125 call, the values of N(d1) and N(d2) using the
spreadsheet BSMbin8e.xls were 0.5692 and 0.4670, respectively. Plugging into the for-
mula, we get

P ¼ 125e–(0.0446)(0.0959) (1 � 0.4670) � 125.94(1 � 0.5692) ¼ 12.08.

The actual market price of the June 125 put was $11.50. Because this price must also
include a premium for the additional benefit of early exercise and the Black-
Scholes-Merton model does not reflect the early exercise premium, the difference
between the market and model prices is actually greater than what we see here. In other
words, if the put option pricing model reflected the early exercise premium, it would
produce an even higher theoretical price.

The same variables that affect the call’s price affect the put’s price, although in some
cases in a different manner. Table 5.8 summarizes these important concepts for puts.

The Excel spreadsheet BSMbin8e.xls, illustrated in Software Demonstration 5.1, does
the Black-Scholes-Merton calculations for puts as well as calls.

Without getting into some very advanced techniques, it is not possible to make the
Black-Scholes-Merton model accommodate early exercise for American puts. If it is nec-
essary to price an American put, we would have to use the binomial model with a large
number of time periods. Thus, suppose we were attempting to price the DCRB June 125
put. Using the BSMbin8e.xls spreadsheet with n ¼ 100 time periods and inputs S0 ¼
125.94, X ¼ 125, rc ¼ 0.0446, T ¼ 0.0959, and σ ¼ 0.83, we would obtain an American
put value of $12.11, which is only slightly higher than the European value of $12.08 ob-
tained with the binomial model. This suggests that the premium for early exercise is not
that great, a likely reflection of the fact that the volatility on DCRB is so high that
exercising early throws away the time value. But when would such a put be exercised?
We can tell by using the binomial model. If the American put value obtained using the
binomial model equals the exercise value, the put should be exercised. In fact, the put

The Black-Scholes-Merton call option
pricing model can be turned into a put op-
tion pricing model by inserting it into put-
call parity.

The Black-Scholes-Merton model for Euro-
pean puts can be obtained by applying put-
call parity to the Black-Scholes-Merton
model for European calls.
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would be selling for its intrinsic value and could be exercised or sold; either value is the
same. Suppose that right now the stock is at $100. The intrinsic value would obviously
be Max(0, 125 � 100) ¼ 25. The American put value using the binomial model would be
$27.72. So, the put is still worth more alive. Suppose the stock was at $90. Then the
intrinsic value would be $35, and the American put value would be worth $35.99. The
put is still worth slightly more alive. Not until a stock price around $71.38 is the put
worth precisely its intrinsic value and at that point would be exercised early.

The critical stock price at which the put is worth exercising could be found by trial
and error. As a rule, the critical stock price rises as expiration approaches, meaning
that the stock does not have to get quite as low to justify exercising the put, the closer
to expiration. At expiration, the critical stock price is simply the exercise price.

TABLE 5.8 THE EFFECTS OF VARIABLES ON THE BLACK-

SCHOLES-MERTON PUT OPTION PRICE

The results for put options are obtained by using the put-call parity relationship, P ¼ C − S0 þ Xe�rcT.

Stock Price

The relationship between the stock price and the put price is called the put delta.

Put Delta ¼ N(d1) − 1.

Since N(d1) is between 0 and 1, the put delta is negative. This simply means that a put option moves
in an opposite direction to the stock. A delta neutral position with stock and puts will require long
positions in both stock and puts. The relationship between the put delta and the stock price is called
the put gamma.

Put Gamma ¼ e−d
2
1=2

S0σ
ffiffiffiffiffiffiffiffi
2πT

p :

Notice that the put gamma is the same as the call gamma. Like a call, the gamma is highest when the
put is at-the-money.

Exercise Price

For a difference in the exercise price, the put price will change by e�rcT[1 − N(d2)]. Because both of
the terms are positive, the overall expression is positive.

Risk-Free Rate

The relationship between the put price and the risk-free rate is called the put rho.

Put Rho ¼ −T Xe�rcT[1 − N(d2)].

This expression is always negative, meaning that the put price moves inversely to interest rates.

Volatility

The relationship between the put price and the volatility is called the vega.

Put Vega ¼ S0
ffiffiffi
T

p
e−d

2
1=2ffiffiffiffiffi

2π
p :

This is the same expression as the vega for a call. Like a call, a put is highly sensitive to the volatility.

Time to Expiration

The relationship between the put price and the time to expiration is called the theta.

Put Theta ¼ � S0σe−d
2
1=2

2
ffiffiffiffiffiffiffiffi
2πT

p þ rcXe
−rcTð1�Nðd2ÞÞ:

This expression can be positive or negative, a point we covered in Chapter 3. A European put can
either increase or decrease with time. The tendency to increase occurs because there is more time for
the stock to move favorably. The tendency to decrease occurs because the additional time means
waiting longer to receive the exercise price at expiration.
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MANAGING THE RISK OF OPTIONS
You may have gotten the impression that investors take option positions to establish the
opportunity to make money when markets move in anticipated ways. Consider, however,
that on the opposite side of each option transaction is a counterparty. The options mar-
ket is characterized by counterparties who are in the marketmaking or dealer business.
For exchange-listed options, these are individuals at the exchanges who offer to buy or
sell options. For over-the-counter options, these are institutions that offer to buy or sell
options with terms tailored to their customers’ needs. We shall refer to both groups of
counterparties as dealers. In general, they do not take option positions to speculate or
hedge; their goal is to make money from bid-ask spreads. They have no desire to specu-
late, so they must neutralize the risk they acquire.

Earlier in the chapter we talked about delta hedging. We noted that to delta hedge an
option we must buy a certain number of shares of the underlying stock. In theory, a
delta hedged position must be adjusted continuously to reflect the fact that the delta
changes with the level of the stock price and with time. Moreover, delta hedging neutra-
lizes only the risk of small price changes. We noted that the option’s gamma reflects the
possibility of larger price changes. The dealer must be able to effectively hedge away
this risk.

Let us begin by considering a dealer who sells 1,000 of the DCRB June 125 calls at the
Black-Scholes-Merton price of 13.5533. The delta is 0.5692. From what we covered ear-
lier in the chapter, we know that to hedge would require that we buy 1,000(0.5692), or
approximately 569 shares. The dealer cannot adjust the delta continuously, so let us say
that the dealer decides to adjust the hedge at the end of each day. Let the position be
held for the full 35 days remaining in the option’s life. Buying 569 shares at 125.94 and
selling 1,000 calls at 13.5533 means that we must invest 569(125.94) � 1,000(13.5533) ¼
58,107. So we invest $58,107.

To obtain an idea of the risk involved, we can simulate the daily stock prices over
the remaining life of the contract. Although generating prices by simulation is cov-
ered briefly later in this book, let us for now just assume that we have simulated the
daily closing prices for DCRB for the next 35 days. At time 0, the time we put the
delta hedge in place, DCRB is at 125.94. One day later, it closes at 120.4020. Now
there are 34 days until expiration so the time remaining is T ¼ 34/365 ¼ 0.0932.
We plug these values into the Black-Scholes-Merton spreadsheet, BSMbin8e.xls, and
find that the call would then be selling for $10.4078. How have we done on our
hedge?

Stock worth 569($120.4020) ¼ $68,509, and

Options worth �1,000($10.4078) ¼ �$10,408, for a

Total value of $58,101.

How much should we have? If we had invested $58,107 in risk-free bonds for one day
at the rate of 4.46 percent, we should have $58,107e0.0446(1/365) ¼ $58,114.

How would we continue to do? Table 5.9 presents the outcomes based on a simulation of
the remaining DCRB prices during the option’s life. Day 0 is the day we put on the hedge.
We start with no shares (column 2) or calls (column 3) at all. We assume that we can trade
only in whole numbers of shares and calls, so at the end of the day, we sell 1,000 calls (col-
umn 9) and buy 569 shares (column 11). In column 18, note that the portfolio delta is not
actually zero but rather –0.1868. This comes from having 569 shares at a delta of 1.0 and
1,000 short calls at a delta of 0.5692, (569(1) � 1,000(0.5692)) ¼ –0.2 or, more precisely,
–0.1868. Because we cannot hold fractions of shares, we have a very slight negative delta.
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At the end of day 1, as explained above, our portfolio is worth $58,101(column 7)
whereas the target value is $58,114(column 8). Now note the columns under the
heading “End of Day Option Calculations” (columns 13–17). The new time to expi-
ration is 34/365 ¼ 0.0932. The new delta is the N(d1) of 0.4981. Now we need

TABLE 5.9 DAILY ADJUSTED DELTA HEDGE S0 ¼ 125.94, X ¼ 125,

rc ¼ 0.0446, T ¼ 0.0959, σ ¼ 0.83, 1000 SHORT CALLS

Beginning of Day Holdings End of Day Values (before adjustments)

Day
(1)

Shares
(2)

Calls
(3)

$ of
Bonds
(4)

Stock
Price
(5)

Call
Price
(6)

Portfolio
Value
(7)

Target Portfo-
lio Value

(8)

New Call
Trades
(9)

0 0 0 0 125.9400 13.5533 0 58107 –1000

1 569 –1000 0 120.4020 10.4078 58101 58114 0

2 498 –1000 8550 126.2305 13.3358 58077 58121 0

3 572 –1000 –792 129.7259 15.2113 58200 58128 0

4 614 –1000 –6241 122.6991 11.0082 58088 58135 0

5 524 –1000 4803 116.8313 7.9826 58040 58142 0

6 441 –1000 14501 111.9864 5.8418 58046 58149 0

7 368 –1000 22679 104.3922 3.3160 57780 58156 0

8 257 –1000 34271 95.8023 1.4834 57409 58163 0

9 147 –1000 44815 97.6316 1.6663 57500 58170 0

10 161 –1000 43453 101.2905 2.2093 57552 58178 0

11 199 –1000 39609 107.7229 3.6022 57444 58185 0

12 281 –1000 30779 108.7139 3.7173 57611 58192 0

13 290 –1000 29805 100.3039 1.6632 57230 58199 0

14 167 –1000 42147 99.4745 1.4164 57343 58206 0

15 150 –1000 43844 106.1533 2.5476 57219 58213 0

16 232 –1000 35143 97.1141 0.9052 56769 58220 0

17 110 –1000 46997 94.3615 0.5666 56810 58227 0

18 78 –1000 50023 86.0927 0.1300 56608 58234 0

19 24 –1000 54678 88.4161 0.1625 56638 58242 0

20 29 –1000 54243 93.3283 0.3112 56638 58249 0

21 50 –1000 52289 90.6496 0.1604 56662 58256 0

22 30 –1000 54109 92.6696 0.1857 56703 58263 0

23 34 –1000 53745 92.2053 0.1325 56747 58270 0

24 26 –1000 54489 97.6458 0.2873 56741 58277 0

25 51 –1000 52054 101.2303 0.4257 56791 58284 0

26 73 –1000 49833 106.4213 0.7980 56804 58291 0

27 123 –1000 44518 110.5062 1.2135 56897 58299 0

28 175 –1000 38776 110.4197 0.9792 57120 58306 0

29 155 –1000 40990 108.7435 0.5619 57283 58313 0

30 106 –1000 46324 109.4487 0.4535 57472 58320 0

31 95 –1000 47533 111.5737 0.4654 57668 58327 0

32 104 –1000 46535 115.9403 0.7627 57830 58334 0

33 169 –1000 39004 122.7231 2.0457 57698 58341 0

34 396 –1000 11147 120.9295 0.6922 58343 58348 0

35 231 –1000 31104 124.0621 0.0002 59762 58356 0

(continued)
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498 shares, as indicated in column 10. Column 11 shows that we must sell off 71
shares. With the stock price of $120.4020, this generates about 71($120.4020) ¼
$8,549, which is then invested in bonds (column 12). Let us now move forward one
more day.

TABLE 5.9 (CONTINUED)

End of Day Option Calculations

Adjusted
No. of
Shares (10)

No. of
Shares

Bought or
Sold (11)

$ of Bonds
Purchased or
Sold (12)

Time to
Expiration

(13) d1 (14)
N(d1)
(15) d2 (16) N(d2) (17)

Portfolio
Delta (18)

569 569 0 0.0959 0.1743 0.5692 –0.0827 0.4670 –0.1868

498 –71 8549 0.0932 –0.0049 0.4981 –0.2582 0.3981 –0.0570

572 74 –9341 0.0904 0.1802 0.5715 –0.0694 0.4723 0.4981

614 42 –5448 0.0877 0.2898 0.6140 0.0440 0.5176 –0.0120

524 –90 11043 0.0849 0.0598 0.5238 –0.1821 0.4278 0.1536

441 –83 9697 0.0822 –0.1496 0.4405 –0.3876 0.3492 0.4638

368 –73 8175 0.0795 –0.3377 0.3678 –0.5717 0.2838 0.2222

257 –111 11588 0.0767 –0.6538 0.2566 –0.8837 0.1884 0.3818

147 –110 10538 0.0740 –1.0509 0.1467 –1.2766 0.1009 0.3436

161 14 –1367 0.0712 –0.9903 0.1610 –1.2119 0.1128 –0.0064

199 38 –3849 0.0685 –0.8455 0.1989 –1.0627 0.1440 0.0803

281 82 –8833 0.0658 –0.5787 0.2814 –0.7915 0.2143 –0.4097

290 9 –978 0.0630 –0.5523 0.2904 –0.7606 0.2234 –0.3815

167 –123 12337 0.0603 –0.9650 0.1673 –1.1688 0.1212 –0.2715

150 –17 1691 0.0575 –1.0348 0.1504 –1.2339 0.1086 –0.3890

232 82 –8705 0.0548 –0.7314 0.2323 –0.9257 0.1773 –0.2782

110 –122 11848 0.0521 –1.2259 0.1101 –1.4153 0.0785 –0.1154

78 –32 3020 0.0493 –1.4213 0.0776 –1.6056 0.0542 0.3802

24 –54 4649 0.0466 –1.9803 0.0238 –2.1595 0.0154 0.1674

29 5 –442 0.0438 –1.8942 0.0291 –2.0680 0.0193 –0.0998

50 21 –1960 0.0411 –1.6413 0.0504 –1.8096 0.0352 –0.3658

30 –20 1813 0.0384 –1.8846 0.0297 –2.0472 0.0203 0.2580

34 4 –371 0.0356 –1.8218 0.0342 –1.9785 0.0239 –0.2390

26 –8 738 0.0329 –1.9367 0.0264 –2.0872 0.0184 –0.3930

51 25 –2441 0.0301 –1.6323 0.0513 –1.7765 0.0378 –0.3037

73 22 –2227 0.0274 –1.4574 0.0725 –1.5948 0.0554 0.4937

123 50 –5321 0.0247 –1.1607 0.1229 –1.2911 0.0983 0.1260

175 52 –5746 0.0219 –0.9333 0.1753 –1.0562 0.1454 –0.3251

155 –20 2208 0.0192 –1.0138 0.1553 –1.1288 0.1295 –0.3333

106 –49 5328 0.0164 –1.2487 0.1059 –1.3552 0.0877 0.1158

95 –11 1204 0.0137 –1.3123 0.0947 –1.4095 0.0794 0.2860

104 9 –1004 0.0110 –1.2581 0.1042 –1.3450 0.0893 –0.1790

169 65 –7536 0.0082 –0.9568 0.1693 –1.0321 0.1510 –0.3413

396 227 –27858 0.0055 –0.2642 0.3958 –0.3257 0.3723 0.1939

231 –165 19953 0.0027 –0.7361 0.2308 –0.7796 0.2178 0.1717

2 –229 28410 0.0000 –2.9288 0.0017 –2.9314 0.0017 0.2986
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At the end of day 2, the stock moves up to $126.2305 (column 5) and the call
is $13.3358 (column 6). Our $8,549 of bonds accrued one day’s interest to $8,550
(column 4). Thus, we have

Stock worth 498($126.2305)¼ $62,863 and

Options worth −1,000($13.3358) ¼−13,336 and

Bonds worth $ 8,550 for a

Total value of $58,077 (column 7).

If we had been perfectly hedged through two days, we would have $58,107e0.0446(2/365) ¼
$58,121 (column 8). Thus, we are now short by $44.

This process continues and on day 35, the expiration day of the option, we have a
portfolio value of $59,762, while our target value is $58,356, an excess of $1,406. Clearly
this is not a perfect hedge. In fact, we have gained more than 2 percent on our invest-
ment. What is the problem?

As we discussed earlier in the chapter, delta hedging works only if done continuously
and only if the stock price changes are very small. The reason for this is as follows: The
delta is based on the calculus concept of a first derivative. In the context here, the first
derivative is the rate of change of the option price with respect to the stock price, under
the assumption that the stock price change is extremely small. Look at Figure 5.6 again
and note the curvature of the graph. The delta is simply the slope of the curve at a par-
ticular value of the stock price. But with a curve, as opposed to a straight line, the slope
is different at every point. The slope at a given point can be accurately estimated only if
we allow the stock to move by a very small amount.

Obviously the stock can move by much larger amounts, and this is much more likely
the less frequently that trading can be done. When that happens, delta is not a good ap-
proximation of the risk of the option. This is a point we made earlier in the chapter. In
such cases, factors known as second-order effects come into play. The second-order ef-
fect is the gamma, which we covered earlier. It turns out that using the gamma can en-
able us to get a better hedge.

Gamma hedging is a much more complex process, and we shall take only a brief and
simple look at it. The objective of gamma hedging is to be both delta and gamma
hedged, sometimes called delta neutral and gamma neutral, meaning that essentially
any stock price move will be hedged. It will be impossible to be both delta and gamma
hedged by holding only the stock and option. This is because the risk associated with the
option’s gamma must be eliminated by another instrument. The delta of a stock is 1.0,
but its gamma is zero. Thus, the stock cannot hedge the option’s gamma risk. What we
require is an instrument that has a nonzero gamma—specifically, another option.

So let us add the June 130 call, whose Black-Scholes-Merton price is $11.3792, whose
delta is 0.5087, and whose gamma is 0.0123. The gamma of our June 125 call is 0.0121.
In what follows, we use the Greek letter delta in the form of Δ1 and Δ2 to represent the
deltas of our June 125 call (option 1) and the June 130 call (option 2), respectively. We
use the Greek letter gamma—Γ1 and Γ2—to represent the gammas of our June 125 call
and the June 130 call. We shall hold a portfolio of hS shares of stock, which have a delta
of 1.0 and a gamma of 0.0, 1,000 short calls (the June 125), and hc of the June 130 calls.
To be delta hedged, we must meet the condition:

hs(1) � 1,000Δ1 þ hcΔ2 ¼ 0,

and to be gamma hedged, we must meet the condition,

−1,000Γ1 þ hcΓ2 ¼ 0.
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In other words, the combined gammas of the two options must equal zero. We now
have two equations and two unknowns. We can solve the second one for hc and obtain:

hc ¼ 1,000(Γ1/Γ2).

Once we have this value, we then solve the first equation for hs:

hs ¼ 1,000(Δ1 � (Γ1/Γ2)Δ2).

Now, let us set up a gamma hedge and see how it performs. First we have

Δ1 ¼ 0.5692, Δ2 ¼ 0.5087, Γ1 ¼ 0.0121, and Γ2 ¼ 0.0123.

Thus, the number of the second option we need, hc, is

hc ¼ 1,000(0.0121/0.0123) ¼ 984,

which we change to its spreadsheet-computed value of 985. The number of shares we
need is

hs ¼ 1,000(0.5692 � (0.0121/0.0123)(0.5087) ¼ 68.

Thus, we buy 68 shares, sell 1,000 of the June 125 calls, and buy 985 of the June 130
calls. This will require that we invest funds of

68(125.94) � 1,000(13.5533) þ 985(11.3792) ¼ 6,219.

Now, at the end of the first day, the stock is at $120.4020, the 125 call is at $10.4078,
and the 130 call would be worth $8.5729. The portfolio is then worth

68(120.4020) � 1,000(10.4078) þ 985(8.5729) ¼ 6,224.

The portfolio should be worth $6,218e0.0446(1/365) ¼ $6,220.
The new deltas are Δ1 ¼ 0.4981 and Δ2 ¼ 0.4366. The new gammas are Γ1 ¼ 0.0131

and Γ2 ¼ 0.0129. Now the new number required of the 130 call is 1,000(0.0131/0.0129) ¼
1,016. More precise spreadsheet calculations give us an answer of 1,013, so let us use
1,013. This means we must buy 1,013 � 985 ¼ 28 of the 130 calls at the new price of
$8.5729. This will require 28($8.5729) ¼ $240.

The number of shares we will need is

hs ¼ 1,000(0.4981 � (0.0131/0.0129)0.4366) ¼ 54.73.

The more precise calculations of a spreadsheet give us 56. We must sell 68 � 56 ¼ 12
shares at $120.4020. This raises 12($120.4020) ¼ $1,444, leaving $1,444 � $240 ¼ $1,204
of new cash that we invest in risk-free bonds.

At the end of the next day, the stock is at $126.2305, the 125 call is at $13.3358, and
the 130 call is at $11.1394. Our bonds have earned a little interest but are still worth
about $1,205. Our portfolio is now worth

56(126.2305) � 1,000(13.3358) þ 1,013(11.1394) þ $1,205 ¼ $6,222.

If our portfolio were hedged for two days, it should be worth $6,219e0.0446(2/365) ¼
$6,221. Thus, we are $1 ahead.

Because of the large number of columns required to show the full details of this trans-
action, we shall omit them here. The final results are that for the set of stock prices in
Table 5.9, the gamma hedge ends up with a value of $6,267. The target ending value

would be $6,246. The difference is $21 ahead.
Thus, gamma hedging can make the hedge better able to eliminate

the risk caused by large price changes occurring over finite periods of
time. Dealers have learned how to effectively delta and gamma hedge,
but they also face the risk of the volatility changing. We identified this
concept earlier as vega risk. We shall not cover it here at this introduc-
tory level, but do be aware that vega risk can be hedged by introducing

Delta hedging is difficult because trading
cannot be done continuously and because
there are price changes that are too large
to be captured by the delta. Gamma hedg-
ing can be used to deal with these
problems.
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another instrument with a nonzero vega. This would mean that we would still need another
option. Then we would have three equations and three unknowns, which are the number of
shares, the number of the second call, and the number of the third call. The three equations
would be solved to set the delta, gamma, and vega to zero.

Summary

This chapter introduced the Black-Scholes-Merton option
pricing model. We began by noting that the discovery of
the Black-Scholes-Merton model was made possible by
many developments in mathematics and the sciences.

We then observed that when the number of time steps
increases, the binomial model converges to a specific
value, which will be the Black-Scholes-Merton value.

We identified the assumptions of the Black-Scholes-
Merton model, which are that (1) stock prices behave
randomly according to a lognormal distribution,
(2) the risk-free rate and volatility are constant over
the option’s life, (3) there are no taxes or transaction
costs, (4) the stock pays no dividends, and (5) the
options are European.

The Black-Scholes-Merton formula was presented
and illustrated, and we observed that it employs risk
neutral probabilities, which are obtained from the nor-
mal probability distribution. We noted that the model
conforms to the European lower bound and that it ob-
tains the appropriate prices for extreme values, such as

a zero stock price, zero time to expiration, zero volatil-
ity, and zero exercise price.

We saw that the Black-Scholes-Merton call option
formula, and call options in general, are directly related
to the stock price, risk-free rate, time to expiration, and
volatility, and inversely related to the exercise price.

We learned that the relationship between the call price
and the stock price is the delta. The relationship between
the delta and the stock price is the gamma. The relation-
ship between the call price and the risk-free rate is the rho.
The relationship between the call price and the volatility is
the vega. The relationship between the call price and the
time to expiration is the theta.

We saw that the Black-Scholes-Merton formula can
be adjusted to accommodate dividends on the underly-
ing stock by subtracting the present value of the
dividends from the stock price, under either the as-
sumption that the dividends over the option’s life are
known and discrete or that the dividends are paid at a
continuously compounded rate.

Figure 5.21 The Linkage between Calls, Puts, the Underlying Asset, and Risk-Free Bonds

Call Put
Put-Call
Parity

Risk-Free
Bond

Black-Scholes-Merton
Put Option

Pricing Model

Underlying
Asset

Black-Scholes-Merton
Call Option

Pricing Model
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We found that the most critical input in the Black-
Scholes-Merton model is the volatility, which must be
estimated. Moreover, the model is highly sensitive to
the volatility. The volatility is typically estimated using
either a historical sample of stock returns or as the
implied volatility, which is inferred from the current
prices of options.

We adapted the Black-Scholes-Merton model to
price European puts by inserting the Black-Scholes-
Merton call formula into put-call parity.

We concluded by examining how a dealer would
manage an option position by delta hedging. We saw

the limitations of delta hedging and how gamma hedg-
ing can reduce that risk.

In Chapter 3 we used put-call parity to find relative
option prices. A put, call, and stock could be priced in
relation to each other. But we had to have two of the
three prices already. Now we have two absolute option
pricing models, the binomial and Black-Scholes-
Merton, which are really the same model. Figure 5.21
shows how the Black-Scholes-Merton models for puts
and calls link the call and put with the underlying asset
and risk-free bond.

Key Terms

Before continuing to Chapter 6, you should be able to give brief definitions of the following terms:

discrete time, p. 129
continuous time, p. 130
lognormally distributed, p. 133
Black-Scholes-Merton model,
p. 135

dynamic trading, p. 136
normal probability, p. 136
z statistic, p. 137

risk neutral probabilities, p. 139
delta, p. 144
delta hedge, p. 146
delta neutral, p. 146
gamma, p. 147
rho, p. 149
vega, kappa, or lambda, p. 150
theta, p. 152

historical volatility, p. 157
implied volatility, p. 160
term structure of implied volatility,

p. 163
volatility smile, p. 164
volatility skew, p. 164
gamma hedging, p. 173
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Concept Checks

1. Explain what we mean when we say that the bi-
nomial model is a discrete time model and the
Black-Scholes-Merton model is a continuous
time model.

2. Explain the difference between a normal and a
lognormal distribution as it pertains to stock
prices.

3. Which assumption in the Black-Scholes-Merton
model did we drop somewhere in the chapter?

What did we do in removing that assumption to
make the model give the correct option price?

4. Compare the variables in the binomial model
with those in the Black-Scholes-Merton model.
Note any differences and explain.

5. What is the most critical variable in the Black-
Scholes-Merton model? Explain.

Questions and Problems

1. Consider the right-hand side of the Black-
Scholes-Merton formula as consisting of the sum
of two terms. Explain what each of those terms
represents.

2. Explain each of the following concepts as they
relate to call options.
a. Delta
b. Gamma
c. Rho
d. Vega
e. Theta

3. Suppose that you subscribe to a service that gives
you estimates of the theoretically correct volati-
lities of stocks. You note that the implied vola-
tility of a particular option is substantially higher
than the theoretical volatility. What action
should you take?

4. Answer the following questions as they relate to
implied volatilities.

a. Can implied volatilities be expected to vary
for options on the same stock with the same
exercise prices but different expirations?

b. Can implied volatilities be expected to vary
for options on the same stock with the same
expiration but different exercise prices?

c. Why and how are implied volatilities used to
quote options prices?

5. What factors contribute to the difficulty of mak-
ing a delta hedge be truly risk-free?

6. A stock is priced at $50 with a volatility of 35
percent. A call option with an exercise price of
$50 has an expiration in one year. The risk-free
rate is 5 percent. Construct a table for stock
prices of $5, 10, 15, … , 100. Compute the Black-
Scholes-Merton price of the call and the Euro-
pean lower bound and verify that the former is at
least as large as the latter. Use the spreadsheet
BSMbin8e.xls.
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The following option prices were observed for
calls and puts on a stock for the trading day of
July 6 of a particular year. Use this information in
problems 12 through 20. The stock was priced at
165.13. The expirations were July 17, August 21,
and October 16. The continuously compounded
risk-free rates associated with the three expira-
tions were 0.0503, 0.0535, and 0.0571, respectively.
Unless otherwise indicated, assume the options are
European.

7. Let the standard deviation of the continuously
compounded return on the stock be 21 percent.
Ignore dividends. Answer the following:
a. What is the theoretical fair value of the Oc-

tober 165 call? Calculate this answer by hand
and then recalculate it using BSMbin8e.xls.

b. Based on your answer in part a, recommend a
riskless strategy.

c. If the stock price decreases by $1, how will the
option position offset the loss on the stock?

8. Use the Black-Scholes-Merton European put op-
tion pricing formula for the October 165 put
option. Repeat parts a, b, and c of question 12
with respect to the put.

9. Suppose the stock pays a $1.10 dividend with an
ex-dividend date of September 10. Rework part a
of problem 12 using an appropriate dividend-
adjusted procedure. Calculate this answer by
hand and then recalculate it using BSMbin8e.xls.

10. On July 6, the dividend yield on the stock is
2.7 percent. Rework part a of problem 12 using
the yield-based dividend adjustment procedure.
Calculate this answer by hand and then recalcu-
late it using BSMbin8e.xls.

11. Suppose on July 7 the stock will go ex-dividend
with a dividend of $2. Assuming that the options
are American, determine whether the July 160
call would be exercised.

12. Following is the sequence of daily prices on the
stock for the preceding month of June:

Estimate the historical volatility of the stock for
use in the Black-Scholes-Merton model. (Ignore
dividends on the stock.)

13. Estimate the implied volatility of the August 165
call. Compare your answer with that obtained in
problem 17. Use trial and error. Stop when your
answer is within 0.01 of the true implied volatil-
ity. Use the Excel spreadsheet BSMbin8e.xls.

14. Repeat problem 18 using the approximation for
an at-the-money call. Compare your answer with
the one you obtained in problem 18. Is the ap-
proximation a good one?

15. On December 9, a Swiss franc call option ex-
piring on January 13 had an exercise price of
$0.46. The spot exchange rate was $0.4728. The
U.S. risk-free rate was 7.1 percent, and the Swiss
risk-free rate was 3.6 percent. The volatility of the
exchange rate was 0.145. Determine if the call
was correctly priced at $0.0163.

16. A stock is selling for $100 with a volatility of
40 percent. Consider a call option on the stock
with an exercise price of 100 and an expiration of
one year. The risk-free rate is 4.5 percent. Let the
call be selling for its Black-Scholes-Merton value.
You construct a delta-hedged position involving
the sale of 10,000 calls and the purchase of an
appropriate number of shares. You can buy and
sell shares and calls only in whole numbers. At

Calls Puts

Str ike Jul Aug Oct Jul Aug Oct

155 10.50 11.75 14.00 0.19 1.25 2.75

160 6.00 8.13 11.13 0.75 2.75 4.50

165 2.69 5.25 8.13 2.38 4.75 6.75

170 0.81 3.25 6.00 5.75 7.50 9.00

Date Price Date Price

6/1 159.88 6/16 162.00

6/2 157.25 6/17 161.38

6/3 160.25 6/18 160.88

6/4 161.38 6/19 161.38

6/5 160.00 6/22 163.25

6/8 161.25 6/23 164.88

6/9 159.88 6/24 166.13

6/10 157.75 6/25 167.88

6/11 157.63 6/26 166.50

6/12 156.63 6/29 165.38

6/15 159.63 6/30 162.50
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the end of the next day, the stock is at $99. You
then adjust your position accordingly to maintain
the delta hedge. The following day the stock
closes at $102. In all cases use the spreadsheet
BSMbin8e.xls to price the call.
a. Compare the amount of money you end upwith

to the amount you would have had if you had
invested the money in a risk-free bond. Explain
why the target was or was not achieved.

b. Now add another option, one on the same
stock with an exercise price of 105 and the
same expiration. Reconstruct the problem by
delta and gamma hedging. Explain why the
target was or was not achieved.

17. A financial institution offers a new over-
the-counter option that pays off 150% of the
payoff of a standard European option. Demon-
strate, using BSMbin8e.xls (or by hand), that the
value of this option is simply 1.5 times the value of
an ordinary option. Let the stock price be 82, the
exercise price be 80, the risk-free rate (continu-
ously compounded) be 4 percent, the volatility be
40 percent, and the option expire in one year.

18. Using BSMbin8e.xls compute the call and put
prices for a stock option, where the current stock
price is $100, the exercise price is $100, the risk-
free interest rate is 5 percent (continuously
compounded), the volatility is 30 percent, and
the time to expiration is 1 year. Now assume the
next instant the company announces an imme-
diate 2-for-1 stock split. As expected, the stock
price falls to $50. The options exchange rules call
for dividing the exercise price by 2 and doubling
the number of option contracts held. Verify that
the option holders are unharmed by these stock
split rules of the options exchange.

19. Using BSMbin8e.xls, compute the call and put
prices for a stock option, where the current stock
price is $100, the exercise price is $105.1271, the
risk-free interest rate is 5 percent (continuously

compounded), the volatility is 30 percent,
and the time to expiration is 1 year. Explain the
observed relationship between the call and put
price.

20. Using BSMbin8e.xls, compute the call and put
prices for a stock option, where the current stock
price is $100, the exercise price is $100, the risk-
free interest rate is 0 percent (continuously
compounded), the volatility is 30 percent, and
the time to expiration is 1 year. Explain the ob-
served relationship between the call and put
price. Further explain the relationship between
your results here and the previous question.

21. (Concept Problem) Show how a delta hedge
using a position in the stock and a long position
in a put would be set up.

22. (Concept Problem) Suppose that a stock is priced
at 80 and has a volatility of 0.35. You buy a call
option with an exercise price of 80 that expires in
3 months. The risk-free rate is 5 percent. Answer
the following questions:

a. Determine the theoretical value of the call.
Use BSMbin8e.xls.

b. Suppose that the actual call is selling for $5.
Suggest a strategy, but do not worry about
hedging the risk. Simply buy or sell 100
calls.

c. After purchasing the call, you investigate
your possible profits. You expect to unwind
the position one month later, at which time
you expect the call to have converged to its
Black-Scholes-Merton value. Of course you
do not know what the stock price will be, but
you can calculate the profits for stock prices
over a reasonable range. You expect that the
stock will not vary beyond $60 and $100.
Determine your profit in increments of $10
of the stock price. Comment on your results.

Note: This problem will prepare you for
Chapter 6.
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APPENDIX 5

A Shortcut to the Calculation of Implied Volatility
Solving for the implied volatility can be a tedious trial-and-error process. Manaster and
Koehler (1982), however, provide a shortcut that can quickly lead to the solution. The
technique employs a Newton-Raphson search procedure.

Suppose that for a given standard deviation, σ*, the Black-Scholes-Merton formula
gives the call price as C(σ*). The true market price, however, is C(σ), where σ is the
true volatility. Manaster and Koehler recommend an initial guess of σ�1 where

σ�1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln

S0
X

� �
þ rcT

����
���� 2

T

� �s
:

Then compute the value of C(σ�1) and compare it to the market price, C(σ). If this is not
close enough, the next guess should be

σ�2 ¼ σ�1 �
½Cðσ�1Þ � CðσÞ�ed21=2 ffiffiffiffiffi

2π
p

S0
ffiffiffi
T

p ,

where d1 is computed using σ�1. Then compute the value C(σ�2) and compare it to the
market price, C(σ). If it is not close enough, the next guess should be

σ�3 ¼ σ�2 �
½Cðσ�2Þ � CðσÞ�ed21=2 ffiffiffiffiffi

2π
p

S0
ffiffiffi
T

p ,

with d1 computed using σ�2. Repeat the process until the model price is sufficiently
close to the market price. In other words, given the ith guess of the implied volatility,
the (i þ 1)th guess should be

σ�iþ1 ¼ σ�i �
½Cðσ�1Þ � CðσÞ�ed21=2 ffiffiffiffiffi

2π
p

S0
ffiffiffi
T

p ,

where d1 is computed using σ�i .
Let us apply this procedure to the problem in the chapter. We have S0 ¼ $125.94,

X = 125, rc ¼ 0.0446, T ¼ 0.0959, σ ¼ 0.83, and C(σ) ¼ $13.50. The initial guess for
the implied volatility is

σ�1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln

125:94
125

� �
þ 0:0446ð0:0959Þ

����
���� 2

0:0959

� �s
¼ 0:4954:

180 Part I Options



At a volatility of 0.4954, the Black-Scholes-Merton value is 8.41. The next guess
should be

σ�2 ¼ 0:4954� ½8:41� 13:50�eð0:1533Þ2=2ð2:5066Þ
125:94

ffiffiffiffiffiffiffiffiffiffiffi
0:059

p ¼ 0:8264:

where 0.1533 is the value of d1 computed from the Black-Scholes-Merton model using
0.4950 as the standard deviation. The value 2.5066 is

ffiffiffiffiffi
2π

p
. The Black-Scholes-Merton

price using 0.8260 as the volatility is 13.49, which is close enough.
Thus, we have found the solution in only two steps. In the chapter we noted that the

implied volatility was 0.83 with the slight difference being due to rounding off our
answer.

The software included with this book contains a spreadsheet called BSMImpVol8e.xls
that computes the implied volatility using the Manaster-Koehler technique. This proce-
dure is written as an Excel function called ¼BlackScholesMertonImpliedVolatility
(,,,,,,,,). Following the procedure described in the Instructions sheet, you can make
this function available in any Excel spreadsheet, which would enable you to simply
select Insert/Function and then select it from the User Defined functions. In the exam-
ple illustrated below, the stock price is $125.94, the exercise price is 125, the risk-free
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rate is 4.46 percent, the time to expiration is 0.0959, the continuous dividend yield is
0.00 percent, the option is a call, and the market price is $13.50. The user specified that
the option price using the implied volatility must be within 0.01 of the call price. As
you can see, the function shows that the implied volatility is 0.8262. It also shows
that the option price at a volatility of 0.8262 is 13.4937861, which is within 0.01 of
the market price.
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CHA P T E R 6
Basic Option Strategies

With derivative products and options you can pick any point of the payoff
distribution and sell off all the others.

Stan Jonas

Derivatives Strategy, November, 1995, p. 66

One of the most interesting characteristics of an option is that it can be combined with
stock or other options to produce a wide variety of alternative strategies. The profit possi-
bilities are so diverse that virtually any investor can find an option strategy to suit his risk
preference and market forecast.

In a world without options, the available strategies would be quite limited. If the market
were expected to go up, one would buy stock; if it were expected to go down, one would
sell short stock. As noted in Chapter 1, however, selling short stock requires an investor to
meet certain requirements, such as having a minimum amount of capital to risk, selling
short on an uptick or zero-plus tick, and maintaining minimum margins. Options make
it simple to convert a forecast into a plan of action that will pay off if correct. Of course,
any strategy will penalize one if the forecast is wrong. With the judicious use of options,
however, the penalties can be relatively small and known in advance.

This and the next chapter examine some of the more popular option strategies. It is not
possible to cover all the strategies option traders could use. The ones we examine here
should provide a basic understanding of the process of analyzing option strategies. Further
study and analysis of the more advanced and complex strategies can be done using the
framework presented here.

This chapter presents the basic option strategies. These strategies are the easiest to
understand and involve the fewest transactions. Specifically, we shall cover the strategies
of calls, puts, and stock, and combining calls with stock and puts with stock. We shall see
how calls and stock can be combined to form puts and how puts and stock can be com-
bined to form calls. Chapter 7 will examine spread strategies, which involve one short op-
tion and one long option, and combination strategies, which entail both puts and calls.

The approach we use here to analyze option strategies is to determine the profit a
strategy will produce for a broad range of stock prices when the position is closed. This
methodology is simple yet powerful enough to demonstrate its strengths. One attractive
feature is that there are actually three ways to present the strategy. Because reinforcement
enhances learning, we shall utilize all three presentation methods.

The first method is to determine an equation that gives the profit from the strategy as a
function of the stock price when the position is closed. You will find that the equations are
quite simple and build on skills covered in Chapters 3, 4, and 5. The second method is a
graphical analysis that uses the equations to construct graphs of the profit as a function of
the stock price when the position is closed. The third approach is to use a specific numeri-
cal example to illustrate how the equations and graphs apply to real-world options. We
continue with the same DCRB options previously examined.

CHAPTER
OBJECT I V ES

• Introduce the three-
way procedure for
examiningtheriskand
return of an option
strategy: by equation,
by graph, and by
numerical example

• Examine the basic
strategies of buying
and selling stock, calls,
and puts

• Examine the
combination
strategies of covered
calls, protective puts,
conversions, and
reversals

• Explainhowthechoice
of exercisepriceaffects
the possible outcomes
of a strategy

• Explainhowthe length
of the chosen holding
period affects the
outcomes of a strategy

• Illustrate the
accompanying
software for analyzing
option strategies

183



Keep in mind that there are options on other types of assets, such as currencies, com-
modities and bonds, and there are also options on futures contracts and interest rates,
which we shall encounter in later chapters. The basic principles covered in this chapter
apply in a fairly straightforward manner to those cases. The end-of-chapter problems ask
you to analyze some of the strategies in this chapter as applied to currency options.

As with our earlier analyses of options, we require several symbols. For convenience
and because there are a few new notations, the following section presents the complete
set of symbols.

TERMINOLOGY AND NOTATION
C ¼ current call price

P ¼ current put price

S0 ¼ current stock price

T ¼ time to expiration as a fraction of a year

X ¼ exercise price

ST ¼ stock price at option’s expiration

∏ ¼ profit from the strategy

The following symbols indicate the number of calls, puts, or shares of stock:

NC ¼ number of calls

NP ¼ number of puts

NS ¼ number of shares of stock

As indicated in Chapter 2, the standard number of calls, puts, and shares is 100. For our
purposes, it will not matter if we use a simple number, such as 1 or 2. When working
with the numerical examples, however, we shall assume a standard contract of options
or block of stock, which, of course, means 100 options or shares.

Profit Equations
One of the powerful features of the NC, NP, and NS notation is that these numbers’ signs
indicate whether the position is long or short. For example,

NC > (<) 0, the investor is buying (writing) calls.

NP > (<) 0, the investor is buying (writing) puts.

NS > (<) 0, the investor is buying (selling short) stock.

To determine the profit from a particular strategy, we need only know how many
calls, puts, and shares of stock are involved, whether the position is long or short, the
prices at which the options or stock were purchased or written, and the prices at which
the positions were closed. With calls held to the expiration date, we already know that
the call will be worth its intrinsic value at expiration. Thus, the profit can be written as

∏ ¼ NC½Maxð0,ST � XÞ � C�:
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Notice how the sign of NC allows the equation to give the profit for both the call buyer
and the call writer. For example, a buyer with one call, NC ¼ 1, has a profit of

∏  ¼  ½Maxð0, ST � XÞ � C�:

For the writer with one call, NC ¼ �1, profit is

∏  ¼  �Maxð0, ST � XÞ þ C:

For a put option, the profit can be written as

∏  ¼  NP½Maxð0, X� STÞ � P�:

For a buyer with one put, NP ¼ 1,

∏  ¼  Maxð0, X� STÞ � P:

For a writer with one put, NP ¼ �1,

∏  ¼  �Maxð0, X� STÞ þ P:

For a transaction involving only stock, the profit equation is simply

∏  ¼  NSðST � S0Þ:

For a buyer of one share of stock, NS ¼ 1, profit is

∏  ¼  ST � S0:

For a short seller of one share of stock, NS ¼ �1, profit is

∏  ¼  � ST þ S0:

These profit equations make it simple to determine the profit from any transaction. Take,
for example, the equations for the call buyer and the put buyer. In both cases, the profit per
share is simply the dollar amount received from exercising the option minus the dollar amount
paid for the option. The profit per share is then multiplied by the number of options to com-
pute the profit. For the call writer and put writer, the profit per share is the amount received as
the premium minus the amount paid out from exercising the option. The profit per share is
then multiplied by the number of options written to compute the profit. Similarly, the profit
per share for a stock buyer is simply the price at which the stock is sold minus the price paid
for the stock. Again, the profit per share is then multiplied by the number of shares to compute
the profit. For the short seller, the profit per share is the price received from the short sale minus
the price paid for repurchasing the stock. The profit per share is then multiplied by the number
of shares sold short to compute the profit. To keep the analysis as simple as possible, we shall
ignore the interest foregone or implicitly earned on a long or short position in options or stock.
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Finally, we shall often find ourselves using the terms bull and bear, which are part of
the lingo of financial markets. A bull market is one in which the price goes up. A bear
market is one in which the price goes down. A bullish investor believes a bull market is
coming, and a bearish investor believes a bear market is coming.

Different Holding Periods
The cases described in the previous section are strategies in which the position is held
until the option expires. Because the option has no time value remaining and sells for
its intrinsic value, the profit is easy to determine. It is not necessary, however, that an
option trader hold the position open until the option expires. The length of the investor’s
holding period can be any time interval desired. In the case of a position closed out prior
to the option’s expiration, it is necessary to determine at what price the option would
sell. How would we go about doing this?

Remember that the available information would be the exercise price and the time
remaining on the option. We would want to know at what price the option would sell
given a certain stock price. If the risk-free rate and an estimate of the variance of the
return on the stock were available, we could use the Black-Scholes-Merton model. Here
we shall assume that this information is available, and we shall use the model to estimate
the option’s remaining time value to determine the profit from the strategy.

For illustrative purposes, we define three points in time: T1, T2, and T. We allow the
investor to hold the position until either T1, T2, or all the way to expiration, T. The hold-
ing period from today until T1 is the shortest. If an investor closes out the position at
time T1, the option will have a remaining time to expiration of T� T1. The holding pe-
riod from today until T2 is of intermediate length. The investor who chooses it closes the
option position with a remaining time to expiration of T� T2. If the investor holds the
position until expiration, the remaining time is T� T ¼ 0.

Thus, the profit from a call position, if terminated at time T1 before expiration and
when the stock price is ST1 is written as

Π ¼ NC½CðST1 , T� T1, XÞ � C�,

where C(ST1 , T � T1, X) is the value obtained from the Black-Scholes-Merton or any
other appropriate call option pricing model using a stock price of ST1 and a time to ex-
piration of T � T1. C is, of course, the original price of the call. The expression for puts
is the same except that we use a P instead of a C and employ the Black-Scholes-Merton
or any other appropriate put option pricing model to calculate P(ST1 , T� T1, X). Similar
expressions obviously apply when the position is closed at T2.

Although the examples in this chapter use exchange-traded options, they are equally
applicable to over-the-counter options. Although there is no specific market for liquidat-
ing over-the-counter options before expiration, the equivalent result can be obtained by
simply creating a new option that offsets the old option. This procedure, of course, as-
sumes that the writer does not default.

Assumptions
Several important assumptions underlie the analysis of option strategies.

First, we assume the stock pays no dividends. As we saw in Chapters 3, 4, and 5,
dividends can complicate option decisions. Although including them here would not be
especially difficult, we will intentionally omit them to keep the analysis simple. Where it
is especially important, we will discuss the effect of dividends.
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Second, we assume that there are no taxes or transaction costs. These already have
been covered and certainly are a consideration in option decisions, but they would add
little to the analysis here. Where there are special tax and transaction cost factors, we
provide an interpretation of their effects.

Recall that we have been analyzing the DCRB options in previous chapters. For con-
venience, Table 6.1 repeats those data.

Now, let us move on to analyzing the strategies. The first group of strategies we shall
examine are transactions involving stock.

STOCK TRANSACTIONS
Because combining stocks with options is sometimes an attractive strategy, it is impor-
tant that we first establish the framework for stocks.

Buy Stock
The simplest transaction is the purchase of stock. The profit equation is

∏ ¼ NSðST � S0Þ, given that NS > 0:

For illustrative purposes, let NS¼ 100, a single round lot of stock. Figure 6.1 shows how the
profit from this transaction varies with the stock price when the position is closed. The
transaction is profitable if the DCRB stock ultimately is sold at a price higher than
$125.94, the price paid for the stock. Dividends would lower this breakeven by the amount
of the dividends, while transaction costs would raise it by the amount of those costs.

Sell Short Stock
The short sale of stock is the mirror image of the purchase of stock. The profit equation is

∏ ¼ NSðST � S0Þ, given that NS < 0:

In this example, let NS ¼ �100, which means that 100 shares have been sold short.
Figure 6.2 shows how the profit from the short sale varies with the price of the DCRB
stock at the end of the investor’s holding period. Short selling is a strategy undertaken in
anticipation of a bear market. The investor borrows the stock from the broker, sells it at

TABLE 6.1 DCRB OPTION DATA, MAY 14

Calls Puts

Exercise Price May June July May June July

120 8.75 15.40 20.90 2.75 9.25 13.65

125 5.75 13.50 18.60 4.60 11.50 16.60

130 3.60 11.35 16.40 7.35 14.25 19.65

Current stock price: 125.94
Expirations: May 21, June 18, July 16
Risk-free rates (continuously compounded): 0.0447 (May); 0.0446 (June); 0.0453 (July)
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Figure 6.1 Buy Stock
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Figure 6.2 Sell Short Stock
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$125.94, and repurchases it at—it is hoped—a lower price.1 If the shares are repurchased
at less than $125.94, the transaction earns a profit. As Figure 6.2 shows, selling short has
the potential for unlimited losses if the investor guesses wrong and the stock price rises.

Now we turn to the first of the option strategies—the call transactions.

CALL OPTION TRANSACTIONS
There are two types of call option transactions. We first examine the strategy of buying a
call.

Buy a Call
The profit from a call option purchase is

∏ ¼ NC½Maxð0, ST � XÞ � C� given that NC  >  0:

Consider the case where the number of calls purchased is simply 1 (NC ¼ 1). Suppose
that the stock price at expiration is less than or equal to the exercise price so that the
option expires out-of-the-money. What is the profit from the call? Since the call expires
unexercised, the profit is simply �C. The call buyer incurs a loss equal to the premium
paid for the call.

Suppose that the call option ends up in-the-money. Then the call buyer will exercise
the call, buying the stock for X and selling it for ST, which will net a profit of
ST� X� C.2 These results are summarized as follows:

∏ ¼ ST � X� C if ST > X:

∏ ¼ �C if ST � X:

Figure 6.3 illustrates this transaction for the DCRB June 125 call, which sells for $13.50.
The call has limited downside risk. The maximum possible loss for a single contract is
$1,350, which is the premium times 100. At any stock price at expiration less than the exer-
cise price of 125, the call buyer loses the maximum amount. If the stock price is above 125,
the loss will be less than $1,350. Losses, however, are incurred if the stock price is below a
critical stock price, which we shall call the breakeven stock price at expiration.

Notice in Figure 6.3 that the breakeven stock price is above the exercise price and
between $135 and $145. We can find the breakeven stock price at expiration by simply
setting to zero the profit for the case where stock price exceeds exercise price. We then
solve for the breakeven stock price, S�T. Thus,

Π ¼ S�T � X� C ¼ 0:

Solving for S�T gives

S�T ¼ Xþ C:

1Any dividends paid while the stock is sold short go to whomever purchased the stock from the short seller. In
addition, the short seller must pay the broker the amount of the dividends.
2The stock need not be sold for this result to hold. The call buyer can retain the stock worth ST or convert it
to cash. An even better strategy would be to sell the call an instant before it expires. At that time it should
have little, if any, time value left. This would avoid the high transaction cost of taking delivery of the stock.
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The breakeven stock price at expiration, then, is the exercise price
plus the call price. The call premium, C, is the amount already paid
for the call. To break even, the call buyer must exercise the option at
a price high enough to recover the option’s costs. For every dollar by
which the stock price at expiration exceeds the exercise price, the call

buyer gains a dollar. Therefore, the stock price must exceed the exercise price by C dollars
for the call buyer to recover the cost of the option. In this problem, the breakeven stock
price at expiration is $125 + $13.50 ¼ $138.50.

With the breakeven at $138.50 and the current stock price at $125.94, the DCRB stock
must increase by almost 10 percent in one month for the transaction to be profitable. Al-
though DCRB is a very volatile stock, performance of this sort would be unusual. Nonethe-
less, a call offers unlimited upside potential while limiting the loss on the downside. Thus, the
purchase of a call is a particularly attractive strategy for those with limited budgets who wish
to “play the market” while limiting their losses to a level that will not wipe them out. Of
course, if the trader invests the same dollar amount, as opposed to the same number of shares,
in call options as the underlying stock, then there is a greater chance of being wiped out.

Choice of Exercise Price Usually several options with the same expirations but different
strike prices are available. Which option should we buy? There is no unambiguous answer.

Figure 6.4 compares the profit graphs for the DCRB June calls with strike prices of 120,
125, and 130. There are advantages and disadvantages to each. First, compare the 125, which
we previously examined, with the 130. If we choose a higher strike price, the gain if the stock
prices rises will be less. Because the call with the higher exercise price commands a lower pre-
mium, however, the loss if the stock price falls will be smaller. The breakeven for the 130 is

X+ C¼ 130+ 11.35¼ 141.35, which is higher than that for the 125.
If we choose the 120 over the 125, we have the potential for a

greater profit if the stock price at expiration is higher. Also, the
breakeven is X + C ¼ 120 + 15.40 ¼ 135.40. If the market is

Figure 6.3 Buy Call
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down, however, the loss will be greater. The potential loss is the full premium of $1,540.
This is because the call with the lower exercise price will command a greater premium.

Thus, the choice of which option to purchase is not easy and depends on how confi-
dent the call buyer is about the market outlook. If one feels strongly that the stock price
will increase, the call with the lowest exercise price is preferable. Otherwise, a higher
exercise price will minimize the potential loss.

Choice of Holding Period The strategies previously examined assume the investor
holds the option until the expiration date. Alternatively, the call buyer could sell the option
prior to expiration. Let us look at what happens if a shorter holding period is chosen.

Recall that we plan to examine three holding periods. The shortest holding period in-
volves the sale of the call at time T1. The intermediate-length holding period is that in
which the call is sold at time T2. The longest holding period is that in which the option is
held until expiration. If the option is sold at time T1, the profit is the call price at the time
of the sale minus the price originally paid for it. We can use the Black-Scholes-Merton
model with a time to expiration of T� T1 to estimate the price of the call for a broad range
of possible stock prices and, thereby, determine the profit graph. Using the July 125 call, the
three holding periods are (1) sell the call on June 4, T1; (2) sell the call on June 25, T2; and
(3) hold the call until it expires on July 16, T.

For the shortest holding period, in which the position is closed
on June 4, the time remaining is 42 days; that is, there are 42 days
between June 4 and July 16. Thus, the call price will be based on a
remaining time to expiration of 42/365 ¼ 0.1151. The call’s time to
expiration is T� T1 ¼ 0.1151. For the intermediate-length holding

period, in which the position is held until June 25, the time remaining to expiration is
21 days. Thus, the time to expiration is 21/365 ¼ 0.0575 and T� T2 ¼ 0.0575. For the
longest holding period, the time remaining is, of course, zero. The parameters used in the
model are X ¼ 125, σ ¼ 0.83, and rc ¼ 0.0453.

Figure 6.4 Buy Call: Different Exercise Prices
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The results are shown in Table 6.2. As an example, note that on June 4, at a stock price
of $110, the call would have a Black-Scholes-Merton value of $7.16. Since the investor
paid $18.60 for the call, the profit per contract is 100($7.16�$18.60) ¼ �$1,144. If the
stock price were $115, the call would be worth $9.23, and the profit would be 100($9.23�
$18.60) ¼ �$937. On June 25, at a stock price of $110, the call would be worth $3.74,
and the profit would be 100($3.74�$18.60) ¼ �$1,486. The remaining entries are computed
in the same manner.

In Figure 6.5, the profit per contract is graphed as the dependent variable and
the stock price at the end of the holding period is graphed as the independent variable.

TABLE 6.2 ESTIMATION OF BLACK-SCHOLES-MERTON PRICES

AND PROFITS FOR DCRB JULY 125 CALL

Posit ion Closed at :
Time to Expiration:

June 4
0.1151

June 25
0.0575

Stock Price at End of
Holding Period

Black-Scholes-
Merton Cal l Price

Profit per
Contract

Black-Scholes-
Merton Cal l Price

Profit per
Contract

105 $ 5.39 −$1,321 $ 2.44 −$1,616

110 $ 7.16 −$1,144 $ 3.74 −$1,486

115 $ 9.23 −$ 937 $ 5.43 −$1,317

120 $11.61 −$ 699 $ 7.54 −$1,106

125 $14.29 −$ 431 $10.06 −$ 854

130 $17.24 −$ 136 $12.98 −$ 562

135 $20.45 $ 185 $16.27 −$ 233

140 $23.90 $ 530 $19.88 $ 128

145 $27.57 $ 897 $23.77 $ 517

150 $31.43 $1,283 $27.91 $ 931

155 $35.47 $1,687 $32.24 $1,364

Note: Calculations were done on a spreadsheet, so they may differ slightly from calculations done by hand.

Figure 6.5 Buy Call: Different Holding Periods
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The graph indicates that the shortest holding period provides a higher profit for all stock
prices at expiration. It would appear that the shorter the holding period, the greater the poten-
tial profit. This is because with a shorter holding period, the call can be sold to recover some of
its remaining time value. The longer the call is held, the greater is the time value lost.

This seems to present a paradox: It suggests that to maximize profits, one should hold
the option for the shortest time possible. Obviously option traders do not always use
such short holding periods. What is missing from the explanation?

The answer is that the shorter holding period provides superior profits for a given
stock price. The profit graph does not indicate the likelihood that the stock price will
end up high or low. In fact, with a shorter holding period, the possible range of stock
prices is much lower because there is less time for the stock price to move. The longer
holding period, on the other hand, gives the stock price more time to increase.

This completes our discussion of the strategy of buying a call. We now turn to the
strategy of writing a call.

Write a Call
An option trader who writes a call without concurrently owning the stock is said to be writ-
ing an uncovered or naked call. The reason for this nomenclature is that the position is a
high-risk strategy, one with the potential for unlimited losses. The uncovered call writer
undertakes the obligation to sell stock not currently owned to the call buyer at the latter’s
request. The writer therefore may have to buy the stock at an unfavorable price. As a result,
writing an uncovered call is a privilege restricted to those few traders with sufficient capital
to risk. Because the brokerage firm must make up losses to the clearinghouse, it, too, is at
risk. Therefore, a trader’s broker must agree to handle the transaction—and that is likely to
be done only for the best and wealthiest customers. Of course, traders owning seats on the
exchange or low-credit-risk institutions in the over-the-counter market are less restricted
and can more easily write uncovered calls, but because of the high risk even they do so in-
frequently. Moreover, with stocks that pay dividends, the writer faces the risk of early exer-
cise if the calls are American, as discussed in Chapter 3.

If writing an uncovered call is such a risky strategy, why should we examine it? The reason
is that writing an uncovered call can be combined with other strategies, such as buying stock
or another option, to produce a strategy with very low risk. Therefore, it is necessary to estab-
lish the results for the short call before combining it with other strategies.

Because the buyer’s and writer’s profits are the mirror images of each other, the profit
equations and graphs are already familiar. The writer’s profit is

∏ ¼ NC½Maxð0, ST � XÞ � C� given that NC < 0:

Assume one call, NC ¼ �1. Then the profit is

∏ ¼ C if ST � X:

∏ ¼ �ST þ Xþ C if ST > X:

Figure 6.6 illustrates the profit graph for the writer of 100 DCRB
June 125 calls at a price of $13.50. Note that the breakeven stock
price for the writer must be the breakeven stock price for the buyer,
X + C ¼ $138.50. The maximum loss for the buyer is also the maxi-
mum gain for the writer, $1,350. If the stock price ends up above the

exercise price, the loss to the writer can be substantial—and, as is obvious from the graph,
there is no limit to the possible loss in a bull market.

Selling a call is a bearish strategy that has
a limited gain (the premium) and an unlim-
ited loss.
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Choice of Exercise Price Figure 6.7 compares the strategy of writing
calls at different strike prices by showing the 120, 125, and 130 calls.
Figure 6.7 is the mirror image of Figure 6.4. The greatest profit potential
is in the 120, which has the highest premium, $1,540, but is accompanied
by the greatest loss potential and the lowest breakeven, X + C ¼ 120+

15.40 ¼ 135.40. This would be the highest-risk strategy. The 130 would have the lowest risk

Figure 6.6 Write Call
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Figure 6.7 Write Call: Different Exercise Prices
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Figure 6.8 Write Call: Different Holding Periods
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of the three with the highest breakeven, X+ C ¼ 130+ 11.35 ¼ 141.35, but also the lowest
profit potential, the $1,135 premium.

Choice of Holding Period Figure 6.8 illustrates the profit for the three possible hold-
ing periods previously described. These are the July 125 calls in which the holding period
T1 involves the repurchase of the call on June 4; T2 assumes the call is repurchased on
June 25; and T allows the call to be held until expiration, when it either is exercised or
expires out-of-the-money.

Figure 6.8 is the mirror image of Figure 6.5. A writer repurchasing the call prior to
expiration will have to pay for some of the remaining time value. Therefore, for the call
writer, the profit is lowest with the shortest holding period for a given stock price.

This is because the time value repurchased is greater with the
shorter holding period. With a shorter holding period, however, the
stock price is less likely to move substantially; thus, the range of pos-
sible profits is far smaller. If the investor holds the position until ex-
piration, the profit may be greater but the stock will have had more
time to move—perhaps unfavorably.

This completes our discussion of call buying and writing, which we see are mirror
images of each other. We next turn to put option transactions.

PUT OPTION TRANSACTIONS
Buy a Put
Buying a put is a strategy for a bear market. The potential loss is limited to the premium
paid. The gain is also limited, but can still be quite substantial. The profit from the pur-
chase of a put is given by the equation

∏ ¼ NP½Maxð0, X� STÞ � P� given that NP > 0:

For a given stock price, the longer a short
call is maintained, the more time value it
loses and the greater the profit.
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As in the example for calls, assume the purchase of a single put, NP ¼ 1. If the stock
price at expiration ends up less than the exercise price, the put is in-the-money and is
exercised. If the stock price at expiration is greater than or equal to the exercise price,
the put ends up out-of-the-money. The profits are

∏ ¼ X� ST � P if ST < X:

∏ ¼ �P if ST � X:

Figure 6.9 illustrates the profits from the put-buying strategy for the DCRB June 125
put with a premium of $11.50. The potential loss is limited to the premium paid, which
in this case is $1,150. The profit is also limited, because there is a limit to how low the
stock price can fall. The best outcome for a put buyer is for the company to go bankrupt.
In that case, the stock would be worthless, ST ¼ 0, and the profit would be X � P. In this
example, that would be 100(125�11.50) ¼ 11,350.

Notice that the breakeven occurs where the stock price is below the exercise price.
Setting the profit equation for this case equal to zero gives

Π ¼ X� S�T � P ¼ 0:

Solving for the breakeven stock price, S�T, at expiration reveals that

S�T ¼ X� P:

The put buyer must recover enough from the option’s exercise to cover the premium already
paid. For every dollar by which the option is in-the-money, the put buyer gains a dollar.
Therefore, the stock price must fall below the exercise price by the amount of the premium.
In this instance, this is 125 � 11.50 ¼ 113.50. For the investor to profit from this put, the
stock price must fall to $113.50 or less by the expiration date. This is a decrease of almost
10 percent in one month, which is very large even for a volatile stock like DCRB.

Figure 6.9 Buy Put
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In any case, buying a put is an appropriate strategy when antici-
pating a bear market. The loss is limited to the premium paid, and
the potential gain is quite high. Moreover, it is easier to execute a put
transaction than a short sale. Puts need not be bought when the stock
is on an uptick or zero-plus tick, and the amount paid for the put is

far less than the margin on a short sale. More importantly, a put limits the loss while a
short sale has an unlimited loss.

Choice of Exercise Price Figure 6.10 compares the profit graphs for puts with differ-
ent strike prices using the June 120, 125, and 130 puts. The highest exercise price, the

130, has the highest premium; thus, the potential loss is greatest—in
this case, $1,425. Its profit potential is highest, however, with a max-
imum possible profit of 100(130� 14.25) ¼ 11,575 if the stock price
at expiration is zero. The breakeven is 130� 14.25 ¼ 115.75. The
120 has the lowest potential profit, 100(120� 9.25) ¼ 11,075, and

the lowest breakeven stock price, 120� 9.25 ¼ 110.75. It also has the lowest loss poten-
tial, however; its premium of $925. The put chosen will be determined by the risk the
option trader is willing to take. The more aggressive trader will go for the maximum
profit potential and choose the highest exercise price. The more conservative trader will
choose a lower exercise price to limit the potential loss.

Choice of Holding Period Figure 6.11 compares the profit potential of the three
holding periods for the July 125 put. The Black-Scholes-Merton option pricing model
for European puts was used to estimate the put prices for the shorter holding periods.

By electing a shorter holding period—say, T1—the put buyer can
sell the put back for some of the time value originally purchased. If
the put buyer holds until T2, less time value will be recovered. If held
until expiration, no remaining time value will be recaptured. As with
the case for calls, the shorter holding periods show greater potential
profit for a given stock price. They allow less time, however, for the

Figure 6.10 Buy Put: Different Exercise Prices
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stock price to go down. Therefore, shorter holding periods are not necessarily inferior or
superior to longer ones. The choice depends on the trader’s forecast for the stock price:
specifically, how much it is expected to move, the direction, and in how much time.

An exception to the pattern of time value decay can occur at very low stock prices. Recall
that it is possible that a European put can increase in value with a decrease in time.

With an understanding of the put buyer’s profit potential, it should be simple to ex-
amine the case for the put writer. As you probably expect, the put writer’s position is the
mirror image of the put buyer’s.

Write a Put
The put writer is obligated to buy the stock from the put buyer at the exercise price. The
put writer profits if the stock price goes up and the put therefore is not exercised, in
which case the writer keeps the premium. If the stock price falls such that the put is ex-
ercised, the put writer is forced to buy the stock at a price greater than its market value.
For an American put this can, of course, occur prior to as well as at expiration.
The profit equation for the put writer is

∏ ¼ NP½Maxð0, X� STÞ � P� given that NP < 0:

Assume the simple case of a single short put, NP ¼ �1. The writer’s
profits are the mirror images of the buyer’s:

∏ ¼ � X þ  ST þ  P if ST < X:

∏ ¼ P if ST � X:

Figure 6.12 illustrates the put writer’s profits using the June 125 put written at a pre-
mium of $11.50. The writer’s maximum potential profit is the buyer’s maximum poten-
tial loss—the amount of the premium, $1,150. The maximum potential loss for the writer

Figure 6.11 Buy Put: Different Holding Periods
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is limited, but like the buyer’s maximum potential gain, it is a very large amount: here,
$11,350. The breakeven stock price at expiration is the same as that for the buyer—X� P,

or $113.50.

Choice of Exercise Price Figure 6.13 compares the put writer’s
profits for different strike prices using the June puts. The highest
strike price, 130, offers the greatest premium income and therefore

Figure 6.13 Write Put: Different Exercise Prices
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Figure 6.12 Write Put
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the greatest profit potential. The maximum profit is $1,425, and the breakeven is 130�
14.25 ¼ 115.75. The risk, however, is greatest, since any losses will be larger in a bear
market. The lowest strike price offers the lowest maximum profit—the premium income
of $925—but also has the lowest breakeven—120� 9.25 ¼ 110.75—and the lowest loss if
the market is down. Once again the range of exercise prices offers the put writer several
choices for assuming various degrees of risk and expected reward.

Choice of Holding Period Figure 6.14 compares the put writer’s profits for different
holding periods. Like the call writer, the put writer who chooses a shorter holding pe-
riod makes a smaller profit or incurs a greater loss for a given stock price. This is because
the writer buying back the put before expiration must pay for some of the remaining
time value. The advantage to the writer, however, is that with a short holding period
there is a much smaller probability of a large, unfavorable stock price move. Again, the
choice of holding period depends on the forecast for the market price and the time
frame over which the writer expects that forecast to hold.

With European puts, we see that at low stock prices, the pattern of
time value decay reverses itself. With American puts, the writer must
be aware of the possibility that they will be exercised early.

We now have covered all of the simple strategies of buying stock,
selling short stock, buying calls, writing calls, buying puts, and writ-
ing puts. Figure 6.15 summarizes the profit graphs of these strategies.
They can be viewed as building blocks that are combined to produce

other strategies. In fact, all of the remaining strategies are but combinations of these
simple ones. The remainder of this chapter examines the strategies of combining calls
with stock, combining puts with stock, replicating puts with calls and stock, and replicat-
ing calls with puts and stock.

Figure 6.14 Write Put: Different Holding Periods

75 85 95 105 115 125 135 145 155 165 175
Stock Price at End of Holding Period

Pr
ofi

t 
(in

 D
ol

la
rs

)

(4,000)
(3,500)
(3,000)
(2,500)

500
0

(500)
(1,000)
(1,500)
(2,000)

1,000

2,500
2,000
1,500

T1

T2

T

For a given stock price, the longer the position is
held, the more time value it loses and the higher
the profit; however, an exception can occur
when the stock price is low

DCRB July 125; P = $16.60

For a given stock price, the longer a short
put is maintained, the more time value it
loses and the greater the profit. For Euro-
pean puts, this effect is reversed when the
stock price is low.
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CALLS AND STOCK: THE COVERED CALL
Chapter 4 showed that it is possible to form a riskless hedge by buying stock and writing
calls. The number of calls written must exceed the number of shares, and the appropriate
hedge ratio must be maintained throughout the holding period. A simpler but neverthe-
less low-risk strategy involves writing one call for each share of stock owned. Although
this strategy is not riskless, it does reduce the risk of holding the stock outright. It is also
one of the most popular strategies among professional option traders. An investor exe-
cuting this strategy is said to be writing a covered call.

Figure 6.15 Summary of Profit Graphs for Positions Held to Expiration

(a) Call Option Transactions

Buy Call Write Call

(b) Put Option Transactions

Buy Put Write Put

(c) Stock Transactions

Buy Stock Sell Short Stock
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Recall that we previously examined the uncovered call, in which the investor writes a
call on a stock not owned. We found the risk to be unlimited. If the option writer also
owns the stock, however, there is no risk of buying it in the market at a potentially high
price. If the call is exercised, the investor simply delivers the stock. From another point
of view, the holder of stock with no options written thereon is exposed to substantial risk
of the stock price moving down. By writing a call against that stock, the investor reduces
the downside risk. If the stock price falls substantially, the loss will be cushioned by the
premium received for writing the call. Although in a bull market the call may be exer-
cised and the stockholder will have to give up the stock, there are ways to minimize this
possibility. We shall consider how to do this later.

Because we already examined the strategies of buying stock and writing calls, deter-
mining the profits from the covered call strategy is simple: We need only add the profit
equations from these two strategies. Thus,

∏ ¼ NSðST � S0Þ þ  NC½Maxð0, ST � XÞ � C�
given that NS > 0, NC < 0, and NS ¼ �NC:

The last requirement, NS ¼ �NC, specifies that the number of calls written must
equal the number of shares purchased. Consider the case of one share of stock and one
short call, NS ¼ 1, NC ¼ �1.

The profit equation is

∏ ¼ ST � S0 �Maxð0, ST � XÞ þ C:

If the option ends up out-of-the-money, the loss on the stock will be reduced by the call
premium. If the option ends up in-the-money, it will be exercised and the stock will be de-
livered. This will reduce the gain on the stock. These results are summarized as follows:

∏ ¼ ST � S0 þ C if ST � X:

∏ ¼ ST � S0 � ST þ Xþ C ¼ X� S0 þ C if ST > X:

Notice that in the case where the call ends up out-of-the-money, the profit increases for every
dollar by which the stock price at expiration exceeds the original stock price. In the case where
the call ends up in-the-money, the profit is unaffected by the stock price at expiration.

These results are illustrated in Figure 6.16 for the DCRB June 125
call written at a premium of $13.50. The dashed line is the profit from
simply holding the stock. Notice that the covered call has a smaller loss
on the downside but relinquishes the upside gain and has a lower

breakeven. The maximum profit occurs when the stock price exceeds the exercise price;
this profit is X� S0 + C, which in this example is 100(125� 125.94 + 13.50) ¼ 1,256.
The maximum loss occurs if the stock price at expiration goes to zero. In that case, the
profit will simply be �S0 + C, which is 100(�125.94 + 13.50) ¼ �11,244.

Some investors would be concerned about the fact that the upside gain is limited.
Consider, however, that if the maximum gain is achieved, the profit of $1,256 is a return
of over 11 percent relative to the initial value of the position (the stock price of $125.94
minus the call premium of $13.50). This return occurs over a one-month period. Of
course, any return beyond a stock price of $125 is lost, but an 11 percent maximum re-
turn in one month would generally be considered excellent performance, especially given
that the risk of the position is less than the risk of the stock position alone.

A covered call reduces downside losses on
the stock at the expense of upside gains.
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The breakeven stock price occurs where the profit is zero. This happens when the call
ends up out-of-the-money. Setting the profit equal to zero for the case where the call is
out-of-the-money,

Π ¼ S�T � S0 þ C ¼ 0,

and solving for S�T gives a breakeven of

S�T ¼ S0 � C:

Here the breakeven is 125.94�13.50 ¼ 112.44. At any stock price above $112.44, this
covered call is profitable. Another way to view this is that the covered call provides a
profit at any stock price at expiration down to $112.44. Thus, the covered call is profit-
able down to a stock price decrease of almost 11 percent. Ownership of the stock without
the protection of the call provides a profit only at a stock price above $125.94, the cur-
rent stock price.

Choice of Exercise Price The covered call writer has a choice of
calls at different strike prices. Figure 6.17 illustrates the profit graphs
for the covered call using the DCRB June calls with strike prices of 120,
125, and 130. Because the highest strike price, the 130, has the lowest

premiumwith which to cushion a stock price decrease, it offers the least amount of protection
for the covered call writer. It offers the maximum profit potential, however, because the high
strike price allows the writer to receive a greater amount for the stock if the call is exercised.
In this example, the 130 call has a maximum profit of 100(130� 125.94 + 11.35) ¼ 1,541.

Figure 6.16 Covered Call
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The breakeven is 125.94� 11.35 ¼ 114.59. The minimum profit, which occurs if the
stock price at expiration is zero, is 100(�125.94 + 11.35) ¼ �11,459.

In contrast, the lowest exercise price, the 120, offers the most protection. Because it
has the highest premium, the cushion on the downside is greater. If the stock moves up
and the call is exercised, however, the writer will receive a lower price for the stock.
The maximum profit is 100(120� 125.94+ 15.40) ¼ 946. The breakeven stock price is
125.94� 15.40 ¼ 110.54. The minimum profit, which occurs at a stock price at expira-
tion of zero, is 100(�125.94 + 15.40) ¼ �11,054.

Writing a covered call at the lowest exercise price is the most conservative choice, be-
cause the loss on the downside is lower; however, the gain on the upside is also lower.
Writing a covered call at the highest exercise price is a riskier strategy, because the up-
side profit potential is greater but the downside protection is less. Regardless of the exer-
cise price chosen, writing a covered call is far less risky than owning the stock outright.
The premium on the call, no matter how large or small, cushions the stockholder against
a loss on the stock in a falling market.

Choice of Holding Period Figure 6.18 illustrates the July 125 cov-
ered call in which the position is closed out prior to expiration. Again, the
Black-Scholes-Merton model was used to estimate the call’s value in the
manner described earlier in the chapter. The shortest holding period, T1,
which corresponds to closing out the position on June 4, gives the smal-

lest profit for a given stock price. This is because the writer closes out the position by buying
back the call. If there is time remaining, the writer must buy back some of the remaining time
value. If a longer holding period is used, the remaining time value, whichmust be bought back,
is less. If held to expiration, there is no time value remaining for repurchase.

Does this suggest that covered call writers should use long holding periods? Not nec-
essarily. Again, it depends on the covered call writer’s forecast for the stock price and the

Figure 6.17 Covered Call: Different Exercise Prices
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time frame over which it applies. The investor might earn a larger profit by holding the
position until expiration, but such a long holding period will also give the stock price
more time to move down. A short holding period increases the likelihood that the stock
price will not move much, and this could be more profitable for the covered call writer.

Some General Considerations with Covered Calls
As indicated earlier, covered call writing is a very popular strategy among professional
option traders. This is because it is a low-risk strategy—much less risky than buying
stock or options outright. Some studies also show that covered call writing is more prof-
itable than simply buying options. This should make one wonder why everyone does not
simply write covered calls. Obviously, if that occurred the prices of the calls would fall so
low that the strategy would no longer be attractive. This superior performance of covered
call writing is most likely attributable to the fact that the studies covered years in which
listed options were new. Veterans of those early years widely agree that the public avidly
purchased these new instruments as a cheap and exciting way to play the market. Little
regard was paid to whether the calls were fairly priced. In fact, option pricing theory it-
self was in its infancy, and little was known about pricing options. Public demand, cou-
pled with ignorance, most likely kept call prices artificially high and led to substantial
profits for clever call writers in those years. Although there have been no similar studies
recently, it seems unlikely that such superior performance could be sustained.

It is commonly believed that writing covered calls is a way to pick up extra income
from a stock. Writing a call, however, imposes on the stockholder the possibility of hav-
ing to sell the stock at an inconvenient or unsuitable time. If the stock price goes up, the
covered call writer will be unable to participate in the resulting gains and the stock will
likely be called away by exercise. If, however, the call is exercised early, the writer will be
no worse off from a financial perspective. The profit will still be X� S0 + C, the maxi-
mum expected profit at expiration. In fact, the writer actually will be better off, because
this amount will be available before expiration.

Figure 6.18 Covered Call: Different Holding Periods
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Suppose that the covered writer does not want to lose the stock by exercise. One way
to minimize the likelihood of exercise is to write calls at a high exercise price so that the
call is deep-out-of-the-money. This reduces the chance of the call ending up in-
the-money. Suppose that the stock price starts upward and it appears that the out-
of-the-money call will move in-the-money and thus increase the chance of exercise.
The writer can then buy the call back and write a new call at a higher exercise price, a
strategy called rolling up. If the stock price continues to rise, the writer can buy back the
new call and write another one at an even higher exercise price. In this manner, the cov-
ered call writer establishes a position in which the exercise price will always stay well
ahead of the stock price. The purpose of this strategy is to avoid exercise and keep the
stock in the portfolio. This may be important to someone who likes to hold on to certain
stocks for various reasons. The disadvantage of this strategy is that the high exercise
price means a lower premium and less downside protection. Also, transaction costs
from the frequent rollovers will be higher. These factors can be weighed against the in-
convenience of exercise and the investor’s willingness to give up the stock.

Many institutional investors also use covered call writing strategies. Those holding large
portfolios of stocks that are expected to gain little value often believe that their portfolios’
performances will improve if they write calls against the stock they own. But covered call
writing—or any other strategy—cannot be the gate to unlimited wealth. In fact, it is more
likely to reduce the portfolio’s expected return, because it decreases its risk. It therefore
should be viewed as a risk-reducing rather than return-enhancing strategy.

As one might imagine, the opposite of a long-stock/short-call position is to buy a call
to protect a short-stock position. The results obtained from this strategy are the mirror
image of the covered call results. We explore this strategy in an end-of-chapter problem.

Another option strategy that can be used to reduce the risk of holding stock is the
protective put—the topic of the next section.

MAK ING THE CONNECT ION

Alpha and Covered Calls

The covered call strategy of writing call options along

with purchasing a stock can be extended to portfolio

of stocks, such as the S&P 500 index. Many portfolio

managers are measured by their performance relative

to broad market measures such as the S&P 500 index.

As we will see in Chapter 11, the unsystematic return

that reflects investment performance over and above

the risk associated with the systematic or market-wide

factor is called alpha.

One way to attempt to generate alpha is by writing

call options. As discussed in the chapter, writing call

options lowers the risk of the underlying stock portfo-

lio. It is also possible that it increases the return, thus

generating positive alpha.

In theory, the current call price is determined by

arbitrage considerations and there are no market im-

perfections. In practice, the price of a call option may

be influenced by a variety of factors, including inves-

tor preferences for certain payoffs as well as investors’

expectations of stock volatility. As demand for the pay-

offs of a long call increases, the call price increases and

the call writer receives a higher premium. Thus, there is

a direct link between investor preferences for payoffs

from a long call position and the earnings generated

from writing covered call options.

The price of the call option is also driven by the ex-

pected level of volatility. The higher is the volatility, the

higher is the cost of the call option. However, the ex-

pected level of volatility is not the actual level of volatil-

ity. If investors over-estimate the volatility, then they will

over-pay for purchasing the call option. Therefore, the

call writer will benefit from over-estimates of volatility.

Thus, the additional returns generated by the cov-

ered call strategy can easily change over time as inves-

tor preferences for particular payoffs change as well as

investor estimates of volatility.
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PUTS AND STOCK: THE PROTECTIVE PUT
As discussed in the previous section, a stockholder who wants protection against falling
stock prices may elect to write a call. In a strong bull market, the stock is likely to be
called away by exercise. One way to obtain protection against a bear market and still be
able to participate in a bull market is to buy a protective put; that is, the investor simply
buys stock and buys a put. The put provides a minimum selling price for the stock.

The profit equation for the protective put is found by simply adding the profit equa-
tions for the strategies of buying stock and buying a put. From this we get

∏ ¼ NSðST � S0Þ þ NP½Maxð0, X� STÞ � P�
given that NS > 0, NP > 0, and NS ¼ NP:

As in previous examples, assume that one share of stock and one put, NS ¼ 1, NP ¼ 1. If the
stock price ends up above the exercise price, the put will expire out-of-the-money. If the stock
price ends up less than the exercise price, the put will be exercised. The results are as follows:

∏ ¼ ST � S0 � P if ST � X:

∏ ¼ ST � S0 þ X� ST � P ¼ X� S0 � P if ST < X:

The protective put works like an insurance policy. When you buy insurance for an
asset such as a house, you pay a premium that assures you that in the event of a loss,
the insurance policy will cover at least some of the loss. If the loss does not occur during
the policy’s life, you simply lose the premium. Similarly, the protective put is insurance
for a stock. In a bear market, a loss on the stock is somewhat offset by the put’s exercise.
This is like filing a claim on the insurance policy. In a bull market, the insurance is not
needed and the gain on the upside is reduced by the premium paid.

From the above equations, it is clear that the profit in a bull market varies directly
with the stock price at expiration. The higher ST is, the higher is the profit, ∏. In a
bear market, the profit is not affected by the stock price at expiration. Whatever losses
are incurred on the stock are offset by gains on the put. The profit graph for a protective
put is illustrated in Figure 6.19 for the DCRB June 125 put purchased at a premium
of $11.50. The dashed line is the profit from simply holding the stock. Notice that the
protective put has a smaller downside loss and smaller upside gain as well as a higher
breakeven.

The maximum loss on a protective put is found as the profit if the
stock price at expiration ends up below the exercise price. Since the
profit equation shows that this is X � S0 � P, the DCRB protective
put has a minimum of 100(125 � 125.94� 11.50) ¼ �1,244. This is
a loss of about 9 percent relative to the initial value of the position

(the stock price of 125.94 plus the put price of 11.50). Clearly there is no maximum gain,
because the investor profits dollar for dollar with the excess of the stock price over the
exercise price. Notice how the graph of the protective put is the same shape as that of a
long call. This is due to put-call parity.

The breakeven stock price at expiration occurs when the stock price at expiration
exceeds the exercise price. Setting this profit to zero and solving for the breakeven stock price,
S�T, gives

Π ¼ S�T � S0 � P ¼ 0,

S�T ¼ Pþ S0:

A protective put sets a maximum downside
loss at the expense of some of the upside
gain. It is equivalent to an insurance policy
on the asset.
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Thus, breakeven occurs at a stock price at expiration equal to the original stock price
plus the premium. This should be apparent, since the stock price must rise above the
original stock price by an amount sufficient to cover the premium paid for the put. In
this example, the breakeven stock price at expiration is 11.50 + 125.94 ¼ 137.44. Thus,
to reach breakeven the stock price must increase by about 9.1 percent. The cost of pro-
tection has, thus, put the investor in a significant hole at the start, but the upside is
unlimited.

Choice of Exercise Price: The Deductible Decision The am-
ount of coverage the protective put provides is affected by the chosen
exercise price. This is equivalent to the insurance problem of deciding
on the deductible. A higher deductible means that the insured bears

more of the risk and thus pays a lower premium. With a lower deductible, the insurer bears
more of the risk and charges a higher premium. With a protective put, a higher exercise
price is equivalent to a lower deductible.

Figure 6.20 illustrates the comparative performances of DCRB protective puts at differ-
ent exercise prices. The 130 put gives the stockholder the right to sell the stock at $130 per
share. The breakeven on this strategy is 125.94 + 14.25 ¼ 140.19. This will be the most
expensive insurance but will provide the greatest coverage, with a minimum profit of 100
(130� 125.94� 14.25)¼�1,019. If the stock price rises and the put is not needed, the gain
from the stock will be lower than it would be with a lower exercise price. This is because the
more expensive premium was paid but the insurance was not needed.

The lowest exercise price, the 120, provides the least coverage. The breakeven is
125.94 + 9.25 ¼ 135.19. The minimum profit is 100(120�125.94�9.25) ¼ �1,519. If
the market rises, the less expensive insurance will reduce the gain by a smaller amount.

As you can see, selecting an exercise price is like choosing a deductible: The investor
must balance the willingness to assume some of the risk against the ability to pay for the
coverage.

Figure 6.19 Protective Put

DCRB June 125; P = $11.50, S0 = $125.94
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Choice of Holding Period Figure 6.21 illustrates the profit for dif-
ferent holding periods for the DCRB July 125 protective put. The
shorter holding period provides more coverage for a given stock price.
This is because with a shorter holding period, the investor can sell
back the put before expiration and recover some of the time value
previously purchased. With a longer holding period, there will be
less time value to recover. Again, however, we see an exception to

Figure 6.21 Protective Put: Different Holding Periods
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For a given stock price, the longer a pro-
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lost and the lower the profit. For European
puts, this effect is reversed when the stock
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this rule when the stock price is low. By holding all the way to expiration, there will be no
time value to recover.

The choice of holding period depends on the investor’s view of the probable stock
price moves and the period over which they are likely to occur. If a large stock price
move is needed to provide a profit, a longer holding period will allow more time for
the stock price to move. A shorter holding period is preferable if the stock price is not
expected to move much. The stock price must increase by at least the amount of the
premium, however, for the investor to break even. Therefore, the investor must weigh
the likelihood of this occurring over the holding period.

The protective put strategy can also be turned around so that a short sale of stock is
protected by a short put, or vice versa. The results would be the mirror image of those
presented here. We examine this strategy as an end-of-chapter problem.

We have seen that investors holding stock can use both the covered call and the pro-
tective put to reduce risk. Which strategy is preferable? The answer depends on the in-
vestor’s outlook for the market. If a bull market is believed more likely to occur, the
protective put will allow the investor to participate in it. The protective put will be
more expensive, however, because the investor must pay for it. The covered call writer
actually receives money for writing the call. Thus, there are advantages and disadvan-
tages to each strategy that one must carefully weigh before making a decision.

The role of put options in providing insurance is explored more thoroughly in
Chapter 14. That material will show how puts, calls, Treasury bills, and futures can be
used to create portfolio insurance.

MAK ING THE CONNECT I ON

Using the Black-Scholes-Merton Model to Analyze the

Attractiveness of a Strategy

In this chapter and the next, we look at a number of

option strategies. We examine the performance of a

strategy, given a range of possible values of the un-

derlying stock at expiration. Although the possible

outcomes might be satisfactory to an investor, is

the strategy attractively priced? Using the Black-

Scholes-Merton model, or some other appropriate

model such as the binomial, we can determine if the

prices offered for the strategy are fair.

Consider the following scenario. An investor

holds a position in an S&P 500 index fund. The index

is at 1,200. The investor is considering protecting the

position by either buying a put or selling a call, using

European-style put and call options available on the

CBOE. The options of interest have an exercise price

of 1,200 and expire in 74 days. The call can be sold

for $31, and the put can be purchased for $28. The

investor is aware of the differences in the perfor-

mance of a covered call versus a protective put, but

is more concerned that the two strategies might not

be priced attractively. He would be willing to do ei-

ther strategy, but will decide based on which has

the better price.

The investor knows that the Black-Scholes-Merton

model is an appropriate model for determining

whether a European option is mispriced. He gathers

the necessary information, which is as follows:

Stock price ¼ 1,200

Exercise price ¼ 1,200

Risk-free rate ¼ 4.0%

Time to expiration ¼ 74/365 ¼ 0.2027

Volatility of the S&P 500 ¼ 0.15

Dividend yield ¼ 1.7%

The risk-free rate is based on the continuously

compounded yield on the U.S. Treasury bill maturing

closest to the option expiration. The dividend yield is

estimated to be 1.7 percent discretely compounded.

Therefore, we convert it to the continuously com-

pounded equivalent of ln(1.017) ¼ 0.016857.
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The following section examines some strategies in which puts can be created from
calls and in which calls can be created from puts. For this reason, these strategies are
called synthetic puts and synthetic calls.

SYNTHETIC PUTS AND CALLS
In Chapters 3 and 5, we discussed put-call parity, the relationship between call prices
and put prices:

Pþ S0 ¼ Cþ Xe�rcT:

The left-hand side of the equation is the value of a put and the stock; the right-hand side
is the value of a call and a risk-free bond. We can rearrange put-call parity such that

P ¼ C� S0 þ Xe�rcT,

where the left-hand side is the value of a put and the right-hand side is the value of a
portfolio that behaves like a put. That portfolio consists of a long call, a short sale of
stock, and the purchase of a pure discount bond, or making of a loan, with a face value
equal to the exercise price. Note that the signs in front of the prices in the equations
indicate whether we are long or short in puts, calls, or stocks. Long positions are repre-
sented by plus (+) signs and short positions by minus (�) signs.

As described in Chapter 5, the volatility is the

most difficult information to obtain. The investor

uses the implied volatility of the nearby options and

takes into account his beliefs and those of others that

the volatility may change over the life of the option.

He knows that the estimate of 0.15 is quite low by

historical standards, but the market is currently

experiencing unusually low volatility and most ex-

perts do not expect that to change over the next few

months.

Of course, the investor realizes he will be in a di-

lemma if he finds that the call is underpriced and the

put is overpriced because these strategies require

selling the call or buying the put. If the call is under-

priced, he would not want to sell it. If the put is over-

priced, he would not want to buy it. He hopes that at

least one option will be fairly priced. Of course, he

does not expect the options to trade for exactly their

theoretical values, but he hopes their prices will be

close to their theoretical fair values.

Using a computer program (you can use

BSMbin8e.xls), he obtains the following values for the

Black-Scholes-Merton prices of the call and put:

Black-Scholes-Merton call value ¼ $35.02

Black-Scholes-Merton put value ¼ $29.42.

As noted, the call can be sold at its bid price of

$31, and the put can be bought at its ask price of

$28. The call appears to be substantially under-

priced, because the model says it should be sold

for $35.02. The put, however, appears to be slightly

underpriced, because the model says it is worth

$29.42. Since the covered call requires selling the

call and the protective put requires buying the put,

the protective put would appear to be the better

strategy. The investor sees an opportunity and

knows he must act quickly before the put price

rises. He also knows that he could be wrong about

the volatility. If the volatility is lower than what he

thinks, the Black-Scholes-Merton put and call values

will come down. If the theoretical value of the call

were lower and closer to its market price, selling

the call would become more attractive. If the theo-

retical value of the put were lower, perhaps lower

than the market price, then buying the put would

become less attractive.
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We actually need not buy a bond to replicate a put. The term representing the present
value of the exercise price is simply a constant value that does not affect the shape of the
profit graph. For example, consider a synthetic put, which consists of long calls and the
short sale of an equal number of shares of stock. The profit is simply

∏ ¼ NC½Maxð0, ST � XÞ � C� þ NSðST � S0Þ
given that NC > 0, NS < 0, and NC ¼ �NS:

Letting the number of shares and the number of calls both be 1, the profits for the two
possible ranges of stock prices at expiration are:

∏ ¼ �C� ST þ S0 if ST � X:

∏ ¼ ST � X� C� ST þ S0 ¼ S0 � X� C if ST > X:

If the stock price at expiration is equal to or below the exercise price, the profit will vary
inversely with the stock price at expiration. If the stock price at expiration is above the
exercise price, the profit will not be affected by the stock price at expiration. This is the
same general outcome provided by a put, hence the name synthetic put.

We can see the difference between the actual put and the synthetic put from the put-
call parity formula. In put-call parity, one replicates the put by buying a call, selling short
a stock, and buying a pure discount bond with a face value equal to the exercise price.
To replicate a put precisely, we need to buy that pure discount bond. In practice, how-
ever, most traders simply buy the call and sell short the stock.

Figure 6.22 compares the synthetic put and its actual counterpart using the DCRB
July 125 options. The synthetic put has a profit of

�C� ST þ S0 if ST � X:

S0 � X� C if ST > X:

Figure 6.22 Synthetic and Actual Put
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The actual put has a profit of

X� ST � P if ST ≤ X:

� P if ST > X:

The difference is the profit of the actual put minus the profit of the synthetic put, X � P+

C � S0, in either case. From put-call parity, we can substitute C� S0 þ Xe�rcT for P. The
difference is then

Xð1� e�rcTÞ,

which is the interest lost by not buying the pure discount bond.
There are two reasons why someone would want to use a synthetic put. First, there

once were restrictions on the listing of puts on the exchanges; puts were phased in
slowly. There was also a moratorium on new option listings that started soon after the
first few puts were listed in 1977. This prevented more puts from being listed until the
moratorium was lifted in 1980. During the period, an investor could have created a syn-
thetic put to use in lieu of the actual put.

Second, one can use a synthetic put to take advantage of mispricing in the relationship
between puts and calls. For example, the difference between the actual put price, P, and the
value of the synthetic put, C � S0, should be Xe�rcT; however, if P � (C � S0) is greater
than Xe�rcT either the actual put is overpriced or the synthetic put is underpriced. The
investor should sell the actual put and buy the synthetic put by purchasing the call and
selling short the stock. This strategy often is called a reverse conversion or simply reversal.
It will generate a cash outflow at expiration of X, as shown in Table 6.3.

This property makes the reverse conversion resemble a risk-free
loan. The money received when the position is opened is (1) S0
(from the short sale of the stock), (2) P (from the sale of the put),
and (3) �C (from the purchase of the call). If, as we assumed, this

exceeds the present value of the exercise price, we can invest the amount S0 + P � C at
the risk-free rate, rc, until the options expire. The accumulated future value of this invest-
ment will then exceed X. This means that we can repay the loan and have money left over.3

Of course, investing this money at the risk-free rate is equivalent to buying the risk-free
bonds.

TABLE 6.3 PAYOFFS FROM REVERSE CONVERSION

Payoffs from Portfol io
Given Stock Price at Expiration

Posit ion ST ≤ X ST > X

Long call 0 ST − X

Short stock −ST −ST
Short put −X + ST 0

−X −X

Synthetic puts and calls can be constructed
from options and stock.

3If the options are American and the short put is exercised early, however, we will have to pay out X dollars
prior to expiration. Thus, it is possible that the interest earned on the cash inflow will be insufficient to make
the required payout.
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SOFTWARE DEMONSTRATION 6.1

Analyzing Option Strategies with the Excel

Spreadsheet Stratlyz8e.xls

The Excel spreadsheet Stratlyz8e.xls is written in Excel

2000. It calculates and graphs the profits from option

strategies with up to six options and a position in the

underlying asset. This spreadsheet is a read-only

spreadsheet, meaning that it cannot be saved under

the name Stratlyz8e.xls, which preserves the original

file. You may, however, load the spreadsheet without

the read-only feature. To use the spreadsheet, you

will need Windows 95 or higher. The spreadsheet

Stratlyz8e.xls is available as a download via the product

support Web site. To access it:

1. Go to http://www.cengage.com/finance/chance

2. Click on Instructor Resources or Student Resources.

3. Click on the link Stratlyz8e.xls.

4. Follow the instructions on the Web page to down-

load and install the spreadsheet.

Now let us do an example. Assume you wish to find

the results for a simple strategy of buying one DCRB

June 125 call. The call is priced at $13.50. The DCRB

stock is at $125.94. First, let us examine the strategy of

holding the position until expiration, and then we shall

close the position prior to expiration.

Observe the section labeled General Inputs in the ac-

companying figure. It requests five pieces of information.

Each cell that will accept input has a double-line border

and the values are in blue. The first input item is the as-

set price when the transaction is initiated, but this is re-

quired only if your strategy includes buying or selling

short the asset. Insert a blank for our example. The next

input is the number of units of the asset, with a positive

number for buying and a negative number for selling. In-

sert a zero or leave it blank. The next input is the asset

price at expiration. This information is required in order

to center the graph. Although you obviously do not know

where the asset will be at expiration, you can choose any

price. Let us choose the exercise price of 125. The graph

will be centered around this price, and the overall profit

of the strategy for this particular price will be calculated

and shown in the section below. The next two required
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inputs are the lowest and highest asset prices to graph.

This simply defines a range over which the graph will be

drawn. Let us arbitrarily choose a range of $40 on either

side, so the minimum is 85 and the maximum is 165.

The next section is called Option-Specific Inputs. Here,

you can enter information on up to six options that differ by

either time to expiration or exercise price and can be either

calls or puts. Insert blanks or zeros for options not used. All

options must be on the same underlying asset. In the first

row, use the pull-down list to select either “Call,” “Put,” or

“No option.” For this strategy, select “Call.” The next row

should contain the exercise price, 125 in our case. The next

row should contain the original option price. This is the

price at which the option is either purchased or sold when

the transaction is initiated—$13.50 in this example. The

next line contains the number of options with a positive

number for buying and a negative number for selling. Let

us insert “100” for a standard long contract. The next four

input cells contain information that is necessary only if the

position is closed prior to expiration. If the position is held

to expiration, the “Time remaining to expiration when posi-

tion is closed” will be blank or zero, and the last three lines

can be left blank. Leave it blank for our example. If the posi-

tion is closed prior to expiration, insert the remaining time

in years (i.e., days/365), and then insert the risk-free rate,

volatility, and dividend yield in the next three cells below.

This permits the program to use the Black-Scholes-Merton

model to calculate the option’s value when the position is

terminated for a given asset price.We shall leave this infor-

mation blank. Hit the F9 (manual recalculation) key.

The section labeled Output: Option value and profit at

close of position for asset price chosen above shows for

each option the value of the option at the close of the posi-

tion, the profit on the option transaction, and the overall

profit on the transaction, which includes option(s) and po-

tential positions in the asset, for the asset price you speci-

fied above. Note that output cells have a single-line border.

These answers, of course, represent only one point on the

profit graph. In our example, the profit is −$1,350 because

we specified an asset price at expiration of 125,which is the

exercise price. The next section,Data Table for Graphic Re-

sults, shows the overall profit for the strategy for 50 possi-

ble asset prices at the end of the holding period, running

from the minimum to maximum price you specified, cen-

tered around the asset price at expiration you specified.

The graph is provided on a different spreadsheet, which

you can access by clicking on the tab labeled Graph near

the bottom of your screen.
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As noted above, for positions closed out prior to

expiration, the program automatically calculates Black-

Scholes-Merton prices for the options for each possible

asset price in the range specified, provided you supply it

with the necessary information on the time remaining,

the volatility, the interest rate, and the divided yield, if

any. For example, if there are 15 days remaining until

expiration (time = 15/365), the risk-free rate is 4.53 per-

cent, the volatility is 0.83, and the dividend yield is zero,

the call value is $8.4898, and the profit is −$501.02.

AlthoughStratlyz8e.xlswill correctly graph any strategy

you choose, it is possible that the graph will not look ex-

actly as you expect it to. The various possible combinations

of inputs and outputs, along with the fixed parameters

used to generate the graph, such as 50 asset prices, will

not always produce visually appealing graphs the first

time. This often happens because the graph’s tick marks

are not located on the exercise price. If anything looks un-

usual, experiment with different maximum and minimum

prices until your graph looks as expected.
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We can also create synthetic calls by buying stock and an equal number of puts. It should
be apparent that this strategy is like a call, because it is nothing more than a protective put.
The graph for the protective put is, as we saw earlier, the same type of graph as that for a call.

Many investors buy the synthetic call and write the actual call when the latter is over-
priced. This strategy is called a conversion and is used to exploit mispricing in the rela-
tionship between put and call prices.

The accompanying Excel spreadsheet Stratlyz8e.xls calculates and graphs the profits
from any combination of positions in the asset and up to six different options on the
same asset. Positions can be held to expiration or closed out prior to expiration.

Summary

This chapter examined the basic option strategies. De-
signing the profit equations and graphs is a simple ex-
tension of material learned in previous chapters. For
positions held to expiration, it is necessary only to de-
termine the intrinsic values of puts and calls. If we elect
not to hold the options until expiration, we can use the
Black-Scholes-Merton model to estimate their prices.
The material in this chapter, however, is basic. Option
investors should always be aware of the factors that
lead to early exercise, as well as tax and dividend

implications. Moreover, transaction costs will lower
profits, increase losses, and make breakevens higher
for bullish strategies and lower for bearish strategies.
The more options and stocks employed, the greater
will be the transaction costs. Understanding how op-
tion transactions produce payoffs is only the first step
toward using options. Unfortunately, there are no sim-
ple or even complex formulas for predicting the future.
We have seen, however, that options can be used to
modify risk—to increase or decrease it as needed.
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The strategies examined here form the building
blocks for exploring more exotic strategies. Chapter 7
looks at these advanced strategies, which combine

many of the strategies discussed here to produce a
much more diverse set of opportunities.

Key Terms

Before continuing to Chapter 7, you should be able to give brief definitions of the following terms:

bull, p. 186
bear, p. 186
breakeven stock price, p. 189

uncovered/naked call, p. 193
covered call, p. 201
protective put, p. 207

synthetic puts/calls, p. 207
reverse conversion/reversal, p. 220
conversion, p. 217
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Concept Checks

1. Explain the advantages and disadvantages to a
call buyer of closing out a position prior to ex-
piration rather than holding it all the way until
expiration.

2. Suppose that one is considering buying a call at a
particular exercise price. What reasons could be
given for the alternative of buying a call at a
higher exercise price? At a lower exercise price?

3. Explain how a protective put is like purchasing
insurance on a stock.

4. Why is choosing an exercise price on a protective
put like deciding which deductible to take on an
insurance policy?

5. Discuss and compare the two bullish strategies of
buying a call and writing a put. Why would one
strategy be preferable to the other?

Questions and Problems

1. Suppose that you wish to buy stock and protect
yourself against a downside movement in its price.
You consider both a covered call and a protective
put. What factors will affect your decision?

2. You have inherited some stock from a wealthy
relative. The stock has had poor performance
recently, and analysts believe it has little growth
potential. You would like to write calls against
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the stock; however, the will stipulates that you
must agree not to sell it unless you need the
funds for a personal financial emergency. How
can you write covered calls and minimize the
likelihood of exercise?

3. We briefly mentioned the synthetic call, which
consists of stock and an equal number of puts.
Assume that the combined value of the puts and
stock exceeds the value of the actual call by less
than the present value of the exercise price. Show
how an arbitrage profit can be made. Note: Do
not use the data from the chapter. Show your
point as it was illustrated in the text for the
synthetic put.

4. A short position in stock can be protected by
holding a call option. Determine the profit
equations for this position, and identify the
breakeven stock price at expiration and maxi-
mum and minimum profits.

5. A short stock can be protected by selling a put.
Determine the profit equations for this position,
and identify the breakeven stock price at expira-
tion and maximum and minimum profits.

6. Explain the advantages and disadvantages to a
covered call writer of closing out the position
prior to expiration.

7. Explain the considerations facing a covered call
writer regarding the choice of exercise prices.

The following option prices were observed for a
stock for July 6 of a particular year. Use this in-
formation in problems 8 through 13. Ignore divi-
dends on the stock. The stock is priced at 165.13.
The expirations are July 17, August 21, and
October 16. The continuously compounded risk-
free rates are 0.0503, 0.0535, and 0.0571, respec-
tively. The standard deviation is 0.21. Assume
that the options are European.

Calls Puts

Strike Jul Aug Oct Jul Aug Oct

165 2.70 5.25 8.10 2.40 4.75 6.75

170 0.80 3.25 6.00 5.75 7.50 9.00

In problems 8 through 13, determine the profits
for possible stock prices of 150, 155, 160, 165, 170,
175, and 180. Answer any other questions as
requested. Note: Your Excel spreadsheet
Stratlyz8e.xls will be useful here for obtaining
graphs as requested, but it does not allow you to

calculate the profits for several user-specified asset
prices. It permits you to specify one asset price and
a maximum and minimum. Use Stratlyz8e.xls to
produce the graph for the range of prices from 150
to 180 but determine the profits for the prices of
150, 160,…, 180 by hand for positions held to
expiration. For positions closed prior to expira-
tion, use the spreadsheet BSMbin8e.xls to deter-
mine the option price when the position is closed;
then calculate the profit by hand.

8. Buy one August 165 call contract. Hold it until
the options expire. Determine the profits and
graph the results. Then identify the breakeven
stock price at expiration. What is the maximum
possible loss on this transaction?

9. Repeat problem 8, but close the position on
August 1. Use the spreadsheet to find the profits
for the possible stock prices on August 1. Gen-
erate a graph and use it to identify the approxi-
mate breakeven stock price.

10. Buy one October 165 put contract. Hold it until
the options expire. Determine the profits and
graph the results. Identify the breakeven stock
price at expiration. What are the maximum
possible gain and loss on this transaction?

11. Buy 100 shares of stock and write one October
170 call contract. Hold the position until expira-
tion. Determine the profits and graph the results.
Identify the breakeven stock price at expiration,
the maximum profit, and the maximum loss.

12. Repeat problem 11, but close the position on
September 1. Use the spreadsheet to find the profits
for the possible stock prices on September 1. Gen-
erate a graph and use it to approximate the break-
even stock price.

13. Buy 100 shares of stock and buy one August 165
put contract. Hold the position until expiration.
Determine the profits and graph the results. De-
termine the breakeven stock price at expiration,
the maximum profit, and the maximum loss.

For problems 14, 15, and 16, determine the
profit from the following basic foreign currency
option transactions for each of the following spot
rates at expiration: $0.90, $0.95, $1.00, $1.05, and
$1.10. Construct a profit graph. Find the break-
even spot rate at expiration. Assume that each
contract covers 100,000 Euros.

14. A call option on the euro expiring in sixmonths has
an exercise price of $1.00 and is priced at $0.0385.
Construct a simple long position in the call.
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15. A euro put with an exercise price of $1.00 is
priced at $0.0435. Construct a simple long posi-
tion in the put.

16. Use the information in problem 14 to construct a
euro covered call. Assume that the spot rate at
the start is $0.9825.

17. The Black-Scholes-Merton option pricing model
assumes the stock price changes are lognormally
distributed. Show graphically how this distribu-
tion changes when an investor is long the stock
and short the call.

18. The Black-Scholes-Merton option pricing model
assumes the stock price changes are lognormally
distributed. Show graphically how this distribu-
tion changes when an investor is long the stock
and long the put.

19. Using BSMbin8e.xls, compute the call and put
prices for a stock option, where the current stock
price is $100, the exercise price is $100, the risk-
free interest rate is 5 percent (continuously
compounded), the volatility is 30 percent, and
the time to expiration is 1 year. Explain how you
would create a synthetic call option and identify
the cost.

20. Suppose the call price is $14.20 and the put price
is $9.30 for stock options where the exercise price
is $100, the risk-free interest rate is 5 percent
(continuously compounded), and the time to
expiration is 1 year. Explain how you would
create a synthetic stock position and identify the
cost. Suppose you observe a $100 stock price,
identify any arbitrage opportunities.

21. (Concept Problem) In each case examined in this
chapter and in the preceding problems, we did
not account for the interest on funds invested.
One useful way to observe the effect of interest is
to look at a conversion or a reverse conversion.
Evaluate the August 165 puts and calls, and rec-
ommend a conversion or a reverse conversion.
Determine the profit from the transaction if the
options are held to expiration. Make sure that the
profit properly accounts for the interest that
accrues over the holding period.

22. (Concept Problem) Another consideration in
evaluating option strategies is the effect of trans-
action costs. Suppose that purchases and sales of
an option incur a brokerage commission of 1
percent of the option’s value. Purchases and sales
of a share of stock incur a brokerage commission
of 0.5 percent of the stock’s value. If the option is
exercised, there is a transaction cost on the pur-
chase or sale of the stock. Determine the profit
equations for the following strategies, assuming
that the options are held to expiration and exer-
cised if in-the-money rather than sold back. As-
sume that one option and/or share is used and
that any shares left in the portfolio are sold.
a. Long call
b. Long put
c. Covered call
d. Protective put
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CHA P T E R 7
Advanced Option Strategies

I think reporters make a mistake when they say that speculation is inherently
bad. Anyone who is involved with money has to take risks . . . To write
about risk as if it’s foreign to business is missing the essential nature of what
businesses do.

Saul Hansell

The New York Times, Fall, 1995, p. 63

Chapter 6 provided a foundation for the basic option strategies. We can now move on to
some of the more advanced strategies. As often noted, options can be combined in some
interesting and unusual ways. In this chapter, we look at two types of advanced option
strategies: spreads and combinations.

OPTION SPREADS: BASIC CONCEPTS
A spread is the purchase of one option and the sale of another. There are two general
types of spreads. One is the vertical, strike, or money spread. This strategy involves the
purchase of an option with a particular exercise price and the sale of another option dif-
fering only by exercise price. For example, one might purchase an option on DCRB ex-
piring in June with an exercise price of 120 and sell an option on DCRB also expiring in
June but with an exercise price of 125; hence the terms strike and money spread. Because
exercise prices were formerly arranged vertically in the option pages of newspapers, this
also became known as a vertical spread.

Another type of spread is a horizontal, time, or calendar spread. In this spread, the
investor purchases an option with an expiration of a given month and sells an otherwise
identical option with a different expiration month. For example, one might purchase a
DCRB June 120 call and sell a DCRB July 120 call. The term horizontal spread comes
from the horizontal arrangement of expiration months in newspaper option pages, a
practice since discontinued.

Sometimes spreads are identified by a special notation. The aforementioned DCRB
money spread is referred to as the June 120/125 spread. The month is given first; the
exercise price before the slash (/) is the option purchased, and the exercise price after
the slash is the option sold. If the investor buys the June 125 and sells the June 120,
the result is a June 125/120 spread. The calendar spread described in the previous para-
graph is identified as the June/July 120 spread. The month preceding the slash is the op-
tion purchased, while the month following the slash identifies the option sold.

CHAPTER
OBJECT I V ES

• Present and analyze
the option spread
strategies, including
money spreads,
collars, calendar
spreads, and ratio
spreads

• Present and analyze
the option
combination
strategies, including
straddles and box
spreads
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Spreads can be executed using either calls or puts. A July 120/125 call spread is a net long
position. This is because the 120 call costs more than the 125 call; that is, the cash outflow
from buying the 120 exceeds the inflow received for selling the 125. This transaction is called
buying the spread and is sometimes referred to as a debit spread for the type of accounting
entry associated with it. In the July 120/125 put spread, the cash inflow received from selling
the 125 put is more than the cash outflow paid in buying the 120 put. This transaction is
known as selling the spread or a credit spread and results in a net short position.

For calendar spreads, the June/July 120 call spread would be net short and selling the
spread, because an investor would receive more for the July call than he or she would pay
for the June call. The July/June 120 call spread would be net long and buying the spread,
because the July call would cost more than the June call. The terms debit and credit
spread are also used here. With calendar spreads the terminology is similar for both calls
and puts, because the premiums for both are greater the longer the time to expiration.

Why Investors Use Option Spreads
Spreads offer the potential for a small profit while limiting the risk. They are not, of course,
the sure route to riches; we already have seen that no such strategy is. But spreads can be
very useful in modifying risk while allowing profits if market forecasts prove accurate.

Risk reduction is achieved by being long in one option and short in another. If the
stock price decreases, the loss on a long call will be somewhat offset by a gain on a short
call. Whether the gain outweighs the loss depends on the volatility of each call. We shall
illustrate this effect later. For now, consider a money spread held to expiration. Assume
that we buy the call with the low strike price and sell the call with the high strike price.
In a bull market we will make money, because the low-exercise-price call will bring a
higher payoff at expiration than will the high-exercise-price call. In a bear market, both
calls will probably expire worthless and we will lose money. For that reason, the spread
involving the purchase of the low-exercise-price call is referred to as a bull spread. Simi-
larly, in a bear market we make money if we are long the high-exercise-price call and
short the low-exercise-price call. This is called a bear spread. Opposite rules apply for
puts: A position of long (short) the low-exercise-price put and short (long) the high-
exercise-price put is a bull (bear) spread. In general, a bull spread should profit in a
bull market and a bear spread should profit in a bear market.

Time spreads are not classified into bull and bear spreads. They profit by either increased
or decreased volatility. We shall reserve further discussion of time spreads for a later section.

Transaction costs are an important practical consideration in spread trading. These
costs can represent a significant portion of invested funds, especially for small traders.
Spreads involve several option positions, and the transaction costs can quickly become
prohibitive for all but floor traders and large institutional investors. As in Chapter 6,
we will not build transaction costs directly into the analyses here but will discuss their
special relevance where appropriate.

Notation
The notation here is the same as that used in previous chapters. We must add some dis-
tinguishing symbols, however, for the spreads’ different strike prices and expirations. For
a money spread, we will use subscripts to distinguish options differing by strike price.
For example,

X1, X2, X3 ¼ exercise prices of calls where X1 < X2 < X3

C1, C2, C3 ¼ prices of calls with exercise prices X1, X2, X3

N1, N2, N3¼ quantity held of each option.
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The N notation indicates the number of options where a positive N is a long position and
a negative N is a short position.

In time spreads,

T1, T2 ¼ time to expiration where T1 < T2

C1, C2 ¼ prices of calls with times to expiration of T1, T2

N1, N2 ¼ quantity held of each option.

The numerical illustrations will use the DCRB options presented in earlier chapters. For
convenience, Table 7.1 repeats the data. Unless otherwise stated, assume 100 options are
employed.

Your Excel spreadsheet Stratlyz8e.xls can be very useful for analyzing spreads and, in-
deed, all the transactions in this chapter.

MONEY SPREADS
As indicated earlier, money spreads can be designed to profit in either a bull market or a
bear market. The former is called a bull spread.

Bull Spreads
Consider two call options differing only by exercise price, X1 and X2, where X1 < X2.
Their premiums are C1 and C2, and we know that C1 > C2. A bull spread consists of
the purchase of the option with the lower exercise price and the sale of the option with
the higher exercise price. Assuming that one option of each, N1 ¼ 1 and N2 ¼ −1, the
profit equations are

∏ ¼ Maxð0,ST � X1Þ � C1 �Maxð0,ST � X2Þ þ C2:

The stock price at expiration can fall in one of three ranges: less than or equal to X1,
greater than X1 but less than or equal to X2, or greater than X2. The profits for these
three ranges are as follows:

∏ ¼ �C1 þ C2 if ST � X1 < X2:

∏ ¼ ST � X1 � C1 þ C2 if X1 < ST � X2:

∏ ¼ ST � X1 � C1 � ST þ X2 þ C2

¼ X2 � X1 � C1 þ C2 if X1 < X2 < ST:

TABLE 7.1 DCRB OPTION DATA, MAY 14

Calls Puts

Exercise Price May June July May June July

120 8.75 15.40 20.90 2.75 9.25 13.65

125 5.75 13.50 18.60 4.60 11.50 16.60

130 3.60 11.35 16.40 7.35 14.25 19.65

Current stock price: 125.94
Expirations: May 21, June 18, July 16
Risk-free rates (continuously compounded): 0.0447 (May); 0.0446 (June); 0.0453 (July)
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In the case where the stock price ends up equal to or below the lower exercise
price, both options expire out-of-the-money. The spreader loses the premium on the
long call and retains the premium on the short call. The profit is the same regardless
of how far below the lower exercise price the stock price is. Because the premium on
the long call is greater than the premium on the short call, however, this profit is
actually a loss.

In the third case, where both options end up in-the-money, the short call is exercised
on the spreader, who exercises the long call and then delivers the stock. The effect of the
stock price cancels and the profit is constant for any stock price above the higher exer-
cise price. Is this profit positive? The profit is (X2 − X1) − (C1 − C2), or the difference
between the exercise prices minus the difference between the premiums. Recall from
Chapter 3 that the difference in premiums cannot exceed the difference in exercise
prices. The spreader paid a premium of C1, received a premium of C2, and thus obtained
the spread for a net investment of C1 − C2. The maximum payoff from the spread is
X2 − X1. No one would pay more than the maximum payoff from an investment. There-
fore, the profit is positive.

Only in the second case, where the long call ends up in-the-money and the short call
is out-of-the-money, is there any uncertainty. The equation shows that the profit in-
creases dollar for dollar with the stock price at expiration.

Figure 7.1 illustrates the profits from the bull spread strategy for the DCRB June 125
and 130 calls with premiums of $13.50 and $11.35, respectively. The dashed line is the
profit graph had we simply purchased the 125 call. The maximum loss is the net pre-
mium of $1,350 − $1,135, or $215, which occurs at any stock price at expiration at or
below $125. The maximum gain is the difference in strike prices minus the difference in
premiums, 100(130 − 125 − 2.15) = 285, which occurs at any stock price at expiration
above 130. Note that even though the gain is limited, the maximum is reached at a stock

Figure 7.1 Call Bull Spread
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price of 130, which is only 3.2 percent higher than the current stock price. The maxi-
mum profit of $285 is 135 percent of the initial value of the position of $215. On the
downside, however, the maximum loss, 100 percent of the net premium, is reached
with only a downward move of 0.7 percent.

From the graph, it is apparent that the breakeven stock price at
expiration is between the two exercise prices. To find this break-
even—call it S�T—take the profit equation for the second case,
where the stock price is between both exercise prices, and set it
equal to zero:

∏ ¼ S�T � X1 � C1 þ C2 ¼ 0:

Then solve for S�T:

S�T ¼ X1 þ C1 � C2:

The stock price must exceed the lower exercise price by the difference in the premiums.
This makes sense. The spreader exercises the call with exercise price X1. The higher the
stock price, the greater the amount received from the exercise. To break even, the
spreader must receive enough to recover the net premium, C1 − C2. In this problem,
the breakeven stock price at expiration is 125 + 13.50 − 11.35 = 127.15, which is about
1 percent higher than the original stock price.

Note that in comparison to simply buying the 125 call, as indicated by the dashed
line, the spreader reduces the maximum loss by the premium on the short 130 call and
lowers the breakeven, but gives up the chance for large gains if the stock moves up
substantially.

Early exercise poses no problem with the bull spread. Suppose that the stock price
prior to expiration is St. If the short call is exercised, the stock price must be greater
than X2. This means that the stock price is also greater than X1, and the long call can
be exercised for a net payoff of (ST − X1) − (ST − X2) = X2 − X1. This is the best
outcome one could obtain by holding the spread all the way to expiration.

Choice of Holding Period As with any option strategy, it is possible to hold the po-
sition for a period shorter than the option’s entire life. Recall that in Chapter 6 we made
assumptions about closing out the option positions prior to expiration. We used short
holding periods of T1, which meant closing the position on June 4, and T2, in which
we closed the position on June 25. When a position is closed prior to expiration, we es-
timate the option price for a range of stock prices and use those estimates to generate the
profit graph. We illustrated the general procedure in Chapter 6. Using the same method-
ology here, we obtain the graph in Figure 7.2, the bull spread under the assumption of
three different holding periods.

Recall that T1 is the shortest holding period, T2 is slightly
longer, and T represents holding all the way to expiration. The
graph indicates that the short holding period has the lowest range
of profits. If the stock price is low, the shortest holding period
produces the smallest loss while the longest holding period produces
the largest loss. If the stock price is high, the shortest holding
period produces the smallest gain and the longest holding period
the largest gain.

The logic behind these results is simple. First, recall that the low-exercise-price call
will always be worth more than the high-exercise-price call; however, their relative time

A call bull spread has a limited gain, which
occurs in a bull market, and a limited loss,
which occurs in a bear market.

For a given stock price, the profit of a call
bull spread increases as expiration ap-
proaches if the stock price is on the high
side and decreases if the stock price is on
the low side.
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values will differ. An option’s time value is greatest when the stock price is near the ex-
ercise price. Therefore, when stock prices are high, the high-exercise-price call will have
the greater time value and when they are low, the low-exercise-price call will have the
greater time value.

When we close out the spread prior to expiration, we can always expect the long
call to sell for more than the short call because the long call has the lower exercise
price. The excess of the long call’s price over the short call’s price will, however, de-
crease at high stock prices. This is because the time value will be greater on the short
call, because the stock price is closer to the exercise price. The long call will still sell for
a higher price because it has more intrinsic value, but the difference will be smaller at
high stock prices. Conversely, at low stock prices the long call will have a greater time
value because its exercise price is closer to the stock price.

The result of all this is that when we close the bull spread well before expiration, the
profit will be lower at high stock prices and higher at low stock prices than if we did so
closer to expiration. If we hold the position longer but not all the way to expiration, we
will obtain the same effect, but the impact will be smaller because the time value will be
less.

Which holding period should an investor choose? There is no consistently right or
wrong answer. An investor who is strongly bullish should realize that the longer the
position is held, the greater the profit that can be made if the forecast is correct. In
addition, a long holding period allows more time for the stock price to move up-
ward. If the forecast proves incorrect, the loss will be lower the shorter the holding
period. With short holding periods, however, there is less time for a large stock price
change.

The following section examines a put bear spread. We shall see that a bear spread is,
in many respects, the opposite of a bull spread.

Figure 7.2 Call Bull Spread: Different Holding Periods

DCRB July 125/130
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Bear Spreads
A bear spread is the mirror image of a bull spread: The trader is long the high-
exercise-price put and short the low-exercise-price put. Since N1 = −1 and N2 = +1
and the profit equation is

∏ ¼ �Maxð0,X1 � STÞ þ P1 þMaxð0,X2 � STÞ � P2:

The outcomes are as follows

∏ ¼ �X1 þ ST þ P1 þ X2 � ST � P2 if ST � X1 < X2:

¼ X2 � X1 þ P1 � P2

∏ ¼ P1 þ X2 � ST � P2 if X1 < ST < X2:

∏ ¼ P1 � P2 if X1 < X2 � ST:

Figure 7.3 illustrates the put bear spread for the DCRB June 125
and 130 puts with premiums of $11.50 and $14.25, respectively.
The dashed line is a long position in the 130 put. The maximum
gain is the difference in the strike prices minus the difference in
the premiums, 100(130 − 125 + 11.50 − 14.25) = 225, which

MAK ING THE CONNECT ION

Spreads and Option Margin Requirements

Many option strategies are inherently risky and option

traders face the risk of default from their trading counter-

parts. Exchange-traded options have the significant

advantage of an intermediary that manages credit risk,

typically some sort of clearinghouse. In return for the

mitigation of counterparty credit risk, clearinghouses re-

quire option traders to post margin requirements.

In the past, the margin requirements were based on

the specific strategy followed by the trader. For com-

plex positions where many risks are offset, the

strategy-based margin requirement would remain very

high. Now clearinghouses take a portfolio approach and

seek to measure market risk exposures based on the

cumulative portfolio risk exposure. The net effect is

that option margin positions are considerably lower

than in the past.

For example, the margin requirements for a protec-

tive put strategy (long stock and long put) could result

in a decrease in the margin requirements dramatically

The strategy-based approach would calculate margin

based on the 50 percent margin requirement for hold-

ing common stock and the 100 percent margin require-

ment for purchasing puts. We know, however, that

protective put buying sets a floor on the portfolio’s

losses and hence the portfolio-based approach margin

requirement would be dramatically lower. In other

words, viewed separately, individual risks of these two

positions are quite large, but they have an offsetting or

hedging element that lowers their combined risks. For-

tunately, margin requirements take the combined risk

into account.

As we consider numerous other complex option

strategies, such as spreads, collars and other complex

combinations, it is important to know that there are

margin implications for the trader. An example of the

new portfolio margin requirements can be found on the

Chicago Board of Options Exchange web site (currently

at http://www.cboe.com/tradtool/MarginReq.aspx).

The combination of lower margin requirements for

complex option positions along with our understanding

that a call option can be viewed as a leveraged position

in stock, the option trader can achieve an extremely

high degree of implied leverage in a trading position.

While leverage is beneficial if the position moves in

your favor, it can prove disastrous if the position moves

against you.

A put bear spread has a limited gain, which
occurs in a bear market, and a limited loss,
which occurs in a bull market.
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occurs at any stock price at expiration below 125. The maximum loss is the net pre-
mium of $1,425 − $1,150 = $275, which occurs at any stock price at expiration
above 130.

As with the call bull spread, the breakeven stock price at expiration is between the
two exercise prices. To find this breakeven, S�T, take the profit equation for the second
case, where the stock price is between both exercise prices, and set it equal to zero:

∏ ¼ P1 þ X2 � S�T � P2 ¼ 0:

Then solve for

S�T ¼ P1 þ X2 � P2:

Here the breakeven stock price is $130 + $11.50 − $14.25 = $127.25.
Note that the maximum gain is a return of almost 82 percent on an investment of

$275 and requires a downward move of only about 1 percent (from 125.94 to 125).
This would seem to make the bear spread an exceptionally tempting strategy. But note
also that a slight upward move of just a little more than 1 percent would put the stock
past the breakeven and generate a loss. An upward move of only about 3.2 percent
would take the stock to the upper exercise price and the entire investment of $275 would
be lost.

Relative to the long put, as shown by the dashed line, the bear spread has a lower
maximum profit, which is limited to $225, a higher breakeven, and a lower loss on the
upside by the amount of the premium from the written put.

Early exercise is not an issue for the put bear spread. This is because the put bear
spread will have the long put in-the-money whenever the short put is in-the-money. If
the short put is exercised, the long put can be exercised for an overall cash flow of X2 − X1

which is the maximum payoff obtainable if held to expiration.

Figure 7.3 Put Bear Spread
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Choice of Holding Period Figure 7.4 illustrates a bear spread
when different holding periods are used. The longer holding period
produces higher profits in a bear market and larger losses in a bull
market. Again this is because of the time value effect. The spread
trader closing the position prior to expiration buys back the time value
of the short put and sells the long put’s remaining time value. For high

stock prices, the long put has more time value than the short put and, thus, our long
position loses faster than our short position. As time goes by, we lose from this effect. At
low stock prices, the short put has more time value than our long put and, thus, our short
position loses faster than our long position. As time goes by, we gain from this effect.

We should repeat, however, that these statements do not advocate a short or long
holding period, because the length of the holding period affects the range of possible
stock prices.

A Note about Call Bear Spreads and Put Bull Spreads
As we have seen, it is possible to design a call money spread that will profit in a bull
market. It is also possible to construct a call money spread that will profit in a bear mar-
ket. There is, however, a risk of early exercise. The short call can be sufficiently in-
the-money to justify early exercise, while the long call is still out-of-the-money. Even if
the long call is in-the-money, the cash flow from early exercise will be negative.

For example, suppose that St is the stock price prior to expiration. The cash flow from
the exercise of the short call is −(St − X1), while the cash flow from the exercise of the
long call is St − X2. This gives a total cash flow of X1 − X2, which is negative. Early
exercise ensures that the bear spreader will incur a cash outflow. Because the loss occurs
prior to expiration, it is greater in present value terms than if it had occurred at expira-
tion. Thus, the call bear spread entails a risk not associated with the bull spread.

Just as we can construct bear money spreads with calls, we can also construct bull
money spreads with puts. Here we would buy the low exercise price put and sell the

Figure 7.4 Put Bear Spread: Different Holding Periods
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For a given stock price, the profit of a put
bear spread increases as expiration ap-
proaches if the stock price is on the low
side and decreases if the stock price is on
the high side.
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high exercise price put. The pattern of payoffs would be similar to those of the call bull
money spread, but, as with call bear money spreads, early exercise would pose a risk.

Collars
Now we shall look at a popular strategy often used by professional money managers and
referred to as a collar. A collar is very similar to a bull spread. In fact, the relationship
between the two can be seen by applying what we learned about put-call parity.

Suppose that you buy a stock. You wish to protect it against a loss but participate in
any gains. An obvious strategy is one we covered in Chapter 6, the protective put. If you
buy the put, you will have to pay out cash for the price of the put. The collar reduces the
cost of the put by adding a short position in a call, where the exercise price is higher
than the exercise price of the put. Although a call with any exercise price can be chosen,
there is in fact one particular call that tends to be preferred: the one whose price is the
same as that of the put you are buying.

Thus, let us buy the stock and buy a put with an exercise price of X1 at a price of P1.
Now let us sell a call at an exercise price of X2 with a premium of C2. With NP = 1 and
NC = −1 the profit equation is

∏ ¼ ST � S0 þMaxð0, X1 � STÞ � P1 � Maxð0, ST � X2Þ þ C2:

The profits for the three ranges are as follows:

∏ ¼ ST � S0 þ X1 � ST � P1 þ C2 if ST � X1 < X2:

¼ X1 � S0 � P1 þ C2

∏ ¼ ST � S0 � P1 þ C2 if X1 < ST < X2:

∏ ¼ ST � S0 � P1 � ST þ X2 þ C2 if X1 < X2 � ST:

¼ X2 � S0 � P1 þ C2

Since X1 is below the current stock price, S0, and X2 is above it, the profit on the stock is
either X1 − S0, which is negative, when ST is at X1 or below, or X2 − S0 which is posi-
tive, when ST is at X2 or above. Thus, the potential loss and gain on the stock are fixed
and limited. Only in the middle range, where ST is essentially between the two exercise
prices, is there any uncertainty. As noted above, it is common to set X2 such that C2 = P1,
so these terms drop out of the above profit equations. It is not necessary, however, that
we choose the call such that its price offsets the price paid for the put. In such a case, we
must add −P1 + C2 to the stock profit, as indicated in the above equations.

When the call and put premiums do offset each other, the collar is sometimes referred
to as a zero-cost collar, but this term is somewhat misleading. While there is no cash out-
lay for the options, the cost is in the willingness to give up all gains beyond X2. In other
words, the investor will be selling the stock at a maximum price of X2, in exchange for

which the investor receives the assurance that the stock will be sold
for no worse than X1.

Although collars are normally used with index options in conjunc-
tion with diversified portfolios, we shall stay with the example here of
the single stock, DCRB. Figure 7.5 illustrates the collar for the DCRB
July 120/136.165. The stock is bought at 125.94. Let us say we buy the
put with an exercise price of 120, which costs 13.65. Now, we need to
sell a call with an exercise price such that its premium is 13.65. For the
July options we see that none of the calls have a price of 13.65. The 130
has a price of 16.40, so we will need a call with an exercise price greater
than $130. We can use the Black-Scholes-Merton model to figure out

A collar is a strategy in which the holder of
a position in a stock buys a put with an
exercise price lower than the current stock
price and sells a call with an exercise price
higher than the current stock price. The call
premium is intended to reduce the cost of
the put premium. The call exercise price
is often set to make the call premium
completely offset the put premium.
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what the exercise price should be. We use the following inputs: S0 = 125.94, X = 136.165,
rc = 0.0453, σ = 0.83, and T = 0.1726. We find that this call has a Black-Scholes-Merton
price of 13.65.

Now we are faced with a problem we have not yet seen. If we use exchange-listed op-
tions, we cannot normally designate the exercise price, for this is set by the exchange. We
could sell the 135 or the 140, but there is no 136.165. We have two choices. We can use an
over-the-counter option, as discussed in Chapter 2, which can be customized to any exer-
cise price. We go to an options dealer and request this specific option. Alternately, if we
trade in sufficient volume, we can use FLEX options, also mentioned in Chapter 2, which
trade on the exchanges and permit us to set the exercise price. Let us assume that we do
one or the other. For illustrative purposes it does not matter.

Thus, we buy the 120 put for $13.65 and sell the 136.165 call for $13.65. We do 100 of
each and buy 100 shares of the DCRB stock. Note that the maximum profit is capped
at 100(X2 − S0) = 100(136.165 − 125.94) = 1,022.50, and the maximum loss is 100(S0 −
X1) = 100(125.94 − 120) = 594. The breakeven is found by setting the middle equation to
zero:

∏ ¼ S�T � S0 ¼ 0,

which we see is obviously

S�T ¼ S0,

and in our problem, S�T = 125.94, the original stock price. Note in Figure 7.5 that the line
for the stock profit passes right through the middle range of profit for the collar. So, the
investor effectively buys the stock and establishes a maximum loss of $594 and a maximum
gain of $1,022.50. Note that the maximum profit is earned with an upward move of about
8.1 percent. The maximum loss is incurred with a downward move of about 4.7 percent.

This strategy looks a lot like a bull spread. Let us examine the difference. For the three
ranges of ST, the profit equations for the bull spread and collar are given below. For the
collar, we substitute from put-call parity, C1 − S0 + X1(1 + r)−T for P1.

Figure 7.5 Collar
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Thus, the bull spread and the collar are similar but not identical. Note that the range
of profits for the bull spread is X2 − X1 − C1 + C2 − (−C1 + C2) = X2 − X1. The
range of profits for the collar is X2 − X1(1 + r)−T − C1 + C2 − (X1 − X1(1 + r)−T −
C1 + C2) = X2 − X1. So the two strategies have the same range of profits. The initial
outlay for the bull spread is C1 − C2. The initial outlay for the collar is S0 + P1 − C2.
Substituting from put-call parity for P1, this is X1(1 + r)−T + C1 − C2. The collar is
equivalent to a bull spread plus a risk-free bond paying X1 at expiration.

Choice of Holding Period In Figure 7.6 we see what the profit would look like if the
position were closed early. On the downside, by closing the position at T1, we recoup
more of the time value on the long put than we pay to buy back the short call. The longer
we hold the position on the downside, the less this works to our advantage. On the upside,
if we close the position early, the more time value we must buy back on the short call than
we receive from selling the long put. The longer we hold the position, the more this works
to our advantage. Remember that these statements are true because the time value is
greater where the stock price is close to the exercise price. On the downside, the time value
is greater on the long put; on the upside, the time value is greater on the short call.

ST � X1 < X2.
Bull spread:
Collar:

−C1 + C2.
X1 − S0 − P1 + C2

= X1 − X1(1 + r)−T − C1 + C2.

X1 < ST < X2.
Bull spread:
Collar:

ST − X1 − C1 + C2.
ST − S0 − P1 + C2

= ST − X1(1 + r)−T − C1 + C2.

X1 < X2 � ST.
Bull spread:
Collar:

X2 − X1 − C1 + C2.
X2 − S0 − P1 + C2

= X2 − X1(1 + r)−T − C1 + C2.

Thus, in all cases the collar is more profitable by the
difference between X1 and the present value of X1.

Figure 7.6 Collar: Different Holding Periods

DCRB July 120/136.165; S0 = $125.94, C = $13.65, P = $13.65
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MAK ING THE CONNECT ION

Designing a Collar for an Investment Portfolio

Avalon Asset Management (AAM) is a (fictional) small

investment management company with $50 million of

assets under management. Its performance is mea-

sured at the end of the calendar year. Through nine

months this year, AAM has earned outstanding returns

for its clients, with its overall portfolio up about 21 per-

cent. AAM is, however, concerned about the fourth

quarter. It has worked hard for its performance year

to date and would not want to see it evaporate.

A partner has learned of the collar strategy, which

would enable it to purchase insurance against down-

side losses, in the form of puts, by selling off some of

its upside gains, in the form of calls. AAM has never

used options before but feels that it understands the

risks and rewards. It is not authorized, however, to use

options for any of its client accounts. The partners de-

cide to experiment with the collar strategy using

$500,000 from the company’s pension fund. The part-

ners know that the collar is a conservative strategy

and will not jeopardize the pension fund.

The partners approach First National Dealer Bank

(FNDB) with a request to purchase a collar covering

$500,000 of the portfolio. FNDB knows that this is a

small derivatives transaction, which it would ordinarily

not do, but it knows that if AAM is satisfied with this

strategy, it will likely do larger transactions later. The

bank knows it can do the transaction and hedge the

risk in the stock index options market. It also feels that

it can buy and sell the options at slightly better prices

than it would give AAM, thereby covering its costs and

generating a small profit.

FNDB asks AAM about the amount of downside risk it is

willing to bear. AAM feels it can tolerate a loss of about 6

percent in the fourth quarter so that its overall annual return

would be about 15 percent. The S&P 500 is currently at 1250

so a 6 percent loss from that would put it at 1250(1− 0.06)=

1,175. Thus, the put option would have an exercise price of

1,175.Theexpiration is threemonths, soT=3/12=0.25. The

S&P500dividendyield is 1.5 percent, the estimatedvolatility

is 0.2, and the risk-free rate is 4 percent.

Given these inputs, a put with an exercise price of

1,175 would have a price of $17.74. An exercise price of

1,352 would produce a call premium of $17.76. FNDB

agrees to round the call premium to $17.74. So the call

will be struck at 1,352 and the put at 1,175. Thus, on the

upside the index can increase by 8.16 percent before the

gain is lost. On the downside, the index can fall by 6 per-

cent before the put stops the loss. Since the S&P 500 is at

1,250 and the transaction covers a $500,000 portfolio,

there will be 400 individual options.

FNDB is concerned about one point. What if AAM’s

portfolio does not perform identically to the S&P 500? It

discusses this with AAM,which says that its portfolio sen-

sitivity to the S&P 500 is about 101 percent. In technical

terms, the beta is 1.01. AAM is satisfied that this is a close

enough match to the S&P 500. FNDB is not so sure, but

feels that the risk isworth taking. So the collar is executed.

During the final three months of the year, the market

surprisingly continues to perform well. The portfolio

rises 7.5 percent to $537,500. The S&P 500, however,

outperforms the portfolio, increasing at a 10 percent

rate to 1375. The call options expire in-the-money and

AAMmustpay400Max(0,1375−1352)=$9,200.Thiseffec-

tivelyreducesthevalueoftheoverallpositionto$537,500−
$9,200=$528,300.Therateofreturnis, therefore,

$528,300

$500,000
− 1 ¼ 0:0566

This is an overall return of a little over three-fourths of

what theportfolioearned. Thepartnersare confused. They

believed theyhadroomontheupside toearn the full return

up to about 8 percent. With their portfolio slightly more

volatile than the market, they believed that if they lost

anything, it would be the excess of the portfolio’s perfor-

mance relative to the S&P 500. Sowhat happened?

The portfolio underperformed the S&P 500. Even

though the portfolio was thought to be more volatile

than the S&P 500, measuring a portfolio’s volatility is dif-

ficult. With the portfolio underperforming the S&P 500,

the short call expired in-the-money without a corre-

sponding gain on the portfolio to offset. Had the portfolio

grown by 10 percent, the performance of the S&P 500, its

value would have been $550,000. Deducting the $9,200

payoff on the call, the total value would have been

$550,000 − $9,200 = $540,800, a gain of 8.16 percent,

which is the precise upside margin built into the collar.

AAM attempted to protect a portfolio using options in

which the underlying was not identical to the portfolio.

Whether it uses the collar strategy again will depend on

its tolerance for small discrepancies in performance from

its target. AAM is, however, generally pleased because its

annual performance was enhanced through its fourth

quarter performance, though not as much as its perfor-

mance would otherwise have been.
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Butterfly Spreads
A butterfly spread, sometimes called a sandwich spread, is a combination of a bull
spread and a bear spread. However, this transaction involves three exercise prices: X1,
X2, and X3, where X2 is halfway between X1 and X3. Suppose we construct a call bull
spread by purchasing the call with the low exercise price, X1, and writing the call with
the middle exercise price, X2. Then we also construct a call bear spread by purchasing
the call with the high exercise price, X3, and writing the call with the middle exercise
price, X2. Combining these positions shows that we are long one each of the low- and
high-exercise-price options and short two middle-exercise-price options. Since N1 = 1,
N2 = −2, and N3 = 1, the profit equation is

∏ ¼ Maxð0,ST � X1Þ � C1 � 2Maxð0,ST � X2Þ þ 2C2 þMaxð0,ST � X3Þ � C3:

To analyze the behavior of the profit equation, we must examine four ranges of the
stock price at expiration:

∏ ¼ �C1 þ 2C2 � C3 if ST � X1 < X2 < X3:

∏ ¼ ST � X1 � C1 þ 2C2 � C3 if X1 < ST � X2 < X3:

∏ ¼ ST � X1 � C1 � 2ST þ 2X2 þ 2C2 � C3

¼ �ST þ 2X2 � X1 � C1 þ 2C2 � C3 if X1 < X2 < ST � X3:

∏ ¼ ST � X1 � C1 � 2ST þ 2X2 þ 2C2 þ ST � X3 � C3

¼ �X1 þ 2X2 � X3 � C1 þ 2C2 � C3 if X1 < X2 < X3 < ST:

Now, look at the first profit equation,−C1 + 2C2 − C3. This can be separated into−C1 +

C2 and C2 − C3. We already know that a low-exercise-price call is worth more than a
high-exercise-price call. Thus, the first pair of terms is negative and the second pair is
positive. Which pair will be greater in an absolute sense? The first pair will. The ad-
vantage of a low-exercise-price call over a high-exercise-price call is smaller at higher
exercise prices, because there the likelihood of both calls expiring out-of-the-money is
greater. If that happens, neither call will be of any value to the trader. Because −C1 +

C2 is larger in an absolute sense than C2 − C3 the profit for the lowest range of stock
prices at expiration is negative.

For the second range, the profit is ST − X1 − C1 + 2C2 − C3. The last three terms,
−C1 + 2C2 − C3, represent the net price paid for the butterfly spread. Because the stock
price at expiration has a direct effect on the profit, a graph would show the profit vary-
ing dollar for dollar and in a positive manner with the stock price at expiration. The
profit in this range of stock prices can, however, be either positive or negative. This im-
plies that there is a breakeven stock price at expiration. To find that stock price, S�T set
this profit equal to zero:

S�T � X1 � C1 þ 2C2 � C3 ¼ 0:

Solving for S�T gives

S�T ¼ X1 þ C1 � 2C2 þ C3:

The breakeven equation indicates that a butterfly spread is profitable if the stock price at
expiration exceeds the low exercise price by an amount large enough to cover the net
price paid for the spread.

Now look at the third profit equation. Since the profit varies inversely dollar for dollar
with the stock price at expiration, a graph would show the profit decreasing one for one
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with the stock price at expiration. The profit can be either positive or negative; hence,
there is a second breakeven stock price. To find it, set the profit equal to zero:

�S�T þ 2X2 � X1 � C1 þ 2C2 � C3 ¼ 0:

Solving for S�T gives

S�T ¼ 2X2 � X1 � C1 þ 2C2 � C3:

Recall that in this range of stock prices, the profit declines with higher stock prices.
Profit will disappear completely if the stock price is so high that it exceeds the cash
flow received from the exercise of the middle-exercise-price call, 2X2, minus the cash
flow paid for the exercise of the low-exercise-price call, X1, minus the net premiums on
the calls.

In the final range of the stock price at expiration, profit is the net premiums paid plus
the difference in the exercise prices. Since X2 is halfway between X1 and X3, then X2 − X1

is the same as X3 − X2. Therefore, −X1 + 2X2 − X3 = 0. This means that the profit in
this range is the same as that in the first range and is simply the difference in the
premiums.

Now that we have a good idea of what a butterfly spread looks
like, consider the DCRB June 120, 125, and 130 calls. In this example,
a plot of the results would reveal that the butterfly spread would
profit at any stock price. Upon further inspection of the prices, we
would see that the cost of buying the butterfly spread is less than
the lowest possible value of the spread at expiration. Therefore, one
or more of the options must be mispriced. To avoid any confusion

about the performance of the butterfly spread, we should use theoretically correct prices,
which can be obtained from the Black-Scholes-Merton model. Using the volatility of 83
percent, we would see that at a market price of $15.40, the 120 call is significantly lower
than its Black-Scholes-Merton value of about $16. Thus, let us use $16 as its price.

Figure 7.7 illustrates the butterfly spread for the June 120, 125, and 130 calls with pre-
miums of $16.00, $13.50, and $11.35, respectively. The worst outcome is simply the net
premiums or 100[−16.00 + 2(13.50) − 11.35] = −35. This is obtained for any stock
price less than $120 or greater than $130. The maximum profit is obtained when the
stock price at expiration is at the middle exercise price. Using the second profit equation
and letting ST = X2, the maximum profit is

∏ ¼ X2 � X1 � C1 þ 2C2 � C3,

which in this example is 100[125 − 120 − 16.00 + 2(13.50) − 11.35] = 465. The lower
breakeven is X1 + C1 − 2C2 + C3, which in this case is 120 + 16.00 − 2(13.50) + 11.35 =
120.35. The upper breakeven is 2X2 − X1 − C1 + 2C2 − C3, which in this example is
2(125) − 120 − 16.00 + 2(13.50) − 11.35 = 129.65.

The butterfly spread strategy assumes that the stock price will fluctuate very little. In
this example, the trader is betting that the stock price will stay within the range of
$120.35, a downward move of 4.4 percent to $129.65, an upward move of 2.9 percent. If
this prediction of low stock price volatility proves incorrect, however, the potential loss
will be limited—in this case, to $35. Thus, the butterfly spread is a low-risk transaction.

A trader who believes the stock price will be extremely volatile and will fall outside of
the two breakeven stock prices might want to write a butterfly spread. This will involve
one short position in each of the X1 and X3 calls and two long positions in the X2 call.
We shall leave it as an end-of-chapter problem to explore the short butterfly spread.

Early exercise can pose a problem for holders of butterfly spreads. Suppose the stock
price prior to expiration is St, where St is greater than or equal to X2 and less than or

A butterfly spread has a limited loss, which
occurs on large stock price moves, either
up or down, and a limited gain, which oc-
curs if the stock price ends up at the middle
exercise price.
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equal to X3. Assume that the short calls are exercised shortly before the stock goes
ex-dividend. The spreader then exercises the long call with exercise price X1. The cash
flow from the short calls is −(2St − 2X2), and the cash flow from the long call is St −
X1. This gives a total cash flow of −St + X2 + X2 − X1. The minimum value of this
expression is −X2 + X2 + X2 − X1 = X2 − X1, which is positive. If St exceeds X3 and
the two short calls are exercised, they will be offset by the exercise of both long calls, and
the overall cash flow will be zero.

Thus, early exercise does not result in a cash outflow, but that does not mean that it
poses no risk. If the options are exercised early, there is no possibility of achieving the
maximum profit obtainable at expiration when ST = X2. If the spread were reversed and
the X1 and X3 calls were sold while two of the X2 calls were bought, early exercise could
generate a negative cash flow.

Choice of Holding Period As with any option strategy, the investor
might wish to close the position prior to expiration. Consider the June
120, 125, and 130 calls. Let us continue to use the same prices used in the
preceding example, $16.00, $13.50, and $11.35, respectively. Let holding
period T1 involve closing the position on June 1 and holding period T2

close the position on June 11.1 The graph is shown in Figure 7.8.
At high stock prices, time value will be greatest on the call with the

highest exercise price. Since we are long that call, we gain the advantage of being able to
sell it back early and recapture some of the time value. This advantage, however, erodes
with a longer holding period because the time value decreases.

At low stock prices, the time value will be greatest on the call with the lowest exercise
price. Since we are also long that call, we can sell it back early and recapture some of its

Figure 7.7 Call Butterfly Spread
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1The holding period was changed in this example because the time value decay does not show up as clearly for
the holding periods we have previously used.
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remaining time value. This advantage also decreases, however, as we hold the position
longer and time value decays.

In the middle range of stock prices, the time value will be very high on the two short
calls. For short holding periods, this is a disadvantage because we have to buy back these
calls, which means that we must pay for the remaining time value. This disadvantage turns
to an advantage, however, as the holding period lengthens and time value begins to disap-
pear. At expiration, no time value remains; thus, profit is maximized in this range.

The breakeven stock prices are substantially further away with shorter holding peri-
ods. This is advantageous, because it will then take a much larger stock price change to
produce a loss.

As always, we cannot specifically identify an optimal holding period. Because the butter-
fly spread is one in which the trader expects the stock price to stay within a narrow range,
profit is maximized with a long holding period. The disadvantage of a long holding period,
however, is that it gives the stock price more time to move outside of the profitable range.

All of the above spreads are money spreads. We now turn to an examination of cal-
endar spreads.

CALENDAR SPREADS
A calendar spread, also known as a time spread or horizontal spread, involves the pur-
chase of an option with one expiration date and the sale of an otherwise identical option
with a different expiration date. Because it is not possible to hold both options until ex-
piration, analyzing a calendar spread is more complicated than analyzing a money
spread. Since one option expires before the other, the longest possible holding period
would be to hold the position until the shorter-maturity option’s expiration. Then, the
other option would have some remaining time value that must be estimated.

Because both options have the same exercise prices, they will have the same intrinsic
values; thus, the profitability of the calendar spread will be determined solely by the dif-
ference in their time values. The longer-term call will have more time value. This does
not, however, necessarily mean that one should always buy the longer-term call and sell

Figure 7.8 Call Butterfly Spread: Different Holding Periods
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the shorter-term call. As with most option strategies, which option is purchased and
which one is sold depends on the investor’s outlook for the stock.

To best understand the calendar spread, we will again illustrate with the DCRB calls.
This spread consists of the purchase of the July 125 call at $18.60 and the sale of the
June 125 call at $13.50. This position is net long, because you pay more for the July
than you receive for the June. Consider two possible holding periods. One, T1, will in-
volve the spread’s termination on June 1; the other, T2, will have the spread held until
June 18, the date of the June call’s expiration. Using the Black-Scholes-Merton model to
estimate the remaining time values produced the graph in Figure 7.9.

Like the butterfly spread, the calendar spread is one in which the
stock’s volatility is the major factor in its performance. The investor
obtains the greatest profit if the stock has low volatility and thus trades
within a narrow range. If the stock price moves substantially, the in-
vestor will likely incur a loss.

How does the calendar spread work? Recall that we are short the
June call and long the July call. When closing out the position, we

buy back the June call and sell the July call. If the stock price is around the exercise price,
both calls will have more time value remaining than if the stock price were at the ex-
tremes. The June call will always have less time value, however, than the July call on
any given date. Thus, when we close out the position, the time value repurchased on
the June call will be low relative to the remaining time value received from the sale of
the July call. As we hold the position closer and closer to the June call’s expiration, the
remaining time value we must repurchase on that option will get lower and lower.

If the stock price is at the high or low extreme, the time values of both options will be
low. If the stock price is high enough or low enough, there may be little, if any, time
value on either option. Thus, when closing out the position there may be little time value
to recover from the July option. Because the July call is more expensive, we will end up
losing money on the overall transaction.

Figure 7.9 Call Calendar Spread
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The breakeven stock prices can be obtained only by visual examination.2 In this ex-
ample, the shorter holding period has a slightly wider range between its two breakeven
stock prices, about $110 and $150. For the longer holding period, the lower breakeven is
about $109 and the higher breakeven is still around $147.

An investor who expected the stock price to move into the extremes could execute a
reverse calendar spread. This would require purchasing the June call and selling the July
call. If the stock price became extremely low or high, there would be little time value
remaining to be repurchased on the July call. Because the spreader received more money
from the sale of the July call than was paid for the purchase of the June call, a profit
would be made. If the stock price ended up around the exercise price, however, the
trader could incur a potentially large loss. This is because the July call would possibly
have a large time value that would have to be repurchased.

Time Value Decay
Because a calendar spread is completely influenced by the behavior of the two calls’ time
value decay, it provides a good opportunity to examine how time values decay. Using the
Black-Scholes-Merton model, we can compute the week-by-week time values for each
call during the spread’s life, holding the stock price constant at $125.94. Keep in mind,
of course, that time values will change if the stock price changes. Because time values are
greatest for at-the-money options, we use the June and July 125 calls. The pattern of
time values at various points during the options’ lives is presented in Table 7.2. The table
also presents the thetas, which we learned from Chapter 5 are the changes in the option
prices for a very small change in time. Negative thetas imply that the option price will
fall as we move forward in time.

Notice what happens as expiration approaches. Because of the June call’s earlier expi-
ration, its theta is more negative, and its time value decays more rapidly than does that
of the July call. Since we are long the July call and short the June call, the spread’s time
value—the time value of the long call minus the time value of the short call—increases,
as is indicated by its positive theta. Once the June call expires, however, we are left with

TABLE 7.2 TIME VALUE DECAY, JUNE AND JULY 125 AND

CALENDAR SPREAD

June 125 July 125 Spread

Date Time Time Value Theta Time Time Value Theta Time Value Theta

May 14 0.0959 12.61 −68.91 0.1726 17.14 −51.54 4.53 17.37

May 21 0.0767 11.22 −76.92 0.1534 16.12 −54.65 4.91 22.27

May 28 0.0575 9.64 −88.63 0.1342 15.04 −58.39 5.40 30.24

June 4 0.0384 7.77 −108.19 0.1151 13.88 −63.02 6.11 45.17

June 11 0.0192 5.35 −152.11 0.0959 12.62 −68.95 7.27 83.16

June 18 0.0000 0.00 0.00 0.0767 11.22 −76.96 11.22 −76.96

σ ¼ 0.83, S0 ¼ 125.94, rc(June) ¼ 0.0446, rc(July) ¼ 0.0453
The spread time value and theta equal the time value and theta on the long July call minus the time value and theta on the short
June call. The time value of each option is obtained as the Black-Scholes-Merton value, which is the intrinsic value plus the time
value, minus the intrinsic value of 0.94.

2It is possible, however, to use a computer search routine with the Black-Scholes-Merton model to find the
precise breakeven.
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a long position in the July call, which leaves us with a negative theta. Time value will
then begin decaying.

Figure 7.10 illustrates the pattern of time value decay. As expiration
approaches, the time value of the June call rapidly decreases and the over-
all time value of the spread increases. At expiration of the June call, the
spread’s time value is composed entirely of the July call’s time value.

Time value decay would appear to make it easy to profit with a time spread. One
would simply buy the longer-term option and write the shorter-term option. As the
time values decayed, the spread would gain value. In reality, however, it seldom works
out like this. The pattern of time value decay illustrated here was obtained by holding
the stock price constant. In the real world, the stock price will almost surely change.
Thus, there is indeed risk to a calendar spread. This risk is mitigated somewhat by the
fact that the investor is long one option and short the other. Nonetheless, the calendar
spread, in which one buys the long-term option and writes the short-term option, is a
good strategy if one expects the stock price to remain fairly stable.

The degree of risk of early exercise on a calendar spread depends on which call is
bought and which is sold. Since both calls have the same exercise price, the extent to
which they are in-the-money is the same. As discussed in Chapter 3, however, the time
to expiration is a factor in encouraging early exercise. We saw that if everything else is
equal, the shorter-term option is the one more likely to be exercised early. Thus, if we
write the shorter-term option, it could be exercised early. We always, however, have
the choice of exercising the longer-term option early. It will certainly be in-the-money
if the shorter-term option is in-the-money. If St is the stock price prior to expiration
and the shorter-term call is exercised, the cash flow will be −(ST − X), while the cash
flow from exercising the longer-term option will be ST − X. Thus, the total cash flow
will be zero. This means that in the event of early exercise there will be no negative
cash flow. It does not mean that there will be no overall loss on the transaction.

Figure 7.10 Time Value Decay
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The longer-term call is more expensive than the shorter-term call. This means that early ex-
ercise would ensure a loss by preventing us from waiting to capture the time value decay.

Calendar spreads can also be constructed with puts. By using the Black-Scholes-Merton
model to determine the time value on the puts, similar results can be obtained. Like money
spreads, put calendar spreads should not be overlooked. The puts could be mispriced, in
which case a spread might offer the most profitable opportunity.

The butterfly spread and calendar spread are two of several transactions called vola-
tility strategies. We shall look at the others later in this chapter. For now, however, note
that all the strategies covered so far are risky. Some option traders prefer riskless strate-
gies because if the options are mispriced, it may be possible to construct a riskless port-
folio that will earn a return in excess of the risk-free rate.

RATIO SPREADS
Chapter 5 examined the Black-Scholes-Merton model. It showed that when an option is
mispriced, an investor can construct a riskless hedge by buying an underpriced call and
selling short the stock or by buying stock and selling an overpriced call. Because of mar-
gin requirements and the uptick rule, selling short stock can be complicated. By using
spreads, however, the investor can buy an underpriced call and sell an overpriced or cor-
rectly priced call, producing a ratio of one call to the other that creates a riskless posi-
tion. This transaction is called a ratio spread.

The ratio spread can be either a money spread or a calendar spread. Consider two
calls priced at C1 and C2. Initially we need not be concerned with which one is pur-
chased and which one is sold, nor do we need to determine whether the two calls differ
by time to expiration or by exercise price. The approach presented here can accommo-
date all cases.

Let the investor hold N1 units of the call priced at C1 and N2 units of the call priced
at C2. The value of the portfolio is

V ¼ N1C1 þ N2C2:

Recall that the delta of a call is the change in the call price over the change in the stock price,
assuming that the change in the stock price is very small. Let us use the symbols ∆1 and ∆2

as the deltas of the two calls. Remember that the deltas are the values of N(d1) from the
Black-Scholes-Merton model. If the stock price changes, the first call generates a total price
change of N1∆1 and the second call generates a total price change of N2∆2. Thus, when the
stock price changes, the portfolio will change in value by the sum of these two values. A
hedged position is one in which the portfolio value will not change when the stock price
changes. Thus, we set N1∆1 + N2∆2 to zero and solve for the ratio N1/N2.

N1

N2
¼ �Δ2

Δ1

A riskless position is established if the ratio of the quantity of the first call to the quan-
tity of the second call equals minus the inverse ratio of their deltas. The transaction
would then be delta neutral.

Consider an example using the DCRB June 120 and June 125 calls.
Using S0 = 125.94, rc = 0.0446, and T = 0.0959 in the Black-
Scholes-Merton model gives a value of N(d1) of 0.630 for the June
120 and 0.569 for the June 125. Thus, the ratio of the number of June
120s to June 125s should be −(0.569/0.630) = −0.903. Hence, the in-
vestor would buy 903 of the June 120s and sell 1,000 of the June 125s.

A ratio spread is a risk-free transaction in-
volving two options weighted according to
their deltas.
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Note that the investor could have purchased 1,000 of the June 125s and sold 903 of
the June 120s. The negative sign in the formula is a reminder to be long one option and
short the other. An investor should, of course, always buy underpriced or correctly
priced calls and sell overpriced or correctly priced calls.

If the stock price decreases by $1, the June 120 should decrease by 0.630 and the June
125 by 0.569. The investor is long 903 of the June 120s and therefore loses 0.630(903) ≈
569. Likewise, the investor is short 1,000 of the June 125s and thus gains 0.569(1,000) ≈
569. The gain on one call offsets the loss on the other.

The ratio spread, of course, does not remain riskless unless the ratio is continuously
adjusted. Because this is somewhat impractical, no truly riskless hedge can be con-
structed. Moreover, the values of N(d1) are simply approximations of the change in the
call price for a change in the stock price. They apply for only very small changes in the stock
price. For larger changes in the stock price, the hedger would need to consider the gamma,
which we discussed in Chapter 5. Nonetheless, spreads of this type are frequently done by
option traders attempting to replicate riskless positions. Although the positions may not
always be exactly riskless, they will come very close to being so as long as the ratio does
not deviate too far from the optimum.

This completes our coverage of option spread strategies. The next group of strategies
is called combinations, because they involve combined positions in puts and calls. We
previously covered some combination strategies, namely conversions and reversals,
which we used to illustrate put-call parity. The strategies covered in the remainder of
this chapter are straddles and box spreads. We will use the same approach as before;
the notation should be quite familiar by now.

STRADDLES
Straddles, like calendar and butterfly spreads, are volatility strategies because they are
based on the expectation of high or low volatility rather than the direction of the stock.

A straddle is the purchase of a call and a put that have the same exercise price and
expiration date. By holding both a call and a put, the trader can capitalize on stock price
movements in either direction.

Consider the purchase of a straddle with the call and put having an exercise price of
X and an expiration of T. Then Nc = 1 and Np = 1 and the profit from this transaction
if held to expiration is

∏ ¼ Maxð0, ST � XÞ � CþMaxð0, X� STÞ � P:

Since there is only one exercise price involved, there are only two ranges of the stock
price at expiration. The profits are as follows:

∏ ¼ ST � X� C� P if ST � X:

∏ ¼ X� ST � C� P if ST < X:

For the first case, in which the stock price equals or exceeds the exercise price, the call
expires in-the-money.3 It is exercised for a gain of ST − X while the put expires out-
of-the-money. The profit is the gain on the call minus the premiums paid on the call
and the put. For the second case, in which the stock price is less than the exercise price,
the put expires in-the-money and is exercised for a gain of X − ST. The profit is the gain
on the put minus the premiums paid for the put and the call.

For the range of stock prices above the exercise price, the profit increases dollar for
dollar with the stock price at expiration. For the range of stock prices below the exercise

3The case in which ST = X is included in this range. Even though ST = X means that the call is at-the-money,
it can still be exercised for a gain of ST − X = 0.

242 Part I Options



price, the profit decreases dollar for dollar with the stock price at expiration. When the
options expire with the stock price at the exercise price, both options are at-the-money
and essentially expire worthless. The profit then equals the premiums paid, which, of
course, makes it a loss. These results suggest that the graph is V-shaped. Figure 7.11
illustrates the straddle for the DCRB June 125 options. The dashed lines are the strate-
gies of buying the call and the put separately.

As noted, the straddle is designed to capitalize on high stock price volatility. To create
a profit, the stock price must move substantially in either direction. It is not necessary to
know which way the stock will go; it is necessary only that it make a significant move.
How much must it move? Look at the two breakeven points.

For the case in which the stock price exceeds the exercise price, set the profit equal to
zero:

S�T � X� C� P ¼ 0:

Solving for S�T gives a breakeven of

S�T ¼ Xþ Cþ P:

The upside breakeven is simply the exercise price plus the premiums paid for the options.
For the case in which the stock price is below the exercise price, set the profit equal to zero:

X� S�T � C� P ¼ 0:

Solving for S�T gives a breakeven of

S�T ¼ X� C� P:

The downside breakeven is the exercise price minus the premiums paid on the options.
Thus, the breakeven stock prices are simply the exercise price plus or minus the premiums

paid for the call and the put. This makes sense. On the upside, the call is exercised for a gain

Figure 7.11 Straddle
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A straddle is a strategy designed to profit if
there is a large up or downmove in the stock.
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equal to the difference between the stock price and the exercise price. For the investor to
profit, the stock price must exceed the exercise price by enough that the gain from exercising
the call will cover the premiums paid for the call and the put. On the downside, the put is
exercised for a gain equal to the difference between the exercise price and the stock price.
To generate a profit, the stock price must be sufficiently below the exercise price that the
gain on the put will cover the premiums on the call and the put.

In this example, the premiums are $13.50 for the call and $11.50 for the put for a
total of $25. Thus, the breakeven stock prices at expiration are $125 plus or minus $25,
or $100 and $150. The stock price currently is at $125.94. To generate a profit, the stock
price must increase by $24.06 or decrease by $25.94 in the remaining 35 days until the
options expire.

The worst-case outcome for a straddle is for the stock price to end up equal to the
exercise price where neither the call nor the put can be exercised for a gain.4 The option
trader will lose the premiums on the call and the put, which in this example total
100(13.50 + 11.50) = 2,500.

The profit potential on a straddle is unlimited. The stock price can rise infinitely, and
the straddle will earn profits dollar for dollar with the stock price in excess of the exer-
cise price. On the downside, the profit is limited simply because the stock price can go
no lower than zero. The downside maximum profit is found by setting the stock price at
expiration equal to zero for the case in which the stock price is below the exercise price.
This gives a profit of X − C − P, which here is 100(125 − 13.50 − 11.50) = 10,000.

The potentially large profits on a straddle can be a temptation too hard to resist. One
should be aware that the straddle normally requires a fairly large stock price move to be
profitable. Even to a novice investor stock prices always seem highly volatile, but that
volatility may be misleading. In this example, it would require about a 19 percent in-
crease or a 21 percent decrease in the stock price in one month to make a profit, which
would be a rare event. An investor considering a straddle is advised to carefully assess
the probability that the stock price will move into the profitable range.

Because both the call and the put are owned, the problem of early exercise does not
exist with a straddle. The early-exercise decision is up to the straddle holder. Transaction
costs also need to be considered.

When the straddle is established, there is a commission on both the call and the put.
At exercise there will be a commission only on either the call or the put, whichever is in-
the-money. Suppose that the stock price ends up slightly higher than the exercise price.
Because of the commission on the exercise of the call, it might be inadvisable to exercise
the call even though it is in-the-money. A similar argument can be made for the case
against exercising the put when the stock price ends up slightly less than the exercise
price. This means that, as with any option strategy, the maximum loss is slightly more
than the analysis indicates because of the commission. Moreover, the stock price at
which such a loss occurs is actually a range around the exercise price.

Choice of Holding Period Now consider what happens upon closing the position
prior to expiration. Figure 7.12 illustrates the outcomes for the DCRB July 125 straddle
using the same three holding periods employed in examining the other strategies;5 that
is, the shortest holding period involves closing the position on June 4, the intermediate-
length holding period on June 25, and the long holding period at expiration. The profit

4Either the put, the call, or both could be exercised, but the gain on either would be zero. Transaction costs
associated with exercise would suggest that neither the call nor the put would be exercised when ST = X.
5Specifically, the holding period T1 means that the remaining maturity is 0.1151 based on 42 days remaining,
T2 means that the remaining maturity is 0.0575 based on 21 days remaining, and T = 0 assumes holding all
the way to expiration.
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graphs are curves that collapse onto the straight line for the case in which the position is
held to expiration. The highest curve is the shortest holding period.

We should keep in mind that this graph does not imply that the shortest holding pe-
riod is the best strategy. For a given stock price, the shortest holding period indeed pro-
vides the highest profit. The uncertainty of the stock price at expiration prevents the
short holding period from dominating the longer holding periods. Because a straddle is
designed to permit profiting from large stock price fluctuations, the short holding period
leaves less time for the stock price to make a significant move.

When the straddle is closed out prior to expiration, both the call and the put will con-
tain some remaining time value. If the stock price is extremely high or low, neither op-
tion will have much time value, but either the call or the put will have a high intrinsic
value. If the stock price is close to the exercise price, both options will have a fair amount
of time value. When closing out the position, the investor sells the options back and re-
covers this time value. As the holding period is extended closer to the expiration date,
there is less time value to recover and the profit declines. The profit curve gradually de-
creases until at expiration it becomes the curve for the case in which the straddle is held
to expiration. Thus, the higher profits from shorter holding periods come from recaptur-
ing the time value of the put and the call.

Figure 7.12 shows that the shorter holding period leads to a lower
upside and higher downside breakeven. This reduces the risk to the
trader, because the range of stock prices in which a loss can be incurred
is smaller. In this example, the shortest holding period has breakeven
stock prices of about $93 and $146, and the intermediate-term holding
period has breakeven stock prices of about $90 and $156.

Applications of Straddles A straddle is an appropriate strategy for situations
in which one suspects that the stock price will move substantially but does not know in
which direction it will go. An example of this occurs when a major bank or corporation
is about to fail.

For a given stock price, a straddle, being
long two options, loses value as expiration
approaches.

Figure 7.12 Straddle: Different Holding Periods
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Suppose that a failing bank applies for a bailout from the government.6 During the period
in which the request is under consideration, a straddle will be a potentially profitable
strategy. If the request is denied, the bank probably will fail and the stock will become
worthless. If the bailout is granted, the bank may be able to turn itself around, in which case
the stock price will rise substantially.

A similar scenario exists when a major corporation applies for federal loan guaranties.
A straddle is also an appropriate strategy for situations in which important news is about
to be released and it is expected that it will be either very favorable or very unfavorable.
The weekly money supply announcements present opportunities that possibly could be
exploited with index options. Corporate earnings announcements are other examples of
situations in which uncertain information will be released on a specific date.

The straddle certainly is not without risk. If investors already know or expect the informa-
tion, the stock price may move very little when the announcement is made. If this happens,
the investor might be tempted to hold on to the straddle in the faint hope that some other,
unanticipated news will be released before the options expire. In all likelihood, however, the
stock price will move very little and the straddle will produce a loss. The trader might wish to
cut the loss quickly by closing the position if the expected move does not materialize.

The most important thing to remember when evaluating a straddle is to note that the
greater uncertainty associated with the examples described here is recognized by every-
one. Thus, the options would be priced according to a higher stock volatility, making the
straddle more expensive. The most attractive straddles will be those in which the investor
is confident that the stock will be more volatile than everyone else believes.

Short Straddle An investor who expects the market to stay within a narrow trading range
might consider writing a straddle. This would involve the sale of a put and a call with the
same exercise price and expiration date. From the previous analysis, it should be obvious
that the profit graph would be an inverted V. A short straddle would be a high-risk strategy
because of the potential for large losses if the stock price moved substantially, particularly up-
ward. Also, there would be the risk of early exercise of either the put or the call.

BOX SPREADS
A box spread is a combination of a bull call money spread and a bear put money spread. In
contrast to the volatility strategies, the box spread is a low-risk—in fact, riskless—strategy.

Consider a group of options with two exercise prices, X1 and X2, and the same expi-
ration. A bull call spread would involve the purchase of the call with exercise price X1 at
a premium of C1 and the sale of the call with exercise price X2 at a premium of C2. A
bear put spread would require the purchase of the put with exercise price X2. at a pre-
mium of P2 and the sale of the put with exercise price X1 at a premium of P1. Under the
rules for the effect of exercise price on put and call prices, both the call and put spread
would involve an initial cash outflow, because C1 > C2 and P2 > P1. Thus, the box
spread would have a net cash outflow at the initiation of the strategy.

The profit at expiration is

∏ ¼ Maxð0,ST � X1Þ � C1 �Maxð0,ST � X2Þ þ C2

þMaxð0,X2 � STÞ � P2 �Maxð0,X1 � STÞ þ P1

6Bailouts frequently take the form of loan guaranties but can also involve sale of unproductive assets, or sale of
new equity or hybrid securities.
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Because there are two exercise prices, we must examine three ranges of the stock price at
expiration. The profits are

∏ ¼ �C1 þ C2 þ X2 � ST � P2 � X1 þ ST þ P1

¼ X2 � X1 � C1 þ C2 � P2 þ P1 if ST � X1 < X2:

∏ ¼ ST � X1 � C1 þ C2 þ X2 � ST � P2 þ P1

¼ X2 � X1 � C1 þ C2 � P2 þ P1 if X1 < ST � X2:

∏ ¼ ST � X1 � C1 þ X2 � ST þ C2 � P2 þ P1

¼ X2 � X1 � C1 þ C2 � P2 þ P1 if X1 < X2 < ST:

Notice that the profit is the same in each case: The box spread will be worth X2 − X1 at
expiration, and the profit will be X2 − X1 minus the premiums paid, C1 − C2 + P2 − P1.
The box spread is thus a riskless strategy. Why would anyone want to execute a box spread if
one can more easily earn the risk-free rate by purchasing Treasury bills? The reason is that
the box spread may prove to be incorrectly priced, as a valuation analysis can reveal.

Because the box spread is a riskless transaction that pays off the difference in the exercise
prices at expiration, it should be easy to determine whether it is correctly priced. The payoff
can be discounted at the risk-free rate. The present value of this amount is then compared to
the cost of obtaining the box spread, which is the net premiums paid. This procedure is like
analyzing a capital budgeting problem. The present value of the payoff at expiration minus
the net premiums is a net present value (NPV). Since the objective of any investment deci-
sion is to maximize NPV, an investor should undertake all box spreads in which the NPV is
positive. On those spreads with a negative NPV, one should execute a reverse box spread.

The net present value of a box spread is

NPV ¼ ðX2 � X1Þð1þ rÞ�T � C1 þ C2 � P2 þ P1,

where r is the risk-free rate and T is the time to expiration.7 If NPV is positive, the pres-
ent value of the payoff at expiration will exceed the net premiums paid. If NPV is nega-
tive, the total amount of the premiums paid will exceed the present value of the payoff at
expiration. The process is illustrated in Figure 7.13.

An alternative way to view the box spread is as the difference between two put-call
parities. For example, for the options with exercise price X1, put-call parity is

P1 ¼ C1 � S0 þ X1ð1þ rÞ�T,

and for the options with exercise price X2, put-call parity is

P2 ¼ C2 � S0 þ X2ð1þ rÞ�T:

Rearranging both equations to isolate the stock price gives

S0 ¼ C1 � P1 þ X1ð1þ rÞ�T:

S0 ¼ C2 � P2 þ X2ð1þ rÞ�T:

Since the left-hand sides are equal, the right-hand sides must also be equal; therefore,

C1 � P1 þ X1ð1þ rÞ�T ¼ C2 � P2 þ X2ð1þ rÞ�T:

7Alternately, one could compute the present value of X2 − X1 as (X2 − X1) and obtain the same result.
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Rearranging this equation gives

0 ¼ ðX2 � X1Þð1þ rÞ�T � C1 þ C2 � P2 þ P1:

This is our put-call parity equation when the NPV is zero, which results if all puts and
calls are correctly priced relative to one another.

Let us examine the DCRB June box spread using the 125 and 130 options. Consider
the following transaction: Buy the 125 call at $13.50, buy the 130 put at $14.25, write the
130 call at $11.35, and write the 125 put at $11.50. The premiums paid for the 125 call
and 130 put minus the premiums received for the 130 call and 125 put net out to $4.90.
Thus, it will cost $490 to buy the box spread.

The payoff at expiration is X2 − X1. The net present value is

NPV ¼ 100½ð130� 125Þð1:0456Þ�0:0959 � 4:90� ¼ $7:85,

where 0.0456 is the discrete risk-free rate for June as determined in Chapter 3, and
0.0959 is the time to expiration from May 14 to June 18. Thus, the spread is underpriced
and should be purchased. Had the NPV been negative, the box spread would have been
overpriced and should be sold. In that case, an investor would buy the 130 call and 125
put and sell the 125 call and 130 put. This would generate a positive cash flow up front
that exceeded the present value of the cash outflow of X2 − X1 at expiration.

If the investor is holding a long box spread, the risk of early exercise
is unimportant. Suppose that the short call is exercised. Because the
short call is in-the-money, the long call will be even deeper in-
the-money. The investor can then exercise the long call. If the short
put is exercised, the investor can in turn exercise the long put, which
will be even deeper in-the-money than the short put. The net effect is a

cash inflow of X2 − X1 the maximum payoff at expiration. For the short box spread,
however, early exercise will result in a cash outflow of X2 − X1. Thus, the early exercise
problem is an important consideration for short box spreads.

Transaction costs on a box spread will be high because four options are involved. At
least two of the four options, however, will expire out-of-the-money. Nonetheless, the
high transaction costs will make the box spread costly to execute for all but those who
own seats on the exchange.

A box spread is a risk-free transaction in
which the value can be easily calculated as
the present value of a future payoff minus
the initial outlay.

Figure 7.13 The Box Spread

– (C1 – C2 + P2 – P1) (X2 – X1)

Today
(Find the present value of the future payoff)

NPV = (X2 – X1) (1 + r)–T – (C1 – C2 + P2 – P1)

If NPV > 0, execute the box spread.
If NPV < 0, execute a reverse box spread.

Expiration

248 Part I Options



Summary

This chapter showed how some of the basic option
strategies introduced in Chapter 6 can be combined
to produce more complex strategies, such as spreads
and combinations. Spreads were shown to be relatively
low-risk strategies. Money spreads can be designed to
profit in a bull or a bear market. A collar uses both a
long put and a short call, along with the underlying
stock, and is similar to a bull money spread. Calendar
spreads and butterfly spreads are used to profit in ei-
ther the presence or absence of high volatility. Straddles
were also shown to be attractive in periods of high or
low volatility. Finally, the chapter introduced the box
spread, a riskless transaction that lends itself to a vari-
ation of a standard capital budgeting analysis with the
end result being a net present value, a concept often
encountered elsewhere in finance.

The strategies covered in this and the preceding
chapter are but a few of the many possible option strat-
egies. Those interested in furthering their knowledge of
option strategies can explore the many excellent books
cited in the references. The framework developed here
should be sufficient to get you started. At this point,
you should be capable of assessing the risks and re-
wards of a few simple option strategies. This book is
an introduction and hopefully will encourage you to
explore option strategies in more depth.

At one time, options, forward, and futures mar-
kets existed almost independently of each other. Now
it is sometimes difficult to tell where one market
ends and the other begins. Although we shall leave
the world of options for a while, we will return to it
in time.

Key Terms

Before continuing to Chapter 8, you should be able to give brief definitions of the following terms:

spread, p. 221
vertical spread, p. 221
strike spread, p. 221
money spread, p. 221
horizontal spread, p. 221
time spread, p. 221
calendar spread, p. 221
buying the spread, p. 222
debit spread, p. 222

selling the spread, p. 222
credit spread, p. 222
bull spread, p. 222
bear spread, p. 222
collar, p. 230
butterfly spread, p. 234
sandwich spread, p. 234
calendar spread, p. 237
time spread, p. 237

horizontal spread, p. 237
volatility strategy, p. 241
ratio spread, p. 241
combination, p. 242
straddle, p. 242
box spread, p. 246
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Concept Checks

1. Explain why option traders often use spreads
instead of simple long or short options and
combined positions of options and stock.

2. Suppose that an option trader has a call bull
spread. The stock price has risen substantially,
and the trader is considering closing the position
early. What factors should the trader consider
with regard to closing the transaction before the
options expire?

3. Suppose that you are following the stock of a
firm that has been experiencing severe problems.
Failure is imminent unless the firm is granted
government guaranteed loans. If the firm fails, its

stock will, of course, fall substantially. If the
loans are granted, it is expected that the stock
will rise substantially. Identify two strategies that
would be appropriate for this situation. Justify
your answers.

4. Explain how a short call added to a protective put
forms a collar and how it changes the payoff and
up-front cost.

5. Explain the process by which the profit of a short
straddle closed out prior to expiration is influ-
enced by the time values of the put and call.

Questions and Problems

1. Derive the profit equations for a put bull spread.
Determine the maximum and minimum profits
and the breakeven stock price at expiration.

2. Explain why a straddle is not necessarily a good
strategy when the underlying event is well known
to everyone.

3. The chapter showed how analyzing a box spread
is like a capital budgeting problem using the net
present value approach. Consider the internal
rate of return method of examining capital bud-
geting problems and analyze the box spread in
that context.

The following option prices were observed for calls
and puts on a stock on July 6 of a particular year.
Use this information for problems 4 through 21.
The stock was priced at 165.13. The expirations
are July 17, August 21, and October 16. The con-
tinuously compounded risk-free rates associated
with the three expirations are 0.0503, 0.0535, and
0.0571, respectively. The standard deviation is
0.21.

Calls Puts

Strike Jul Aug Oct Jul Aug Oct

160 6.00 8.10 11.10 0.75 2.75 4.50

165 2.70 5.25 8.10 2.40 4.75 6.75

170 0.80 3.25 6.00 5.75 7.50 9.00

For problems 4 through 8 and 11 through 14,
determine the profits for the holding period
indicated for possible stock prices of 150, 155,
160, 165, 170, 175, and 180 at the end of the
holding period. Answer any other questions as
indicated. Note: Your Excel spreadsheet
Stratlyz8e.xls will be useful here for obtaining
graphs as requested but it does not allow you to
calculate the profits for several user-specified asset
prices. It permits you to specify one asset price and
a maximum and minimum. Use Stratlyz8e.xls to
produce the graph for the range of prices from 150
to 180 but determine the profits for the prices of
150, 155, …, 180 by hand for positions held to
expiration. For positions closed prior to expira-
tion, use the spreadsheet BSMbin8e.xls to deter-
mine the option price when the position is closed;
then calculate the profit by hand.

4. Construct a bear money spread using the Octo-
ber 165 and 170 calls. Hold the position until the
options expire. Determine the profits and graph
the results. Identify the breakeven stock price at
expiration and the maximum and minimum
profits. Discuss any special considerations asso-
ciated with this strategy.

5. Repeat problem 4, but close the position on
September 20. Use the spreadsheet to find the
profits for the possible stock prices on September
20. Generate a graph and use it to identify the
approximate breakeven stock price.
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6. Construct a collar using the October 160 put.
First use the Black-Scholes-Merton model to
identify a call that will make the collar have zero
up-front cost. Then close the position on Sep-
tember 20. Use the spreadsheet to find the profits
for the possible stock prices on September 20.
Generate a graph and use it to identify the ap-
proximate breakeven stock price. Determine the
maximum and minimum profits.

7. Suppose that you are expecting the stock price to
move substantially over the next three months.
You are considering a butterfly spread. Construct
an appropriate butterfly spread using the October
160, 165, and 170 calls. Hold the position until
expiration. Determine the profits and graph the
results. Identify the two breakeven stock prices
and the maximum and minimum profits.

8. Construct a calendar spread using the August
and October 170 calls that will profit from high
volatility. Close the position on August 1. Use the
spreadsheet to find the profits for the possible
stock prices on August 1. Generate a graph and
use it to estimate the maximum and minimum
profits and the breakeven stock prices.

9. Using the Black-Scholes-Merton model, compute
and graph the time value decay of the October
165 call on the following dates: July 15, July 31,
August 15, August 31, September 15, September
30, and October 16. Assume that the stock price
remains constant. Use the spreadsheet to find the
time value in all of the cases.

10. Consider a riskless spread with a long position in
the August 160 call and a short position in the
October 160 call. Determine the appropriate
hedge ratio. Then show how a $1 stock price in-
crease would have a neutral effect on the spread
value. Discuss any limitations of this procedure.

11. Construct a long straddle using the October 165
options. Hold until the options expire. Determine
the profits and graph the results. Identify the
breakeven stock prices at expiration and the
minimum profit.

12. Repeat problem 11, but close the positions on
September 20. Use the spreadsheet to find the
profits for the possible stock prices on September
20. Generate a graph and use it to identify the
approximate breakeven stock prices.

13. A slight variation of a straddle is a strap, which
uses two calls and one put. Construct a long

strap using the October 165 options. Hold the
position until expiration. Determine the profits
and graph the results. Identify the breakeven
stock prices at expiration and the minimum
profit. Compare the results with the October
165 straddle.

14. A strip is a variation of a straddle involving two
puts and one call. Construct a short strip using
the August 170 options. Hold the position until
the options expire. Determine the profits and
graph the results. Identify the breakeven stock
prices at expiration and the minimum profit.

15. Analyze the August 160/170 box spread. Deter-
mine whether a profit opportunity exists and, if
so, how one should exploit it.

16. Complete the following table with the correct
formula related to various spread strategies.

Item

Bull
Spread

With Cal ls

Bear
Spread

With Puts

Butterf ly
Spread

With Cal ls

Value at
expiration

Profit

Maximum
profit

Maximum loss

Breakeven
and

17. Complete the following table with the correct
formula related to various spread strategies.

Item

Collar Strategies
With Cal ls
and Puts

Straddle
With Cal ls
and Puts

Value at
expiration

Profit

Maximum profit

Maximum loss

Breakeven
and
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18. Explain conceptually the choice of strike prices
when it comes to designing a call-based bull
spread. Specifically address the costs and benefits
of two bull spread strategies: one strategy has the
call strike prices further from the current stock
price than the second strategy.

19. Explain conceptually the choice of strike prices
when it comes to designing a zero-cost collar.
Specifically address the costs and benefits of two
strategies: one strategy has a higher put strike
price than the second strategy.

20. (Concept Problem) Another variation of the
straddle is called a strangle. A strangle is the
purchase of a call with a higher exercise price and
a put with a lower exercise price. Evaluate the
strangle strategy by examining the purchase of
the August 165 put and 170 call. As in the
problems above, determine the profits for stock
prices of 150, 155, 160, 165, 170, 175, and 180.
Hold the position until expiration and graph the
results. Find the breakeven stock prices at
expiration. Explain why one would want to use a
strangle.

21. (Concept Problem) Many option traders use a
combination of a money spread and a calendar
spread called a diagonal spread. This transaction
involves the purchase of a call with a lower ex-
ercise price and longer time to expiration and the
sale of a call with a higher exercise price and
shorter time to expiration. Evaluate the diagonal
spread that involves the purchase of the October
165 call and the sale of the August 170 call. De-
termine the profits for the same stock prices you
previously examined under the assumption that
the position is closed on August 1. Use the
spreadsheet to find the profits for the possible
stock prices on August 1. Generate a graph and
use it to estimate the breakeven stock price at the
end of the holding period.

22. (Case) Professors Don Chance of Louisiana State
University and Michael Hemler of the University
of Notre Dame have authored an options trading
case that corresponds with the material in
Chapters 6 and 7. Go to the Cengage web site,
http://www.cengage.com/finance/chance and
download the Second City Options case.
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CHA P T E R 8
The Structure of Forward and
Futures Markets

Futures traders tend to be superstitious—when on a good run they are
reluctant to change their mojo, this includes washing their jackets. Traders
will wear their lucky jackets until they fall apart or their luck runs out. Some
traders have even been buried in their lucky jackets, reflecting a hope that
the good luck their jackets provided in the trading pits on Earth could be
retained for eternity in that Great Trading Pit in the sky.

Jim Overdahl

Futures Fall Special Issue 2005, p. 14

Part One explored the world of options markets. The next five chapters look at forward, fu-
tures, and swap markets. In this chapter, we focus on forward and futures markets. A forward
contract is an agreement between two parties, a buyer and a seller, that calls for the delivery
of an asset at a future point in time with a price agreed upon today. A futures contract is
a forward contract that has standardized terms, is traded on an organized exchange, and
follows a daily settlement procedure in which the losses of one party to the contract are
paid to the other party.

Forward and futures contracts have many of the characteristics of option contracts.
Both provide for the sale and delivery of an asset on a later date at a price agreed upon
today. An option—more specifically, a call option—gives the holder the right to forgo the
future purchase of the asset. This is done, as we have seen, if the asset’s price is below the
exercise price. A forward or futures contract does not offer the right to forgo purchase of
the asset. Like an exchange-listed option, however, a futures contract can be sold in the
market prior to expiration. Like an over-the-counter option, a forward contract can be off-
set by creating a new forward contract.

Forward contracts, sometimes called forward commitments, are very common in ev-
eryday life. For example, an apartment lease is a series of forward contracts. The current
month’s use of the apartment is a spot transaction, but the two parties also have agreed to
usage of the apartment for future months at a rate agreed upon today. Near and dear to
the hearts of most college students (and many others) is your basic pizza delivery order,
which is also a forward contract. The customer and the restaurant agree that the customer
will buy the pizza at a specific price at a future point in time (“30 minutes or less”). Upon
delivery, the customer must accept and pay for the pizza, even though in the interim
the customer might have noticed an ad or a coupon that would make an identical pizza
cost less.

Any type of contractual arrangement calling for the delivery of a good or service at a
future date at a price agreed upon today is a forward contract. Neither party can legally get
out of the commitment. Nonetheless, either party can enter into a new, offsetting forward

CHAPTER
OBJECT I V ES

• Define and provide
examples of forward
contracts and futures
contracts

• Describe the
institutional
characteristics of
forward and futures
markets, especially the
daily settlement
procedure in futures
markets and the
delivery process

• Provide information
on the futures
contracts available for
trading

• Describe theprocessof
placing an order to
trade a futures
contract

• Illustrate the role of
the clearinghouse in
futures trading

• Show how to access
futures prices

• Present information
on the magnitude and
effects of transaction
costs in futures
trading

• Discuss the regulatory
structure of futures
and forward markets

• Illustrate how taxes
affect futures
transactions
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contract with someone else. For example, suppose after ordering the pizza, you decide that
you would prefer Chinese food. You know, however, that your neighbor next door is prac-
tically addicted to pizza so you offer to sell the pizza to your neighbor when it is delivered.
You might even be able to negotiate a better price, depending on how hungry your neigh-
bor is. In that case, you contracted to deliver the pizza to your neighbor and you agreed
upon a price. You are long a forward contract with the restaurant and short a forward
contract with your neighbor. In the case of the apartment lease, subleasing your apartment
is a way of offsetting your forward contract with the landlord.

Of course, all of these transactions are subject to a degree of uncertainty about whether
a party will perform as promised. For example, suppose the pizza delivery person shows
up at your door and finds no one there because you changed your mind and went out
for Chinese food. Alternatively, perhaps you accepted delivery of your pizza, but your
neighbor refused to accept the pizza because he changed his mind. This potential for de-
fault is quite similar to that of the over-the-counter options market. There the buyer faced
the potential default of the writer. In a forward contract, however, each party is subject to
the default of the other. The pizza restaurant faces the potential that you will default. Do
you face the potential that the restaurant will default by not delivering your pizza? The risk
is slight but still there. Here the pizza delivery order is an example of a forward contract
between an extremely creditworthy customer, the restaurant, and one with lower credit
quality, yourself.

These examples are but small-scale, familiar cases of forward contracting. If we substi-
tute agricultural products, precious metals, securities, or currencies for pizza, apartments,
magazines, and airline tickets, we have the real world of big-time forward contracting.
To mitigate the risk of default, many forward markets evolved into futures markets.
Futures markets permit organized trading in standardized versions of these forward con-
tracts. To reduce the risk of default, futures contracts require a daily settling of gains and
losses. As we move through the chapter, we shall look at these characteristics in more
detail. But first, let us see how these markets evolved.

DEVELOPMENT OF FORWARD AND
FUTURES MARKETS
As noted above, forward contracts are common in everyday life. Quite naturally such
contracts go back to the beginnings of commerce. For example, in medieval trade fairs
merchants often contracted for deferred delivery of goods at a price agreed to in advance.
Over the next few hundred years, organized spot markets for commodities began to de-
velop in major European cities. Meanwhile, a similar market for rice developed in Japan.
The characteristics of these markets were not too unlike those of today’s futures markets.
Modern futures markets, however, generally trace back to the formation of the Chicago
Board of Trade in 1848.

Chicago Futures Markets
In the 1840s, Chicago was rapidly becoming the transportation and distribution center of
the Midwest. Farmers shipped their grain from the farm belt to Chicago for sale and
subsequent distribution eastward along rail lines and the Great Lakes. Due to the seasonal
nature of grain production, however, large quantities of grain were shipped to Chicago in
the late summer and fall. The city’s storage facilities were inadequate for accommodating
this temporary increase in supply. Prices fell drastically at harvest time as supplies in-
creased and then rose steadily as supplies were consumed.
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In 1848, a group of businessmen took the first step toward alleviating this problem by
forming the Chicago Board of Trade (CBOT). The CBOT initially was organized for the
purpose of standardizing the quantities and qualities of the grains. A few years later, the
first forward contract was developed. Called a to-arrive contract, it provided that a
farmer could agree to deliver the grain at a future date at a price determined in advance.
This meant that the farmer would not ship the grain to Chicago at harvest time but
could fix the price and the date at which the grain subsequently would be sold.

These to-arrive contracts proved to be a curious instrument. Speculators soon found
that rather than buy and sell the grain itself they could buy and sell the contracts. In that
way, they could speculate on the price of grain to be delivered at a future date and not
have to worry about taking delivery of and storing the grain. Soon thereafter, the ex-
change established a set of rules and regulations for governing these transactions. In the
1920s, the clearinghouse was established to provide a means of offsetting or unwinding
positions and guaranteeing to each party that the other would perform. By that time,
most of the essential ingredients of futures contracts were in place.

In 1874, the Chicago Produce Exchange was formed and later became the Chicago
Butter and Egg Board. In 1898, it was reorganized as the Chicago Mercantile Exchange
and grew to be one of the largest futures exchanges in the world. In fact, in 2007, it acquired
its major and older competitor, the Chicago Board of Trade, the two keeping their separate
names but merging their operations into a single firm, the Chicago Mercantile Exchange
Group. The 1990s saw an explosion in the development of futures exchanges around the
world and mergers were frequent, resulting in some other very large exchanges.

Development of Financial Futures
For the first 120 years, futures exchanges offered trading in contracts on commodities
such as agricultural goods and metals. Then, in 1971, the major Western economies began
to allow their currency exchange rates to fluctuate. This opened the way for the formation
in 1972 of the International Monetary Market (IMM), a subsidiary of the Chicago Mer-
cantile Exchange that specializes in the trading of futures contracts on foreign currencies.
These were the first futures contracts that could be called financial futures. The first
interest rate futures contract appeared in 1975, when the Chicago Board of Trade origi-
nated its GNMA futures, a contract on Government National Mortgage Association
pass-through certificates, whose yields reflect mortgage interest rates.

In 1976, the International Monetary Market introduced the first futures contract on a
government security and a short-term financial instrument—90-day U.S. Treasury bills.
This contract was actively traded for many years, but its popularity has declined somewhat,
at least partly due to the remarkable success of a competing contract, the Eurodollar futures,
which was launched in 1981.

In 1977, the Chicago Board of Trade started what became one of the most successful
contracts of all time—U.S. Treasury bond futures. In just a few years, this instrument
became the most actively traded contract, surpassing many grain futures that had traded
for more than 100 years. In the 1990s, however, the Eurodollar contract surpassed the
bond contract as the most actively traded futures contract in the United States.

The 1980s brought the highly successful stock index futures contract. This instrument,
sometimes referred to as “pin-stripe pork bellies,” has helped bridge the long-standing gap
between New York’s stock traders and Chicago’s futures traders. Interestingly, however,
the first stock index futures contract appeared not in New York or Chicago but in Kansas
City. The Kansas City Board of Trade completed the formal registration process ahead of
its New York and Chicago counterparts, and on February 16, 1982, launched the Value
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Line Index futures. The Index and Option Market, a division of the Chicago Mercantile
Exchange, followed on April 21 with its S&P 500 futures contract. The New York Futures
Exchange entered the game on May 6 with its New York Stock Exchange Index futures.
Today, however, the Value Line and NYSE Index futures have little trading volume.

Interestingly, in the United States, the Dow Jones Industrial Average, the most well
known measure of stock market activity, has had a futures contract on it only since 2001.
Shortly after the first stock index futures contracts appeared in 1982, the Chicago Board of
Trade attempted to start a contract on the Average, but was rebuffed in a lengthy legal
process started by the Dow Jones Company. Dow Jones (DJ) stated that it did not want
its name associated with speculative trading and believed that the CBOT and traders
were profiting from its name. Standard and Poor’s, on the other hand, has eagerly
licensed its name to futures exchanges for contracts and has even developed new indices
with an eye toward having futures contracts traded on them. Rebuffed by DJ, the CBOT
then created a similar contract, called the Major Market Index, which traded successfully
for a number of years but eventually died. It was not until the late 1990s, however, that
Dow Jones decided that it should enter the index futures business and licensed its famous
Average to the Chicago Board of Trade for futures trading and the American Stock Ex-
change for options trading. Dow Jones also began licensing other averages and creating
new market averages, including a number for foreign markets, with the intention of en-
couraging futures trading on them. Today futures contracts on Dow Jones averages based
on stocks, commodities, and electricity are found on various futures exchanges.

Stock index futures contracts have been extremely successful worldwide. Almost every
major country has its own futures exchange with a successful stock index contract.
Countries in which stock index futures are extremely popular include the United King-
dom, France, Japan, Germany, Korea, Spain, and China (Hong Kong).

In Part One, we studied both options on individual stocks and stock index options.
Individual stock futures, often called single stock futures, are a fairly new instrument.
These instruments trade actively in a number of countries outside the U.S., but until
2001, U.S. futures markets could not offer single stock futures because of regulatory re-
strictions. In Chapter 2, we noted that the Securities and Exchange Commission (SEC),
which regulates stocks, and the Commodity Futures Trading Commission (CFTC),
which regulates futures, had reached an agreement in 1982 on how to divide up their
regulatory responsibilities. The CFTC regulates the stock index futures market, and the
SEC regulates the securities and stock and stock index options markets. Single stock fu-
tures were prohibited because the regulatory authority was not clear. As futures con-
tracts, single stock futures would ordinarily be regulated by the CFTC, but the SEC
claimed that these instruments would be close substitutes for securities and single stock
options. Finally, in 2001, a new law permitted these instruments and defined a joint
regulatory structure. Single stock futures were then introduced in the United States in
November 2002.

Over the years there has been a tremendous degree of competition between the futures
exchanges to introduce new contracts that would generate significant trading volume.
Barely a month passes without at least one new futures contract being introduced. A
few of these contracts, such as municipal bond futures, were moderately successful.
Some, such as oil futures, were highly successful. Most of the contracts, like inflation fu-
tures, commercial paper futures, and corporate bond index futures, failed to attract much
trading volume. Even the original GNMA futures contract died and attempts to modify
and revive it failed. You should note, however, that such failures are not a sign of weak-
ness but rather of a healthy and highly competitive business in which only those
contracts that truly meet a need will survive.
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Development of Options on Futures Markets
The futures markets not only offer futures contracts. They also offer option contracts. In
1982 the first option contracts in which the underlying is a futures contract were created
in the United States. This was a five-year experimental program that was deemed a tre-
mendous success, and the instrument was permanently authorized in the United States
in 1987. Options on futures have since been offered on many markets around the world
and most have been relatively successful.

Options on futures are also sometimes called commodity options and more com-
monly, futures options. An option on futures permits the holder to buy for a call, or
to sell for a put, a specific underlying futures contract at a fixed price up to a specific
expiration day. The buyer of the option pays a premium and receives the call or put,
which permits exercise into the underlying futures contract. Note that in this case, the
option is a derivative on a derivative. That is, the underlying itself is a derivative. Thus,
there are two expirations, the option’s expiration and the futures’ expiration. For some
contracts, the option and futures expire simultaneously, effectively making the option
on the futures equivalent to an option on the underlying spot asset. For all other con-
tracts, the option expires before but relatively close to the expiration of the futures.

As noted, options on futures contracts have been very successful. This success was
primarily a result of the success of options on futures in the United States, where regula-
tions had prohibited the trading of options in the same markets in which the underlying
asset would be traded. That is, options on stocks trade in one market, but the underlying
stocks trade elsewhere. When options on futures were introduced, the option would
trade on the same exchange on which the underlying futures traded. The parallel trading
of the option and the underlying created a strong demand for arbitrage trading between
these two instruments and led to highly active and efficient markets.

Parallel Development of Over-the-Counter Markets
The most active early forward market was the market for foreign exchange, called the
interbank market. This market grew tremendously in response to the floating of curren-
cies in the early 1970s, as mentioned above. It consists of hundreds of banks worldwide
who make forward and spot commitments with each other, representing either them-
selves or their clients. The market is quite large, though the exact size is difficult to esti-
mate, since the transactions are essentially private and unregulated. The transaction sizes
are quite large as well and it would be unusual for individual investors to be able to par-
ticipate in this market.

Forward markets for various financial instruments and commodities have also devel-
oped in recent years. The decade of the 1980s saw a tremendous jump in the level of
understanding and appreciation for derivative instruments. While futures and options
markets were growing, forward markets began to grow as well. The primary stimulant
for forward market growth was the development of swaps. A swap is an agreement
between two parties to exchange a series of payments. There are quite a few variations
on this basic theme, but in general swaps are similar to forward contracts. We shall cover
swaps in detail in Chapter 12. For now, however, let us note that the growing acceptance
of swaps stimulated the development of other over-the-counter transactions, such as op-
tions as noted in Chapter 2, and a variety of other forward contracts. For example, one
can enter into a forward contract, called a forward rate agreement or FRA, that is simply
an arrangement for one party to pay a certain fixed amount of cash while the other party
pays an amount of cash determined by the interest rate at a predetermined future date.
This contract can be used to hedge or speculate on interest rates. It does not actually
require delivery of a security or commodity as it is settled by simply exchanging cash.
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It is also possible to arrange for forward delivery of almost any security or commodity
at a price agreed upon today. The forward market is a large and healthy one that com-
petes with and, yet, complements the futures market.

OVER-THE-COUNTER FORWARD MARKET
In Chapter 2 we discussed how over-the-counter options differ from exchange-traded
options. Now we shall do the same for forward and futures contracts. The forward mar-
ket is large and worldwide. Its participants are banks, corporations, and governments.
The two parties to a forward contract must agree to do business with each other, which
means that each party accepts credit risk from the other. That is, unlike in options mar-
kets where the writer does not assume any credit risk from the buyer, in forward markets
each party accepts the credit risk of the other. In spite of the credit risk, however, for-
ward contracts offer many advantages.

The primary advantage is that the terms and conditions are tailored to the specific
needs of the two parties. Suppose that a firm would like to secure the future purchase price
of 400,000 bushels of sorghum, a grain similar in use to corn. As we shall see later, the
futures markets permit trading only in contracts on specific commodities and with certain
expiration dates. There is no sorghum futures contract that would permit the company to
lock in the future purchase price of the sorghum. If the firm could substitute corn, how-
ever, there is a corn futures contract available, though its expiration might not match
the horizon date of the firm. Moreover, it might permit the seller of the futures to deliver
any of several grades of corn at any of several locations. The firm would perhaps prefer to
arrange a specific contract with the terms tailored to meet its needs. Similar arguments can
be made with respect to financial contracts. A portfolio manager might wish to lock in the
market value of a specific portfolio on a certain date. If the futures market does not have
such a contract, the manager might look to the forward market.

As noted about the over-the-counter options market, the forward market also has the
advantage of being a private market in which the general public does not know that the
transaction was done. This prevents other traders from interpreting the size of various
trades as perhaps false signals of information.

The over-the-counter market is also an unregulated market. Although there is now
much debate about whether this market should be regulated, and we shall bring this
topic up again later in this chapter, most governments view these contracts as private
arrangements. This gives participants considerably more flexibility, saves money, and al-
lows the market to quickly respond to changing needs and circumstances by developing
new variations of old contracts.

Of course, all of this comes at the expense of assuming credit risk and the require-
ment that the transactions be of a rather large size, several million dollars or more. It is
not clear which is more costly, forwards or futures, but since the markets coexist, they
must be serving their clientele in an efficient manner.

How large is the market? Since the transactions are private, it is difficult to tell. A
survey taken by the Bank for International Settlements of Basel, Switzerland, estimates
that at year-end 2007 the size of the over-the-counter forward market is about $64 tril-
lion of face value with an estimated market value of $840 billion.

ORGANIZED FUTURES TRADING
Futures trading is organized around the concept of a futures exchange. The exchange is
probably the most important component of a futures market and distinguishes it from
forward markets.
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A futures exchange is a corporate entity comprised of members. Although some ex-
changes allow corporate memberships, most members are individuals. The members elect
a board of directors, which in turn selects individuals to manage the exchange. The ex-
change has a corporate hierarchy consisting of officers, employees, and committees. The
exchange establishes rules for its members and may impose sanctions on violators.

Although most futures exchanges were nonprofit corporations owned by their mem-
ber traders, today many exchanges are profit-making corporations with publicly traded
stock. For example, the common stock of the CME Group, which includes the Chicago
Mercantile Exchange and Chicago Board of Trade, trades on the New York Stock Ex-
change under the ticker symbol CME. It is interesting to also note that the Chicago
Board Options Exchange, which we covered extensively in Chapter 2 has launched a fu-
tures exchange within itself. This exchange, called CBOE Futures, trades futures contracts
on volatility. As we saw in previous chapters, volatility is a critical factor in options.
These CBOE futures products permit futures trading on measures of volatility, allowing
option traders to hedge the risk of changing volatility. To date, however, these contracts
have not generated much trading volume.

Contract Development
One of the exchange’s important ongoing activities is identifying new and useful futures
contracts. Most exchanges maintain research staffs that continuously examine the feasi-
bility of new contracts. In the United States, when the exchange determines that a con-
tract is likely to be successful, it writes a proposal specifying the terms and conditions
and applies to the Commodity Futures Trading Commission (CFTC), the regulatory
authority, to initiate trading.1 Similar procedures are followed in other countries.

It is becoming increasingly difficult to determine the characteristics of an asset that make
it a likely candidate for a successful futures contract. At one time, it was thought that the
asset had to be storable, but there are now futures contracts on nonstorable assets such as
electricity and even such factors as the weather, which is not a specific asset at all. What
does seem to be a common thread is the existence of an identifiable, volatile spot price and
a group of potential users who face a risk of loss if prices move in a certain direction. It is
not necessary that the spot price be the price of an asset that one can actually buy and hold.

Thus, it is conceivable that virtually anything can have a futures contract traded on it.
Whether the contract will be actively traded will depend on whether it fills the needs of
hedgers and whether speculators are interested enough to take risks in it. The business of
creating, launching, and making futures contracts succeed is a highly competitive business
and success is a difficult achievement. A study of the successes and failures of futures
contracts launched in the United States finds that almost 60 percent of all contracts
launched ultimately fail. The most successful exchange has been the New York Com-
modity Exchange, where about 66 percent of its contracts have succeeded. The New
York Mercantile Exchange is second with about 61 percent. The Chicago Mercantile
Exchange has succeeded on about 42 percent of its contracts, and the Chicago Board of
Trade has been successful on about 28 percent of its contracts.

Contract Terms and Conditions
The contract’s terms and conditions are determined by the exchange subject to regula-
tory approval. The specifications for each contract are the size, quotation unit, minimum

1Since the year 2000, the CFTC has permitted exchanges to self-certify contract proposals. Thus, an exchange
need only attest that a new contract complies with all applicable laws. In that sense, the exchange does not ap-
ply for and receive permission to trade a contract, but the CFTC must, nonetheless, be fully apprised of all
new contracts and their terms.
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price fluctuation, grade, and trading hours. In addition, the contract specifies delivery
terms and daily price limits as well as delivery procedures, which are discussed in sepa-
rate sections. Complete contract specifications can be found on the Web sites of the
exchanges.

Contract size means that one contract covers a specific number of units of the under-
lying asset. This might be a designated number of bushels of a grain or dollars of face
value of a financial instrument. Contract size is an important decision. If too small, spec-
ulators will find it more costly to trade because there is a cost for trading each contract.
The contracts are not divisible; thus, if they are too large, hedgers may be unable to get a
matching number of contracts. For example, if the Chicago Board of Trade had estab-
lished $1 million as the Treasury bond contract, a hedger with $500,000 of bonds to
hedge probably would be unable to use it.2

The quotation unit is simply the unit in which the price is specified. For example,
corn is quoted in fourths of a cent and Treasury bonds in percentage points and thirty-
seconds of a point of par value. In most cases, the spot market quotation unit is used.

Closely related to the quotation unit is the minimum price fluctuation. This is usually
the smallest unit of quotation. For example, Treasury bonds are quoted in a minimum unit
of thirty-seconds. Thus, the minimum price change on a Treasury bond futures contract is
1/32 of 1 percent of the contract price, or 0.0003125. Since the contract has a face value
(contract size) of $100,000, the minimum price change is 0.0003125�($100,000) ¼ $31.25.

The exchange also establishes the contract grade. In the case of agricultural commod-
ities there may be numerous grades, each of which would command a quality price dif-
ferential in the spot market. The contract must specify the grades that are acceptable for
delivery. Financial futures contracts must indicate exactly which financial instrument or
instruments are eligible for delivery. If multiple instruments are deliverable, the seller of
the contract holds a potentially valuable option, which we shall discuss in Chapter 10.

The exchange also specifies the hours during which the contract trades. Most agricul-
tural futures trade for four to five hours during the day. Most financial futures trade for
about six hours. In most U.S. markets, this trading occurs on the floor of the exchange,
as described in a later section, but many exchanges have electronic trading systems,
whereby trading occurs at terminals that can be placed in offices and even in homes.
Electronic trading typically occurs during hours that the exchange is not open for floor
trading, which in some cases means throughout the night. This practice is part of the
exchange’s attempt to keep pit trading alive in this age in which so much economic ac-
tivity is conducted electronically. There are some contracts, however, that are designated
solely for electronic trading and some others that trade simultaneously with floor trad-
ing. Some exchanges, such as the highly successful EUREX (originally formed as a com-
bined German-Swiss futures exchange) and NYSE-Euronext (a family of exchanges
located in six countries), have exclusively electronic trading, and trading hours are usu-
ally longer than a standard business day.

Delivery Terms
The contract must also indicate a specific delivery date or dates, the delivery procedure,
and a set of expiration months. In the case of harvestable commodities, the exchange
usually establishes expiration months to correspond with harvest months. In nonharvest-
able commodities, such as financial futures, the exchange usually has followed the pat-
tern of allowing expirations in March, June, September, and December. There are some
exceptions, however.

2We say probably because if the bonds being hedged were twice as volatile as the futures contract, one contract
would be the correct number. Chapter 11 explains this point.
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The exchange also decides how far into the future the expiration dates will be set. For
some contracts, the expirations extend only a year or two, while the Eurodollar contract
extends about ten years.

Once the expiration month has been set, the exchange determines a final trading day.
This may be any day in the month, but the most common ones are the third Friday of
the month and the business day prior to the last business day of the month. The first
delivery day also must be set. Most contracts allow delivery on any day of the month
following a particular day. Usually the first eligible delivery day is the first business day
of the month, but for certain contracts other days may be specified. In the case of stock
index futures and other cash-settled contracts, the settlement occurs on the last trading
day or on the day after the last trading day.

For non-cash-settled contracts, the delivery procedure must be specified. The deliver-
able spot commodity must be sent to any of several eligible locations. Financial adjustments
to the price received upon delivery are required when an acceptable but lower-grade
commodity is delivered. We shall say more about the delivery procedure later.

Daily Price Limits and Trading Halts
During the course of a trading day prices fluctuate continuously, but many contracts
have limits on the maximum daily price change. If a contract price hits the upper limit,
the market is said to be limit up. If the price moves to the lower limit, the market is said
to be limit down. Any such move, up or down, is called a limit move. Normally no
transactions above or below the limit price are allowed. Some contracts have limits only
during the opening minutes; others have limits that can be expanded according to pre-
scribed rules if prices remain at the limits for extended periods.

In conjunction with price limits, some futures contracts—notably stock index futures—
contain built-in trading halts sometimes called circuit breakers. When prices move rap-
idly, trading can be stopped for predetermined periods. These halts can be accompanied
by similar halts in the spot market. Such cessations of trading were installed after the
stock market crash of 1987 in response to concern that extremely volatile markets might
need a cooling-off period. Although it is not clear that trading halts are necessarily effec-
tive, it seems likely that they will continue to be used in futures markets.

Other Exchange Responsibilities
The exchange also specifies that members meet minimum financial responsibility require-
ments. In some contracts it may establish position limits, which, like those in options
markets, restrict the number of contracts that an individual trader can hold. The ex-
change establishes rules governing activities on the trading floor and maintains a depart-
ment responsible for monitoring trading to determine whether anyone is attempting to
manipulate the market. In some extreme cases, the exchange may elect to suspend trad-
ing if unusual events occur.3

Futures Exchanges
Futures trading takes place on numerous exchanges around the world. Table 8.1 lists the
exchanges and their Web addresses.

One advantage of such global futures trading, particularly when it is fully automated,
is the potential it offers for linkages between exchanges. For example, the Chicago
Mercantile Exchange and the Singapore International Monetary Exchange (SIMEX) are

3The 1980 grain embargo against the Soviet Union and the 1987 stock market crash were two such cases.
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linked so that a trader opening a position in Eurodollars on one exchange can close the
position on the other. Linkages among futures exchanges around the world are growing
increasingly common.

As previously noted, a trend in futures trading worldwide is the use of electronic trad-
ing systems. For a fee, computer terminals are placed in trading rooms of institutions
and individuals. These terminals permit traders to submit bids and offers and to con-
summate trades by simply moving the computer’s mouse over the bid or offer the trader
wishes to accept and then clicking. Alternative systems match up bids and offers auto-
matically. The Chicago Mercantile Exchange (CME) began the process with a system

TABLE 8.1 MAJOR FUTURES EXCHANGES, NOVEMBER 2008

North America

CBOE Futures Exchange

Chicago, Illinois

http://www.cfe.cboe.com

Chicago Climate Exchange

Chicago, Illinois

http://www.chicagoclimatex.com

Chicago Mercantile Exchange

Chicago Board of Trade

International Monetary Market

New York Mercantile Exchange

Chicago, Illinois

http://www.cme.com

Intercontinental Exchange

Atlanta, Georgia

http://www.theice.com

Kansas City Board of Trade

Kansas City, Kansas

http://www.kcbt.com

Mexican Derivatives Exchange

Mexico

http://www.mexder.com.mx

Minneapolis Grain Exchange

Minneapolis, Minnesota

http://www.mgex.com

Montreal Exchange

Montreal, Quebec

http://www.me.org

OneChicago

Chicago, Illinois

http://www.onechicago.com

South America

Bolsa de Mercadorias & Futuros

Brazil

http://www.bmf.com.br

Mercado a Termino de Rosario

Argentina

http://rofex.com.ar

Santiago Stock Exchange

Chile

http://www.bolsadesantiago.com

Europe

Eurex

Pan-European

http://www.eurexchange.com

Euronext

Pan-European

http://www.euronext.com

Meff Renta

Spain

http://www.meff.com

OMX

Pan-Europe

http://www.nasdaqomx.com

Africa

South African Futures Exchange

Republic of South Africa

http://www.safex.co.za/ed/

Australia and New Zealand

Australian Securities Exchange

Sydney, Australia

http://www.asx.com.au

New Zealand Futures and

Options Exchange

Aukland, New Zealand

http://www.nzx.com

Asia

Central Japan Commodity Exchange

Japan

http://www.c-com.or.jp

Hong Kong Futures Exchange

Hong Kong, China

http://www.hkex.hk

Kansai Commodities Exchange

Japan

http://www.kanex.or.jp

Korea Exchange

Seoul, Korea

http://eng.krx.co.kr.

Malaysia Derivatives Exchange

Malaysia

http://www.mdex.com.my

National Stock Exchange of India

Mumbai, India

http://www.nse-india.com

Shanghai Futures Exchange

China

http://www.shfe.com.cn

Singapore Commodity Exchange

Singapore

http://www.sicom.com.sg

Tel Aviv Stock Exchange

Tel Aviv, Israel

http://www.tase.co.il

Taiwan Futures Exchange

Taiwan

http://www.taifex.com.tw

Tokyo Commodity Exchange

Tokyo, Japan

http://www.tocom.or.jp

Tokyo Grain Exchange

Tokyo, Japan

http://www.tge.or.jp
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called GLOBEX, which eventually included access to trading not only in the CME’s con-
tracts but also in contracts of certain other exchanges. Several U.S. and several foreign
exchanges have developed their own electronic trading systems, and some are merging
their systems or working on joint ventures to combine their systems.

According to data provided by Futures Industry magazine (March/April 2008 issue),
approximately 2.8 billion futures and options contracts were traded at the CME Group
in 2007, the busiest futures exchange in the world. EUREX, the combined Swiss-German
exchange, traded about 1.9 billion contracts. Futures Industry estimates that worldwide
futures volume in 2007 was almost 7.0 billion contracts, with a little more than 40 per-
cent of this from the United States.

FUTURES TRADERS
The members of the exchange are individuals who physically go on the exchange floor
or, on electronic systems, sit at designated terminals and trade futures contracts. There
are several ways to characterize these futures traders.

General Classes of Futures Traders
All traders on the futures exchange are either commission brokers or locals.

Commission brokers simply execute transactions for other people. A commission bro-
ker can be an independent businessperson who executes trades for individuals or institu-
tions or a representative of a major brokerage firm. In the futures industry, these brokerage
firms are called futures commission merchants (FCM). The commission broker simply
executes trades for the FCM’s customers. Commission brokers make their money by
charging a commission for each trade.

Locals are individuals in business for themselves who trade from their own accounts.
They attempt to profit by buying contracts at a given price and selling them at a higher
price. Their trading provides liquidity for the public. Locals assume the risk and reap the
rewards from their skill at futures trading. It has been said that locals represent the purest
form of capitalism and entrepreneurship.

Because a futures trader can be a local or an FCM, a conflict occasionally arises between
traders’ loyalty to themselves and their customers’ interests. For example, some traders en-
gage in dual trading, in which they trade for themselves and also trade as brokers for
others. Dual trading has become very controversial in recent years. To illustrate the conflict
that might arise, suppose that a trader holds a set of orders that includes a large order for a
customer. Knowing that the price may move substantially when the customer’s order is
placed, the trader executes a purchase for his or her own account prior to placing the cus-
tomer’s order. There are a number of other ways in which dual trading can be profitable to
the trader at the expense of the customer. For this to occur, however, the trader must act
unscrupulously. The exchanges argue that abuses of dual trading are rare. Moreover, they
claim that dual trading provides liquidity to the market. Some limitations on dual trading
have been enacted.

Classification by Trading Strategy
Futures traders can be further classified by the strategies they employ.

Recall that in Chapter 1 we briefly discussed hedging. A hedger holds a position in the
spot market. This might involve owning a commodity, or it may simply mean that the
individual plans or is committed to the future purchase or sale of the commodity. Taking
a futures contract that is opposite to the position in the spot market reduces the risk. For
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example, if you hold a portfolio of stocks, you can hedge that portfolio’s value by selling a
stock index futures contract. If the stocks’ prices fall, the portfolio will lose value, but the
price of the futures contract is also likely to fall. Because you are short the futures contract,
you can repurchase it at a lower price, thus making a profit. The gain from the futures
position will at least partially offset the loss on the portfolio.

Hedging is an important activity in any futures or derivatives market. This section has
given only a cursory overview of it. Chapter 11 devotes a lot of attention to hedging.

Speculators attempt to profit from guessing the direction of the market. Speculators
include locals as well as the thousands of individuals and institutions off the exchange
floor. They play an important role in the market by providing the liquidity that makes
hedging possible and assuming the risk that hedgers are trying to eliminate. Speculating
is discussed in more detail in Chapter 11.

Spreaders use futures spreads to speculate at a low level of risk. Like an option spread, a
futures spread involves a long position in one contract and a short position in another.
Spreads may be intracommodity or intercommodity. An intracommodity spread is like a
time spread in options. The spreader buys a contract with one expiration month and sells
an otherwise identical contract with a different expiration month. An intercommodity
spread, which normally is not used in options, consists of a long position in a futures con-
tract on one commodity and a short position in a contract on another. In some cases, the
two commodities even trade on different exchanges. The rationale for this type of spread
rests on a perceived “normal” difference between the prices of the two futures contracts.
When the prices move out of line, traders employ intercommodity spreads to take
advantage of the expected price realignment.

Futures spreads work much like option time spreads in that the long position in one
contract is somewhat offset by the short position in the other. There actually is no real
difference between this type of spread and a hedge. For example, suppose the contract is
on Treasury bills, the current month is October, and the available futures expirations are
December, March, and June. A hedger holds Treasury bills and sells a December contract.
A spreader holds a December contract and sells a March contract. Each holds a long posi-
tion in a spot or nearby futures contract and a short position in a deferred futures contract.
Each is attempting to profit from one position while expecting a loss on the other. Neither
knows which position will make a profit and which will create a loss.

Arbitrageurs attempt to profit from differences in the prices of otherwise identical
spot and futures positions. An analogous type of arbitrage that we already covered is
the execution of conversions and reversals to take advantage of option prices that fail
to conform to put-call parity. In futures markets there are some important theoretical
relationships, which we shall study in Chapters 9 and 10. When prices get out of line
with these theoretical predictions, arbitrageurs enter the market and execute trades that
bring prices back in line. Because arbitrage is designed to be riskless, it resembles hedg-
ing and spreading. In many cases, however, it is difficult to determine whether a given
strategy is arbitrage, hedging, or spreading.

Classification by Trading Style
Futures traders can also be classified by the style of trading they practice. There are three
distinct trading styles: scalping, day trading, and position trading.

Scalpers attempt to profit from small changes in the contract price. Scalpers seldom
hold their positions for more than a few minutes. They trade by using their skill at sens-
ing the market’s short-term direction and by buying from the public at the bid price and
selling to the public at the ask price. They are constantly alert for large inflows of orders
and short-term trends. Because they operate with very low transaction costs, they can
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profit from small moves in contract prices. The practice of making a large number of
quick, small profits is referred to as scalping.

Day traders hold their positions for no longer than the duration of the trading day.
Like scalpers, they attempt to profit from short-term market movements; however, they hold
their positions much longer than do scalpers. Nonetheless, they are unwilling to assume the
risk of adverse news that might occur overnight or on weekends.4

Position traders hold their transactions open for much longer periods than do scalpers
and day traders. Position traders believe they can make profits by waiting for a major
market movement. This may take as much as several weeks or may not come at all.

Scalpers, day traders, and position traders are not mutually exclusive. A speculator
may employ any or all of these techniques in transactions.

In addition to those who trade on the floor of the exchange, there are many individuals
who trade off the exchange floor and employ some of the same techniques.

Off-Floor Futures Traders
Participants in the futures markets also include thousands of individuals and institutions.
Institutions include banks and financial intermediaries, investment banking firms, mutual
funds, pension funds, hedge funds, and other corporations. In addition, some farmers and
numerous individuals actively trade futures contracts, particularly today, with increasing
access and low cost through the Internet.

In addition to those who directly participate in trading, U.S. federal law recognizes
and regulates certain other participants. An introducing broker (IB) is an individual
who solicits orders from public customers to trade futures contracts. IBs do not execute
orders themselves, nor do their firms; rather, they subcontract with FCMs to do this. The
IB and the FCM divide the commission.

A commodity trading advisor (CTA) is an individual or firm that analyzes futures
markets and issues reports, gives advice, and makes recommendations on the purchase
and sale of contracts. CTAs earn fees for their services but do not necessarily trade con-
tracts themselves.

A commodity pool operator (CPO) is an individual or firm that solicits funds from the
public, pools them, and uses them to trade futures contracts. The CPO profits by collecting a
percentage of the assets in the fund and sometimes through sales commissions. A CPO es-
sentially is the operator of a futures fund, a topic discussed later in this chapter. Some com-
modity pools are privately operated, however, and are not open for public participation.

An associated person (AP) is an individual associated with any of the above individuals
or institutions or any other firm engaged in the futures business. APs include directors,
partners, officers, and employees but not clerical personnel.

Costs and Profitability of Exchange Membership
Most futures exchanges have a limited number of full memberships, called seats. There
usually is a market for seats, with the highest and lowest bids publicly reported. Seat prices
tend to fluctuate with the amount of trading activity in the market and the number of new
contracts introduced. Figure 8.1 shows ten recent years of seat prices on the Chicago Mer-
cantile Exchange. Like stocks, the prices of futures exchange seats fluctuate randomly.
Seats can also be leased at a monthly rate of usually 1.0 to 1.5 percent of the seat price.

Like options markets, futures markets do not create or destroy wealth. Therefore, one
trader’s gains are another’s losses subject to some slippage due to commissions and taxes.

4Day trading in this context should be distinguished from the trading of securities and derivatives on the
Internet.
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It has been said, however, that the vast majority of futures traders lose money. It is not
surprising that a small number of individuals probably earn large profits while assuming
high risks. Some are lucky and, of course, some are unlucky.

Forward Market Traders
The forward market is dominated by large institutions, such as banks and corporations.
A typical forward market trader is an individual sitting at a desk with a telephone and a
computer terminal. Using the computer or telephone, the trader finds out the current
prices available in the market. The trader can then agree upon a price with another trader
at another firm. The trader may represent his or her own firm or may execute a trade for a
client such as a corporation or hedge fund. The trade may be a hedge, a spread, or an ar-
bitrage. In fact, it is the thousands of traders off the floor whose arbitrage activities play a
crucial role in making the market so efficient.

It would be remiss to suggest that the forward and futures markets are not linked. In a
formal sense, forward contracts cannot be reversed by futures contracts. It is common,
however, that a trader will do a forward contract and then immediately do a futures con-
tract to hedge the forward market risk. In fact, the trader might even combine these posi-
tions with an option or a swap. Why a trader might do this is a subject we shall get into
later when we look at hedging, relationships between the prices in these markets, and risk
management.

MECHANICS OF FUTURES TRADING
Before placing an order to trade futures contracts, an individual must open an account
with a broker. Because the risk of futures trading can be quite high, the individual must
make a minimum deposit—usually at least $5,000—and sign a disclosure statement
acknowledging the possible risks.

Figure 8.1 Monthly Seat Prices on the Chicago Mercantile Exchange
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Placing an Order
One can place several types of orders. These are essentially the same as the option orders
covered in Chapter 2. Stop orders and limit orders are used as well as good-till-canceled
and day orders.

Under a pit trading system, when an investor places an order, the broker phones the
firm’s trading desk on the exchange floor and relays the order to the firm’s floor broker.
The floor broker goes to the pit in which the contract trades. The pit is an octagonal- or
polygonal-shaped ring with steps descending to the center. Hand signals and a consider-
able amount of verbal activity are used to place bids and make offers. This process is called
open outcry. When the order is filled, the information is relayed back, ultimately to the
broker’s office, whereupon the broker telephones the customer to confirm the trade.

The process of placing and executing an order through the open-outcry system is a
140-year-old tradition. That is slowly becoming outdated. As noted earlier, most futures
exchanges outside of the U.S. are fully automated so that bids and offers are submitted
through a computer and trades are executed off the floor. Some systems will even match
buyer and seller. Automated systems are gradually gaining favor in the United States, but
pit trading is unlikely to die for many more years.

Role of the Clearinghouse
At this point in the process, the clearinghouse intervenes. Each futures exchange operates
its own independent clearinghouse. The clearinghouse in futures markets works like that
in options markets, so its basic operations should be familiar to you from Chapter 2.

The concept of a clearinghouse as an intermediary and guarantor to every trade is not
nearly as old as the futures markets themselves. The first such clearinghouse was orga-
nized in 1925 at the Chicago Board of Trade. The clearinghouse is an independent cor-
poration, and its stockholders are its member clearing firms. Each firm maintains a
margin account with the clearinghouse and must meet minimum standards of financial
responsibility.

For each transaction, obviously, there is both a buyer, usually called the long, and a
seller, typically called the short. In the absence of a clearinghouse, each party would be
responsible to the other. If one party defaulted, the other would be left with a worthless
claim. The clearinghouse assumes the role of intermediary to each transaction. It guaran-
tees the buyer that the seller will perform and guarantees the seller that the buyer will
perform. The clearinghouse’s financial accounts contain separate records of contracts
owned and the respective clearing firms and contracts sold and the respective clearing
firms. Note that the clearinghouse keeps track only of its member firms. The clearing
firms, in turn, monitor the long and short positions of individual traders and firms. All
parties to futures transactions must have an account with a clearing firm or with a firm
that has an account with a clearing firm.

Figure 8.2 illustrates the flow of money and information as a futures transaction is
consummated and cleared. Let us illustrate how the clearinghouse operates by assuming
that you sell a U.S. Treasury bond futures contract at a price of 97 27/32, which is
$97,843.75. You have contacted your broker, who either is an FCM or contracts with
an FCM, whose commission broker finds a buyer in the U.S. Treasury bond futures pit
of the Chicago Board of Trade. The buyer might be a local, or a commission broker,
representing a customer off the floor.

Your brokerage firm clears its trades through ABC Futures, a member firm of The
Clearing Corporation, a company that clears trades for the Chicago Board of Trade
(TCC). The buyer’s FCM clears through ACME Trading Company, a clearing firm that
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MAK ING THE CONNECT I ON

How Clearinghouses Reduce Credit Risk

Suppose there are four participants in a futures market:

investors A, B, C, and D. Investor A owes B $100, B

owes C $50, C owes D $40, and D owes A $30, as illus-

trated in the following diagram.

A B

CD

$100

$50

$40

$30

Suppose A defaults to B. B, however, desperately

needs the $100 due from A and is, therefore, forced

to default to C. C, likewise, needs the $50 from B and

has to default to D, which in turn has to default to A.

This chain of defaults on a much larger scale in the

market as a whole is sometimes referred to as sys-

temic risk.

Clearinghouses can greatly reduce this risk. Let us

inject a clearinghouse into this picture. The clearing-

house, which we will call CLH, is set up such that all

cash flows owed are payable to the clearinghouse and

all cash flows due from will come from the clearing-

house, as in the following manner.

The clearinghouse consolidates all of these positions

resulting in the following net amounts owed and due

from.

$70 $50

$10 $10

CLH

A B

CD

The position of the clearinghouse is balanced. It is

due $70 from A and owes $50 to B, $10 to C, and $10

to D. Note that B, C, and D cannot default because they

do not owe money to another of these parties.

Of course, no clearinghouse can provide complete

insurance against default. If A defaults to the clearing-

house it might be unable to pay B, C, and D. In that

case, B, C, and D can default to another party outside

the clearinghouse. But a clearinghouse is a multilateral

organization that can significantly reduce credit riskwithin

the transactions conducted through the clearinghouse.

In the example here, without the clearinghouse four par-

ties could default to each other. With the clearinghouse,

only one can default. There is obviously much less credit

risk with the clearinghouse.
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is also a member of TCC. The required margin changes often on these contracts; we
shall assume it is $2,500. You deposit this amount with ABC. ABC pools the transactions
of all of its customers and deposits an amount required in its account with TCC. The
buyer deposits the same amount with ACME, which also deposits a sum of money, based
on its customers’ open positions, with TCC.

TCC guarantees the performance of you and the buyer. Thus, neither of you has to
worry about whether the other will be able to make up the losses. TCC will look to the clear-
ing firms, ABC and ACME, for payment, and they in turn will look to you and the buyer.

Of course the forward market is an over-the-counter market. The parties to the con-
tract deal directly with each other. There is currently no clearinghouse to guarantee to
each party that the other will perform, although there are plans under way to begin a
type of clearinghouse for certain over-the-counter transactions.

Daily Settlement
One way in which the clearinghouse helps ensure its survival is by using margins and the
daily settlement of accounts. For each contract there is both an initial margin, the
amount that must be deposited on the day the transaction is opened, and a maintenance
margin, the amount that must be maintained every day thereafter. There are also initial
and maintenance margins for spread and hedge transactions, which usually are lower
than those for purely speculative positions.

The margin deposit is not quite like the margin on a stock trade. In stock trading, the
investor deposits margin money and borrows the remainder of the stock price from the
broker. In futures trading, not only is the margin requirement much smaller, but the re-
mainder of the funds are not borrowed. The margin deposit is more like a good-faith

Figure 8.2 A Transaction on the Futures Exchange
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(1a)(1b) Buyer and seller instruct their respective brokers to conduct a futures transaction.
(2a)(2b) Buyer's and seller's brokers request that their firms' commission brokers execute the transaction.

(3) Both commission brokers meet in the pit on the floor of the futures exchange and agree on a price.
(4)Information on the trade is reported to the clearinghouse.

(5a)(5b) Both commission brokers report the price obtained to the buyer's and seller's brokers.
(6a)(6b) Buyer's and seller's brokers report the price obtained to the buyer and seller.
(7a)(7b) Buyer and seller deposit margin with their brokers.
(8a)(8b) Buyer's and seller's brokers deposit margin with their clearing firms.
(9a)(9b) Buyer's and seller's brokers' clearing firms deposit margin with clearinghouse.

Note: Either buyer or seller (or both) could be a floor trader, eliminating the broker and the commission broker.
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security deposit. In fact, some prefer to call them performance bonds rather than mar-
gins so that the distinction is clear. In any case, some large and actively trading investors
are able to deposit Treasury bills for margins. Others are required to deposit cash.

At the end of each day, a committee composed of clearinghouse officials establishes a
settlement price. This usually is an average of the prices of the last few trades of the day.
Using the settlement price, each account is marked to market. The difference in the cur-
rent settlement price and the previous day’s settlement price is determined. If the differ-
ence is positive because the settlement price increased, the dollar amount is credited to
the margin accounts of those holding long positions. Where does the money come from?
It is charged to the accounts of those holding short positions. If the difference is negative
because the settlement price decreased, the dollar amount is credited to the holders of
short positions and charged to those holding long positions.

This process, sometimes called the daily settlement, is an important feature of futures
markets and a major difference between futures and forward markets. In forward mar-
kets, the gains and losses are normally incurred at the end of the contract’s life, when
delivery is made. Futures markets credit and charge the price changes on a daily basis.
This helps ensure the markets’ integrity, because large losses are covered a little at a time
rather than all at expiration, by which time the holder of the losing position may be
unable to cover the loss.

To illustrate the daily settlement procedure, let us consider the transaction we previ-
ously described. We assume that it was initiated on Friday, August 1 of a given year. You
sold one Treasury bond futures contract on the Chicago Board of Trade at that day’s
opening price of 116 27/32. One such contract is for a face value of $100,000, so the
price is 1.1684375($100,000) ¼ $116,843.75. We shall assume that the initial margin re-
quirement was $5,940, and the maintenance margin requirement was $4,400. You main-
tain the position until repurchasing the contract on August 18 at the opening price of
120 16/32, or $120,500. Table 8.2 illustrates the transactions to the account while the
position was open.

Note that the account is first marked to market on the day of the trade and you made
a profit of $437.50 on the first day. Each day thereafter, you must maintain $4,400 in the
account so that on any given day when the balance is greater than $4,400, the excess
over the initial margin can be withdrawn. We shall assume, however, that you do not
withdraw the excess. If the balance falls below the $4,400 maintenance margin require-
ment, you receive a margin call and must deposit enough funds to bring the balance
back up to the initial margin requirement. The additional funds deposited are called the
variation margin. They are officially due within a few days but usually are required to be
deposited immediately; we shall assume the money is deposited before trading begins on
the day you receive the margin call. By the end of the day on Friday, August 8, the
account shows a balance of $3,111.88. On Monday morning you receive a margin call
for $2,828.13, which is immediately deposited. Another margin call, for $2,718.75, fol-
lows on August 14th. Undaunted and still confident of ultimately turning things around,
you make the deposit on August 14. When you finally buy back the contract on August
18, the account balance withdrawn is $7,830.63. In all, you have made deposits of $5,940,
$2,828.13, and $2,718.75 for a total of $11,486.88. Thus, the overall loss on the trade is
$3,656.25.

The preceding example is not at all unusual. It was selected at random. You, the seller
of this contract, quickly incurred a substantial loss. For every dollar lost, however, there
is a dollar gained by someone else. Traders who were bullish on Treasury bond futures from
August 1 to 18 did quite well. Nonetheless, the large dollar flows from day to day serve as a
stern reminder of the substantial leverage component that futures contracts offer.
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It is also important to note that with futures contracts it is possible to lose more
money than one has invested. For example, assume that the market makes a substantial
move against the investor. The account balance is depleted, and the broker asks the in-
vestor to deposit additional funds. If the investor does not have the funds, the broker will
attempt to close out the position. Now assume that the market moves quickly before the
contracts can be closed. Ultimately the contracts are sold out, but not before the investor
has incurred additional losses. Those losses must be covered in cash. In the limit, a long
position can ultimately lose the full price of the contract. This would occur if the price

TABLE 8.2 DAILY SETTLEMENT EXAMPLE

Assume that on Friday, August 1, you sell one Chicago Board of Trade September Treasury bond futures contract at the opening
price of 116 27/32 ($116,843.75). The initial margin requirement is $5,940, and the maintenance margin requirement is $4,400. You
maintain your position every day through Friday, August 15, and then buy back the contract at the opening price on Monday,
August 18. The example below illustrates the daily price changes and the flows in and out of the margin account

Date
Sett lement
Price

Sett lement
Price ($)

Mark-
to-Market

Other
Entries

Account
Balance Explanation

8/1 116–13 $116,406.25 þ$437.50 þ$5,940.00 þ$6,377.50 Initial margin deposit of $5,940. Price
fell by 14/32 leaving profit by day-
end of $437.50.

8/4 116–25 116,781.25 �375.00 6,002.50 Price rose by 12/32 giving loss of
$375. Balance exceeds maintenance
requirement.

8/5 115–185 115,578.13 þ1,203.13 7,205.63 Price fell by 1 17.5/32 giving profit of
$1,203.15. Balance well above
maintenance requirement.

8/6 115–07 115,218.75 þ359.38 7,565.00 Price fell by 11.5/32 giving profit of
$359.38. Balance well above
maintenance requirement.

8/7 116–05 116,156.25 �937.50 6,627.50 Price rose by 30/32 giving loss of
$937.50. Balance still above
maintenance requirement.

8/8 119–215 119,671.88 �3,515.63 3,111.88 Price rose by 3 16.5/32 giving loss of
$3,515.63. Balance short by $2,671.88.

8/11 121–01 121,031.25 �1,359.38 þ2,828.13 4,580.63 $2,828.13 deposited. Price rose
1 11.5/32 giving loss of $1,359.38.
Balance exceeds maintenance
requirements.

8/12 119–25 119,781.25 þ1,250.00 5,830.63 Price fell 1 8/32 giving profit of
$1,250. Balance well above
maintenance requirement.

8/13 122–125 122,390.63 �2,609.38 3,221.25 Price rose by 2 8.5/32 giving loss
of $2,609.38. Balance short by
$1,178.75. $2,718.75 deposited.

8/14 120–25 120,781.25 þ1,609.38 þ2,718.75 7,549.38 Price fell by 1 19.5/32 giving profit of
$1,609.38. Balance above
maintenance requirement.

8/15 120–255 120,796.88 �15.63 7,533.75 Price rose by 1/2 of 32nd for a loss of
$15.63.

8/18 120–16 120,500.00 þ296.88 �7,830.63 0.00 Bought contract back at gain of
8.5/32 or $296.88. Withdrew
remaining balance.
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went to zero. On a short position, however, there is no upper limit on the price. There-
fore, the loss theoretically is infinite.

One method that futures exchanges use to limit the losses incurred on any given day
is the daily price limit, which we briefly discussed earlier. Also the clearinghouse can re-
quest that additional margin funds be deposited during a trading session rather than
waiting until the end of the day.

Of course in forward markets, there is no clearinghouse, price limits, or daily settlement.
There may or may not be margins required; this would depend on the credit-worthiness of
the party. In many cases credit is established by posting a letter of credit provided by a bank,
which, in effect, stands ready to lend money to cover losses.5

The total number of futures contracts outstanding at any one time is called the open
interest. The concept is the same as it is for options markets. Each contract has both a
long and a short position and counts as one contract of open interest.

Most futures traders do not hold their positions to expiration; rather, they simply re-
enter the market and execute an offsetting transaction. In other words, if one held a long
position in a contract, one might elect to simply sell that contract in the market. The
clearinghouse would properly note that the trader’s positions were offsetting. If the posi-
tion were not offset before the expiration month, delivery would become likely.

Delivery and Cash Settlement
All contracts eventually expire. As noted earlier, each contract has a delivery month. The
delivery procedure varies among contracts. Some contracts can be delivered on any busi-
ness day of the delivery month. Others permit delivery only after the contract has traded
for the last day—a day that also varies from contract to contract. Still others are cash
settled; thus, there is no delivery at all.

Most non-cash-settled financial futures contracts permit delivery any business day of
the delivery month. Delivery usually is a three-day sequence beginning two business days
prior to the first possible delivery day. The clearing member firms report to the clearing-
house those of their customers who hold long positions. Two business days before the
intended delivery day, the holder of a short position who intends to make delivery noti-
fies the clearinghouse of its desire to deliver. This day is called the position day. On the
next business day, called the notice of intention day, the exchange selects the holder of
the oldest long position to receive delivery. On the third day, the delivery day, delivery
takes place and the long pays the short. For most financial futures, delivery is consum-
mated by wire transfer.

Most futures contracts allow for more than one deliverable instrument. The contract
usually specifies that the price paid by the long to the short be adjusted to reflect a difference
in the quality of the deliverable good. We shall look at this more closely in Chapter 10.

On cash-settled contracts, such as stock index futures, the settlement price on the last
trading day is fixed at the closing spot price of the underlying instrument, such as the
stock index. All contracts are marked to market on that day, and the positions are
deemed to be closed. One exception to this procedure is the Chicago Mercantile Ex-
change’s S&P 500 futures contract, which closes trading on the Thursday before the third
Friday of the expiration month but bases the final settlement price on the opening stock
price on Friday morning. This procedure was installed to avoid some problems created
when a contract settles at the closing prices.

5Some swaps and other over-the-counter contracts periodically settle gains and losses but to date this is the
exception and not the rule.
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The fact that all futures contracts can be delivered or cash settled is critical to their
pricing. About 99 percent of all futures contracts are not delivered or cash settled. Most
traders close out their positions prior to expiration, a process called offsetting. The fu-
tures market is not the best route to acquiring the underlying asset, because the long
contract holder is at the mercy of the short contract holder. The short can deliver on
any of several delivery days and can choose to deliver any of several related but slightly
different assets. The long must accept whatever the short offers. Thus, the long usually
closes out the position early. Therefore, if one needs the underlying asset, one often will
do better to purchase it in the spot market.

Despite the flexibility sellers have in determining the delivery terms, some contracts
actually are delivered through a process called exchange for physicals (EFP), also known
as against actuals or versus cash. This is, in fact, the only type of permissible futures trans-
action that occurs off the floor of the exchange, or outside its electronic trading platform, if
it has one. In an EFP transaction, the holders of long and short positions get together and
agree on a cash transaction that would close out their futures positions. For example, farmer
A holds a short position in a wheat contract and firm B holds a long position in the same
contract. Firm B wants to buy farmer A’s wheat, but either the wheat is not one of the
grades acceptable for delivery on the contract or the farmer would find it prohibitively ex-
pensive to deliver at Chicago or Toledo as the contract requires. In either case, farmer A and
firm B could arrange for A to deliver the wheat at some other acceptable location and B to
pay A for the wheat at an agreed-upon price. Then A and B would be permitted to report
this transaction to the CBOT as though each had offset its futures contract with a trade with
the other party. Thus, the EFP market simply gives the parties additional flexibility in mak-
ing delivery, choosing the terms, and conducting such business when the exchanges are
closed. EFPs can also be used in cash settlement contracts. EFPs are used in several futures
markets and compose almost 100 percent of deliveries made in oil futures markets.

Because forward contracts do not have standard terms and conditions like futures con-
tracts, it is not as simple to offset them the way one can futures. If an institution has pur-
chased a forward contract obligating it to purchase a commodity at a future date, however,
it can generally sell a new forward contract obligating it to deliver the commodity on that
date. Of course, the price negotiated may lead to a profit or a loss. While this type of trans-
action is basically an offsetting transaction, the liquidity of the forward market may be
such that it might be somewhat more difficult to find someone to do the precise transac-
tion the institution wants. In addition, the new transaction also entails some credit risk. In
the most liquid forward, offsetting is a fairly simple procedure, as noted above, and is sub-
ject to essentially no credit risk. In some cases, however, a forward contract can be offset
by entering into the opposite transaction with the same party with which one contracted
originally. By mutual agreement, the parties can treat the contracts as offsetting, thereby
terminating both contracts and eliminating the credit risk.

When a forward contract is written, the intention is generally to hold it to the expira-
tion day and take delivery. Some contracts, however, do stipulate a cash settlement. Thus,
an expiring forward contract works pretty much like an expiring futures contract.

FUTURES PRICE QUOTATIONS
Futures prices are available daily in The Wall Street Journal and in many newspapers in
large cities. The information provided is usually the open, high, low, and settlement
prices, the change in the settlement price, the highest and lowest prices during the life
of the contract, and the open interest. The volume is provided for all contracts of the
same underlying, but not for each individual contract expiration. Though the print
version of The Wall Street Journal covers more than just U.S. futures contracts, it includes
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information only on the most active futures contracts. Information on other contracts is
available on the Journal’s Web site, http://www.wsj.com.

As with option prices obtained from newspapers, futures prices are also outdated by the
time they are available. In addition, the prices are not synchronized with the price of the
underlying. For better information without paying a fee, the Internet is the best source.
The Wall Street Journal ’s web site provides free quotes on all futures contracts, showing
the last trade price, the open, high, low, the volume, and open interest. In addition, the
site shows the time of the last transaction. Probably the best sources of price information
are the Web sites of the futures exchanges. Although these sites typically do not provide
bid and ask prices, they do provide the most current information, such as the last trade,
and the volume and open interest figures. This information is nearly always provided with
a short delay. Some of the exchanges allow you to download historical data for free, which
can include a complete list of every transaction, the price, and the time it took place. Real-
time quotes require payment of a fee. There are a few other services on the Internet that
provide futures price information, which is obtained from the exchanges, but the informa-
tion is formatted differently and can be more useful.

See the accompanying “Making the Connection” (pp. 278–279) for how to access and
interpret this information.

TYPES OF FUTURES CONTRACTS
Many types of futures contracts trade on futures exchanges around the world. Some of
these contracts are essentially the same underlying commodity. Many of those listed are
not actively traded; some have not been traded at all for some time. Keep in mind that
new contracts are frequently introduced and old contracts are sometimes delisted. A brief
discussion of some of the characteristics of each major group of contracts follows.

Agricultural Commodities
This category is the oldest group of futures contracts. It includes widely used grains such
as wheat, corn, oats, soybeans, and rice. In addition, futures are actively traded on livestock
such as cattle and hogs, and various food products such as coffee, cocoa, orange juice, and
sugar. Also, futures are traded on cotton, wool, and wood.

Most of the volume of trading in these contracts is in U.S. markets, but there is also
some activity in these types of contracts in Canada and a few other countries. Participants
in these markets include farmers and firms that use these raw materials as vital inputs.

An important characteristic of these types of futures contracts is that buying and hold-
ing these assets typically incurs significant costs. Moreover, the spot markets for these as-
sets are usually quite dispersed. In other words, there is often no central spot market.
Hence, it is difficult to refer to a single spot price. A grain harvested in Iowa will be a
different product if delivered in Chicago, due to the costs of transporting it and any losses
involved when the product is shipped. In addition, the delivery of these assets at expiration
of a futures contract will also incur significant costs.

Many of these products are characterized by seasonal production cycles. Hence, the
supply of the asset will tend to be augmented at certain times of the year. Shortages and
surpluses are common.

Natural Resources
Futures contracts are actively traded on two types of natural resources: metals and energy
products. The primary metals on which futures are traded are gold, silver, and copper,
with lighter trading on platinum and palladium. Because these products are primarily
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used in manufacturing, market participants often include companies that buy and sell
these products and the products they are made into. Gold and silver, however, have a spe-
cial status as popular precious metals that people often use as a store of value. Some fu-
tures trading in these instruments is based on views about such factors as inflation,
international politics, and the world economy, whereby gold and silver are seen as defen-
sive investments against political and economic instability.

Miscellaneous Commodities
This category includes contracts that have mostly traded very lightly and many are no
longer listed. They include futures on fertilizer, shrimp, electricity, rubber, glass, cement,
potatoes, peanuts, sunflower seeds, inflation, peas, flax, kerosene, yarn, and shipping freight
rates. There have also been futures on various measures of weather, including weather-
related insurance claims. These futures have not been actively traded, but weather de-
rivatives have found a home in the over-the-counter markets, and we cover this type of
product in Chapter 14.

In addition, futures have been traded on indices that reflect the average of the prices
of a combination of other futures contracts.

Foreign Currencies
As noted earlier in this chapter, there is a very large forward market in foreign currencies.
Futures contracts on foreign currencies are also traded, but these are not as active as are
forward contracts. Foreign currency futures, however, have an important historical legacy in
that they were the first financial futures contracts. Launched in 1972 in response to a move
on the part of nations to allow their currencies to freely float in relation to each other, they
were the first futures contracts on money, which some view as the ultimate commodity.

Although there are about fifty currencies with at least a moderately active interbank
market, the futures contracts with much volume are those involving the U.S. dollar, the
euro, the Japanese yen, the British pound, the Swiss franc, the Canadian dollar, and
the Mexican peso. Even those contracts have almost relatively small volume compared
to the forward market for those currencies.

Federal Funds and Eurodollars
Federal funds contracts trade on the Chicago Board of Trade and Eurodollar contracts
trade on the International Monetary Market of the Chicago Mercantile Exchange. In
the United States, the Eurodollar contract is the most actively traded futures contract.
We shall explore these contracts in great detail in later chapters.

Treasury Notes and Bonds
Treasury note and bond contracts, which are traded on the Chicago Board of Trade, are
virtually identical except that there are three T-note contracts that are based on 2-year,
5-year, and 10-year maturities while the T-bond contract is based on Treasury bonds with
maturities of at least 15 years that are not callable for at least 15 years. Thus, the T-note
contracts are intermediate-term interest rate futures contracts and the T-bond contract is a
long-term interest rate futures contract. The T-note contracts are traded quite actively, but
the T-bond contract is one of the most active of all futures contracts. Other than the differ-
ence in maturity of the underlying instruments and the margin requirements, the contract
terms are essentially identical. We shall use these contracts extensively in later chapters.
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Swap Futures
Swap futures contracts trade on the Chicago Mercantile Exchange. Futures contracts are
offered for 2-year, 5-year, and 10-year interest rate swaps. We will cover interest rate
swaps in detail in Chapter 12. Presently, swap futures have very low trading volume.

Equities
Stock index futures have been one of the spectacular success stories of the financial mar-
kets in recent years. These cash-settled contracts are indices of combinations of stocks.
Investors use them to hedge positions in stock, speculate on the direction of the stock
market in general, and arbitrage the contracts against comparable combinations of
stocks.

Stock index futures contracts are based on indices of common stocks. The most
widely traded contract is the S&P 500 futures at the Chicago Mercantile Exchange. The
futures price is quoted in the same manner as the index. The futures contract, however,
has an implicit multiplier of $250. Thus, if the futures price is 1500, the actual price is
1500($250) ¼ $375,000. At expiration, the settlement price is set at the price of the S&P
500 index and the contract is settled in cash. The expirations are March, June, Septem-
ber, and December. The last trading day is the Thursday before the third Friday of the
expiration month.

As described earlier in this chapter, futures on individual stocks have been actively
traded in some countries and began trading in the United States on November 8, 2002.
These contracts are generally available only on the most actively traded stocks. Specifica-
tions for the U.S. contracts call for each futures to cover 100 shares of stock. The con-
tracts are settled at expiration by actual delivery of the shares, though some contracts in
other markets are settled in cash.

Somewhat closely related to single stock futures are futures on relatively narrow in-
dices of stocks. In the U.S., a narrow index is one that contains nine or fewer securities,
one in which a single component security comprises more than 30 percent of the index,
one in which the five highest-weighted component securities comprise more than 60 per-
cent of the index, or one in which the lowest weighted component securities comprising
25 percent of the index have an average daily trading volume of less than $50 million.
Many of these indices will have only about five stocks.

In the U.S., single stock futures are traded by several consortia of exchanges. The
Chicago Board of Trade, the Chicago Mercantile Exchange, and the Chicago Board Op-
tions Exchange have formed a joint venture called OneChicago (http://www.onechicago
.com) for the trading of single stock futures. It is interesting to note the participation of the
CBOE in this new futures market. It had formerly been involved only in the trading of
options. The NASDAQ Stock Market has formed a joint venture with the London In-
ternational Financial Futures Exchange (LIFFE) called NASDAQ/LIFFE Markets, which
joins the highly successful NASDAQ markets with LIFFE in Europe for the trading of
single stock futures (now part of NYSE Euronext). OneChicago appears to be the market
leader in single stock futures. In May 2006, OneChicago offered markets for over 196
single stock futures contracts. Trading volume, however, remains relatively low. For ex-
ample, on Thursday, November 6, 2008, OneChicago reported the total contract volume
for single stock futures was 5,333 contracts and open interest of 179,904 (volume data
available at http://www.onechicago.com).

As noted earlier, futures contracts also trade on equity volatility, though these con-
tracts have not been particularly successful.

Chapter 8 The Structure of Forward and Futures Markets 277

http://www.onechicago.com
http://www.onechicago.com
http://www.onechicago.com


Managed Funds
Recent years have witnessed the growth of the managed funds industry. Managed funds
is simply a term that refers to the arrangement by which an investor hires a professional
futures trader to conduct transactions on his or her behalf. The futures manager is a
commodity trading advisor (CTA), which we discussed earlier. Managed funds can exist
in one of four forms: futures funds, private pools, a specialized contract with one or
more CTAs, or hedge funds.6

Futures funds, sometimes called commodity funds, are essentially mutual funds that
pool investors’ money and trade futures. Most funds invest only about 20 percent of
their money in margin positions. The remainder is kept in interest-earning assets. Fu-
tures funds offer the public a way of participating in the futures market with a very low
financial commitment. Often, a fund will accept deposits of $1,000 or less. In some cases,
the organizers of a fund guarantee that the investor will not lose more than the original
investment.

MAK ING THE CONNECT I ON

Reading Futures Price Quotations

Current (10-minute delay) futures prices quotations can

be obtained from several sources. The Wall Street Jour-

nal ’sWeb site contains quotes, which can be accessed by

choosing (from the menu on the left) “Markets” and then

“Commodities.” Scroll to the bottom and select the con-

tract group. A pull-down menu will enable you to select

the specific contracts. You can also access quotes for op-

tions on futures from this menu. The futures quote infor-

mation is provided by FutureSource. Here we shall take a

look at how FutureSource reports the information.

Access the site http://www.futuresource.com. Choose

the “Quotes” tab. You can then select a contract, enter a

contract symbol, or choose from the list of contracts at

the bottom of the page. Suppose that we are interested

in a quote for the S&P 500 futures contract (symbol SP).

The information below was obtained at 11:27 A.M. on the

morning of November 7, 2008.

Consider the first contract, identified as SPZ8. The

SP identifies the Standard and Poor’s index. Z is the

month. Months follow a pattern of January ¼ F, Febru-

ary ¼ G,… , December ¼ Z (the letters I, L, O, P, R, S, T,

W, Y are skipped). The 8 represents the year 2008. The

second column indicates the month and year of the

contract, however, so it is really not necessary to know

the symbols. The third column gives the time of the last

trade. Note that the third row contains the June 09 con-

tract, which had not yet traded on November 7. It had

last traded on November 6 at 15:21:37. The fourth col-

umn gives the last trade, which is in bold (y indicates

that the contract has not yet traded this day). The next

column gives the change in the last price from the set-

tlement price. The last three columns give the open,

high, and low price for the day.

Symbol Month Time* Last Chg Open High Low

SPZ8 Dec ’08 11:16:41 919.50 15.00 907.50 929.00 901.10

SPH9 Mar ’09 09:06:00 917.00 14.20 912.50 925.80 905.00

SPM9 Jun ’09 15:21:37 902.60y

… … … … … … … …

*Exchange local time

6In addition to futures, these funds also use options and spot market instruments.
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In spite of the apparent attractiveness of funds, they have been quite controversial and
with just cause. Their performance has been highly volatile and their costs are quite high,
often running to 20 percent of the value of the fund in a given year.

Commodity pools, mentioned earlier in the context of the pool operator, or CPO, are
private arrangements that operate much like futures funds. The latter, however, are open
to the general public while pools normally solicit funds from specific investors. When the
fund reaches a certain size, the pool is closed to other investors. Pools generally require
at least a $10,000 investment. Pools have suffered some of the same problems as funds,
namely inconsistent performance and heavy costs.

An increasingly popular form of managed futures is the private contractual arrange-
ment with one or more CTAs. A typical one would involve a large institutional investor
agreeing to allocate a portion of its funds to a group of CTAs. In some cases, the CTAs are
supervised by a consultant or introducing broker. Since these arrangements are negotiated
between the institutional investor and the introducing broker and the CTAs, the costs are
usually significantly lower. Often a rather large number of CTAs, sometimes 20 to 30, is
used, leading to diversified and somewhat stable performance. These arrangements are
growing in popularity, particularly among pension funds.

The fourth data row contains ellipses. The actual

screen will show all of the available contracts, even if

they did not trade, such as the June 09 contract shown

above.

At the end of the day, the last trade is replaced with

the settlement price and the volume is not available.

FutureSource does not provide quotes for options

on futures.

The Chicago Mercantile Exchange’s Web site can be

used to obtain similar information. Go to the site http://

www.cme.com. Select “Trade CME Products” and then

select “Market Data,” “Delayed Data,” and “CME

Equities.” You now should be able to view the list of

contracts. Consider the quotes below for the S&P 500

pit-traded futures, which were taken at 11:34 A.M. on

November 7, 2008.

The CME’s page includes both the last trade and the

settlement price, though the latter will not appear until

the end of the day. PT CHGE is the point change of the

last transaction. The value of þ12.50 means þ12.50

points. The estimated volume is shown as about

16,000 contracts for the December 08 contract and 412

contracts for the March 09 contract. The last three col-

umns give information from the previous trading ses-

sion. The actual table on the CME’s Web site shows all

contracts, even those that have not traded. The final two

rows indicate the estimated volume for all S&P con-

tracts and the volume and open interest totals for the

previous day.

Bid and ask prices are not generally available for free,

nor are prices more current than a 10-minute delay.

Session - - - - Prior Day - - - -

Mth/Strike Open High Low Last Sett Pt Chge Est Vol Sett Vol Int

DEC08 912.00 929.00 905.20 917.00 ---- þ12.50 16K 904.50 56879 603908

MAR09 912.50 925.80B 905.00A 917.80B ---- þ15.00 412 902.80 3725 9839

JUN09 ---- 925.60B ---- 917.60B ---- þ15.00 200 902.60 3666 968

… … … … … … … … … … …

TOTAL EST. VOL VOL OPEN INT.

TOTAL 17142 64270 619695

(The A and B indicate ask and bid prices for cases in which a specific transaction did not take place.)
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Hedge Funds
The hedge fund industry is technically part of the managed funds industry, but hedge
funds have become such a large and powerful force in the market that we put them in
their own category. A hedge fund is a privately organized pool of money that is invested
in literally any financial instruments on any markets of the world. Although hedge funds
actively use futures contracts, they also use options, spot instruments such as stocks and
bonds, and over-the-counter instruments such as swaps, structured notes, and forward
contracts. A hedge fund typically uses a high degree of leverage and takes short positions
as willingly as long positions. In addition, a hedge fund frequently borrows heavily. It
should be apparent that a hedge fund is a very risky form of investment. These funds nor-
mally take in only investors who have large amounts of money and a willingness to take
high risks. Also, hedge funds tend to be quite secretive, often registering their legal status
in offshore locations, such as the Cayman Islands. Many hedge funds even maintain a
great deal of secrecy from their investors, who trust that the fund organizers will invest
their money wisely and manage the risk carefully. This has not always been the case.

The term hedge fund is probably a misnomer. The general idea of calling this type of
company a hedge fund is that the fund would take short positions, which in some sense
hedge long positions. That was the original design of a hedge fund. Today, however, these
funds are probably as far from the practice of hedging as one can get. That does not mean
they are not legitimate investment outlets, since their success and popularity are well estab-
lished in the financial system. Hedge funds are major providers of liquidity and employ
astute traders whose arbitrage transactions help make the market more efficient.

Options on Futures
As described earlier in this chapter, options on futures trade on many futures exchanges.
In most cases throughout the world, the most actively traded futures contracts also have
options available on the futures contracts. Of course many also have options trading on
the underlying asset itself.

TRANSACTION COSTS IN FORWARD
AND FUTURES TRADING
In Chapter 2, we discussed the different types of option trading costs that the public and
professional traders incur. In this section, we shall do the same for forwards and futures.
There is, however, less material available on the trading costs in these markets. One reason
is that futures markets have very low trading costs—indeed, that is one of their major
advantages. In addition, the costs of trading futures contracts are less documented than
the costs of trading options and stocks. Also, forward markets are private and the costs
are less publicized; however, forward contracting, being tailored to the specific needs of
the parties, can be quite costly.

Commissions
Commissions paid by the public to brokers are assessed on the basis of a dollar charge per
contract. The commission is paid at the order’s initiation and includes both the opening
and closing commissions; that is, a round-trip commission is charged regardless of
whether the trader ultimately closes out the contract, makes or takes delivery, or makes
a cash settlement. There is no typical commission rate, but, rates of less than $10 for a
round-trip are common.
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All traders, whether on or off the exchange floor, incur a minimum charge that is paid
to the clearing firm and includes the exchange fee and a fee assessed by the National
Futures Association, an organization we shall discuss in a later section. These fees are usu-
ally less than $2.00 per contract.

In the forward market, transactions are usually conducted directly with dealers so
there is typically no commission. There are, however, significant costs associated with
processing the paperwork.

Bid-Ask Spread
A second type of trading cost is the bid-ask spread. Chapter 2 explained the concept of the
spread for options. Unlike for options and stock markets, however, there is no real market
maker. Many floor traders, particularly spreaders and scalpers, quote prices at which they
are willing to simultaneously buy at the bid price and sell at the ask price. The bid-ask spread
is the cost to the public of liquidity—the ability to buy and sell quickly without a large price
concession. Because the spread is not captured and reported electronically, there is little sta-
tistical evidence on its size. The spread usually is the value of a minimum price fluctuation,
called a tick, but occasionally equals a few more ticks for less liquid markets.

In the forward markets, bid-ask spreads are set by dealers in much the same way as
they are on the exchange. These spreads can be quite large, depending on how eager the
dealer and its competitors are to make a trade.

Delivery Costs
A futures trader who holds a position to delivery faces the potential for incurring a substan-
tial delivery cost. In the case of most financial instruments, this cost is rather small. For com-
modities, however, it is necessary to arrange for the commodity’s physical transportation,
delivery, and storage. Although the proverbial story of the careless futures trader who woke
up to find thousands of pounds of pork bellies dumped on the front lawn certainly is an
exaggeration, anyone holding a long position in the delivery month must be aware of the de-
livery possibility. This no doubt explains part of the popularity of cash settlement contracts.

In forward markets, transactions are tailored to the needs of the parties. Consequently,
the terms are usually set to keep delivery costs at a minimum. Cash settlement is fre-
quently used.

REGULATION OF FUTURES AND FORWARD MARKETS
Throughout history, some regulators and legislators have taken a dim view of futures trad-
ing, likening it to gambling. In the nineteenth century, there were numerous attempts to
outlaw futures trading. In virtually all countries, futures markets are permitted but heavily
regulated at the federal level.

In the United Kingdom, the regulatory agency is the Financial Services Authority. In
Canada, futures regulation is done at the provincial level so there are several provincial
regulatory agencies. In Japan the regulatory agency is called the Financial Services Agency.
Similar agencies exist in other countries.

The structure of regulation in the United States is somewhat different from the structure
in other countries. As noted in Chapter 2, the financial markets are regulated by several dif-
ferent agencies. The Securities and Exchange Commission, or SEC, (http://www.sec.gov)
regulates the securities markets. With the introduction of single stock futures, the SEC reg-
ulates a small segment of the futures markets. The CFTC (http://www.cftc.gov) is a
completely separate regulatory body that is the primary regulator of futures markets in the
United States.
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The objective of most federal regulatory agencies is to authorize futures exchanges to
operate, approve new contracts and modifications of existing contracts, ensure that price
information is made available to the public, authorize individuals to provide services re-
lated to futures trading, and oversee the markets to prevent manipulation. In carrying
out their mandate, they monitor the market by observing prices, requiring reportable
positions, which document large size positions held by traders, and establishing position
limits, which are restrictions on the number of contracts a given trader can hold. In
authorizing new contracts, the regulatory agencies evaluate proposals to determine if the
contracts serve an “economic purpose,” which is generally considered to be whether the
contract can be used for hedging.

One important role of government in the futures industry is in adjudicating disputes.
For example, a customer may feel that he has a legal claim against a broker. Ordinarily
the customer would file a lawsuit, but this action is costly for all parties. In most coun-
tries, the federal regulatory agency is generally authorized to provide a means of settling
such disputes. In the U.S., these disputes are handled within a professional trade organi-
zation called the National Futures Association or NFA (http://www.nfa.futures.org). The
NFA is authorized to license personnel who will engage in services related to futures
markets, monitor and regulate trading rule violations, and impose fines and sanctions.
Perhaps its most important role is to provide a means of settling disputes outside of the
courtroom. Similar organizations exist in some other countries. Groups like the NFA are
referred to as industry self-regulatory organizations.

Banking regulators also indirectly regulate the futures markets by virtue of their regu-
latory authority over the banking industry, which is a major participant in the futures
markets. In addition, regional governments, such as the states in the U.S., have some reg-
ulatory authority. Various professional organizations and trade associations also impose
standards on their members.

The over-the-counter market for forward contracts, as well as swaps and options, is
not regulated directly. Most of the participating institutions are subject to some form of
regulation based on their other activities, such as banking and securities. Hence banking
and securities regulators do exert some indirect regulation over the over-the-counter de-
rivative markets. Of course, forward market transactions are always subject to ordinary
commercial and criminal laws.

Futures markets participants have often complained that the heavy regulation they are
subject to and the light regulation that forward markets are subject to has led to an “un-
even playing field.” Futures markets and forward markets are indeed competitors, offer-
ing similar transactions, but futures markets are guaranteed against credit losses and are
more open to the public. Forward markets are essentially private transactions. Hence,
most governments have taken the view that futures markets must be regulated for the
sake of the general public, while forward markets are private transactions that any parties
should be able to engage in, provided that they do not violate any other laws.

Summary

This chapter provided the descriptive material neces-
sary for understanding how the forward and futures
markets operate. We learned what a futures contract
is, the general types of contracts that trade, the charac-
teristics of the markets and traders, the role of the
exchange, and the mechanics of trading. We also exam-
ined the nature of transaction costs and the structure of
regulation. We learned what forward contracts are and
how they differ from futures contracts.

The next three chapters deal with specific aspects of
futures and forward trading. Chapter 9 explains the
concepts of pricing forward and futures contracts as
well as options on futures. Chapter 10 examines futures
arbitrage strategies. Chapter 11 addresses various hedg-
ing strategies and provides illustrations of hedge trans-
actions. Chapter 11 also introduces spread strategies,
and various target strategies, including target duration
and target beta.
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Key Terms

Before continuing to Chapter 9, you should be able to give brief definitions of the following terms:

forward contract / forward
commitment, p. 254

futures contract, p. 254
financial futures, p. 256
commodity options, p. 258
futures options, p. 258
interbank market, p. 258
futures exchange, p. 260
limit move/limit up/limit
down, p. 262

circuit breaker, p. 262
futures commission merchant
(FCM), p. 264

local, p. 264
dual trading, p. 264
hedger, p. 264
speculator, p. 265
spreader, p. 265

arbitrageur, p. 265
scalper, p. 265
day trader, p. 266
position trader, p. 266
introducing broker (IB), p. 266
commodity trading advisor

(CTA), p. 266
commodity pool operator

(CPO), p. 266
associated person (AP), p. 266
seat, p. 266
open outcry, p. 268
long, p. 268
short, p. 268
initial margin, p. 270
maintenance margin, p. 271
performance bond, p. 271
settlement price, p. 271

daily settlement/mark to
market, p. 271

variation margin, p. 271
open interest, p. 273
position day, p. 273
notice of intention day, p. 273
delivery day, p. 273
offsetting, p. 274
exchange for physicals (EFP)/

against actuals/versus cash, p. 274
managed funds, p. 278
futures fund/commodity

fund, p. 278
commodity pool, p. 279
tick, p. 281
reportable positions, p. 282
position limits, p. 282
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Concepts Checks

1. Explain the difference between a forward
contract and an option.

2. What factors distinguish a forward contract from
a futures contract? What do forward and futures
contracts have in common? What advantages
does each have over the other?

3. How do options on futures differ from options
on the asset underlying the futures?

4. The open interest in a futures contract changes
from day to day. Suppose that investors holding
long positions are divided into two groups: A is
an individual investor and OL represents other
investors. Investors holding short positions are

denoted as S. Currently A holds 1,000 contracts
and OL holds 4,200; thus, S is short 5,200
contracts. Determine the holdings of A, OL, and
S after each of the following transactions.
a. A sells 500 contracts, OL buys 500 contracts.
b. A buys 700 contracts, OL sells 700 contracts.
c. A buys 200 contracts, S sells 200 contracts.
d. A sells 800 contracts, S buys 800 contracts.
What determines whether volume increases or
decreases open interest?

5. List and briefly explain the important contribu-
tions provided by futures exchanges.

Questions and Problems

1. How do locals differ from commission brokers?
How do the latter differ from futures commission
merchants?

2. Explain the basic differences between
open-outcry and electronic trading systems.

3. What factors would determine whether a partic-
ular strategy is a hedge or a speculative strategy?

4. How are spread and arbitrage strategies forms of
speculation? How can they be interpreted as
hedges?

5. What are the differences among scalpers, day
traders, and position traders?

6. What are the various ways in which an individual
may obtain the right to go on to the floor of an
exchange and trade futures?

7. What are daily price limits, and why are they
used?

8. What are circuit breakers? What are their
advantages and disadvantages?

9. Explain how the clearinghouse operates to
protect the futures market.

10. Explain the differences among the three means of
terminating a futures contract: an offsetting
trade, cash settlement, and delivery. How is a
forward contract terminated?

11. Suppose that you buy a stock index futures
contract at the opening price of 452.25 on July 1.
The multiplier on the contract is 500, so the price
is $500 (452.25) ¼ $226,125. You hold the
position open until selling it on July 16 at the
opening price of 435.50. The initial margin

requirement is $9,000, and the maintenance
margin requirement is $6,000. Assume that you
deposit the initial margin and do not withdraw
the excess on any given day. Construct a table
showing the charges and credits to the margin
account. The daily prices on the intervening days
are as follows:

Day Sett lement Price

7/1 453.95

7/2 454.50

7/3 452.00

7/7 443.55

7/8 441.65

7/9 442.85

7/10 444.15

7/11 442.25

7/14 438.30

7/15 435.05

7/16 435.50

12. The crude oil futures contract on the New York
Mercantile Exchange covers 1,000 barrels of
crude oil. The contract is quoted in dollars and
cents per barrel, e.g., $27.42, and the minimum
price change is $0.01. The initial margin
requirement is $3,375 and the maintenance
margin requirement is $2,500. Suppose that
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you bought a contract at $27.42, putting up the
initial margin. At what price would you get a
margin call?

13. Explain the difference between hedge funds and
futures funds.

14. What are the objectives of federal regulation of
future markets?

15. What is the objective of an industry
self-regulatory organization?

16. Compare and contrast three types of futures
trading costs.

17. Compare and contrast cash settlement with
physical settlement.

18. U.S. federal law regulates some futures market
participants, even though they do not directly
participate in trading. Explain the difference
between an introducing broker, a commodity
trading advisor, a commodity pool operator, and
an associated person.

19. Identify the typical characteristics of a forward
market trader.
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APPENDIX 8
Taxation of Futures Transactions in the United States
Investors’ and traders’ profits from most futures contracts, as well as index options, are
considered to be 60 percent capital gains and 40 percent ordinary income. Capital gains
are taxed at the ordinary income rate, but subject to a maximum of 20 percent. Thus, an
investor in the 31 percent tax bracket would have futures profits taxed at a blended rate
of 0.6(0.20) þ 0.4(0.31) ¼ 0.244.

In addition, all futures and index options profits are subject to a mark to market rule
in which accumulated profits are taxable in the current year even if the contract has not
been closed out. For example, assume that you bought a futures contract on October 15
at a price of $1,000. Your account was, of course, marked to market daily. At the end of
the year, the accumulated profit in the account was $400, meaning that the futures price
at the end of the year was $1,400. Then you would have to pay the tax that year on $400
even though you had not closed out the contract. In other words, realized and unrealized
profits are taxed and losses are recognized.

These rules apply only to speculative transactions. Taxation of hedge transactions is
more complex and will be examined in Chapter 11.

Consider the following example. Suppose that an investor in the 31 percent tax bracket
purchases a futures contract at $1,000 on October 15 and ultimately sells it at $1,300 on Jan-
uary 20 of the next year. Assume that the contract price was $1,400 at the end of the year.
The first year the tax liability is on $400, so the tax is $400(0.6)(0.20) þ $400(0.40)(0.31) ¼
$97.60, an effective rate of 24.4 percent. In the second year, there is a taxable loss of $1,400�
$1,300 ¼ $100. This can be used to offset taxable gains; thus, it will save the trader 0.244
($100)¼ $24.40 in taxes on profitable futures trades in that year. Losses can be used to offset
gains, but not more than the total amount of taxable gains. Any losses not used can be car-
ried back to offset prior trading profits for up to three years.

Suppose that the contract expired in February and the investor took delivery of the
commodity. Let the price at expiration be $1,500. Then, it would be assumed that the
commodity was purchased at $1,500. The investor would have paid tax on the $400
profit at the end of the year in which the contract was bought; the investor would owe
tax on the $100 profit that accrued between the end of the year and the expiration.

The new futures contracts on individual stocks will be taxed the same way as individual
stocks. Gains and losses from offsetting a position can be either long-term or short-term,
but most will be short-term because of the short lives of most contracts. If the investor
takes delivery of the stock, the futures holding period is added to the stock holding period,
which is generally beneficial to the investor.

Although recent tax laws have greatly simplified the taxation of futures contracts,
many complexities remain. Competent tax advice is necessary to keep up with the
many changes and ensure compliance with the various rules.

Questions and Problems
1. On October 1, you purchase one March stock index futures contract at the opening

price of 410.30. The contract multiplier is $500, so the price of 410.30 is really
$500(410.30) ¼ $205,150. You hold the position open until February 20, whereupon
you sell the contract at the opening price of 427.30. The settlement price on December
31 was 422.40. You are in the 31 percent tax bracket. Compute your tax liability.

2. In November you buy a futures contract on a commodity at a price of $10,000. At the
end of the year, the futures price is $10,500. You hold your position open until January
20, at which time the commodity price is $11,200, the contract expires, and you take
delivery. You are in the 31 percent tax bracket. Compute your tax liability in both years.
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CHA P T E R 9
Principles of Pricing
Forwards, Futures, and
Options on Futures

There is a tempting and fatal fascination in mathematics. Albert Einstein
warned against it. He said elegance is for tailors, don’t believe in something
because it’s a beautiful formula. There will always be room for judgment.

Paul Samuelson

Trillion Dollar Bet, PBS, February 8, 2000

We are now ready to move directly into the pricing of forward and futures contracts. The
very nature of the word futures suggests that futures prices concern prices in the future.
Likewise, the notion of a forward price suggests looking ahead to a later date. But as we
shall learn, futures and forward prices are not definitive statements of prices in the future.
In fact, they are not even necessarily predictions of the future. But they are important
pieces of information about the current state of a market, and futures and forward con-
tracts are powerful tools for managing risk. In this chapter, we shall see how futures prices,
forward prices, spot prices, expectations, and the costs of holding positions in the asset are
interrelated. As with options, our objective is to link the price of the futures or forward
contract to the price of the underlying instrument and to identify factors that influence
the relationship between these prices.

In Chapter 1 we noted that there are options in which the underlying is a futures.
When we covered options in which the underlying is an asset, we could not cover options
on futures because we had not yet covered futures. Because this chapter covers the pricing
of futures contracts, we can also cover the pricing of options on futures, as we do later in
this chapter.

In the early part of this chapter, we shall treat forward and futures contracts as though
they were entirely separate instruments. Recall that a forward contract is an agreement be-
tween two parties to exchange an asset for a fixed price at a future date. No money changes
hands, and the agreement is binding. In order to reverse the transaction, it is necessary to
find someone willing to take the opposite side of a new, offsetting forward contract calling
for delivery of the asset at the same time as the original contract. A forward contract is
created in the over-the-counter market and is subject to default risk. A futures contract is
also an agreement between two parties to exchange an asset for a fixed price at a future
date. The agreement is made on a futures exchange, however, and is regulated by that ex-
change. The contract requires that the parties make margin deposits, and their accounts
are marked to market every day. The contracts are standardized and can be bought and
sold during regular trading hours. These differences between forward and futures con-
tracts, particularly the marking to market, create some differences in their prices and
values. As we shall see later, these differences may prove quite minor; for now, we shall
proceed as though forward and futures contracts were entirely different instruments.

CHAPTER
OBJECT I V ES

• Introduce the basic
concepts of price and
value for futures and
forward contracts

• Show the conditions
under which futures
and forward prices are
equivalent and when
they are different

• Show how the spot
price of an asset is
determined from the
cost of storage, the net
interest, and the risk
premium

• Present the cost of
carry formula for the
theoretical fairpriceof
futures and forward
contracts

• Introduce the
concepts of contango,
backwardation, and
convenience yield

• Present the two
opposing views to the
question of whether
futures prices reward
speculators with a risk
premium

• Illustrate how
intermediate cash
flows such as
dividends affect the
cost of carry model

• Present put-call-
forward/futures parity

• Present the principles
of pricing options on
futures
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GENERIC CARRY ARBITRAGE
In this section our goal is to illustrate the basic principles of pricing forward and futures
contracts without reference to any specific type of contract. Unique contract characteris-
tics lead to complexities that are best deferred until the fundamental principles of pricing
are understood. Thus, in this section the underlying asset is not identified. It is simply a
generic asset.

Concept of Price Versus Value
In Chapter 1, we discussed how an efficient market means that the price of an asset
equals its true economic value. The holder of an asset has money tied up in the asset. If
the holder is willing to retain the asset, the asset must have a value at least equal to its
price. If the asset’s value were less than its price, the owner would sell it. The value is the
present value of the future cash flows, with the discount rate reflecting the opportunity
cost of money and a premium for the risk assumed.

Although this line of reasoning is sound in securities markets, it can get one into
trouble in forward and futures markets. A forward or futures contract is not an asset.
You can buy a futures contract, but do you actually pay for it? A futures contract re-
quires a small margin deposit, but is this really the price? You can buy 100 shares of a
$20 stock by placing $1,000 in a margin account and borrowing $1,000 from a broker.
Does that make the stock worth $10 per share? Certainly not. The stock is worth $20 per
share: You have $10 per share invested and $10 per share borrowed.

The margin requirement on a futures contract is not really a margin in the same sense
as the margin on a stock. You might deposit 3 to 5 percent of the price of the futures
contract in a margin account, but you do not borrow the remainder. The margin is
only a type of security deposit. Thus, the buyer of a futures contract does not actually
“pay” for it, and, of course, the seller really receives no money for it. As long as the price
does not change, neither party can execute an offsetting trade that would generate a
profit. As noted previously, a forward contract may or may not require a margin deposit
or some type of credit enhancement, but if it does, the principle is still the same: The
forward price is not the margin.

When dealing with forward and futures contracts, we must be careful to distinguish
between the forward or futures price and the forward or futures value. The price is an
observable number. The value is less obvious. But fortunately the value of a forward or
futures contract at the start is easy to determine. That value is simply zero. This is be-
cause neither party pays anything and neither party receives anything of monetary value.
That does not imply, however, that neither party will pay or receive money at a later
date. The values of futures and forward contracts during their lives, however, are not
necessarily equal either to each other or to zero.

The confusion over price and value could perhaps be avoided if we thought of the
forward or futures price as a concept more akin to the exercise price of an option. We
know that the exercise price does not equal an option’s value. It simply represents the
figure that the two parties agreed would be the price paid by the call buyer or received
by the put buyer if the option is ultimately exercised. In a similar sense, the futures or
forward price is simply the figure that the two parties have agreed will be paid by the
buyer to the seller at expiration in exchange for the underlying asset. This price is
sometimes called the “delivery price.” While we could call the forward price or the fu-
tures price the “exercise price” of the contract, the use of the terms “forward price”
and “futures price” or “delivery price” is so traditional that it would be unwise not to
use them.
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Let us now proceed to understand how the values and prices of
forward and futures contracts are determined. First, we need some
notation. We let Vt(0,T) and vt(T) represent the values of forward

and futures contracts at time t that were created at time 0 and expire at time T. Similarly,
F(0,T) and ft(T) are the prices at time t of forward and futures contracts created at time 0
that expire at time T. Since a forward price is fixed at a given time, conditional on the
expiration date, the price does not change and, therefore, does not require a time sub-
script. Also, since a futures price does change, it does not matter when the contract was
established.

Value of a Forward Contract
Given our statement above that the value of each contract is zero when
established, we can initially say that V0(0,T) ¼ 0 and v0(T) ¼ 0.

Forward Price at Expiration The first and most important prin-
ciple is that the price of a forward contract that is created at expiration must be the spot
price. Such a contract will call for delivery, an instant later, of the asset. Thus, the con-
tract is equivalent to a spot transaction, and its price must, therefore, equal the spot price.
Thus, we can say

F(T,T) ¼ ST.

If this statement were not true, it would be possible to make an im-
mediate arbitrage profit by either buying the asset and selling an ex-
piring forward contract or selling the asset and buying an expiring
forward contract.

Value of a Forward Contract at Expiration At expiration, the value of a forward
contract is easily found. Ignoring delivery costs, the value of a forward contract at expi-
ration, VT(0,T), is the profit on the forward contract. The profit is the spot price minus
the original forward price. Thus,

VT(0,T) ¼ ST � F(0,T).

When you enter into a long forward contract with a price of
F(0,T), you agree to buy the asset at T, paying the price F(0,T). Thus,
your profit will be ST � F(0,T). This is the value of owning the forward
contract. At the time the contract was written, the contract had
zero value. At expiration, however, anyone owning a contract permit-

ting him or her to buy an asset worth ST by paying a price F(0,T) has a guaranteed profit of
ST − F(0,T). Thus, the contract has a value of ST� F(0,T). Of course, this value can be either
positive or negative. The value to the holder of the short position is simply minus one times
the value to the holder of the long position.

Value of a Forward Contract Prior to Expiration Before we begin, let us take
note of why it is important to place a value on the forward contract. If a firm enters
into a forward contract, the contract does not initially appear on the balance sheet. Al-
though it may appear in a footnote, the contract is not an asset or liability, so there is no
place to put it on the balance sheet. During the life of the forward contract, however,
value can be created or destroyed as a result of changing market conditions. For exam-
ple, we already saw that the forward contract has a value at expiration of ST � F(0,T),
which can be positive or negative. To give a fair assessment of the assets and liabilities of

The value of a futures contract when writ-
ten is zero.

The value of a forward contract when
written is zero.

The price of a forward contract that expires
immediately is the spot price.

The value of a forward contract at expira-
tion is the spot price minus the original
forward price.
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the company, it is important to determine the value of the contract before expiration. If
that value is positive, the contract can be properly viewed and recorded as an asset; if it
is negative, the contract should be viewed and recorded as a liability. Investors should be
informed about the values of forward contracts and, indeed, all derivatives so that they
can make informed decisions about the impact of derivative transactions on the overall
value of the firm.

Table 9.1 illustrates how we determine the value. As we did in
valuing options, we construct two portfolios that obtain the same
value at expiration. Portfolio A is a forward contract constructed at
time 0 at the price F(0,T). It will pay off ST � F(0,T) at expiration,
time T. To construct Portfolio B, we do nothing at time 0. At time t,

we know that the spot price is St and that a forward contract that was established at time
0 for delivery of the asset at T was created at a price of F(0,T). We buy the asset and
borrow the present value of F(0,T), with the loan to be paid back at T. Thus, the value of
our position is St � F(0,T)(1 þ r)�(T�t). At T, we sell the asset for ST and pay back the
loan amount, F(0,T). Thus, the total value at T is ST � F(0,T). This is the same as the
value of Portfolio A, which is the forward contract. Thus, the value of Portfolio B at t
must equal the value of the forward contract, Portfolio A, at t. Hence,

Vt(0,T) ¼ St � F(0,T)(1 þ r)�(T�t).

It is intuitive and easy to see why this is the value of the forward contract at t. If you
enter into the contract at time 0, when you get to time t, you have a position that will
require you to pay F(0,T) at time T and will entitle you to receive the value of the asset
at T. The present value of your obligation is F(0,T)(1 þ r)�(T�t). The present value of
your claim is the present value of the asset, which is its current price of St.

Numerical Example Suppose that you buy a forward contract today at a price of $100.
The contract expires in 45 days. The risk-free rate is 10 percent. The forward contract is an
agreement to buy the asset at $100 in 45 days. Now, 20 days later, the spot price of the asset
is $102. The value of the forward contract with 25 days remaining is then

102 � 100(1.10)�25/365 ¼ 2.65.

In other words, at time T we are obligated to pay $100 in 25 days but we shall receive
the asset, which has a current value of $102.

Price of a Forward Contract
In this section we consider the initial price of a forward contract. As noted previously,
we use the notation F(0,T) for the forward price. We have already noted that the value

TABLE 9.1 VALUING A FORWARD CONTRACT PRIOR

TO EXPIRATION

Portfol io Composit ion Value at 0 Value at t Value at T

A Long forward contract estab-
lished at t at price of F(0,T)

0 Vt(0,T) ST � F(0,T)

B Long position in asset and loan
of F(0,T)(1 þ r)�(T�t)

established at t

N/A St � F(0,T)(1 þ r)�(T�t) ST � F(0,T)

Conclusion: The value of portfolio A at t must equal the value of portfolio B at t.
Vt(0,T) ¼ St � F(0,T) (1 þ r)�(T�t)

The value of a forward contract prior to
expiration is the spot price minus the
present value of the forward price.
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of a forward contract when originally written is zero; hence we can set the forward
contract value equation at time 0 equal to 0,

V0(0,T) ¼ S0 � F(0,T)(1 þ r)�T ¼ 0.

Solving for the forward price, we have

F(0,T) ¼ S0(1 þ r)T.

Therefore, the price of a forward contract on a generic asset is simply the future value of
the current spot price of the asset, where the future value is obtained by grossing up the
spot price by the risk-free interest rate. The forward price is seen as the price that forces
the contract value to equal zero at the start. This valuation method is known as the carry

arbitrage model or cost of carry model because the forward value
depends only on the carrying costs related to the underlying asset.
In this case, the forward price depends on the finance carrying costs.
In subsequent sections, we will examine unique aspects of forward
pricing for various different forward contracts, such as stock indices,
currencies, and commodities.

Value of a Futures Contract
In this section we shall consider the valuation of futures contracts. As noted previously,
we shall use ft(T) for the futures price and vt(T) for the value of a futures contract. Let us
recall that a futures contract is marked to market each day. We have already established
that the value of a futures contract when originally written is zero.

Futures Price at Expiration At the instant at which a futures contract is expiring, its
price must be the spot price. In other words, if you enter into a long futures contract that
will expire an instant later, you have agreed to buy the asset an instant later, paying the
futures price. This is the same as a spot transaction. Thus,

fT(T) ¼ ST.

If this statement were not true, buying the spot and selling the futures
or selling the spot and buying the futures would generate an arbitrage
profit.

Value of a Futures Contract during the Trading Day but before Being Marked
to Market When we looked at forward contracts, the second result we obtained was
the value of a forward contract at expiration. In the case of futures contracts, it is more
useful to look next at how one values a futures contract before it is marked to market. In
other words, what is a futures contract worth during the trading day?

Suppose that we arbitrarily let the time period between settlements
be one day. Suppose you purchase a futures contract at t � 1 when the
futures price is ft�1(T). Let us assume that this is the opening price of
the day and that it equals the settlement price the previous day. Now
let us say we are at the end of the day, but the market is not yet closed.
The price is ft(T). What is the value of the contract? If you sell the

The price of a forward contract is the spot
price compounded to the expiration at the
risk-free rate. It is the price that guarantees
that the forward contract has a value at the
start of zero.

The price of a futures contract that expires
immediately is the spot price.

The value of a futures contract during a
trading day but before it is marked to market
is the amount by which the price changed
since the contract was opened or last
marked to market, whichever comes later.
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contract, it generates a gain of ft(T) � ft�1(T). Thus, we can say that the value of the futures
contract is

vt(T) ¼ ft(T) � ft�1(T) before the contract is marked to market.

The value of the futures contract is simply the price change since the time the contract was
opened or, if it was opened on a previous day, the last price change since marking to mar-
ket. Note, of course, that the value could be negative. If we were considering the value of
the futures to the holder of the short position, we would simply change the sign.

Value of a Futures Contract Immediately After Being Marked to
Market When a futures contract is marked to market, the price
change since the last marking to market or, if the contract was opened

MAK ING THE CONNECT I ON

When Forward and Futures Contracts Are the Same

Assuming no possibility of default, there are several

conditions under which forward and futures contracts

produce the same results at expiration and, therefore,

would have the same prices. First, recall that forward

contracts settle their payoffs at expiration. Given the

price of the underlying at expiration of ST and the

price entered into when the contract is established,

the holder of a long position would have a payoff of

ST � F(0,T).

This, as we noted, is the value of the forward con-

tract at expiration. A futures contract is written at a

price that changes every day. Thus, if a futures

expiring at time T is established at time 0 at a price

of f0(T), the price at the end of the next day will be

f1(T). The following day the price is f2(T), and this con-

tinues until it settles at expiration at fT(T), which is the

spot price, ST. The last mark to market profit is fT(T) �
fT�1(T). We see that these contracts clearly have differ-

ent cash flow patterns as summarized below:

Day Futures Cash Flow

Forward

Cash Flow

0 0 0

1 f1(T) � f0(T) 0

2 f2(T) � f1(T) 0

3 f3(T) � f2(T) 0

. . .

T�2 fT�2(T) � fT�3(T) 0

T�1 fT�1(T) � fT�2(T) 0

T fT(T) � fT�1(T) ¼ ST � fT�1(T) ST � F(0,T)

We want to know whether the original futures

price, f0(T), would equal the original forward price,

F(0,T). Thus, we now look at the conditions under

which they will be equal.

The futures price will equal the forward price one

day prior to expiration. This should be obvious. Look

at the table of cash flows for futures and forward

contracts created one day prior to expiration:

Day

Futures Cash

Flow

Forward Cash

Flow

T�1 0 0

T fT(T)� fT�1(T)¼ST� fT�1(T) ST � F(T � 1,T)

The futures price, fT�1(T),would have to equal the

forward price, F(T � 1,T), because neither contract

requires an outlay at the start, day T�1; both con-

tracts require the payment of an amount of cash

(fT�1(T) for the futures and F(T �1, T) for the forward,

at time T; and both contracts produce the amount,

ST, at T. These amounts paid at T, would have to be

the same or one could sell the contract requiring

the higher payment and buy the contract requiring

the lower payment to generate a sure positive payoff

without paying anything.

The futures price will equal the forward price two

days (or more) prior to expiration if the interest rate

one day ahead is known in advance. Suppose that

we initiate futures and forward contracts at the end

As soon as a futures contract is marked to
market, its value is zero.
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during the day, the price change since it was opened is distributed to the party in whose
favor the price moved and charged to the party whom the price moved against. This, of
course, is the mark to market procedure. As soon as the contract is marked to market, the
value of the contract reverts to zero. Thus,

vt(T) ¼ 0 as soon as the contract is marked to market.

If the futures price was still at the last settlement price and the futures trader then tried to sell the
contract to capture its value, it would generate no profit, which is consistent with its zero value.

Thus, to summarize these two results, we find that the value of a long futures contract
at any point in time is the profit that would be generated if the contract were sold. Be-
cause of the daily marking to market, the value of a futures contract reverts back to zero

of day T � 2. We hold the position through the end of

day T � 1, and then to the end of day T. Let r1 be the

interest rate one day prior to expiration, which is as-

sumed to be known two days prior to expiration. We

assume that these are daily rates, so to obtain one

day’s interest, we just multiply by 1 � r, that is with-

out using an exponent. Let us do the following trans-

actions two days prior to expiration:

Go long one forward contract at the price FT�2(T).
Sell 1/(1 � r1) futures contracts at the price fT�2(T).

Now move forward to the end of day T�1:

The forward contract will have no cash flow.
Buy back the futures for a gain or loss of �(fT�1(T) �
fT�2(T)). Multiplying by the number of contracts gives an
amount of �[1/(1 þ r1)][fT�1(T) � fT�2(T)]. Compound
this value forward for one day, which means reinvesting
at r1 if this is a gain or financing at r1 if this is a loss. Then
sell one new futures at a price of fT�1(T).

Now, at expiration, we have the following results:

The forward contract will pay off ST � F(0,T).

The value of the previous day’s gain or loss rein-

vested for one day is

�[1/(1 þ r1)][fT�1(T) � fT�2(T)][1 þ r1] ¼
�(fT�1(T) � fT�2(T)).

The mark to market profit or loss from the single

futures contract is

�(fT(T) � fT�1(T)) ¼ �(ST � fT�1(T)).

The total is

ST � F(0,T) � (fT�1(T) � fT�2(T)) � (ST � fT�1(T))

¼ fT�2(T) � F(0,T).

When the contracts were first established, these two

prices were known, because they were the prices at

which the contracts were entered. Thus, this strategy

will produce a known amount at expiration. Since

there were no initial cash flows, this cash flow at ex-

piration has to be zero. Otherwise, one could sell the

higher-priced contract and buy the lower-priced con-

tract. This would require no cash outlay at the start

but would produce a positive cash flow at expiration.

Thus, the futures price would have to equal the for-

ward price.

If the interest rate one day ahead is not known,

this strategy will not be feasible. In that case, the cor-

relation between futures prices and interest rates

can tell us which price will be higher, though it will

not tell us by how much one price will exceed the

other. This point is discussed in this chapter.
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as soon as it is marked to market. The value for the holder of a short futures contract is
minus one times the value for the holder of the long futures contract. For a long futures
contract, value is created by positive price changes; for a short futures contract, value is
created by negative price changes.

Price of a Futures Contract
In this section we consider the initial price of a futures contract. As noted previously, we
use ft(T) for the futures price. We have already noted that the value of a futures contract
when originally written is zero. Assuming the mark to market feature of futures contracts
does not impact its current price, then

ft(T) ¼ F(0,T) ¼ S0(1 þ r)T.

Therefore, the price of a generic futures contract is the same as that of a generic forward con-
tract. It is important to note, however, that this result assumes no marking to market. In the
next section, we explore the implications of marking to market on pricing futures contracts.

Forward Versus Futures Prices
At expiration, forward and futures prices equal the spot price, but
there are also a few other conditions under which they are equal.
First, however, let us assume that there is no default risk. Now con-
sider the case of one day prior to expiration. A futures contract that

has only one day remaining will be marked to market the next day, which is at the expi-
ration. The forward contract will be settled at expiration. Thus, the forward and futures
contracts have the same cash flows and are, effectively, the same contract.

If we back up two days prior to expiration, the comparison is more difficult. Suppose
that we make the assumption that the risk-free interest rate is either the same on both
days or that we know one day what the rate will be the next day. Hence, we effectively
rule out any interest rate uncertainty. In that case, it can be shown that the forward price
will equal the futures price.

If we do not assume interest rate certainty, we can argue heuristically
which price will be higher. If interest rates are positively correlated
with futures prices, an investor holding a long position will prefer fu-
tures contracts over forward contracts, because futures contracts will
generate mark to market profits during periods of rising interest rates
and incur mark to market losses during periods of falling interest rates.
This means that gains will be reinvested at higher rates and losses will

be incurred when the opportunity cost is falling. Futures contracts would, therefore, carry
higher prices than forward contracts. If interest rates are negatively correlated with futures
prices, an investor holding a long position will prefer forward contracts over futures con-
tracts, because the marking to market of futures contracts will be disadvantageous. Then
forward contracts would carry higher prices. If interest rates and futures prices are uncor-
related, forward and futures contracts will have the same prices.

Of course, as we have previously noted, forward contracts are subject to default and
futures contracts are guaranteed against default by the clearinghouse. Default risk can
also affect the difference between forward and futures prices. It would seem that if for-
ward contract buyers (sellers) faces more risk of default than forward contract sellers
(buyers), the forward price would be pushed down (up). The forward market, however,
does not typically incorporate credit risk into the price. As we shall cover in Chapter 15,
virtually all qualifying participants in over-the-counter markets pay/receive the same price.
Parties with greater credit risk pay in the form of collateral or other credit-enhancing

The price of a futures contract is the spot
price compounded to the expiration at the
risk-free rate and, therefore, is the same as
the forward price.

Forward and futures prices will be equal at
expiration, one day before expiration, and
they will be equal prior to expiration if in-
terest rates are certain or if futures prices
and interest rates are uncorrelated.
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measures. Hence, we are not likely to observe differences in forward and futures prices
due to credit issues.

By not observing any notable differences in forward and futures prices, we can rea-
sonably assume that forward prices are the same as futures prices. Thus, the remaining
material in this chapter, while generally expressed in terms of futures prices, will also
apply quite reasonably to forward prices.

CARRY ARBITRAGE WHEN UNDERLYING
GENERATES CASH FLOWS
Until now we have avoided any consideration of how intermediate cash flows, such as
interest and dividends, affect forward and futures prices. We did note earlier in this
chapter that these cash payments would have an effect on the cost of carry, possibly
making it negative. Now we shall look more closely at how they affect forward and
futures prices. The examples will be developed in the context of futures contracts. Note
also that, in this section, we are no longer focusing on a generic asset. We will be exam-
ining contracts on specific types of assets, the characteristics of which give rise to cash
flows to the holder of the asset.

Stock Indices and Dividends
We shall start here by assuming that our futures contract is a single stock futures, al-
though the general principles are the same for stock index futures. For example, we
could consider a portfolio that contains only one stock. In either case, assume that this
stock pays a sure dividend of DT on the expiration date. Now suppose that an investor
buys the stock at a spot price of S0 and sells a futures contract at a price of f0(T).

At expiration, the stock is sold at ST, the dividend DT is collected, and the futures contract
generates a cash flow of �(fT(T) � f0(T)), which equals �(ST � f0(T)). Thus, the total cash
flow at expiration is DT þ f0(T). This amount is known in advance; therefore, the current
value of the portfolio must equal the present value of DT þ f0(T). The current portfolio value
is simply the amount paid for the stock, S0. Putting these results together gives

S0 ¼ (f0(T) þ DT)(1 þ r)�T,

or

f0(T) ¼ S0(1 þ r)T � DT.

Here we see that the futures price is the spot price compounded at the risk-free rate mi-
nus the dividend. Note that a sufficiently large dividend could bring the futures price
down below the spot price.

To take our model one step closer to reality, let us assume that the stock pays several
dividends. In fact, our stock could actually be a portfolio of stocks that is identical to an
index such as the S&P 500. Suppose that N dividends will be paid during the life of the
futures. Each dividend is denoted as Dj and is paid tj years from today. Now suppose
that we buy the stock and sell the futures. During the life of the futures, we collect each
dividend and reinvest it in risk-free bonds earning the rate r. Thus, dividend D1 will
grow to a value of D1(1 þ r)T�tj at expiration. By the expiration day, all dividends will
have grown to a value of

XN
j¼1

Djð1þ rÞT�tj ,
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which we shall write compactly as DT. Thus, now we let DT be the accumulated value
at T of all dividends over the life of the futures plus the interest earned on them. In
the previous example, we had only one dividend but DT was still the same concept,
the accumulated future value of the dividends. At expiration the stock is sold for ST,
and the futures is settled and generates a cash flow of �(fT(T) � f0(T)), which equals
�(ST � f0(T)). Thus, the total cash flow at expiration is

ST � (ST � f0(T)) þ DT,

or

f0(T) þ DT.

This amount is also known in advance, so its present value, discounted at the risk-free
rate, must equal the current value of the portfolio, which is the value of the stock, S0.
Setting these terms equal and solving for f0(T) gives

f0(T) ¼ S0(1 þ r)T � DT.

Thus, the futures price is the spot price compounded at the risk-free rate minus the com-
pound future value of the dividends. The entire process of buying the stock, selling a
futures, and collecting and reinvesting dividends to produce a risk-free transaction is il-
lustrated in Figure 9.1 for a stock that pays two dividends during the life of the futures.
The total value accumulated at expiration is set equal to the total value today.

As an alternative to compounding the dividends, we can instead find the present
value of the dividends and subtract this amount from the stock price before compound-
ing it at the risk-free rate. In other words, the present value of the dividends over the life
of the contract would be

D0 ¼ XN
j¼1

Djð1þ rÞ�tj :

Figure 9.1 The Cost of Carry Model with Stock Index Futures

Buy stock at S0

Collect dividend
of d1, invest at r

Dividends accumulate to
future value of DT

Sell futures at f0(T)

Hold stock and incur costs of
forgone interest at rate r

Total value = S0

Today 1st ex-dividend
day (t1)

Expiration (T)2nd ex-dividend
day (t2)

Sell stock, receive ST

Futures contract settles
for gain of –(ST – f0(T))

Total value = f0(T) – S0([1 + r]T– 1)
+ DT

Costs accumulate to S0([1+ r]T– 1)

Collect dividend
of d2, invest at r
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The futures pricing formula would then be

f0(T) ¼ (S0 � D0)(1 þ r)T.

This approach is the one we took when pricing options. In fact, we encountered the con-
cept of the present value of the dividends in Chapters 3, 4, and 5. We subtracted the
present value of the dividends from the stock price and used the stock price in the op-
tions pricing model. We do the same here: subtract the present value of the dividends
and insert this adjusted stock price into the futures pricing model.

A stock index is a weighted combination of securities, most of which pay dividends.
In reality, the dividend flow is more or less continuous, although not of a constant
amount. As we did with options, however, we can fairly safely assume a continuous
flow of dividends at a constant yield, δc. Using rc as the continuously compounded
risk-free rate and S0 as the spot price of the index, the model is written as

f 0ðTÞ ¼ S0eðrc��cÞT:

It is worth noting that this formula is precisely what one would obtain if all of the as-
sumptions of the Black-Scholes-Merton model were applied to futures.

This format makes an interpretation somewhat easier. Suppose
that an investor is considering speculating on the stock market. There
are two ways to do this: buy the stock index portfolio or buy the
futures contract. If the portfolio is purchased, the investor receives
dividends at a rate of δc. If the futures contract is purchased, the
investor receives no dividends. The dividend yield enters the model
as the factor e�δcT, which is less than 1. Thus, the effect of dividends
is to make the futures price lower than it would be without them.

Note that the futures price will exceed (be less than) the spot price if the risk-free rate
is higher (lower) than the dividend yield. Alternatively, the formula can be written as
f 0ðTÞ ¼ ðS0e�δcTÞercT, which can be interpreted as the dividend-adjusted stock price com-
pounded at the risk-free rate.

Numerical Example Consider the following problem. A stock index is at 50, the con-
tinuously compounded risk-free rate is 8 percent, the continuously compounded divi-
dend yield is 6 percent, and the time to expiration is 60 days, so T is 60/365 ¼ 0.164.
Then the futures price is

f0(T) ¼ 50e(0.08�0.06)(0.164) ¼ 50.16.

If the risk-free rate were 5 percent, the futures price would be

f0(T) ¼ 50e(0.05�0.06)(0.164) ¼ 49.92.

In Chapter 10 we shall see how arbitrage forces the market to adjust when the price does
not equal the price given by the cost of carry model.

Most of the volume in futures contracts on equities is in stock index futures. There
are, however, futures contracts on certain individual stocks. These contracts have traded
outside the United States for several years and began trading in the United States in the
fall of 2002. In the United States, most individual stocks pay dividends on a quarterly
basis. Outside of the United States, individual stocks tend to pay dividends either once
or twice a year. In either case, pricing futures on individual stocks would typically be
done by incorporating the value of the individual dividends into the calculation. In other
words, the same general approach presented here for pricing futures on stock indices

A stock index futures price is the stock
price compounded to expiration at the risk-
free rate minus the future value of the
dividends. Alternatively it can be viewed as
the dividend-adjusted stock price com-
pounded to expiration at the risk-free rate.
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would apply for pricing futures on individual stocks, but the use of discrete dividends
would be more appropriate for futures on individual stocks.

Earlier in the chapter we learned that the valuation of a forward contract is deter-
mined by subtracting the present value of the forward price that was established when
the contract was originated from the spot price. We then learned how to price forward
contracts on assets that make cash payments. To value a forward contract on an asset
that pays cash dividends, we must make an adjustment. If the spot asset makes cash pay-
ments such as discrete dividends, we simply adjust the spot price to eliminate the present
value of the cash payments.

Vt(0,T) ¼ St � Dt,T � F(0,T)(1 þ r)�(T�t),

where Dt,T is the present value from t to T of any remaining dividends. For a continuous
dividend yield, we have

Vtð0,TÞ ¼ Ste�δcðT�tÞ � Fð0,TÞe�rcðT�tÞ,

where we observe that all of the discounting is done using the con-
tinuous form.

The basic idea behind pricing futures on a stock or stock index is
generally applicable to pricing futures on bonds that pay coupons.
But in practice, futures contracts based on bonds have certain fea-
tures that complicate pricing beyond what we intend to cover in

this chapter. These instruments are, however, covered in great detail in Chapter 10.

Foreign Currencies and Foreign Interest Rates:
Interest Rate Parity
Interest rate parity is an important fundamental relationship between the spot and for-
ward exchange rates and the interest rates in two countries. It is the foreign currency
market’s version of the carry arbitrage forward and futures pricing model. A helpful
way to understand interest rate parity is to consider the position of someone who be-
lieves that a higher risk-free return can be earned by converting to a currency that pays
a higher interest rate. For example, suppose that a French corporate treasurer wants to
earn more than the euro interest rate and believes that he can convert euros to dollars
and earn the higher U.S. rate. If the treasurer does so but fails to arrange a forward or
futures contract to guarantee the rate at which the dollars will be converted back to
euros, he runs the risk, not only of not earning the U.S. rate, but of earning less than
the euro rate. If the dollar weakens while he is holding dollars, the conversion back to
euros will be costly. This type of transaction is similar to going to a foreign country but
not buying your ticket home until after you have been there a while. You are subject to
whatever rates and conditions exist at the time the return ticket is purchased. Buying a
round-trip ticket locks in the return price and conditions. Hence the corporate treasurer
might wish to lock in the rate at which the dollars can be converted back to euros by
selling a forward or futures contract on the dollar. But forward and futures prices will
adjust so that the overall transaction will earn no more in euros than the euro interest
rate. In effect, the cost of the return ticket will offset any interest rate gains while in the
foreign currency. If it does not, there are arbitrage profits to be earned that will force
prices to adjust appropriately. Consider the following situation involving euros and U.S.
dollars, observed from the perspective of a European.

The value of a stock index futures contract
is the stock price minus the present value
of the dividends minus the present value of
the forward price.
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The spot exchange rate is S0. This quote is in euros per U.S. dollar. The U.S. risk-free in-
terest rate is�, and the holding period is T. You take S0(1 þ�)�T euros and buy (1 þ�)�T

dollars. Simultaneously, you sell one forward contract expiring at time T. The forward ex-
change rate is F0, which is also in euros per dollar. You take your (1þ�)�T dollars and invest
them in U.S. T-bills that have a return of �.

When the forward contract expires, you will have 1 dollar. This is because your
(1 þ �)�T dollars will have grown by the factor (1 þ �)T, so (1 þ �)�T (1 þ �)T ¼ 1.
Your forward contract obligates you to deliver the dollar, for which you receive F(0,T)
euros. In effect, you have invested S0(1 þ �)�T and received F(0,T) euros. Since the
transaction is riskless, your return should be the euro rate, r; that is,

F(0,T) ¼ S0(1 þ �)�T(1 þ r)T.

This relationship is called interest rate parity.1 It is sometimes ex-
pressed as

F(0,T) ¼ S0(1 þ r)T/(1 þ �)T.

Numerical Example Consider the following example from a
European perspective. On June 9 of a particular year, the spot rate for dollars was
0.7908 euros. The U.S. interest rate was 5.84 percent, while the euro interest rate was
3.59 percent. The time to expiration was 90/365 ¼ 0.2466. Recall, we have

F(0,T) ¼ €0.7908(1.0584)�0.2466(1.0359)0.2466 ¼ 0.7866 euros.

Thus, the forward rate should be about 0.7866 euros.
Interest rate parity can be confusing to some people because of the difference in the

way the rates can be quoted. Many times you may see interest rate parity stated as F(0,T) ¼
S0(1þ�)T (1þ r)�T. This is correct if the spot rate is quoted in units of the foreign currency.
In our euro example, we could have stated the spot rate as 1/€ 0.7908 ¼ 1.2645 dollars per
euro. In that case the forward rate would be stated in dollars per euro and the formula would
be correctly given as F(0,T) ¼ S0(1 þ�)T (1 þ r)�T with� being the foreign rate and r being
the domestic rate. An easy way to remember this is that the factor for the interest rate for a
given country multiplies by the spot quote stated in that country’s currency. The other inter-
est rate factor then appears with the�T in the exponent or simply in the denominator to the
power T.

As we noted earlier in the chapter, when a forward rate is quoted in units of the do-
mestic currency (for example, the dollar quoted per euros), when the forward rate is
higher than the spot rate, the forward rate is said to be at a premium. Since the word
“premium” tends to imply something higher, we have another reason to quote the cur-
rency in terms of the domestic currency. Had we quoted it the other way, a higher for-
ward rate would imply a discount.

It has become common in discussions of international finance to interpret a forward
premium (discount) as implying that the currency is expected to strengthen (weaken).
Unfortunately, this is a mistaken belief. The principle of arbitrage is what gives rise to a
forward premium or discount. If a person could convert his or her domestic currency to
a foreign currency, lock in a higher risk-free return, and convert back with the currency

1There are also several common variations of this formula. It is sometimes approximated as F(0,T) ¼ S0(1 þ
r � �)T and sometimes as F(0,T) ¼ S0(1 þ rT)/(1 þ �T) where T is days/360 or 365. The latter formula
would be the case if r and � were in the form of LIBOR as discussed in previous chapters. Interest is added
to the principal in the form of 1 þ r(180/360). If the interest rates are continuously compounded, the for-
mula would be Fð0,TÞ ¼ S0eðrc��cÞT.

Interest rate parity, the relationship be-
tween futures or forward and spot ex-
change rates, is determined by the
relationship between the risk-free interest
rates in the two countries.
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risk-hedged, everyone would do this, which would erase any possibility of being able to
earn a return better than the domestic risk-free rate. Any forward premium or discount
is caused strictly by a difference in the interest rates of the two countries. If the domestic
rate is lower and one forgoes the domestic risk-free return to earn the higher foreign
risk-free return, the currency must sell at a forward rate proportional to the relative in-
terest earned and given up. This has nothing to do with what people expect the spot rate
to do in the future. People may have quite different beliefs about what might happen to
spot rates, but we know they would agree that the forward rate must align with the spot
rate by the proportional interest factors, or, in other words, by interest rate parity.

Although currency futures contracts are not traded as heavily as currency forwards,
interest rate parity is also applicable to pricing those instruments, at least under the as-
sumptions we have made here. Therefore,

f0(T) ¼ S0(1 þ r)T/(1 þ �)T.

The value of currency forward contracts, following the same ap-
proach as used with stock index forwards, is

Vt(0,T) ¼ St(1 þ �)�(T�t) � F(0,T)(1 þ r)�(T�t),

where � is the foreign interest rate.

Commodities and Storage Costs
In this section we consider commodity futures contracts and the impact of storage costs.
For simplicity, assume that the storage cost for holding the underlying commodity, s, is
paid at the end of the period. Now suppose that an investor buys the commodity at a
spot price of S0 and sells a futures contract at a price of f0(T).

At expiration, the commodity is sold at ST; the storage cost, s, is paid; and the futures
contract generates a cash flow of �(fT(T) � f0(T)), which equals �(ST � f0(T)). Thus,
the total cash flow at expiration is �s þ f0(T). This amount is known in advance; there-
fore, the current value of the portfolio must equal the present value of �s þ f0(T). The
current portfolio value is simply the amount paid for the commodity, S0. Putting these
results together gives

S0 ¼ (f0(T) � s)(1 þ r)�T,

or

f0(T) ¼ S0(1 þ r)T þ s.

Here we see that the futures price is the spot price compounded at the risk-
free rate plus the storage costs. We will explore commodity futures in more
detail when risk premiums are discussed next.

PRICING MODELS AND RISK PREMIUMS
In this section we make the connection between forward or futures contract pricing and
risk premiums. Recall from Chapter 1 (and other courses you may have taken) that a
risk premium is the additional return expected in order to justify taking on the risk.
You may already be familiar with asset pricing models, such as the famous Capital Asset
Pricing Model, which give the relationship between expected return and risk. In this

The value of a foreign currency forward
contract is the spot exchange rate dis-
counted at the foreign interest rate minus
the present value of the forward exchange
rate.

The price of a commodity futures contract
is the spot price compounded to expiration
at the risk-free rate plus the storage costs.

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance
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section, we want to determine whether futures and forward contracts provide risk
premiums to parties that take positions in these contracts.

In the previous section we saw that forward and futures prices can differ but that the
differences are usually quite small. To make things sound a little smoother, we shall stop
referring to these contracts as both forward and futures contracts and shall simply refer
to them as futures contracts. We shall assume that marking to market is done only on
the expiration day, thus making a futures contract essentially a forward contract.

Before exploring risk premiums with futures contracts, let us review a few principles
for determining spot prices from risk premiums and carry arbitrage.

Spot Prices, Risk Premiums, and Carry
Arbitrage for Generic Assets
Let us first establish a simple framework for valuing generic spot assets. Let S0 be the
spot price, s be the cost of storing the asset over a period of time from 0 to T, and iS0
be the interest forgone on S0 dollars invested in the asset over that period of time.

First, let us assume that there is no uncertainty of the future asset price. Then, we can say
that ST will be the asset price at T for sure. Thus, the current price of the asset would have to be

S0 ¼ ST � s � iS0.

In other words, the asset price today would simply be the future
price less the cost of storage and interest. No one would pay more
than this amount, because storage and interest costs would wipe out
any profit from holding it. No one would sell it for less than this
amount, because someone would always be willing to pay more, up

to the amount given in the above formula.
If we relax the assumption of a certain future asset price, then we must use the expected

future asset price, E(ST). If investors are risk neutral, however, they will be willing to hold
the asset without any expectation of receiving a reward for bearing risk. In that case,

S0 ¼ E(ST) � s � iS0.

In other words, the price today is the expected future price, less the
storage and interest costs.

Most investors, however, are risk averse and consequently would
not pay this much for the asset. They would pay a smaller amount,
the difference being the risk premium. Let us denote that risk pre-

mium by E(�). Then the current price would be

S0 ¼ E(ST) � s � iS0 � E(�).

In other words, in the real world of risk-averse investors, the current
spot price is the expected future spot price, less any storage costs, less
the interest forgone, and less the risk premium.

This statement is quite general and does not tell us anything about
how the risk premium is determined. For financial assets, there are few if

any storage costs, but in that case we just set s ¼ 0. The above statement is a powerful re-
minder that asset prices must reflect expectations, the costs of ownership—both explicit and
implicit—and a reward for bearing risk.

Let us make one final refinement. Recall that we discussed futures and forward con-
tracts in which the underlying pays a cash return. Now let us make that assumption
again, with the cash return being in the form of interest or a dividend. Let us capture

Under certainty, today’s spot price equals
the future spot price minus the cost of
storage and the interest forgone.

Under uncertainty and risk neutrality, to-
day’s spot price equals the expected future
spot price minus the cost of storage and the
interest forgone.

Under uncertainty and risk aversion, today’s
spot price equals the expected future spot
price, minus the storage costs, minus the
interest forgone, minus the risk premium.
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this effect by reducing the interest opportunity cost by any such cash flows paid by the as-
set. So from now on let us remember that iS0 is the interest forgone, less any cash flow—
interest or dividends—received. We shall call this the net interest. Note that if the dividend
or coupon interest rate is high enough, it can exceed the interest opportunity cost, making i
be negative. This is not a problem and is, in fact, not all that rare. When a bond with a
high coupon rate is held in an environment in which rates are low, the net interest can
easily be negative.

The combination of storage costs and net interest, s þ iS0, is re-
ferred to as the cost of carry and is denoted with the Greek symbol θ
(theta). The cost of carry is positive if the cost of storage exceeds the
net interest and negative if the net interest is negative and large
enough to offset the cost of storing. Sometimes, however, this concept

is referred to as the carry. An asset that has a negative cost of carry, meaning that the net
interest is a net inflow and exceeds the cost of storage, is said to have positive carry. An
asset that has a positive cost of carry is said to have negative carry. For our purposes in
this book, we shall refer to the concept as strictly the cost of carry.

For nonstorable goods, such as electricity, there would not necessarily be a relation-
ship between today’s spot price and the expected future spot price. Supply and demand
conditions today and in the future would be independent. The risk of uncertain future
supplies could not be reduced by storing some of the good currently owned. Large price
fluctuations likely would occur. The cost of carry would be a meaningless concept.

At the other extreme, a commodity might be indefinitely storable. Stocks, metals, and
some natural resources, such as oil, are either indefinitely or almost indefinitely storable.
Their spot prices would be set in accordance with current supply and demand condi-
tions, the cost of carry, investors’ expected risk premia, and expected future supply and
demand conditions.

For many agricultural commodities, limited storability is the rule. Grains have a fairly
long storage life, while frozen concentrated orange juice has a more limited life. In the
financial markets, Treasury bills, which mature in less than a year, have a short storage
life. Treasury bonds, with their longer maturities, have a much longer storage life.

For any storable assets, the spot price is related to the expected future spot price by
the cost of carry and the expected risk premium. We shall use this relationship to help
understand forward and futures pricing.

Forward/Futures Pricing Revisited
Based on this chapter’s previous discussions, we expand now our examination of forward
and futures pricing. In particular, we explore some practical considerations such as the
margin or other collateral requirements and the notion of convenience yield. Consider
the following transaction: You buy the spot asset at a price of S0, and sell a futures contract
at a price of f0(T). At expiration, the spot price is ST and the futures price is fT(T), which
equals ST. At expiration, you deliver the asset. The profit on the transaction is f0(T) � S0
minus the storage costs incurred and the opportunity cost of the funds tied up:

� ¼ f0(T) � S0 � s � iS0 ¼ f0(T) � S0 � �.

Since the expression f0(T) � S0 � � involves no unknown terms, the profit is riskless,
meaning the transaction should not generate a risk premium. The amount invested is S0,
the original price of the spot asset. The profit from the transaction is f0(T) � S0 � �,
which should equal zero. Thus,

f0(T) ¼ S0 þ �.

The cost of carry is the storage cost and
the net interest and represents the cost
incurred in storing an asset.
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The futures price equals the spot price plus the cost of carry. The cost of carry, therefore,
is the difference between the futures price and the spot price and is related to the basis.2

We shall say much more about the basis in Chapter 11.
An alternative interpretation of this transaction is seen in

Figure 9.2. The value of the position when initiated is S0; the value
at expiration is f0(T) � �. Since f0(T) � � is known when the trans-
action is initiated, the transaction is risk-free. So S0 should equal the

present value of f0(T) � � using the risk-free rate. But the present value adjustment has
already been made since � includes the interest lost on S0 over the holding period. Thus,
f0(T) ¼ S0 þ �.

What makes this relationship hold? Assume that the futures price is higher than the
spot price plus the cost of carry:

f0(T) > S0 þ �.

Arbitrageurs will then buy the spot asset and sell the futures contract. This will generate a
positive profit equal to f0(T) � S0 � �. Many arbitrageurs will execute the same transac-
tion, which will put downward pressure on the futures price. When f0(T) ¼ S0 þ �, the
opportunity to earn this profit will be gone.

Now suppose that the futures price is less than the spot price plus the cost of carry;
that is,

f0(T) < S0 þ �.

First, let us assume that the asset is a financial instrument. Then arbitrageurs will sell
short the asset and buy the futures. When the instrument is sold short, the short seller
will not incur the storage costs. Instead of incurring the opportunity cost of funds tied
up in the asset, the short seller can earn interest on the funds received from the short
sale. We shall examine arbitrage transactions in more detail in Chapter 10.

Thus, the cost of carry is not paid but received. The profit thus is S0 þ � � f0(T),
which is positive. The combined actions of arbitrageurs will put downward pressure on
the spot price and upward pressure on the futures price until the profit is eradicated. At
that point, f0(T) ¼ S0 þ �.

Short selling may not actually be necessary for inducing the arbitrage activity. Consider
an investor who holds the asset unhedged. That person could sell the asset and buy a

Figure 9.2 Buy Asset, Sell Futures, and Store Asset

Store and incur costs

Deliver asset on futures contract,
receive ST

Futures contract settles
for gain of –(ST – f0(T))

Buy asset at S0

Sell futures at f0(T)

Costs accumulate to 0

Total value = S0 Total value = f0(T) – 0

Today (0) Expiration (T)

2The basis is usually defined as the spot price minus the futures price, and we shall use this definition in
Chapter 11.

In equilibrium, the futures price equals the
spot price plus the cost of carry.
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futures contract. While the asset is not owned, the arbitrageur avoids the storage costs and
earns interest on the funds received from its sale. At expiration, the arbitrageur takes deliv-
ery and again owns the asset unhedged. The profit from the transaction is S0 þ � � f0(T),
which is positive. Thus, the transaction temporarily removes the asset from the investor’s
total assets, earns a risk-free profit, and then replaces the asset in the investor’s total assets.
Because many arbitrageurs will do this, it will force the spot price down and the futures
price up until no further opportunities exist. This transaction is called quasi arbitrage.

There has been some confusion, even among experts, over whether futures prices re-
flect expectations about future spot prices. Some have said that futures prices provide
expectations about future spot prices, while others have argued that futures prices reflect
only the cost of carry. Still others have said that part of the time futures reveal expecta-
tions and part of the time they reveal the cost of carry. We shall more fully address
the issue of whether futures prices reveal expectations in a later section; here we should
note that both positions are correct. Because the futures price equals the spot price plus
the cost of carry, the futures price definitely reflects the cost of carry. The spot price,
however, reflects expectations. This is a fundamental tenet of spot pricing. Because the
futures price will include the spot price, it too reflects expectations; however, it does so
indirectly through the spot price. The overall process is illustrated in Figure 9.3.

Figure 9.3 How Futures Prices Are Determined

Storage
Market
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f0(T) = S0 + s + iS0
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So far we have assumed the small margin requirement imposed on futures traders is
zero. Suppose now in the transaction involving the purchase of the asset at S0 and sale
of the futures at f0(T), the trader was required to deposit M dollars in a margin account.
Let us assume that the M dollars will earn interest at the risk-free rate. Then at expiration
the trader will have delivered the asset and received an effective price of f0(T) and have
incurred the cost of carry of �. In addition, the trader will be able to release the margin
deposit of M dollars plus the interest on it. Since the total value at expiration, f0(T) � � þ
M þ interest on M, is known in advance, the overall transaction remains risk-free. On the
front end, however, the trader put up S0 dollars to buy the asset and M dollars for the
margin account. The present value of the total value at expiration should, therefore, equal
S0 þ M. Obviously the present value of M plus the interest on M equals M. This means
that S0 must still equal f0(T) � �, giving us our cost of carry model, f0(T) ¼ S0 þ �. If,
however, interest is not paid on the margin deposit, the futures price can be affected by
the loss of interest on the margin account. How the futures price is affected is not clear,
because the trader who does the reverse arbitrage, selling or selling short the asset and
buying the futures, also faces the same margin requirement. Does it really matter? Proba-
bly not. Large traders typically are able to deposit interest-bearing securities. The price we
observe is almost surely being determined by large traders. So it seems reasonable to as-
sume that the margin deposit is irrelevant to the pricing of futures.

For storable assets, as well as for securities that do not pay interest or dividends, the
cost of carry normally is positive. This would cause the futures price to lie above the cur-
rent spot price. A market of this type is referred to as a contango.

Table 9.2 presents some spot and futures prices from a contango
market. The example is for cotton traded on the New York Cotton
Exchange. The cost of carry implied for the October contract is
41.60 � 36.75 ¼ 4.85. Remember that this figure includes the interest

forgone on the investment of 36.75 cents for a pound of cotton and the actual physical
costs of storing the cotton from late September until the contract’s expiration in October.

It would be convenient if fact always conformed to theory. If that were the case, we
would never observe the spot price in excess of the futures price. In reality, spot prices
sometimes exceed futures prices. A possible explanation is the convenience yield.

Convenience Yield We are seeking an explanation for the case in which the futures
price is less than the spot price. If f0(T) ¼ S0 þ � and f0(T) < S0, then � < 0. What type
of market condition might produce a negative cost of carry?

Suppose that the commodity is in short supply; current consumption is unusually
high relative to supplies of the good. This is producing an abnormally high spot price.

TABLE 9.2 AN EXAMPLE OF A CONTANGO MARKET

Cotton (New York Cotton Exchange)

Expiration
Sett lement Price
(Cents per Pound)

Spot (September 26) 36.75

October 41.60

December 42.05

March 42.77

May 43.50

July 43.80

October 45.20

December 45.85

In a contango market, the futures price
exceeds the spot price.
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The current tight market conditions discourage individuals from storing the commodity.
If the situation is severe enough, the current spot price could be above the expected
future spot price. If the spot price is sufficiently high, the futures price may lie below it.
The relationship between the futures price and the spot price is then given as

f0(T) ¼ S0 þ � � �,

where χ (chi) is simply a positive value that accounts for the differ-
ence between f0(T) and S0 þ �. If � is sufficiently large, the futures
price will lie below the spot price. This need not be the case, however,
since � can be small.

The value � often is referred to as the convenience yield. It is the
premium earned by those who hold inventories of a commodity that

is in short supply. By holding inventories of a good in short supply, one could earn an
additional return, the convenience yield. Note that we are not saying that the commodity
is stored for future sale or consumption. Indeed, when the spot price is sufficiently high,
the return from storage is negative. There is no incentive to store the good. In fact, there
is an incentive to borrow as much of the good as possible and sell short.

For some assets a convenience yield can be viewed as a type of nonpecuniary return.
For example, consider a person who owns a house, which usually offers some potential
for price appreciation but the expected gain is rarely sufficient to compensate for the
risk involved. In some cases, the expected gain may be no more or even less than the
risk-free rate. The house, however, provides a nonpecuniary yield, which is the utility
from living in the house. The buyer of the house is normally willing to pay more, thereby
reducing the expected return, for the right to live in the house.

When the commodity has a convenience yield, the futures price may be less than
the spot price plus the cost of carry. In that case, the futures is said to be at less
than full carry.

A market in which the futures price lies below the current spot price
is referred to as backwardation or sometimes an inverted market. An
example of a backwardation market is presented in Table 9.3.

This example is taken from a day in the month of November.
Since there is a November futures contract, the price of this contract is a good proxy
for the spot price. Note that the November futures price of 563.25 is higher than all of
the other futures prices. Clearly in this case, there is a convenience yield associated with
the spot price. Soybeans are probably in short supply, but this shortage is likely to be

TABLE 9.3 AN EXAMPLE OF A BACKWARDATION MARKET

Soybeans (Chicago Board of Trade)

Expiration Price (Cents per Bushel)

November 563.25

January 558.50

March 552.75

May 545.75

July 543.25

August 536.50

September 520.50

November 502.25

The convenience yield is the additional re-
turn earned by holding a commodity in short
supply or a nonpecuniary gain from an
asset.

In a backwardation market, the spot price
exceeds the futures price.
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alleviated over the next year because all of the futures prices are clearly below the spot
price and the cost of carry.

It is not uncommon to see characteristics of both backwardation and contango in a
market at the same time. Table 9.4 shows this case for soybean meal, from an example
taken in the month of November. Note that the spot price is lower than the December
contract price, which is lower than the January contract price. Note, however, that the
May contract price is lower than the March contract price. This downward pattern con-
tinues, and the prices of all contracts expiring in September of the following year or later
are lower than the spot price.

Another factor that can produce backwardation in commodity markets is the inability
to sell the commodity short and the reluctance on the part of holders of the commodity
to sell it when its price is higher than it should be and replace it with an underpriced
long futures contract. In the previous section we referred to this as quasi arbitrage. If
quasi arbitrage is not executed in sufficient volume to bring the futures price to its theo-
retical fair price, then we could see backwardation. The spot price becomes too high and
there is no one willing to sell the asset and replace it with a futures contract or no one
able to sell short the asset.

Of course for financial assets, the cost of storage is negligible, and the supply of the
commodity is fairly constant. Yet we still often observe an inverted market. For interest-
sensitive assets like Eurodollars and Treasury bonds, either backwardation or contango
can be observed. Later in this chapter we shall look at some other reasons why financial
futures prices can be below spot prices.

With these concepts in mind, we now turn to an important and highly controversial
issue in futures markets: Do futures prices contain a risk premium?

Futures Prices and Risk Premia
We have already discussed the concept of a risk premium in spot prices. No one would
hold the spot commodity unless a risk premium was expected. Although investors do not
always earn a risk premium, they must expect to do so on average. Is there a risk pre-
mium in futures prices? Are speculators in futures contracts rewarded, on average, with a
risk premium? There are two schools of thought on the subject.

TABLE 9.4 AN EXAMPLE OF A SIMULTANEOUS

BACKWARDATION AND CONTANGO MARKET

Soybean Meal (Chicago Board of Trade)

Expiration Price (Cents per Bushel)

Spot (November 8) 159.50

December 163.50

January 164.40

March 164.80

May 163.00

July 162.40

August 161.10

September 158.30

October 154.90

December 155.10

January 154.10
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No Risk Premium Hypothesis Consider a simple futures market in which there are
only speculators. The underlying commodity is the total amount of snowfall in inches in
Vail, Colorado in a given week. The contracts are cash settled at expiration. Individuals
can buy or sell contracts at whatever price they agree on. Similar derivatives exist on the
over-the-counter market.

For example, suppose two individuals make a contract at a price of 30. If the total
snowfall is above 30 at expiration, the trader holding the short position pays the holder
of the long position a sum equal to the total snowfall minus 30. Though the ski resorts
and merchants have exposures highly correlated with the level of snowfall, no one can
actually “hold” the commodity, so there is no hedging or arbitrage.

Now suppose that after a period of several weeks, it is obvious that the longs are con-
sistently beating the shorts. The shorts conclude that it is a good winter for skiing.
Determined to improve their lot, those individuals who have been going short begin to
go long. Of course, those who have been going long have no desire to go short. Now
everyone wants to go long, and no one will go short. This drives up the futures price to
a level at which someone finds it so high that it looks good to go short. Now suppose the
price has been driven up so high that the opposite occurs: The shorts begin to consis-
tently beat the longs. This causes the longs to turn around and go short. Ultimately an
equilibrium must be reached in which neither the longs nor the shorts consistently beat
the other side. In such a market, there is no risk premium. Neither side wins at the
expense of the other.

In futures markets, this argument means that on average the
futures price today equals the expected price of the futures contract
at expiration; that is, f0(T) ¼ E(fT(T)). Because the expected futures
price at expiration equals the expected spot price at expiration,
E(fT(T)) ¼ E(ST), we obtain the following result:

f0(T) ¼ E(ST).

This is an extremely important and powerful statement. It says that the futures price is
the market’s expectation of the future spot price. If one wishes to obtain a forecast of the
future spot price, one need only observe the futures price. In the language of economists,
futures prices are unbiased expectations of future spot prices.

As an example, on September 26 of a particular year the spot price of silver was $5.58
per troy ounce. The December futures price was $5.64 per troy ounce. If futures prices
contain no risk premium, the market is forecasting that the spot price of silver in
December will be $5.64. Futures traders who buy the contract at $5.64 expect to sell it
at $5.64.

Figure 9.4 illustrates a situation that is reasonably consistent with this view. The May
wheat futures contract is shown, along with the spot price for a period of 20 weeks prior
to expiration. Both prices fluctuate, and the spot price exhibits a small risk premium, as
suggested by the slight upward trend.3 The futures price, however, follows no apparent
trend.

We must caution, of course, that this is just an isolated case. The question of whether
futures prices contain a risk premium, must be answered by empirical studies. First,
however, let us turn to the arguments supporting the view that futures prices do contain
a risk premium.

Asset Risk Premium Hypothesis If a risk premium were observed, we would see that

E(fT(T)) > f0(T).

If the futures price does not contain a risk
premium, then speculators are not re-
warded for taking on risk. Futures prices
will then be unbiased expectations of future
spot prices.

3The upward drift, however, could also be due to the risk-free rate or possibly the storage costs.
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The futures price would be expected to increase. Buyers of futures contracts at price
f0(T) would expect to sell them at E(fT(T)). Since futures and spot prices should
converge at expiration, E(fT(T)) ¼ E(ST),

E(fT(T)) ¼ E(ST) > f0(T).

From this we conclude that the futures price is a low estimate of the expected future spot
price.

Consider a contango market in which the cost of carry is positive. Holders of the
commodity expect to earn a risk premium, E(�), given by the following formula covered
earlier in this chapter:

E(ST) ¼ E(S0) þ � þ E(�),

where � is the cost of carry and E(�) is the risk premium. Because f0(T) ¼ S0 þ �, then
S0 = f0(T) � �. Substituting for S0 in the formula for E(ST), we get

E(ST) ¼ f0(T) � � þ � þ E(�),

or simply,

E(ST) ¼ f0(T) þ E(�) ¼ E(fT(T)).

The expected futures price at expiration is higher than the current futures price by the
amount of the risk premium. This means that buyers of futures contracts expect to earn
a risk premium. They do not, however, earn a risk premium because the futures contract
is risky. They earn the risk premium that existed in the spot market; it was merely trans-
ferred to the futures market.

Now, consider the silver example in the previous section. The spot price is $5.58,
and the December futures price is $5.64. The interest lost on $5.58 for two months is
about $0.05. Let us assume that the cost of storing silver for two months is $0.01.

Figure 9.4 An Example of No Risk Premium: May Wheat
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Let us also suppose that buyers of silver expect to earn a $0.02 risk premium. Thus, the
variables are

S0 ¼ 5.58
f0(T) ¼ 5.64

� ¼ 0.05 þ 0.01 ¼ 0.06
E(�) ¼ 0.02.

The expected spot price of silver in December is

E(ST) ¼ S0 þ � þ E(�) ¼ 5.58 þ 0.06 þ 0.02 ¼ 5.66.

Because the expected spot price of silver in December equals the expected futures price
in December, E(fT(T)) ¼ 5.66. This can also be found as

E(fT(T)) ¼ f0(T) þ E(�) ¼ 5.64 þ 0.02 ¼ 5.66.

Futures traders who buy the contract at 5.64 expect to sell it at 5.66 and earn a risk pre-
mium of 0.02. The futures price of 5.64 is an understatement of the expected spot price
in December by the amount of the risk premium.

The process is illustrated as follows:

Spot: Buy silver
$5.58

Store and
incur costs
þ $0.06

Expected
risk premium
þ $0.02

Expected
selling price
¼ $5.66

Futures: Buy silver
futures
$5.64

Expected
risk premium
þ $0.02

Expected
selling price
¼ $5.66

The idea that futures prices contain a risk premium was proposed
by two famous economists, Keynes (1930) and Hicks (1939). They
argued that futures and spot markets are dominated by individuals
who hold long positions in the underlying commodities. These indi-
viduals desire the protection afforded by selling futures contracts.

That means they need traders who are willing to take long positions in futures. To induce
speculators to take long positions in futures, the futures price must be below the expected
price of the contract at expiration, which is the expected future spot price. Keynes and
Hicks argued, therefore, that futures prices are biased expectations of future spot prices,
with the bias attributable to the risk premium. This perspective is known as the risk
premium hypothesis. Based on the carry arbitrage model, the risk premium in futures
prices exists only because it is transferred from the spot market.

An example of such a case is shown in Figure 9.5, which illustrates a June S&P 500
futures contract. Both the spot and futures prices exhibit an upward trend.4 Again,
however, we must caution that this is only an isolated case.

How can we explain the existence of a risk premium when we argued earlier that nei-
ther longs nor shorts would consistently win at the expense of the other side? The major
difference in the two examples is the nature of the spot market. In the first example, in
which the futures contract was on snowfall, there was no opportunity to take a “posi-
tion” in the spot market. In fact, there was no spot market; futures traders were simply
competing with one another in a pure gambling situation. When we allow for a spot
market, we introduce individuals who hold speculative long positions in commodities.

If the futures price contains a risk premium,
then speculators are rewarded for taking
on risk. Futures prices will then be biased
expectations of future spot prices.

4Again the upward drift in the spot price could be due to the risk-free rate.
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If the positions are unhedged, these individuals expect to earn a risk premium. If they
are unwilling to accept the risk, they sell futures contracts. They are, in effect, purchasing
insurance from the futures traders, and in so doing they transfer the risk and the risk
premium to the futures markets.

This explanation is useful in seeing why futures markets should not be viewed as a
form of legalized gambling. There are probably no greater risk takers in our society
than farmers. They risk nearly all of their wealth on the output of their farms, which
are subject to the uncertainties of weather, government interference, and foreign compe-
tition, not to mention the normal fluctuations of supply and demand. Farmers can lay
off some or all of that risk by hedging in the futures markets. In so doing, they transfer
the risk to parties willing to bear it. Yet no one would call farming legalized gambling.
Nor would anyone criticize pension fund portfolio managers for gambling when they
purchase stocks. Futures markets, and indeed all derivative markets, serve a purpose
in facilitating risk transfer from parties not wanting it to parties willing to take it—for
a price.

What about situations in which the hedgers buy futures? This would occur if hedgers
were predominantly short the commodity. This would drive up futures prices, and fu-
tures prices would, on average, exhibit a downward trend as contracts approached expi-
ration. Futures prices would overestimate future spot prices. Speculators who sold futures
would earn a risk premium.

A market in which the futures price is below the expected future spot price is called
normal backwardation, and one in which the futures price is above the expected
future spot price is called normal contango. The choice of names for these markets

Figure 9.5 An Example of a Risk Premium: S&P 500 Futures and Spot
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is a bit confusing, and they must be distinguished from simply contango and back-
wardation.

Contango: S0 < f0(T)

Backwardation: f0(T) < S0
Normal Contango: E(ST) < f0(T)

Normal Backwardation: f0(T) < E(ST)

Because the spot price can lie below the futures price, which in turn can lie below the
expected future spot price, we can have contango and normal backwardation simulta-
neously. We can also have backwardation and normal contango simultaneously.

Which view on the existence of a risk premium is correct? Since there is almost
certainly a risk premium in spot prices, the existence of hedgers who hold spot positions
means that the risk premium is transferred to futures traders. Thus, there would seem to
be a risk premium in futures prices. If there are not enough spot positions being hedged,

however, or if most hedging is being done by investors who are short in the
spot market, there may be no observable risk premium in futures prices.
Empirical studies have given us no clear-cut answer and suggest that the
issue is still unresolved.

Put-Call-Forward/Futures Parity
Recall from Chapter 3 that we examined put-call parity: the relationship between put
and call prices and the price of the underlying stock, the exercise price, the risk-free
rate, and the time to expiration. We derived the equation by constructing a risk-free
portfolio. Now we shall examine put-call-forward/futures parity with puts, calls, and
forward or futures contracts. To keep things as simple as possible, we shall assume the
risk-free rate is constant. This allows us to ignore marking to market and treat futures
contracts as forward contracts. We assume the options are European.

The first step in constructing a risk-free portfolio is to recognize that if the exercise
price is set to the futures price, a combination of a long call and a short put is equivalent
to a (long) futures contract. In fact, a long-call/short-put combination is called a syn-
thetic futures contract. A risk-free portfolio would consist of a long futures contract
and a short synthetic futures contract. Selling the synthetic futures contract requires sell-
ing a call and buying a put.

Consider the portfolios illustrated in Table 9.5. We construct two portfolios, A and B.
Examining the payoffs at expiration reveals that a long futures and a long put is equiva-
lent to a long call and long risk-free bonds with a face value of the difference between
the exercise price (X) and the futures price (f0(T)). If f0(T) is greater than X, as it could

TABLE 9.5 PUT-CALL-FORWARD/FUTURES PARITY

Payoffs from Portfol io Given Stock
Price at Expiration

Portfol io Current Value ST ≤ X ST > X

A. Futures 0 ST � f0(T) ST � f0(T)

Put Pe(S0,T,X)
X� ST

X� f 0ðTÞ
0

ST � f 0ðTÞ
B. Call Ce(S0,T,X) 0 ST �X

Bonds (X � f0(T))(1 þ r)–T
X� f 0ðTÞ
X� f 0ðTÞ

X� f 0ðTÞ
ST � f 0ðTÞ

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance

312 Part II Forwards, Futures, and Swaps

http://www.cengage.com/finance/chance
http://www.cengage.com/finance/chance


easily be, then instead of long bonds, you will take out a loan for the present value of
f0(T) � X, promising to pay back f0(T) � X when the loan matures at the options’ expi-
ration. With equivalent payoffs, the value of portfolio A today must equal the value of
portfolio B today. Thus,

Pe(S0,T,X) ¼ Ce(S0,T,X) þ (X � f0(T))(1 þ r)�T.

We can, of course, write this several other ways, such as

Ce(S0,T,X) � Pe(S0,T,X) ¼ (f0(T) � X))(1 þ r)�T.

Notice that whether the put price exceeds the call price depends on whether the exercise
price exceeds the futures price. If the parity is violated, it may be possible to earn an arbi-
trage profit. Of course, futures can be replaced with forwards under our assumptions.

Numerical Example A good instrument for examining put-call-forward/futures par-
ity is the S&P 500 index options and futures. The options are European and trade on the
CBOE, while the futures trade on the Chicago Mercantile Exchange. Suppose on May 14
the S&P 500 index was 1337.80 and the June futures was at 1339.30. The June 1340 call
was at 40, and the put was at 39. The expiration date was June 18, and the risk-free rate
was 4.56 percent.

Since there are 35 days between May 14 and June 18, the time to expiration is 35/365 ¼
0.0959. The left-hand side of the first put-call-futures parity equation is

Pe(S0,T,X) ¼ 39.

The right-hand side is

Ce(S0,T,X) þ (X � f0(T))(1 þ r)�T

¼ 40 þ (1340 � 1339.30)(1.0456)�0.0959

¼ 40.70.

Thus, if you bought the put and futures, paying 39, and sold the call and the bond, re-
ceiving 40.70, the two portfolios will offset at expiration. So there is no risk and yet you
earn a net gain of 40.70 � 39 ¼ 1.70. Of course transaction costs might consume the
difference.

PRICING OPTIONS ON FUTURES
In this section, we shall look at some principles of pricing options on futures. These
principles are closely related to the principles of pricing ordinary options that were es-
tablished in Chapters 3, 4, and 5 but also tie in with the principles of pricing futures
contracts, as covered in this chapter. We will make the assumptions that the options
and the futures contracts expire simultaneously and that the futures price equals the for-
ward price.

Intrinsic Value of an American Option on Futures
The minimum value of an American call on a futures is its intrinsic value. We can
formally state this as

Ca(f0(T),T,X) ≥ Max(0, f0(T) � X),

where Max(0, f0(T) � X) is the intrinsic value. It is easy to see that this statement must
hold for options on futures in the same way as for options on the spot. If the call price is

Put-call-futures parity is the relationship
between the prices of puts, calls, and fu-
tures on an asset. With minimal assump-
tions, futures can be replaced by forwards.
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less than the intrinsic value, the call can be bought and exercised.
This establishes a long position in a futures contract at the price of
X. The futures is immediately sold at the price of f0(T), and a risk-
free profit is made.

Consider a March 1390 S&P 500 option on futures. The underlying
futures price is 1401. The intrinsic value is Max(0, 1401 � 1390) ¼ 11. The call is actually
worth 49.20. The difference of 49.20 � 11 ¼ 38.20 is the time value. Like the time value
on an option on the spot, the time value here decreases as expiration approaches. At
expiration, the call must sell for its intrinsic value.

The intrinsic value of an American put option on futures establishes its minimum
value. This is stated as

Pa(f0(T),T,X) ≥ Max(0, X � f0(T)),

where Max(0, X � f0(T)) is the intrinsic value. Again, if this is not
true, the arbitrageur can purchase the futures contract and the put,
immediately exercise the put, and earn a risk-free profit.

TheMarch1405S&P500putoptionon futureswaspricedat 44.60.The
futures price was 1401. Theminimum value isMax(0, 1405� 1401)¼ 4.

The difference between the put price, 44.60, and the intrinsic value, 4, is the time
value, 40.60. The time value, of course, erodes as expiration approaches. At expiration,
the put is worth the intrinsic value.

Lower Bound of a European Option on Futures
The intrinsic values apply only to American options on futures. This is because early ex-
ercise is necessary to execute the arbitrage. As you should recall from our study of op-
tions on stocks, we can establish a lower bound for a European option.

Let us first look at the call option on futures. We construct two portfolios, A and B.
Portfolio A consists of a single long position in a European call. Portfolio B consists of a
long position in the futures contract and a long position in risk-free bonds with a face
value of f0(T) � X. Note that if X is greater than f0(T), this is actually a short position in
bonds and thus constitutes a loan in which we pay back X � f0(T) at expiration. We do
not really care whether we are borrowing or lending. As long as we keep the signs cor-
rect, we will obtain the desired result in either case. Table 9.6 presents the outcomes of
these portfolios.

If fT(T) ≤ X, the call expires worthless. The futures contract is worth fT(T) � f0(T),
and the bonds are worth f0(T) � X; thus, portfolio B is worth fT(T) � X. If fT(T) > X,
the call is worth fT(T) � X, the intrinsic value, and portfolio B is still worth fT(T) � X.

TABLE 9.6 THE LOWER BOUND OF A EUROPEAN CALL OPTION

ON FUTURES: PAYOFFS AT EXPIRATION OF

PORTFOLIOS A AND B

Portfol io Instrument Current Value

Payoffs from Portfol io Given Futures
Price at Expirat ion

fT(T) ≤ X fT(T) > X

A Long call Ce(f0(T),T, X) 0 fT(T) � X

B Long futures 0 fT(T) � f0(T) fT(T) � f0(T)

Bond (f0(T) � X)(1 þ r)�T þf 0ðTÞ � X
fTðTÞ � X

þf 0ðTÞ � X
fTðTÞ � X

The intrinsic value of an American call op-
tion on a futures is the greater of zero or the
difference between the futures price and
the exercise price.

The intrinsic value of an American put op-
tion on a futures is the greater of zero or the
difference between the exercise price and
the futures price.
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As you can see, portfolio A does at least as well as portfolio B in all cases; therefore, its
current value should be at least as high as portfolio B’s. We can state this as

Ce(f0(T),T,X) ≥ (f0(T) � X)(1 þ r)�T.

Because an option cannot have negative value,

Ce(f0(T),T,X) ≥ Max[0,(f0(T) � X)(1 þ r)�T].

Note that we used an important result from earlier in this chapter:
The value of a futures contract when initially established is zero.
Thus, portfolio B’s value is simply the value of the risk-free bonds.

This result establishes the lower bound for a European call on the fu-
tures. Remember that a European call on the spot has a lower bound of

Ce(S0,T,X) ≥ Max[0,S0 � X(1 þ r)�T].

As we saw earlier in this chapter, in the absence of dividends on the spot instrument, the
futures price is

f0(T) ¼ S0(1 þ r)T.

Making this substitution for f0(T), we see that these two lower bounds are equivalent. In
fact, if the option and futures expire simultaneously, a European call on a futures is
equivalent to a European call on the spot. This is because a European call can be exer-
cised only at expiration, at which time the futures and spot prices are equivalent.

As an example of the lower bound, let us look at the March 1390 S&P 500 call option
on futures on January 31 of a leap year. The option expires on March 16; thus, there are
45 days remaining and T ¼ 45/365 ¼ 0.1233. The futures price is 1401. The risk-free
rate is 5.58 percent. The lower bound is

Ce(f0,T,X) ≥ Max[0,(1401 � 1390)(1.0558)�0.1233] ¼ 10.93.

The actual call price is 49.20.
Note, however, that the lower bound established here is slightly less than the intrinsic

value of 11. This should seem unusual. For ordinary equity options, the lower bound of
Max[0,S0 � X(1 þ r)�T] exceeds the intrinsic value of Max(0, S0 � X). For options on
futures, however, this is not necessarily so. As we shall see in a later section, this explains
why some American call (and put) options on futures are exercised early.

Now let us look at the lower bound for a European put option on a futures. Again we
shall establish two portfolios, A and B. Portfolio A consists of a long position in the
put. Portfolio B consists of a short position in the futures contract and a long position in
risk-free bonds with a face value of X � f0(T). Again, if f0(T) is greater than X, this is
actually a short position in bonds, or taking out a loan. Table 9.7 illustrates the current
value and future payoff of each portfolio.

By now you should be able to explain each outcome. If fT(T)< X, the put is exercised, so
portfolio A is worth X � fT(T). If fT(T) ≥ X, the put expires worthless. In both cases, the
futures contract in portfolio B is worth �(fT(T) � f0(T)) and the bonds are worth X �
f0(T), for a total of X � fT(T). Portfolio A does at least as well as portfolio B. Thus, the cur-

rent value of A should be at least as great as the current value of B,

Pe(f0(T),T,X) ≥ (X � f0(T))(1 þ r)�T.

Because the option cannot have a negative value,

Pe(f0(T),T,X) ≥ Max[0, (X � f0(T))(1 þ r)�T].

The price of a European call option on a
futures contract must at least equal the
greater of zero or the present value of the
difference between the futures price and
the exercise price.

The price of a European put option on a
futures must at least equal the greater of
zero or the present value of the difference
between the exercise price and the futures
price.
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As we saw with calls, we can substitute S0 for f0(T)(1 � r)�T and see that the lower
bound for a put option on a futures is the same as that for a put option on the spot. As
is true for calls, European put options on futures in which the put and the futures expire
simultaneously are equivalent to options on the spot.

As an example, let us look at the March 1405 S&P 500 put option on futures on Jan-
uary 31, 2000. The futures price is 1401, the time to expiration is 0.1233, and the risk-
free rate is 5.58 percent. The lower bound is

Pe(f0(T),T,X) ≥ Max[0,(1405 � 1401)(1.0558)�0.1233] ¼ 3.97.

The actual price of the put is 44.60. As we saw for equity puts, the European lower
bound will be less than the American intrinsic value. Thus, the actual minimum price
of this American put is its intrinsic value of 1405 � 1401 ¼ 4.

Put-Call Parity of Options on Futures
We have looked at put-call parity for options on stocks. We can also establish a put-call
parity rule for options on futures.

First let us construct two portfolios, A and B. Portfolio A will consist of a long futures
and a long put on the futures. This can be thought of as a protective put. Portfolio B will
consist of a long call and a long bond with a face value of the exercise price minus the
futures price. If X is greater than f0(T), this is indeed a long position in a bond. If f0(T) is
greater than X, then we are simply issuing bonds with a face value of f0(T) � X. In either
case, the cash flow of the bond will be X � f0(T) when it matures on the option expira-
tion day. The payoffs are illustrated in Table 9.8.

As we can see, the two portfolios produce the same result. If the futures price ends up
less than the exercise price, both portfolios end up worth X � f0(T). If the futures price
ends up greater than the exercise price, both portfolios end up worth fT(T) � f0(T).

TABLE 9.7 THE LOWER BOUND OF A EUROPEAN PUT OPTION

ON FUTURES: PAYOFFS AT EXPIRATION OF

PORTFOLIOS A AND B

Portfol io Instrument Current Value

Payoffs from Portfol io Given Futures
Price at Expiration

fT(T) < X fT(T) ≥ X

A Long put Pe(f0(T),T, X) X � fT(T) 0

B Short futures 0 �(fT(T) � f0(T)) �(fT(T) � f0(T))

Bond þ(X � f0(T))(1 þ r)–T
þX� f 0ðTÞ
X� fTðTÞ

þX� f 0ðTÞ
X� fTðTÞ

TABLE 9.8 PUT-CALL PARITY OF OPTIONS ON FUTURES

Portfol io Instrument Current Value

Payoffs from Portfol io Given
Futures Price at Expiration

fT(T) ≤ X fT(T) > X

A Long Futures 0 fT(T) � f0(T) fT(T) � f0(T)

Long Put Pe(f0(T),T, X)
X� fTðTÞ
X� f 0ðTÞ

0
fTðTÞ � f 0ðTÞ

0

B Long Call Ce(f0(T),T, X) 0 fT(T) � X

Bonds (X � f0(T))(1 þ r)–T
X� f 0ðTÞ
X� f 0ðTÞ

X� f 0ðTÞ
fTðTÞ � f 0ðTÞ
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Thus, portfolio B is also like a protective put and its current value must equal the current
value of portfolio A. Since the value of the long futures in portfolio A is zero, we conclude that

Pe(f0(T),T,X) ¼ Ce(f0(T),T,X) þ (X � f0(T))(1 þ r)�T.

As with put-call parity for options on spot assets, we can write this
several different ways, isolating the various terms. Note the similarity
between put-call parity for options on futures and put-call parity for
options on the spot:

Pe(f0(T),T,X) ¼ Ce(f0(T),T,X) � S0 þ X(1 þ r)�T.

Because the futures price must equal S0(1 þ r)T, these two versions of put-call parity
are equivalent. As we stated earlier, in many ways the options themselves are equivalent.

Let us look at the March 1400 puts and calls on the S&P 500 futures on January 31.
As we saw in Chapter 3, we can calculate the put price and compare it to the actual
market price or calculate the call price and compare it to the actual market price. Here,
we shall calculate the put price. The call price is $43.40. The other input values given
earlier are f0 ¼ 1401, r ¼ 0.0558, and T ¼ 0.1233. The put price should be

Pe(f0(T),T,X) ¼ 43.40 þ (1400 � 1401)(1.0558)�0.1233 ¼ 42.41.

The actual put price was 42.40. This is very close, but we should expect a difference be-
cause these are American options and the formula is for European options. The formula
price should be less than the market price, but in this case it is not. The effect of trans-
action costs, however, might explain the difference.

Early Exercise of Call and Put Options on Futures
Recall that in the absence of dividends on a stock, a call option on the stock would not
be exercised early; however, a put option might be. With an option on a futures contract,
either a call or a put might be exercised early. Let us look at the call.

Consider a deep-in-the-money American call. If the call is on the spot instrument, it
may have some time value remaining. If it is sufficiently deep-in-the-money, it will have
little time value. That does not, however, mean it should be exercised early. Disregarding
transaction costs, early exercise would be equivalent to selling the call. If the call is on the
futures, however, early exercise may be the better choice. The logic behind this is that a
deep-in-the-money call behaves almost identically to the underlying instrument. If the
call is on the spot instrument, it will move one for one with the spot price. If the call is
on the futures, it will move nearly one for one with the futures price. Thus, the call on the
futures will act almost exactly like a long position in a futures contract. The investor, how-
ever, has money tied up in the call but because the margin can be met by depositing
interest-earning T-bills, there is no money tied up in the futures. By exercising the call
and replacing it with a long position in the futures, the investor obtains the same opportu-
nity to profit but frees up the funds tied up in the call. If the call were on the spot instru-
ment, we could not make the same argument. The call may behave in virtually the same
manner as the spot instrument, but the latter also requires the commitment of funds.

From an algebraic standpoint, the early-exercise problem is seen by noting that the
minimum value of an in-the-money European call, (f0(T) � X)(1 þ r)�T, is less than
the value of the call if it could be exercised, f0(T) � X. The European call cannot be ex-
ercised, but if it were an American call, it could be.

These points are illustrated in panel a of Figure 9.6. The European call option on fu-
tures approaches its lower bound of (f0(T) � X)(1 þ r)�T. The American call option on

Put-call parity of options on futures is the
relationship among the call price, the put
price, the futures price, the exercise price,
the risk-free rate, and the time to expiration.
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futures approaches its minimum value, its intrinsic value of f0(T) � X, which is greater
than the European lower bound. There is a futures price, f 0ðTÞðaÞ‡, at which the Ameri-
can call will equal its intrinsic value. Above that price, the American call will be exercised
early. Recall that for calls on spot instruments, the European lower bound was higher
than the intrinsic value. Thus, there was no early exercise premium—provided, of course,
that the underlying asset paid no dividends.

For put options on futures, the intuitive and algebraic arguments
work similarly. Deep-in-the-money American puts on futures tend to
be exercised early. Panel b of Figure 9.6 illustrates the case for puts.
The price of European put options on futures approaches its lower
bound of (X � f0(T))(1 þ r)�T, while the price of the American put

option on futures approaches its intrinsic value of X � f0(T). The American intrinsic
value is greater than the European lower bound. There is a price, f 0ðTÞðaÞ‡, at which the

Figure 9.6 American and European Calls and Puts on Futures
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It may be optimal to exercise early either an
American call on a futures or an American
put on a futures.
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American put option on futures would equal its intrinsic value. Below this price, the
American put would be exercised early.

Although these instruments are options on futures, it is conceivable that one would be
interested in an option on a forward contract. Interestingly, these options would not be
exercised early. This is because when exercised, a forward contract is established at the
price of X. A forward contract is not marked to market, however, so the holder of a call
does not receive an immediate cash flow of F(0,T) � X. Instead, that person receives only
a position with a value, as we learned earlier in this chapter, of (F(0,T) � X)(1 þ r)�T.
This amount, however, is the lower bound of a European call on a forward contract. Early
exercise cannot capture a gain over the European call value; thus, it offers no advantage.
Similar arguments hold for early exercise of a European put on a forward contract.

Black Futures Option Pricing Model
Fischer Black (1976) developed a variation of his own Black-Scholes-Merton model for
pricing European options on futures. Using the assumption that the option and the fu-
tures expire simultaneously, the Black model gives the option price as follows:

C ¼ e�rcT½f 0ðTÞNðd1Þ � XNðd2Þ�,
where

d1 ¼
lnðf 0ðTÞ=XÞ þ ð�2=2ÞT

�
ffiffiffi
T

p

d2 ¼ d1 � �
ffiffiffi
T

p
.

Here σ is the volatility of the futures. Note that the expression for d1
does not contain the continuously compounded risk-free rate, rc, as it
does in the Black-Scholes-Merton model. That is because the risk-free
rate captures the opportunity cost of funds tied up in the underlying
asset. If the option is on a futures contract, no funds are invested in the
futures, and therefore there is no opportunity cost. The price of the call

on the futures, however, will be the same as the price of the call on the spot. This is because
when the call on the futures expires, it is exercisable into a futures position, which is
immediately expiring. Thus, the call on the futures, when exercised, establishes a long
position in the spot asset.

To prove that the Black futures option pricing model gives the same price as the
Black-Scholes-Merton model for an option on the spot, notice that in the Black model
N(d1) is multiplied by f0ðTÞe�rcT, while in the Black-Scholes-Merton model it is multi-
plied by S0. We learned earlier in this chapter that with no dividends on the underlying
asset, the futures price will equal S0ercT. Thus, if we substitute S0ercT for f0(T) in the
Black model, the formula will be the same as the Black-Scholes-Merton formula.5

The Black call option on futures pricing
model gives the call price in terms of the
futures price, exercise price, risk-free rate,
time to expiration, and volatility of the
futures.

5This may not be obvious in the formula for d1. If we substitute S0ercT for f0(T) in the above formula for d1,
we obtain

d1 ¼ lnðS0ercT=XÞþ ð�2=2ÞT
�
ffiffiffi
T

p :

The expression lnðS0ercT=XÞ is equivalent to lnS0 þ lnercT � lnX. Now lnercT ¼ rcT, so d1 becomes

d1 ¼ lnðS0=XÞ þ ðrcþ�2=2ÞT
�
ffiffiffi
T

p ,

which is d from the Black-Scholes-Merton formula.
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We know that in the presence of dividends, the futures price is given by the formula
f 0ðTÞ ¼ S0eðrc�δcÞT. Thus, S0 ¼ f 0ðTÞe�ðrc�δcÞT. If we substitute this expression for S0 into
the Black-Scholes-Merton model, we obtain the Black futures option pricing model if the
underlying spot asset—in this case, a stock—pays dividends. The dividends do not show
up in the Black model, however, so we need not distinguish the Black model with and
without dividends. Dividends do affect the call price, but only indirectly, as the futures
price captures all the effects of the dividends.

Another useful comparison of the Black and Black-Scholes-Merton models is to con-
sider how the Black-Scholes-Merton model might be used as a substitute for the Black
model. Suppose that we have available only a computer program for the Black-
Scholes-Merton model, but we want to price an option on a futures contract. We can
do this easily by using the version of the Black-Scholes-Merton model in Chapter 5
that had a continuous dividend yield, and inserting the risk-free rate for the dividend
yield and the futures price for the spot price. The risk-free rate minus the dividend yield
is the cost of carry, so it will equal zero. The Black-Scholes-Merton formula will then be
pricing an option on an instrument that has a price of f0(T) and a cost of carry of zero.
This is precisely what the Black model prices: an option on an instrument—in this case,
a futures contract—with a price of f0(T) and a cost of carry of zero. Remember that the
futures price reflects the cost of carry on the underlying spot asset, but the futures itself
does not have a cost of carry because there are no funds tied up and no storage costs.

Let us now use the Black model to price the March 1400 call option on the S&P 500
futures. Recall that the futures price is 1401, the exercise price is 1400, the time to expi-
ration is 0.1233, and the risk-free rate is ln(1.0558) ¼ 0.0543. We now need only the
standard deviation of the continuously compounded percentage change in the futures
price. For illustrative purposes, we shall use 21 percent as the standard deviation.
Table 9.9 presents the calculations.

The actual value of the call is $43.40. Thus, the call would appear to be underpriced.
As we showed in Chapter 5, an arbitrageur could create a risk-free portfolio by selling
the underlying instrument and buying the call. The hedge ratio would be e�rcTNðd1Þ
futures contracts for each call; however, remember that the model gives the European
option price, so we expect it to be less than the actual American option price.

Your software, BSMbin8e.xls, introduced in Chapter 5, can be used to obtain prices of
options on futures for the Black model. Simply insert the value you used for the risk-free
rate for the continuously compounded dividend yield and insert the futures price for the
underlying asset price.

In Chapter 5 when we studied the Black-Scholes-Merton model, we carefully exam-
ined how the model changes when any of the five underlying variables changes. Many

TABLE 9.9 CALCULATING THE BLACK OPTION ON FUTURES PRICE

f0(T) ¼ 1401 X ¼ 1400 rc ¼ 0.0543 σ ¼ 0.21 T ¼ 0.1233

1. Compute d1 d1 ¼ lnð1401=1400Þ þ ðð0:21Þ2=2Þ0:1233
0:21

ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:1233

p ¼ .0.0466

2. Compute d2 d2 ¼ 0:0466� 0:21
ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:1233

p
¼ �0.0271.

3. Look up N(d1) N(0.05) ¼ 0.5199.

4. Look up N(d2) N(�0.03) ¼ 0.4880.

5. Plug into formula for C C ¼ e–(0.0543)(0.1233)[1401(0.5199) � 1400(0.4880)] ¼ 44.88.
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of these effects were referred to with Greek names like delta, gamma, theta, vega, and
rho. Since the Black model produces the same price as the Black-Scholes-Merton model,
we will get the same effects here. The only difference is that with the Black model we
express these results in terms of the futures price, rather than the spot or stock price.
For any of the formulas in which S0 appears, such as the gamma, vega, and theta, we
simply replace S0 with f 0ðTÞ�rcT. In the case of the delta, we must redefine delta as the
change in the call price for a change in the futures price. For an option on a stock, we
saw that the delta is N(d1). For an option on a futures, the delta is e�rcTNðd1Þ.

We can easily develop a pricing model for European put options on futures from the
Black model and put-call parity. Using the continuously compounded version, put-call
parity is expressed as C� P ¼ ðf 0ðTÞ � XÞe�rcT. Rearranging this expression to isolate
the put price gives

P ¼ C� ðf 0ðTÞ � XÞe�rcT:

Now, we can substitute the Black European call option on futures pricing model for C
in put-call parity and rearrange the terms to obtain the Black European put option on
futures pricing model,

P ¼ Xe�rcT½1� Nðd2Þ� � f 0ðTÞe�rcT½1� Nðd1Þ�.

Some end-of-chapter problems will allow us to use this model and
examine it further.

Earlier we noted that even in the absence of dividends, American
calls on futures might be exercised early. Like options on the spot,
American puts on futures might be exercised early. The Black model

does not price American options, and we cannot appeal to the absence of dividends, as
we could for some stocks, to allow us to use the European model to price an American
option. Unfortunately, American option on futures pricing models are fairly complex and
beyond the scope of this book. It is possible, however, to price American options on
futures using the binomial model. We would fit the binomial tree to the spot price, derive
the corresponding futures price for each spot price, and then price the option using the
futures prices in the tree.

In addition to the problem of using a European option pricing model to price American
options, the Black model has difficulty pricing the most actively traded options on futures,
Treasury bond options on futures. That problem is related to the interest rate component.
The Black model, like the Black-Scholes-Merton model, makes the assumption of a con-
stant interest rate. This generally is considered an acceptable assumption for pricing options
on commodities and sometimes even stock indices. It is far less palatable for pricing options
on bonds. There is a fundamental inconsistency in assuming a constant interest rate while
attempting to price an option on a futures that is on an underlying Treasury bond, whose
price changes because of changing interest rates. More appropriate models are available but
this is an advanced topic that we do not address in this book.

Summary

This chapter presented the principles of pricing for-
ward and futures contracts and options on futures. It
first established the distinction between the price and
value of a forward or futures contract. The value of
both contracts is zero when initiated, but this value
can change to positive or negative during the life of

the contract. The forward or futures price is obtained
as the spot price increased by the cost of carry. Cash
flows paid by the asset or a convenience yield on the
asset reduce the cost of carry and the forward or fu-
tures price. We also looked at the controversy over
whether futures prices contain a risk premium. We

The Black call option on futures pricing
model can be turned into a put option on
futures pricing model by using put-call
parity for options on futures.
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discussed the factors that determine whether futures
and forward prices are equal. We showed how the
prices of puts, calls, and forward or futures contracts
are related. Finally, using material we learned in
Chapters 3 and 5 on the pricing of options, we deter-
mined how options on futures are priced.

Throughout this book we have examined linkages
between spot and derivative markets. In the chapters
on options, we saw that puts and calls are related
(along with risk-free bonds and the underlying asset)
by put-call parity and that options are related to the
underlying asset and risk-free bonds by the Black-

Scholes-Merton model. In this chapter, we added
some more elements to those relationships. We saw
how the forward price is related to the price of the
underlying asset and the risk-free bond through the
cost of carry model. We saw how options on the asset
and forward or futures contracts are related to each
other by put-call-forward/futures parity. We saw how
puts and calls on futures are related to the underlying
asset by the Black model. We illustrate these interrela-
tionships in Figure 9.7. Table 9.10 provides a summary
of the valuation and pricing equations presented in this
chapter.

TABLE 9.10 SUMMARY OF THE PRINCIPLES OF FORWARD/

FUTURES VALUE AND PRICING

Forward Contracts Futures Contracts

Pricing Equations:

At expiration F(T,T) ¼ ST fT(T) ¼ ST
Prior to expiration F(0,T) ¼ S0 þ � � �� f0(T) ¼ S0 þ � � ��

Risk premium F(0,T) ¼ E(ST) � E(�) f0(T) ¼ E(ST) � E(�)

Dividends (discrete) Fð0,TÞ ¼ S0ð1þ rÞT � DT f0ðTÞ ¼ S0ð1þ rÞT � DT

Fð0,TÞ ¼ ðS0 � D0Þð1þ rÞT f 0ðTÞ ¼ ðS0 � D0Þð1þ rÞT
Dividends (continuous) Fð0,TÞ ¼ S0eðrc�δCÞT f 0ðTÞ ¼ S0eðrc��cÞT

Foreign Exchange Fð0,TÞ ¼ S0ð1þ rÞT=ð1þ �ÞT f0ðTÞ ¼ S0ð1þ rÞT=ð1þ �ÞT
Value Equations:

At expiration VTð0,TÞ ¼ ST � Fð0,TÞ vtðTÞ ¼ 0 (after M2M)

Prior to expiration Vtð0,TÞ ¼ St � Fð0,TÞð1þ rÞ�ðT�tÞ vtðTÞ ¼ 0 (after M2M)

Dividends (discrete) Vtð0,TÞ ¼ St � Dt;T � Fð0,TÞð1þ rÞ�ðT�tÞ vtðTÞ ¼ 0 (after M2M)

Dividends (continuous) Vtð0,TÞ ¼ Ste��cðT�tÞ � Fð0,TÞe�rcðT�tÞ vtðTÞ ¼ 0 (after M2M)

Foreign Exchange Vtð0,TÞ ¼ Stð1þ �Þ�ðT�tÞ � Fð0,TÞð1þ rÞ�ðT�tÞ vtðTÞ ¼ 0 (after M2M)

Options on Futures: Call Options Put Options

Minimum value � 0 � 0

Intrinsic value Caðf 0ðTÞ,T, XÞ � Maxð0, f 0ðTÞ � XÞ Paðf 0ðTÞ,T, XÞ � Maxð0, X� f 0ðTÞÞ
Lower bound Ceðf 0ðTÞ,T, XÞ � Max 0,ðf 0ðTÞ � XÞð1þ rÞ�T

h i
Peðf 0ðTÞ,T, XÞ � Max 0, ðX� f 0ðTÞÞð1þ rÞ�T

h i
Caðf 0ðTÞ,T, XÞ � Maxð0, f 0ðTÞ � XÞ Paðf 0ðTÞ,T, XÞ � Maxð0, X� f 0ðTÞÞ

Other Results:

Black OPM C ¼ e�rcT½f 0ðTÞNðd1Þ � XNðd2Þ� P ¼ Xe�rcT½1� Nðd2Þ� � f 0ðTÞe�rcT½1� Nðd1Þ�

d1 ¼ lnðf 0ðTÞ=XÞþð�2=2ÞT
�
ffiffiffi
T

p

d2 ¼ d1 � �
ffiffiffi
T

p

Put-call parity Ce

�
f 0ðTÞ, T, X

�
¼ Pe

�
f 0ðTÞ,T, X

�
Peðf 0ðTÞ, T, XÞ ¼ Ceðf 0ðTÞ,T, XÞ

�
�
X� f 0ðTÞ

�
ð1þ rÞ�T þðX� f 0ðTÞÞð1þ rÞ�T

Effect of dividends No direct effect, forward price lowered
when dividends increase

No direct effect, futures price lowered
when dividends increase

Currency options No direct effect, forward price lowered
when foreign interest rates increase

No direct effect, futures price lowered
when foreign interest rates increase
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As we move into Chapter 10, we should keep a few
points in mind. We can reasonably accept the fact that
forward and futures prices and spot prices are de-
scribed by the cost of carry relationship. We do not
know whether forward and futures prices are unbiased,
but it seems logical to believe that holders of spot posi-
tions expect to earn a risk premium. When they hedge,
they transfer the risk to forward and futures traders. It
is, therefore, reasonable to expect forward and futures

traders to demand a risk premium. Finally, although
we have good reason to believe that forward prices
are not precisely equal to futures prices, we see little
reason to give much weight to the effect of marking
to market on the performance of trading strategies.
Accordingly, we shall ignore its effects in Chapter 10,
which covers arbitrage strategies, and Chapter 11, which
presents hedging strategies, spread strategies, and target
strategies.

Key Terms

Before continuing to Chapter 10, you should be able to give brief definitions of the following terms:

forward or futures price, p. 288
forward or futures value, p. 288
carry arbitrage model, p. 291
cost of carry model, p. 291
Interest rate parity, p. 298
net interest, p. 302
cost of carry, p. 302
carry, p. 302

quasi arbitrage, p. 304
contango, p. 305
convenience yield, p. 306
less than full carry, p. 306
backwardation, p. 306
inverted market, p. 306
risk premium hypothesis,

p. 310

normal backwardation, p. 311
normal contango, p. 311
put-call-forward/futures parity,

p. 312
synthetic futures contract, p. 312
Black model, p. 319

Figure 9.7 The Linkage between Forwards/Futures, Stock, Bonds, Options on the Underlying Asset, and Options on the
Futures
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French, K. C. “Pricing Financial Futures Contracts: An

Introduction.” The Journal of Applied Corporate Fi-
nance 1 (1989): 59�66.

The relationships between futures and forward prices
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Cox, J. C., J. E. Ingersoll, Jr., and S. A. Ross. “The Rela-
tion between Forward Prices and Futures Prices.”
Journal of Financial Economics 9 (1981): 321�346.

Jarrow, R. A. and G. S. Oldfield. “Forward Contracts
and Futures Contracts.” Journal of Financial Eco-
nomics 9 (1981): 373�382.

Some empirical studies on several of the pricing rela-
tionships studied in this chapter are in:
Cornell, B. and M. Reinganum. “Forward and Futures

Prices: Evidence from the Foreign Exchange
Markets.” The Journal of Finance 36 (1981):
1035�1046.

French, K. R. “A Comparison of Futures and Forward
Prices.” Journal of Financial Economics 12 (1983):
311�342.

French, K. R. “Detecting Spot Price Forecasts in Fu-
tures Prices.” The Journal of Business 59 (1986):
S39�S54.

Concept Checks

1. Why is the value of a futures or forward contract
at the time it is purchased equal to zero? Contrast
this with the value of the corresponding spot
commodity.

2. Identify and provide a brief explanation of the
factors that affect the spot price of a storable
asset.

3. If futures prices are less than spot prices, the ex-
planation usually given is the convenience yield.
Explain what the convenience yield is. Then
identify certain assets on which convenience

yields are more likely to exist and other assets on
which they are not likely to be found.

4. What is a contango market? How do we interpret
the cost of carry in a contango market? What is a
backwardation market? How do we explain the
cost of carry in a backwardation market?

5. On September 26 the spot price of wheat was
$3.5225 per bushel and the price of a December
wheat futures was $3.64 per bushel. How do you
interpret the futures price if there is no risk pre-
mium in the futures market?

Questions and Problems

1. On July 10 a farmer observes that the spot price
of corn is $2.735 per bushel and the September
futures price is $2.76. The farmer would like a
prediction of the spot price in September but
believes the market is dominated by hedgers
holding long positions in corn. Explain how the
farmer would use this information in a forecast
of the future price of corn.

2. Explain why American call options on futures
could be exercised early when call options on the
spot are not. Assume that there are no dividends.

3. Describe two problems in using the Black option
on futures pricing model for pricing options on
Eurodollar futures.

4. Explain why the Black option on futures pricing
model is simply a pricing model for options on
instruments with a zero cost of carry.

5. Assume that there is a forward market for a
commodity. The forward price of the commodity
is $45. The contract expires in one year. The risk-
free rate is 10 percent. Now, six months later, the
spot price is $52. What is the forward contract
worth at this time? Explain why this is the correct
value of the forward contract in six months even
though the contract does not have a liquid mar-
ket like a futures contract.

6. On a particular day the S&P 500 futures settle-
ment price was 899.30. You buy one contract at
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around the close of the market at the settlement
price. The next day, the contract opens at 899.70
and the settlement price at the close of the day is
899.10. Determine the value of the futures con-
tract at the opening, an instant before the close,
and after the close. Remember that the S&P fu-
tures contract has a $250 multiplier.

7. Construct an arbitrage example involving an as-
set that can be sold short, and use it to explain
the cost of carry model for pricing futures.

8. On September 26 the spot price of wheat was
$3.5225 per bushel and the price of a December
wheat futures was $3.64 per bushel. The interest
forgone on money tied up in a bushel until ex-
piration is 0.03, and the cost of storing the wheat
is 0.0875 per bushel. The risk premium is 0.035
per bushel.
a. What is the expected price of wheat on the

spot market in December?
b. Show how the futures price is related to the

spot price.
c. Show how the expected spot price at expira-

tion, your answer in part a, is related to the
futures price today.

d. Show how the expected futures price at expi-
ration is related to the futures price today.

e. Explain who earns the risk premium and
why.

9. On a particular day, the September S&P 500
stock index futures was priced at 960.50. The
S&P 500 index was at 956.49. The contract ex-
pires 73 days later.
a. Assuming continuous compounding, suppose

the risk-free rate is 5.96 percent, and the div-
idend yield on the index is 2.75 percent. Is the
futures overpriced or underpriced?

b. Assuming annual compounding, suppose the
risk-free rate is 5.96 percent, and the future
value of dividends on the index is $5.27. Is
the futures overpriced or underpriced?

10. Suppose there is a commodity in which the ex-
pected future spot price is $60. To induce inves-
tors to buy futures contracts, a risk premium of
$4 is required. To store the commodity for the
life of the futures contract would cost $5.50. Find
the futures price.

11. The following information was available:
Spot rate for Japanese yen: $0.009313
730-day forward rate for Japanese yen: $0.010475
(assume a 365-day year)

U.S. risk-free rate: 7.0 percent
Japanese risk-free rate: 1.0 percent
a. Assuming annual compounding, determine

whether interest rate parity holds and, if not,
suggest a strategy.

b. Assuming continuous compounding, deter-
mine whether interest rate parity holds and,
if not, suggest a strategy.

12. On September 12, a stock index futures contract
was at 423.70. The December 400 call was at
26.25, and the put was at 3.25. The index was
at 420.55. The futures and options expire on
December 21. The discrete risk-free rate was 2.75
percent. Determine if the futures and options are
priced correctly in relation to each other. If they
are not, construct a risk-free portfolio and show
how it will earn a rate better than the risk-free
rate.

13. Use the following data from January 31 of a
particular year for a group of March 480 options
on futures contracts to answer parts a through g.

Futures price: 483.10
Expiration: March 18
Risk-free rate: 0.0284 percent (simple)
Call price: 6.95
Put price: 5.25

a. Determine the intrinsic value of the call.
b. Determine the time value of the call.
c. Determine the lower bound of the call.
d. Determine the intrinsic value of the put.
e. Determine the time value of the put.
f. Determine the lower bound of the put.
g. Determine whether put-call parity holds.

14. The put-call parity rule can be expressed as C� P¼
(f0(T) � X)(1þ r)�T. Consider the following data:
f0(T)¼ 102, X¼ 100, r¼ 0.1, T¼ 0.25, C¼ 4, and
P ¼ 1.75. A few calculations will show that the
prices do not conform to the rule. Suggest an
arbitrage strategy and show how it can be used to
capture a risk-free profit. Assume that there are no
transaction costs. Be sure your answer shows the
payoffs at expiration and proves that these payoffs
are riskless.

15. Assume a standard deviation of 8 percent, and
use the Black model to determine if the call op-
tion in problem 18 is correctly priced. If not,
suggest a riskless hedge strategy.
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16. Using the information in the previous problem,
calculate the price of the put described in prob-
lem 18, using the Black model for pricing puts.

17. Suppose the U.S. interest rate for the next six
months is 1.5 percent (annual compounding).
The foreign interest rate is 2 percent (annual
compounding). The spot price of the foreign
currency in dollars is $1.665. The forward price is
$1.664. Determine the correct forward price and
recommend an arbitrage strategy.

18. Suppose you observe a one-year futures price of
$100, the futures option strike price of $90, and a
5 percent interest rate (annual compounding). If
the futures option call price is quoted at $9.40,
identify any arbitrage and explain how it would
be captured.

19. Identify and define three versions of put-call
parity.

20. Using the Black-Scholes-Merton option pricing
model and the generic carry formula for forward
contracts (using continuous compounding),
demonstrate that Ce(S0,T,X) ¼ Ce(f0(T),T,X).

21. (Concept Problem) Suppose that there is a fu-
tures contract on a portfolio of stocks that cur-
rently are worth $100. The futures has a life of
90 days, and during that time the stocks will pay
dividends of $0.75 in 30 days, $0.85 in 60 days,
and $0.90 in 90 days. The simple interest rate is
12 percent.
a. Find the price of the futures contract

assuming that no arbitrage opportunities
are present.

b. Find the value of �, the cost of carry in
dollars.

22. (Concept Problem) Suppose that a futures
margin account pays interest but at a rate that
is less than the risk-free rate. Consider a trader
who buys the asset and sells a futures to form a
risk-free hedge. Would the trader believe the
futures price should be lower or higher than if
the margin account paid interest at the risk-free
rate?
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CHA P T E R 10
Futures Arbitrage Strategies

We use a number of tools to manage our investment portfolio for the highest
return, while minimizing the risk. Some of these tools happen to be called
‘derivatives.’

Anonymous respondent quoted in

1996 Capital Access Survey on Derivatives

This chapter examines arbitrage futures trading strategies. We discussed arbitrage fre-
quently in previous chapters. Arbitrage is one of the mechanisms that links derivative
prices to spot prices. Without arbitrage, the markets would be far less efficient. Derivative
and spot prices, however, do not always conform to their theoretical relationships. When
this happens, arbitrageurs step in and execute profitable transactions that quickly drive
prices back to their theoretical levels. This chapter illustrates some of the arbitrage trans-
actions important to the proper functioning and efficiency of the futures markets. It
should be noted that while we sometimes ignore transaction costs in these examples, in
practice any arbitrage opportunities must be evaluated by considering whether the profits
cover the transaction costs.

Our approach here is to examine four groups of contracts: short-term interest rate fu-
tures contracts, intermediate- and long-term interest rate futures contracts, stock index fu-
tures contracts, and foreign exchange futures contracts. Within each group of contracts,
we shall examine the unique challenges of arbitrage trading with these instruments.

SHORT-TERM INTEREST RATE ARBITRAGE
In the category of short-term interest rate futures, we shall look at Federal funds and
Eurodollar futures strategies. But before we start looking at specific strategies, let us ex-
amine some basic concepts that are used in understanding the arbitrage transactions that
lead to the prices of these types of futures contracts. We begin by looking at the notion
of carry arbitrage and a related concept, the implied repo rate.

Carry Arbitrage and the Implied Repo Rate
In Chapter 9, we saw that the futures price is determined by the spot price and the cost of
carry. The basic arbitrage transaction that determines this relationship often is referred to
as a cash-and-carry arbitrage or the shortened name carry arbitrage. The investor pur-
chases the security in the spot market and sells a futures contract. If the futures contract
is held to expiration, the security’s sale price is guaranteed.1 Since the transaction is risk-
less, it should offer a return sufficient to cover the cost of carry or the financing charge

CHAPTER
OBJECT I V ES

• Illustrate arbitrage
strategies using short-
term interest rate
futures, intermediate-
and long-term interest
rate futures, stock
index futures, and
foreign exchange
futures

• Illustrate how to
determine the
cheapest-to-deliver
bond on the Treasury
bond futures contract

• Examine delivery
options on the
Treasury bond futures
contract

1Recall that this is true because the spot price at expiration equals the futures price at expiration. The profit on
the spot transaction is ST � S0 and the profit on the futures transaction is �(fT(T) � f0(T)). The total profit is
f0(T) � S0. Thus, f0(T) is the effective sale price of the underlying asset.
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from the purchase of the security assuming that the position is financed completely by
borrowing. Because there is no risk, the investor will not earn a risk premium.

Another way to approach this problem is to focus on the rate at which the security’s
purchase can be financed. Often the financing is obtained by means of a repurchase
agreement. A repurchase agreement, or repo, is an arrangement with a financial institu-
tion in which the owner of a security sells that security to the financial institution with
an agreement to buy it back, usually a day later. This transaction is referred to as an
overnight repo. The repo thus is a form of a secured loan. The investor obtains the use
of the funds to buy the security by pledging it as collateral. The interest charged on a
repo is usually quoted and calculated as if there were 360 days in a year, but here we
shall use the assumption of a full 365-day year.

Repurchase agreements are frequently used in transactions involving government se-
curities. Overnight repos are more common, but longer-term arrangements, called term
repos, of up to two weeks are sometimes employed. In cash-and-carry transactions, the
security is considered as being financed by using a repo. If the return from the transac-
tion is greater than the repo rate, the arbitrage will be profitable.

From Chapter 9, the futures-spot price relationship is

f0(T) ¼ S0 þ �.

Since we are focusing on securities here, there is no significant storage cost; thus, the cost
of carry, �, is strictly the interest, iS0. Now let us define the implicit interest cost as

� ¼ f0(T) � S0.

Thus, � is the implied cost of financing expressed in dollars. Suppose
we express it as a percentage of the spot price, �/S0, and denote this
as r̂ . Then r̂ is the implied repo rate. If the cost of financing the
position—the actual repo rate—is less than the implied repo rate,
the arbitrage will be profitable.

Readers familiar with the concept of internal rate of return (IRR) will find that it is
analogous to the implied repo rate. If the arbitrage brings no profit, the cost of financing
is the implied repo rate. In a capital budgeting problem, a zero net present value (NPV)
defines the internal rate of return. If the opportunity cost is less than the IRR, the project
is attractive and produces a positive NPV. Likewise, an arbitrage is profitable if it can be
financed at a rate lower than the implied repo rate.

For example, suppose there is a security that matures at time T and an otherwise
identical security that matures at an earlier time, t. There is also a futures contract that
expires at time t. You buy the longer-term security at a price of S0, finance it at the rate r
(an annualized rate), and sell a futures contract. At time t, the futures expires and you
deliver the security. You have effectively sold the security at t for a price of f0(t). The
profit from the transaction is

П ¼ f0(t) � S0(1 þ r)t.

The term S0(1 þ r)t reflects what you paid for the security, factored up by the cost of
financing over period t. The implied repo rate, r̂ , is the cost of financing that produces
no arbitrage profit; therefore, solving for the rate, we have

r^¼ f 0ðtÞ
S0

� �1=t

� 1:

The exponent 1/t can be easily interpreted as 365/days, where “days” is the number of days
that the transaction is held in place. Raising f0(t)/S0 to this power just annualizes the rate.

The implied repo rate is the return implied
by the carry arbitrage relationship between
spot and futures prices and reflects the
return to a cash-and-carry position.
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There is yet another approach to understanding the basic carry arbitrage. Suppose we
buy the security that matures at time T and simultaneously sell the futures contract that
expires at time t (t < T). When the futures contract expires, we deliver the security,
which has a remaining maturity of T � t. The net effect is that we have taken a security
that matures at T and shortened its maturity to t. Thus, we have created a synthetic
t-period instrument. If the return from the synthetic t-period instrument is greater than
the return from an actual security maturing at t, prices are out of line and an arbitrage
profit is possible.

Federal Funds Futures Carry Arbitrage and
the Implied Repo Rate
Banks keep reserves at Federal Reserve Banks to fulfill their capital reserve requirements.
Reserve balances in excess of reserve requirements held by one bank can be loaned to
other banks with reserve balance deficiencies. These loans are typically very short term,
usually overnight. Federal funds (also known as Fed funds) are reserve balances held at
Federal Reserve Banks that can be loaned to other banks. Federal funds can be held by
commercial banks, thrift institutions, Federal agencies, branches of foreign banks in the
U.S., and government securities dealers. Federal funds rates are highly correlated with
Treasury bill rates, LIBOR, commercial paper rates and somewhat correlated with longer
term corporate and treasury rates. For example, the correlation coefficient between over-
night effective Federal funds rate and one-month LIBOR is estimated to be more than
0.99. Hence arbitrageurs can use other interest rate instruments in their trading activities
rather than just Federal funds. Federal funds are quoted on an add-on interest basis
using an actual day count and a 360-day year.

The federal funds futures contract covers $5,000,000 of federal funds. Hence, one ba-
sis point is worth $41.67 (¼ $5,000,000 � 0.0001 � (30/360)). Prices are quoted as 100
minus the average daily Federal funds overnight rate for the delivery month. If the aver-
age daily Federal funds overnight rate is 5 percent, then the futures contract is quoted as
95.00. If a trader believes that short-term interest rates will rise, she could sell Federal
funds futures contracts.

We shall use Federal funds futures contracts to illustrate a potential arbitrage strategy.
The following strategy is based on the assumption that LIBOR and Federal funds rate are
perfect substitutes; that is, there is no basis risk. We shall say more about this assump-
tion after the illustration. Suppose we shall lend based on the two-month LIBOR rate
and sell a Fed funds futures contract expiring in one month. This transaction creates a
synthetic one-monthLIBOR-based loan, with a rate that should equal the rate on an ac-
tual one-month LIBOR rate. If it does not, arbitrageurs will be attracted to the strategy
and their transactions will drive down the two-month LIBOR rate and drive down the
Fed funds futures price, or vice versa, until the synthetic LIBOR-based loan and the ac-
tual LIBOR have the same rates.

An Example Table 10.1 illustrates the carry arbitrage transaction with Federal funds
futures contracts and LIBOR. This is an example of a situation in which lending based
on longer-term LIBOR, the selling of a Fed funds futures contract that expires before the
LIBOR loan matures, and borrowing based on the Fed funds rate when the futures ex-
pires creates a synthetic shorter-term LIBOR loan. The return on this synthetic LIBOR
loan is about 23 basis points higher than the return on an actual LIBOR loan with the
same maturity.

There are, however, several limitations to the effectiveness of this strategy. The effec-
tiveness of this strategy hinges critically on the assumption of no basis risk between
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one-month LIBOR and Fed funds rates. Although the Fed funds rate is a rather volatile
interest rate, historically, the difference between Fed funds on a short-term LIBOR rates
is only a few basis points. Recall historical data confirms that the correlation coefficient
between Fed funds and one-month LIBOR is extremely high. This makes sense because
banks decide where to lend their excess reserves either to other banks through the
Federal Reserve Bank or to other banks through the inter-bank market (LIBOR). Federal
funds futures contracts are cash settled based on the average daily effective rate observed
during the delivery month. Hence within the delivery month, there are considerable dif-
ferences between short-term LIBOR rates and the implied Federal funds futures rate.2

Another limitation to the carry arbitrage is that the repo rate is not fixed for the full
time period. As noted earlier, some term repos for up to two weeks are available, but
most repo financing is overnight. In either case, the financing rate on this strategy is

TABLE 10.1 FEDERAL FUNDS CARRY ARBITRAGE

Scenario: On March 1, the one-month LIBOR rate is 5.50 percent and the two-month LIBOR rate is 6.00 percent. The April
Fed funds futures is quoted at 93.75. An arbitrage opportunity is available. Contract size is $5,000,000 and this example
illustrates the arbitrage strategy for one contract.

Date Spot Market Futures Market

March 1 Borrow present value of
$5,000,000 at one-month LIBOR
($4,977,187.89); lend same amount at
two-month LIBOR.

Sell one April Fed funds futures contract at 93.75.

April 1 Repay borrowing (�$5,000,000).
Payoff present value of loan.

Buy one April Fed funds futures contract to offset
initial futures position.

Analysis: The key insight is that the payoff required on April 1 of the two-month LIBOR loan depends on the one-month
LIBOR rate observed on April 1. Also, we assume no basis risk between one-month LIBOR rates and Fed funds futures
implied rates as long as we are not in the delivery month. The loan balance due on May 1 is:

LB2 ¼ LB0 1þ r2
60
360

� �� �
¼ $4,977,187:89 1þ 0:06

60
360

� �� �
¼ $5,026,959:77:

Assuming the one-month LIBOR rate observed on April 1 is 7.25 percent, then the present value of the initial two-month
loan after one month is:

PV1ð LB2Þ ¼ LB2

1þ r1,1
30
360

� �� � ¼ $5,026,959:77

1þ 0:0725
30
360

� �� � ¼ $4,996,770:94:

Assuming no basis risk, the Fed funds futures price in one month is 92.75 (¼100 � 7.25). Therefore, the gain on the Fed
funds futures contract is $4,166.67(¼(93.75 � 92.75) � ($5,000,000) � (30/360)/100). Adding the gain on the futures
contract with the proceeds from the present value of the two-month loan, we have $5,000,937.61. Paying off the one-month
loan provides arbitrage profits of $937.61. The implied one-month repo rate, therefore, is

$5,000,937:61
$4,977,187:89

� 1

� �
360
30

¼ 0:0573,

or 5.73 percent. The one-month LIBOR rate is 5.50 percent, indicating the potential arbitrage opportunity.

2The arbitrage described here has other subtle risks. See Footnote 10.3 for an issue related to the Eurodollar
futures contract that also applies to the Fed Funds futures contract.
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unknown when the arbitrage is executed. Each time a repo matures, new financing must
be arranged, and the rate may well be much higher than originally expected. A number
of other limitations, such as transaction costs, come into play when determining the im-
plied repo rate from other futures instruments. There are several other very technical
limitations that are beyond the scope of this introductory book.

Eurodollar Arbitrage
The Eurodollar deposit and Eurodollar derivatives markets are large markets in which
foreign banks and foreign branches of U.S. banks issue dollar-denominated deposits
and often commit to forward and futures transactions. The Eurodollar futures contract
was introduced by the Chicago Mercantile Exchange (CME) in 1981 and represents the
offer interest rate on an interbank three-month deposit of $1 million. Since their intro-
duction on December 9, 1981, Eurodollar futures have developed into one of the most
widely traded money market futures contract in the world. The contracts are cash settled
on the second London bank business day immediately preceding the third Wednesday of
the contract month. Each Eurodollar futures contract is based on three-month LIBOR
settings and represents the interest paid on a three-month interbank time deposit of dol-
lars held outside the United States beginning two days after settlement of the contract.
Thus, the interest rate underlying the Eurodollar futures contract is the LIBOR deposit
rate applicable to a 90-day period beginning on the third Wednesday of the delivery
month. Although the Eurodollar market is highly efficient, there may be occasional arbi-
trage opportunities resulting from violations of the carry arbitrage relationship between
spot and futures or forward prices.

An Example Table 10.2 illustrates a situation in which a London bank, needing to
issue a 180-day Eurodollar time deposit, finds that it can get a better rate by issuing a
90-day time deposit and selling a futures expiring in 90 days. By stringing the 90-day
time deposit to the futures contract, the bank creates a synthetic 180-day time deposit
with a better rate.

It might appear that the result was contingent on the rate on the time deposit issued
on December 16—a rate that was not known back in September. In fact, the result of this
transaction was known when it was executed. The 90-day time deposit was issued at a
rate of 0.0825(90/360) ¼ 0.020625 for the 90 days. The Eurodollar futures was sold at
a rate of 0.0863(90/360) ¼ 0.021575. Thus, if the bank issued a 90-day time deposit at
0.020625 and followed that with a 90-day time deposit at 0.021575, the overall rate for
180 days would be

(1.020625)(1.021575) � 1 ¼ 0.042645.

Annualizing this rate gives

(1.042645)(365/180) � 1 ¼ 0.0884,

which is the rate obtained by the bank.3

3The arbitrage described here is not a perfect transaction in that the outcome is not without a small amount of
risk. Because the Eurodollar futures contract settles at expiration as a discount instrument (that is, by subtract-
ing rate�days/360 from par) and spot Eurodollars are priced as add-on instruments (that is, by multiplying par
by 1 þ rate�days/360), the spot and futures prices do not precisely converge. This characteristic of the Euro-
dollar market will prevent the arbitrage from being risk-free. Arbitrageurs would consider the potential for
small variations in the outcome that may or may not be material to the overall success of the strategy.
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INTERMEDIATE- AND LONG-TERM INTEREST
RATE ARBITRAGE
Intermediate- and long-term interest rate futures include Treasury note and Treasury
bond futures. As we noted in earlier chapters, these instruments are virtually identical.
Here we shall concentrate on the Treasury bond contract. Recall that the contract is
based on the assumption that the underlying bond has a 6 percent coupon rate and a
maturity or call date of not less than 15 years.

Suppose you are short the March 2009 contract. As the holder of the short position, you
have the choice of which day during the delivery month to make delivery and which bond
from among the eligible bonds you will deliver. Let us assume you have decided to deliver
the bonds with a coupon of 5 1/2 percent, and the bonds mature on August 15, 2028.
Delivery in this particular example will be made on Friday, March 13, 2009.

Since the contract assumes delivery of a bond with a 6 percent coupon, the delivery
of the 5 1/2 requires an adjustment to the price paid by the long to the short.

TABLE 10.2 EURODOLLAR ARBITRAGE

Scenario: On September 16, a London bank needs to issue $10 million of 180-day Eurodollar time deposits. The current rate on
such time deposits is 8.75. The bank is considering the alternative of issuing a 90-day time deposit at its current rate of 8.25 and
selling a Eurodollar futures contract. If the 180-day time deposit is issued, the bank will have to pay back

$10,000,000[1 þ 0.0875(180/360)] ¼ $10,437,500,
which is an effective rate of

$10,437,500
$10,000,000

� �365=180

− 1 ¼ 0:0907:

The rates available in the spot and futures market are such that the bank can obtain a better rate by doing the following.

Date Spot Market Futures Market

September 16 The 90-day time deposit rate is 8.25. December Eurodollar IMM Index is at 91.37.
Price per $100 face value:

100 � (100 � 91.37)(90/360) ¼ 97.8425.

Issue 90-day time deposit for $10,000,000 Price per contract: $978,425. Sell 10 contracts

December 16 The 90-day time deposit matures and the bank
owes $10,000,000 (1 þ 0.0825(90/360)) ¼ $10,206,250.

December Eurodollar IMM Index is at 92.04.
Price per $100 face value:
100� (100� 92.04)(90/360)¼ 98.01.

The rate on new 90-day time deposits is 7.96. Price per contract: $980,100.

Issue new 90-day time deposit for $10,223,000 Buy 10 contracts

Analysis: On September 16, the bank received $10,000,000 from the newly issued 90-day time deposit. On December 16,
it bought back its ten futures contracts at a loss of 10($980,100 � $978,425) ¼ $16,750. It issued $10,223,000 of new time
deposits, using $16,750 to cover the loss in the futures account and the remaining $10,206,250 to pay off the maturing
90-day time deposit. On March 16 it paid off the new time deposit, owing

$10,223,000[1 þ 0.0769(90/360)] ¼ $10,426,438.

Thus, on September 16, it received $10,000,000 and on March 16, it paid out $10,426,438. It had no other cash flows in
the interim. Thus, its effective borrowing cost for 180 days was

$10,426,438
$10,000,000

� �365=180

� 1 ¼ 0:0884,

which is 23 basis points less than the cost of a 180-day Eurodollar time deposit.
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The adjustment is based on the CBOT’s conversion factor system. The
conversion factor, CF, is defined for each eligible bond for a given
contract. The CF is the price of a bond with a face value of $1, coupon
and maturity equal to that of the deliverable bond, and yield
of 6 percent. The maturity is defined as the maturity of the bond on
the first day of the delivery month. If the bond is callable, the call date
is substituted for the maturity date. The CF for the 5 1/2 of 2028 would
be the price of a bond with a face value of $1; coupon of 5 1/2 percent;

maturity equal to the time remaining from March 1, 2009, the first day of the month, to
August 15, 2028, the maturity date of the bond; and yield of 6 percent. That same bond
delivered on the June 2009 contract would have a different CF because it would have a dif-
ferent maturity—June 2009 rather than March 2009. A different bond delivered on the
March 2009 contract would have a different conversion factor.

The conversion factor system is designed to place all bonds on an equivalent basis for
delivery purposes, which is designed to reduce the possibility that a single bond will be in
excessive demand for delivery. If the holder of the short position delivers a bond with a
coupon greater than 6 percent, the CF will be greater than 1. The short will then receive
more than the futures price in payment for the bond. If the coupon is less than 6 percent,
the CF will be less than 1 and the short will receive less than the futures price in payment
for the bond.

Tables of conversion factors are available, and there is a specific formula for deter-
mining the conversion factor, which is provided in Appendix 10. Your software includes
the Excel spreadsheet CF8e.xls that calculates the conversion factor, and both the spread-
sheet and the conversion factor are explained in the appendix. In this problem, the CF
for the 5 1/2 of 2028 delivered on the March 2009 contract would be 0.9433. To deter-
mine the invoice price—the amount the long pays to the short for the bond—multiply
the CF by the settlement price on the position day. Then the accrued interest from the
last coupon payment date until the delivery date is added:4

Invoice price ¼ (Settlement price on position day)
(Conversion factor) þ Accrued interest.

In this problem, assume the settlement price on Wednesday, March 11, which is called
the position day, was 112, or $112,000. The bond has coupon payment dates of February
15 and August 15. Thus, the last coupon payment date was February 15, 2009. The num-
ber of days from February 15 to March 13 is 26, and the number of days between cou-
pon payment dates of February 15, 2009 and August 15, 2009 is 181. Thus, the accrued
interest is

$100,000(0.055/2)(26/181) ¼ $395.03.

The invoice price therefore is

$112,000(0.9433) þ $395.03 ¼ $106,044.63.

The conversion factor is the price of a $1
bond with a coupon and maturity equal to
that of the deliverable bond on the bond
futures contract, and a coupon of 6 percent.
The conversion factor makes it possible for
more than one bond to be eligible for
delivery.

4The accrued interest is the amount of interest that has built up since the last coupon date. Most bonds pay
interest semiannually on the maturity day and six months hence. Thus a bond maturing on February 15,
2021, would pay interest every year on February 15 and August 15. The accrued interest is the semiannual
coupon times the number of days since the last coupon date divided by the number of days between the last
coupon date and the next coupon date. It is simply a proration of the next coupon. The buyer of a bond will
receive the full next coupon, but, because she is not entitled to all of it, must pay the seller the accrued inter-
est. The actual correct bond price will accurately include the accrued interest in it, though the quoted price
will not.
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On the next day, called the notice of intention day, Thursday, March 12, the holder of
the long position receives an invoice of $106,044.63 and must pay this amount and ac-
cept the bond on the delivery day, Friday, March 13.

Table 10.3 presents CFs and invoice prices for other bonds deliverable on the March
2009 contract. Note how the conversion factors vary directly with the level of the
coupon.

Determining the Cheapest-to-Deliver Bond on the
Treasury Bond Futures Contract
As previously explained, the specifications on the Treasury bond contract allow delivery
of many different bonds, subject to the minimum 15-year maturity or call date. As we
noted, the conversion factor system is designed to place all bonds on an equivalent basis
for delivery purposes. If the conversion factor system were perfect, all bonds would be
equally desirable for delivery. But the conversion factor system is not perfect and all
bonds are not equally desirable for delivery. At any given time prior to expiration, it is
impossible to determine which bond will be delivered. It is, however, possible to identify
the bond that is most likely to be delivered. That bond is referred to as the cheapest-
to-deliver or CTD.

Suppose it is November 13, 2008 and you are interested in determining the bond that
is most likely to be delivered on the upcoming March contract. The procedure involves a

TABLE 10.3 CONVERSION FACTORS AND INVOICE PRICES FOR

DELIVERABLE BONDS (MARCH 2009 T-BOND

FUTURES CONTRACT)

Contract price: 112 ($112,000.00)
Delivery date: March 11, 2009

Coupon Maturity Date CF Accrued Interest Invoice Price

7.625% February 25, 2025 1.1640 295 135,313

7.500% November 15, 2024 1.1500 2,403 135,804

6.875% August 15, 2025 1.0899 456 126,885

6.750% August 15, 2026 1.0798 448 125,703

6.625% February 15, 2027 1.0676 439 124,277

6.500% November 15, 2026 1.0537 2,083 124,314

6.375% August 15, 2027 1.0411 423 121,194

6.250% May 15, 2030 1.0296 2,003 121,439

6.125% November 15, 2027 1.0139 1,963 119,570

6.125% August 15, 2029 1.0144 406 118,080

6.000% February 15, 2026 1.0000 398 116,398

5.500% August 15, 2028 0.9433 365 109,784

5.375% February 15, 2031 0.9245 356 107,602

5.250% November 15, 2028 0.9145 1,682 107,761

5.250% February 15, 2029 0.9138 348 106,348

4.750% February 15, 2037 0.8320 315 96,824

4.500% February 15, 2036 0.8013 298 93,254

4.500% May 15, 2037 0.7978 1,442 93,982

4.375% February 15, 2038 0.7786 290 90,605

Note: These calculations were done on a computer and can vary from the amounts obtained if done by hand.
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series of calculations that we shall now illustrate for one particular bond—the 6 1/4s that
mature on May 15, 2030.

If the holder of a long position in this bond also holds a short position in the T-bond
futures contract, that trader can elect to maintain the position until expiration and de-
liver this particular bond. Even if another bond would be cheaper to deliver, the trader
always has the option to deliver the bond already held. The cost of delivering the partic-
ular bond is the net profit or loss from buying the bond, selling a futures, holding the
position until expiration, and then delivering the bond. Thus, the trader incurs the cost
of carry on the bond held. Remember that this cost is somewhat offset by the coupons
received on the bond.

For evaluating at time t the best bond to deliver at time T, the general expression for
the cost of delivering a bond is

f0(T)(CF) þ AIT � [(B þ AIt)(1 þ r)(T�t) � CIt,T],

where AIT is the accrued interest on the bond at T, the delivery date; AIt is the accrued
interest on the bond at t, today; r is the risk-free rate that represents the interest lost on
the funds invested in the bond; and CIt,T is the value at time T of the coupons received
and reinvested over the period of t to T. The term inside the brackets is the spot price of
the bond (quoted price plus accrued interest) factored up by the cost of carry and re-
duced by the compound future value of any coupons received while the position is
held. These coupons, of course, help offset the cost of carry, and by subtracting them
we are simply reflecting the net cost of carry. The bracketed term is, thus, the forward
price of the bond. The first two terms are the amount the trader would receive from de-
livering the bond. This is the invoice price.

The futures price is 116, and the conversion factor for our bond is 1.0296. The ac-
crued interest on November 13 is 3.09, and the accrued interest on March 11, the day
we shall assume delivery, is 2.00. The price quoted for the bond is 122:24 or 122.75.
The reinvestment rate is 1.0 percent. There are 118 days between November 13 and
March 11. The invoice price for the futures is

116(1.0296) þ 2.00 ¼ 121.43.

There is one interim coupon paid on November 15th. Thus, the forward price of the bond is

(122.75 þ 3.09)(1.01)(118/365) � 3.125(1.01)(116/365) ¼ 123.11.

Hence, the bond would cost 1.68 (¼123.11 � 121.43) more than it would return.
This conclusion by itself does not enable us to make a decision. We can only compare

this figure for one bond to that for another. Let us consider a second bond, the 6 3/4ths
maturing on August 15, 2026. Its conversion factor is 1.0798, and its price is 127 3/32 or
127.09375. The accrued interest is 1.65 on November 13 and 0.45 on March 11. The cou-
pon of 3.375 received on February 15 is reinvested at 1.0 percent for 24 days and grows
to a value of

3.375(1.01)(24/365) ¼ 3.38.

Thus, the forward price of the bond is

(127.09375 þ 1.65)(1.01)(118/365) � 3.38 ¼ 125.78.

The invoice price is

116(1.0798) þ 0.45 ¼ 125.71.
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Thus, the difference between the amount received and the amount paid is 125.71 �
125.78 ¼ �0.07.

Therefore, it is clear that the 6 3/4 percent bond is better to deliver than the 6 1/4
percent bond. Of course, this calculation should be done for all bonds that are eligible
for delivery. The bond for which the difference between the amount received and the
amount paid is the maximum is the cheapest bond to deliver.

Table 10.4 presents these calculations for the March 2009 con-
tract evaluated on November 13, 2008. Nineteen eligible bonds are
shown. The column labeled “Difference” is the difference between
the invoice price and the forward price. All of these values are neg-
ative as they should be; otherwise one could earn an easy arbitrage
profit. The cheapest bond to deliver is the one in which Difference
is the closest to zero. In this case it is the 6 3/4 of August 15, 2026.

The Excel spreadsheet CTD8e.xls will automatically do these calculations for you. Soft-
ware Demonstration 10.1 illustrates how to use CTD8e.xls.

The cheapest bond to deliver is important for several reasons. Any futures contract
must reflect the behavior of the spot price. In the case of Treasury bond and note
futures, the so-called “spot price” is not easy to determine. The cheapest bond to deliver

TABLE 10.4 THE CHEAPEST-TO-DELIVER BOND ON THE

TREASURY BOND FUTURES CONTRACT

Current date: November 13, 2008
Delivery date: March 11, 2009
Reinvestment rate: 1.0 %
Futures price: 116

Coupon Maturity
Ask
Price

Forward
Price

Invoice
Price

Diffe-
rence

Accrued
Interest

at t

Accrued
Interest
at T

Future
Value of
Coupon CF

7.500% November 15, 2024 135 3/4 136.1467 135.8037 �0.3430 3.7092 2.4033 3.7619 1.1500

7.625% February 25, 2025 137 13/32 135.6980 135.3133 �0.3847 1.6576 0.2949 3.8140 1.1640

6.875% August 15, 2025 128 15/32 127.1297 126.8847 �0.2450 1.6814 0.4558 3.4397 1.0899

6.000% February 15, 2026 117 3/4 116.5995 116.3978 �0.2018 1.4674 0.3978 3.0020 1.0000

6.750% August 15, 2026 127 3/32 125.7822 125.7033 �0.0789 1.6508 0.4475 3.3772 1.0798

6.500% November 15, 2026 124 5/32 124.5210 124.3142 �0.2069 3.2147 2.0829 3.2603 1.0537

6.625% February 15, 2027 125 3/4 124.4660 124.2771 �0.1888 1.6202 0.4392 3.3147 1.0676

6.375% August 15, 2027 122 5/8 121.3946 121.1942 �0.2004 1.5591 0.4227 3.1896 1.0411

6.125% November 15, 2027 119 13/32 119.7577 119.5698 �0.1879 3.0292 1.9627 3.0722 1.0139

5.500% August 15, 2028 111 5/8 110.5823 109.7839 �0.7984 1.3451 0.3646 2.7518 0.9433

5.250% November 15, 2028 108 1/4 108.5703 107.7607 �0.8096 2.5965 1.6823 2.6333 0.9145

5.250% February 15, 2029 108 3/32 107.1034 106.3481 �0.7553 1.2840 0.3481 2.6267 0.9138

6.125% August 15, 2029 120 11/32 119.1698 118.0796 �1.0901 1.4980 0.4061 3.0645 1.0144

6.250% May 15, 2030 122 3/4 123.1116 121.4395 �1.6721 3.0910 2.0028 3.1349 1.0296

5.375% February 15, 2031 111 7/32 110.2066 107.6017 �2.6049 1.3145 0.3564 2.6893 0.9245

4.500% February 15, 2036 102 1/16 101.2440 93.2536 �7.9903 1.1005 0.2983 2.2515 0.8013

4.750% February 15, 2037 106 5/16 105.4439 96.8235 �8.6204 1.1617 0.3149 2.3766 0.8320

4.500% May 15, 2037 110 1/4 110.5808 93.9820 �16.5988 2.2255 1.4420 2.2571 0.7978

4.375% February 15, 2038 102 13/16 102.0283 90.6054 �11.4228 1.0700 0.2901 2.1889 0.7786

The cheapest-to-deliver bond is the bond
for which the difference between the rev-
enue received from delivery of the bond
and the cost incurred to buy and hold the
bond is maximized.
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is the bond that represents the spot instrument that the futures contract is tracking.
Therefore, the cost of carry model examined in Chapter 9 would apply only to the
cheapest bond to deliver.

Delivery Options
The characteristics of the Treasury bond futures contract create some interesting oppor-
tunities for alert investors. Specifically, the contract contains several imbedded options.
While these delivery options are not formally traded in the same way stock options
are, they have many of the characteristics of the options we studied in earlier chapters.
We shall examine some of these options here.

Wild Card Option The wild card option results from a difference in the closing
times of the spot and futures markets. The Treasury bond futures contract stops trading
at 3:00 P.M. Eastern time. The spot market for Treasury bonds operates until 5:00 P.M.
Eastern time. During the delivery month, the holder of a short position knows the settle-
ment price for that day at 3:00 P.M. Multiplying the settlement price by the conversion
factor gives the invoice price the holder would receive if a given bond were delivered.
This figure is locked in until the next day’s trading starts.

During the two-hour period after the futures market closes, the spot market continues
to trade. If the spot price declines during those two hours, the holder of a short futures
position may find it attractive to buy a bond and deliver it. Because the futures market is
closed and the invoice price is fixed, the futures market is unable to react to the new
information that drove the spot price down. Moreover, the short has until about 9:00 P.M.
to make the decision to deliver.

Let us use the following symbols:

f3 = futures price at 3:00 P.M.
B3 = spot price at 3:00 P.M.
CF = conversion factor of bond under consideration

You hold a short position in the futures contract that is expiring during the current
month. Assume you own 1/CF bonds. Why this unusual amount? If you do not own
any bonds, your position will be quite risky. Also, the bond under consideration should
be the cheapest bond to deliver. That way your risk is quite low. Unexpected changes in
the futures price will be approximately matched by changes in the value of the 1/CF
bonds. We require the case that CF > 1.0.

If you make delivery that day, you will be required to deliver one
bond per contract. You own only 1/CF bonds, so you will have to buy
1� 1/CF additional bonds. If the bonds’ spot price declines suffi-
ciently between 3:00 P.M. and 5:00 P.M., you may be able to buy the
additional bonds at a price low enough to make a profit. These addi-
tional bonds are called the tail.

Now suppose that at 5:00 P.M. the bond price is B5. If you buy the
additional 1� 1/CF bonds at the price of B5, and deliver them, your
profit will be

Π ¼ f 3ðCFÞ � 1
CF

� �
B5 þ 1� 1

CF

� �
B5

� �
¼ f 3ðCFÞ � B5:

The first term, f3(CF), is the invoice price. This is simply the 3:00 P.M. settlement price
on the futures contract times the conversion factor on the bond. The invoice price is the

The wild card option is the opportunity the
holder of the short futures contract has to
lock in the invoice price at 3:00 P.M. and make
delivery if the spot price falls below the
established invoice price between 3:00 P.M.
and 5:00 P.M. The option exists only during
the delivery month.
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amount you receive upon delivery. The terms in brackets denote values of the bonds you
are delivering. The first term, (1/CF)B5, is the 5:00 P.M. value of the 1/CF bonds you
already owned. The second term is the cost of the 1� 1/CF bonds bought at the 5:00 P.M.
price. As indicated above, the expression simplifies to f3(CF)� B5. Note that the 3:00 P.M.
bond price does not enter into the decision to deliver because the delivery decision is
made at 5:00 P.M. By that time, the 1/CF bonds are worth (1/CF)B5 and can be sold for
that amount.

If the transaction is profitable, П > 0. This requires that

B5 < f3(CF).

A trader can observe the spot price at 5:00 P.M. If the price is sufficiently low, the trader
should buy the remaining 1� 1/CF bonds and make delivery. The wild card option thus
will be profitable if the spot price at 5:00 P.M. falls below the invoice price established at
3:00 P.M.

As an example, suppose that on March 2 the March futures contract has a settlement
price at 3:00 P.M. of 101.8125. The cheapest bonds to deliver were the 12 1/2s maturing
in about 22 years, which have a conversion factor of 1.464. We do not have the 3:00 P.M.
spot price, but let us assume it is 149.65. Suppose we are short 100 contracts, which
obligates us to deliver bonds with a face value of 100($100,000) = $10,000,000. Assume
each bond has a face value of $1,000. Thus, we will have to deliver 10,000 bonds. To
begin this strategy, we must have a position in the spot T-bonds; otherwise, our risk
will be quite high. We weight that position by the conversion factor; that is, we hold
bonds with a face value of $10,000,000(1/1.464) = $6,830,601—in other words, about
6,831 bonds. To make delivery, we will need to buy 3,169 bonds. For us to make a profit,
the 5:00 P.M. price must decline to

B5 < 101.8125(1.464) = 149.05,

or less. Thus, if the spot price declined by at least 0.60 by 5:00 P.M., it would pay to buy
the remaining 3,169 bonds and make delivery.

The alternative to delivery is holding the position until the next day. In fact, that
will always be the better choice if the conversion factor is less than 1.0. Note that if
CF < 1.0, the hedged position will include 1/CF bonds, which exceeds 1.0. Thus, the
hedger will hold more bonds than futures and there will be no tail, or additional bonds,
to purchase at the lower 5:00 P.M. price. In that case, the wild card option is worthless.
Moreover, if the price does not fall sufficiently by 5:00 P.M., holding the position is
preferred over delivery. Of course, it is possible that the wild card option will never
be worth exercising, meaning simply that it ends up, like many other options, out-
of-the-money.

Quality Option The holder of the short position has the right to deliver any of a
number of acceptable bonds. Sometimes the holder of the short position will be holding
a bond that is not the best to deliver. A profit is sometimes possible by switching to
another bond. This is called the quality option, because the deliverable bonds are con-
sidered to be of different quality; it is also sometimes called the switching option.

The value of this option arises because of changes in the term structure of interest
rates. You may be holding a hedged position in Treasury bonds and futures, anticipating
that you will make delivery of the bond that you hold on the futures contract. Then if
the term structure changes, another bond may become the cheapest to deliver. Although
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you could always deliver the bond you hold, the right to switch to a more favorably
priced bond has value.

The quality option exists, not only in Treasury bond and note
markets, but also in the markets for many commodity futures. For
example, the Chicago Board of Trade’s wheat futures contract speci-
fies that the holder of the short position can deliver any of four dif-
ferent grades of wheat. Other agricultural contracts have similar
options. In fact, agricultural contracts usually grant the right to de-
liver at one of several locations. This feature, called the location op-
tion, has essentially the same economic effect as the quality option.

The quality option conveys a right to the holder of the short posi-
tion. Since this right has value, the futures price will tend to be lower

by the value of this option. In other words, the seller of a futures receives a lower price
that reflects the valuable option attached to the contract. Likewise, the buyer pays a lower
price for granting the seller this valuable right.

End-of-the-Month Option The last day for trading a T-bond fu-
tures contract is the eighth-to-last business day of the delivery month.
Delivery can take place during the remaining business days. The in-
voice price during those final delivery days is based on the settlement
price on the last trading day. Thus, during the last seven delivery
days, the holder of the short position has full knowledge of the price
that would be received for delivery of the bonds. This gives the holder
of the short position the opportunity to watch the spot market for a
fall in bond prices. The trader can continue to wait for spot prices to
fall until the second-to-last business day, because delivery must occur

by the last business day.
The end-of-the-month option, thus, is similar to the wild card option. There is a period

during which spot prices can change while the delivery price is fixed. It is also related to the
quality option, for the holder of the short position can also switch to another bond.

Timing Option Since the short is often permitted to make delivery on any day during the
delivery month, he holds another valuable option. Suppose the Treasury bond pays a coupon
that exceeds the cost of financing the position, which is the repo rate. Then the short should
hold the long bond-short futures position as long as possible because it pays more than it
costs. If the repo rate exceeds the bond coupon, then the position costs more to hold than it

yields; thus, an early delivery is advised. Ignoring all other delivery op-
tions, this timing option would suggest that all deliveries would occur
early or late in the month. As we have already noted, however, there
are many other options that are in effect and early delivery would pre-
clude the right to take advantage of some of these other options.

Determining the values of these delivery options is very difficult.
Most contracts contain more than one option and, as noted earlier,
the Treasury bond futures contract contains several delivery options.
Thus, it is difficult to isolate them and observe their separate effects.

There have been numerous studies, which are reviewed in Chance and Hemler (1993).
Most of them found that the value of delivery options is fairly small. That does not mean
they should be dismissed as insignificant. To the holder of one or more of these options,
the value may at times be quite large. For our purposes, however, we can safely conclude

The quality option is the opportunity the
holder of the short futures contract has to
switch to another deliverable bond if it be-
comes more favorably priced. The option
exists on any futures contract that permits
delivery of one of several underlying assets,
with the decision made by the holder of the
short position.

The end-of-the-month option is the oppor-
tunity the holder of the short futures con-
tract has to deliver during the final business
days of the month. The futures contract no
longer trades, so the invoice price is locked
in, and the option can be profitable if the
spot price falls during the last few trading
days of the month.

The timing option is the opportunity the
holder of the short futures contract has to
deliver at any time during the expiration
month. Early delivery is made if the cost of
financing exceeds the coupon on the bond
and later delivery is made if the coupon
exceeds the cost of financing.
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that the economic effects are minor in comparison to the more important factors that
determine the futures price.

Implied Repo, Carry Arbitrage, and Treasury
Bond Futures
Earlier in this chapter, we examined the concept of the implied repo rate in the context
of the carry arbitrage model for Federal funds futures. The concept is equally applicable
to Treasury bond futures.

First, we must identify the cheapest bond to deliver. If we buy that bond today (time
0), we pay the spot price plus the accrued interest. The sale of a repo finances the bond’s
purchase. This means that we borrow the funds by selling the bond and agreeing to buy
it back at a specified later date. We simultaneously sell a futures contract expiring at T.
During the period of 0 to T, we may receive coupons, which would be reinvested at some
appropriate rate and accrue to some value at T. Let us denote this value of reinvested
coupons as CI0,T. Thus, we hold the position from 0 to T, collecting and reinvesting the
coupons. At expiration, we deliver the bond, and effectively receive (CF)(f0(T)), the fu-
tures price times the conversion factor, plus accrued interest for it. In an efficient market,
there should be no arbitrage profit. Therefore, the amount we receive for the bond must
equal the amount we paid for it plus the cost of carry:

ðCFÞðf 0ðTÞÞ � AIT þ CI0,T ¼ ðB0 þAI0Þð1þ r̂ÞT,
where B0 is the bond price when it is bought, AIT is the accrued interest on the bond at
expiration, AI0 is the accrued interest when the bond is bought, and r̂ is the implied repo
rate. The left-hand side of the formula is the amount we receive upon delivery. The
right-hand side is the amount paid for the bond, B0 þ AI0, factored up by the cost of
financing over the holding period, 0 to T. Solving for r̂,

r̂ ¼ ðCFÞðf 0ðTÞÞ þ AIT þ CI0,T
B0 þAI0

" #ð1=TÞ
� 1:

SOFTWARE DEMONSTRATION 10.1

Identifying the Cheapest-to-Deliver Bond with the

Excel Spreadsheet CTD8e.xls

The Excel spreadsheet CTD8e.xls is written in Excel. It

identifies the cheapest-to-deliver bond from among a

set of bonds for the Chicago Board of Trade bond fu-

tures contract. The spreadsheet is available as a down-

load via the product support Web site. To access it:

1. Go to http://www.cengage.com/finance/chance.

2. Click on Instructor Resources or Student

Resources.

3. Click on the link CTD8e.xls.

4. Follow the instructions on the Web page to down-

load and install the spreadsheet.

This spreadsheet is a read-only spreadsheet, mean-

ing that it cannot be saved under the name CTD8e.xls,

which preserves the original file.

Now let us work an example. Consider the problem

in the text in which on November 13, 2008, you wish to

identify the cheapest-to-deliver bond on the March 2009

contract. The current repo rate is 1.0 percent and the

futures price is 116. You have identified 19 bonds that

meet the 15-year maturity or callability requirement

and are eligible for delivery.

Observe on the spreadsheet a section labeled Inputs:.

Each cell that will accept inputs has a double-line border,

and the values are in blue. Enter the current date in the

form mm/dd/yyyy. Insert “11/13/2008” in the appropriate
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The exponent 1/T is just 365/days where “days” is the number of days that the position
is held. This factor simply annualizes the calculation to obtain the rate r̂. If the bond
can be financed in the repo market at a rate of less than r̂, profitable arbitrage is
possible.

An Example On November 13, 2008, the cheapest bond to deliver on the upcoming
March contract is the 6 3/4 maturing on August 15, 2026. We shall assume delivery on

box. Then enter the delivery date “3/11/2009” in its box.

The repo rate can be entered as either “1.0” or “0.01” in

the appropriate box. The futures price should be entered

as points and thirty-seconds. For example 112 3/32 should

be entered as “112.03”. The trailing zero can be omitted

for values like “112.2” for 112 20/32. List the individual

bonds in the section below. Consider the first bond. Let

it have a coupon rate of 7.50 percent, a maturity date of

November 15, 2024, and an ask price of 135 24/32. For

the coupon rate enter “7.50”or “0.075”. Enter thematurity

date as “11/15/2024”. Enter the ask price the same way

you did the futures price. Thus, 135 24/32 is entered as

“136.24”. Press F9 to recalculate, and the values will ap-

pear for each bond in the section labeled Results:. Output

cells have a single-lineborder.

The calculations shown are the forward price; the in-

voice price; the difference between the invoice price and

forward price; the decimal price, which is simply the ask

price converted from thirty-seconds to decimals; the

accrued interest on the current date; the accrued interest

on the delivery date; and the value of the coupons at

delivery. The last figure is the value of the coupons paid

between the current date and the delivery date plus any

interest paid on their reinvestment. To the right of each

row are additional columns used to perform the calcula-

tions. These columns include the conversion factor and

various other figures used in the calculations. The column

labeled “Difference” is the value that you are looking for.

The bond with the largest difference, which will be the

one with the least negative value, is the cheapest bond

to deliver.

The number of bonds you wish to analyze may dif-

fer. To accommodate additional bonds, copy all of the

formulas from columns D through AE into new rows.

Chapter 10 Futures Arbitrage Strategies 341



March 11 for this particular example. The spot price is 127 3/32, the accrued interest is
1.65, the conversion factor is 1.0798, and the futures price is 116. From November 13 to
March 11 is 118 days, so T = 118/365 = 0.3233. There is one interest payments made
during this period, hence, CI0,T = 3.38(3.375(1.01)(24/365)). The accrued interest as of
March 11, 2009 is 0.45. The implied repo rate is, therefore,

r̂ ¼ 116ð1:0798Þ þ 0:45þ 3:38
127:09375þ 1:65

� �ð1=0:3233Þ
� 1 ¼ 0:008:

If the bond can be financed in the repo market for less than the implied repo rate, the
arbitrage would be profitable. Note that the implied repo rate is very close to the actual
repo rate, meaning that profitable arbitrage would not likely be possible.

Treasury Bond Futures Spreads and the Implied
Repo Rate
In Chapter 7 we learned about option spreads, which are transactions that are long one
option and short another. Spreads are also widely used in futures trading, especially in
the Treasury bond contracts. Suppose a trader takes a long position in a futures contract.
If this is the only transaction, the risk is quite high. One way to modify the risk is to sell
short a Treasury bond, but short selling requires that the trader execute a transaction in
the spot market. In addition, there are margin requirements on short sales. An alterna-
tive that is easy to execute is to simply sell another Treasury bond futures contract. That
transaction could be executed within the same trading pit. In addition, the margin re-
quirement on a spread is much lower than the margin requirement on either a long or
a short position.

Suppose there is a futures contract expiring at time t and another expiring at time T
with t coming before T. Suppose today (time 0) we sell the longer-term contract and buy
the shorter-term contract. At time t, the shorter-term contract expires. We take delivery
of the bond, financing it at the repo rate, r, and hold it until time T, when the longer-
term contract expires. Because we are short that contract, we simply deliver the bond.
Assume we can identify today the cheapest bond to be delivered on the shorter-term
contract.

Consider the following notation:

CF(t) = conversion factor for bond delivered at t
CF(T) = conversion factor for same bond delivered at T
f0(t) = today’s futures price for contract expiring at t
f0(T) = today’s futures price for contract expiring at T
AIt = accrued interest on bond as of time t
AIT = accrued interest on bond as of time T

At time t, we take delivery of the bond and pay the invoice price,

(CF(t))f0(t) + AIt.

To finance the acceptance and holding of this bond, we borrow this amount at the rate r.
Then, at time T, we deliver the bond and receive the invoice price plus coupons received
and reinvested from t to T,

(CF(T))f0(T) + AIT + CIt,T.
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Since this transaction is riskless, the profit from it should be zero. Therefore,

½ðCFðtÞÞf 0ðtÞ þ AIt�ð1þ r̂ÞT�t ¼ ðCFðTÞÞf 0ðTÞ þ AIT þ CIt,T:

The bracketed term on the left-hand side is the amount we paid for the bond at t. Since
we borrowed this amount, we must factor it up by the interest rate compounded over the
period T � t. The right-hand side is the amount received from delivering the bond at T.
We can now solve for r̂, the implied repo rate:

r̂ ¼ ðCFðTÞÞf 0ðTÞ þ AIT þ CIt,T

ðCFðtÞÞf 0ðtÞ þ AIt

" #1=ðT�tÞ

� 1:

The numerator is the amount received for the bond, and the denominator is the amount
paid for it. Dividing these two numbers gives the rate of return over the period T� t.
Raising this term to the power 1/(T� t) annualizes the rate. The implied repo thus is
the return we could earn over the period T� t. If the bond can be financed at less than
this rate, the transaction will be profitable.

An Example Assume that on November 13, 2008, the cheapest
bond to deliver was the 6 3/4s maturing on August 15, 2026. Let us
examine the March-June Treasury bond futures spread. For this par-
ticular example, we assume a March delivery date of the 13th and we
assume a June delivery date of the 11th. The March contract is priced
at 116, and the conversion factor is 1.0798. The June futures price is

115. The conversion factor for the 6 3/4s delivered on the June contract is 1.0792. The
accrued interest on the bond on March 13 is 0.45, and the accrued interest on June 11 is
2.16. There are no coupons between the two futures expiration dates so CIt,T = 0.

Since the time from March 13 to June 11 is 90 days, the implied repo rate is

r̂ ¼ 115ð1:0792Þ þ 2:16
116ð1:0798Þ þ 0:40

� �ð365=90Þ
� 1 ¼ 0:0199:

The implied repo rate thus is 1.99 percent. Note that this is a forward rate, because it
reflects the repo rate over the future period from March 13 to June 11. If the bond could
be financed at a rate of less than 1.99 percent from March 13 to June 11, the transaction
would be profitable.

One way traders determine if the implied repo rate on the spread is attractive is to
evaluate what is called a turtle trade. The implied repo rate of 1.99 percent is an implied
forward rate. It can be compared to the implied rate in the Fed funds futures market.
If the Fed funds futures rate is lower, the trader sells the Fed funds futures and buys the
T-bond spread. This creates a risk-free position and earns the difference between the im-
plied repo rate on the T-bond spread and the implied rate on the Fed funds futures. If
the implied rate on the Fed funds futures is higher, the investor reverses the T-bond
spread and buys the Fed funds futures.

STOCK INDEX ARBITRAGE
We discussed carry arbitrage with Federal funds, Eurodollars, and bond futures. The
concept is equally applicable to stock index futures. In fact, this type of transaction is
one of the most widely used in the futures markets. It is called stock index arbitrage.

The implied repo rate on a spread is the
implied cost of establishing a cash-and-
carry position at the expiration of the earlier
futures contract of the spread.
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Recall that the model for the stock index futures price when interest and dividends
are expressed in continuously compounded form is

f 0ðTÞ ¼ S0e
ðrc�δcÞT,

where rc is the continuously compounded risk-free rate and δc is the continuously com-
pounded dividend yield. Consider the following example of a futures contract that has 40
days to go until expiration. The S&P 500 index is at 1305, the risk-free rate is 5.2 per-
cent, and the dividend yield is 3 percent. The time to expiration will be 40/365 ¼ 0.1096.
Thus, the futures should be priced at

f0(T) = 1305e(0.052–0.03)(0.1096) = 1,308.15.

Now suppose the actual futures price is 1309.66. Thus, the futures contract is slightly
overpriced. We would sell the futures and buy the stocks in the S&P 500 index in the
same proportions as in the index. At expiration, the futures price would equal the spot
price of the S&P 500 index. We then would sell the stocks. The transaction is theoreti-
cally riskless and would earn a return in excess of the risk-free rate.

Now suppose at expiration the index closes at 1,300.30. The
profit on the futures contract is 1,309.66 � 1,300.30 = 9.36. We
bought the stocks for 1305; however, over the life of the futures
this investment lost interest at a rate of 5.2 percent and accumulated
dividends at a rate of 3 percent. Thus, the effective cost of the stock
was 1,305e(0.052�0.03)(0.1096) = 1,308.15, which by no coincidence is
the theoretical futures price. The stock is sold at 1,300.30 for a profit of
1,300.30 � 1,308.15 = �7.85. Thus, the overall profit is 9.36� 7.85 =

1.51. This is the difference between the theoretical futures price and
the actual futures price. Since the actual futures price was higher than
the theoretical price we were able to execute an arbitrage involving

the purchase of stocks and sale of futures to capture the 1.51 differential. Had the actual
futures price been less than the theoretical price, then we would have executed a reverse
carry arbitrage involving the purchase of futures and short sale of stock, which would
have created a synthetic loan that would have cost less than the risk-free rate.

Let us now determine the implied repo rate. Given the pricing formula, f0(T) ¼
S0eðrc�δcÞT, suppose the futures price is equal to its theoretical fair price. Then we solve
this equation for the implied interest rate, r̂c, and obtain

r̂c ¼ lnðf 0ðTÞ=S0Þ
T

þ δC:

In this example, we have

r̂c ¼ lnð1,309:66=1305Þ
0:1096

þ 0:03 ¼ 0:0625:

If this transaction were undertaken, it would provide a risk-free return of 6.25 percent.
With the risk-free rate at 5 percent, the transaction is an attractive opportunity. Also, if
an arbitrageur could not borrow at 5 percent, but could borrow at any rate less than 6.25
percent, the transaction would still be worth doing.

Stock index arbitrage has proven to be particularly popular. It turns out, however, that
there are a number of serious practical considerations that can limit its profitability.

Stock index arbitrage is the purchase or
sale of a portfolio of stock that replicates a
stock index and the sale or purchase of a
futures contract on the index. Stock index
arbitrage occurs when the futures price
does not conform to the cost of carry model
and, if properly executed, will earn, at no
risk, the difference between the futures
price and the theoretical futures price.
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Some Practical Considerations There are several problems in implementing stock
index arbitrage. We referred to the arbitrageur as buying the stock index at 1305. In re-
ality, the arbitrageur would have to purchase all 500 stocks in the appropriate propor-
tions as the index and immediately execute all of the trades. The New York Stock
Exchange has established a computerized order processing system, called the Designated
Order Turnaround, or DOT, that expedites trades. Nonetheless, it is still difficult to get
all the trades in before the price of any single stock changes. Thus, most arbitrageurs do
not duplicate the index but use a smaller subset of the stocks. Naturally this introduces
some risk into what is supposed to be a riskless transaction.5

Let us assume, however, that the trades can be executed simultaneously. Let the index
be 1305. Now assume an arbitrageur has $20 million to use. Then the arbitrageur will
buy the appropriately weighted 500 stocks with that amount. Because of the $250 multi-
plier on the futures, the S&P 500 is actually priced at 1,305(250) = $326,250, so the ar-
bitrageur will need to buy $20,000,000/$326,250 = 61.30 futures contracts. Because one
cannot buy fractional contracts, the transaction will not be weighted precisely.

In addition, there are transaction costs of about 0.5 percent of the market value of the
stocks. Would this consume the profit in this example? If the index is 1,305 and the net
profit is 1.51, the profit is approximately 0.0012 percent of the index and clearly would
be absorbed by the transaction costs.

In addition, there are problems involved in simultaneously selling all of the stocks in
the index at expiration. These transactions must be executed such that the portfolio will
be liquidated at the closing values of each stock. This is very difficult to do and fre-
quently causes unusual stock price movements at expiration.

Nonetheless, many large financial institutions execute this type of arbitrage transac-
tion. Every day billions of dollars trade on the basis of this futures pricing model. This
trading of large blocks of stock simultaneously is called program trading.6 The New
York Stock Exchange defines a program trade as the simultaneous or near simultaneous
purchase or sale of at least 15 stocks with a total market value of at least $1 million. The
NYSE requires that these program trades be reported to it and all index arbitrage trades
must also be reported.

In this type of trading, the model is programmed into a computer,
which continuously monitors the futures price and the individual
stock prices. When the computer identifies a deviation from the
model, it sends a signal to the user. Many large institutions have es-
tablished procedures for immediately executing the many simulta-
neous transactions, usually sending the orders through the DOT
system. Table 10.5 illustrates a successful index arbitrage trade using
the same example as before, but with a more significantly overpriced
futures.

Are stock index futures contracts correctly priced? Is it truly possible to profit from
index arbitrage? This question has been studied at great length. In the early days of stock
index futures trading, there was considerable evidence that stock index futures prices
were too low (Figlewski, 1984). In time, prices began to conform more closely to the
model, as shown by Cornell (1985). Deviations from the model remain, however, and
some can be exploited by traders with sufficiently low transaction costs. MacKinlay and
Ramaswamy (1988) revealed that (1) mispricing is more common the longer the

5As an alternative, the arbitrageur could use exchange-traded funds, which are securities that represent claims
on a portfolio identical to an underlying index. Many exchange-traded funds are very actively traded.
6Index arbitrage is but one form of program trading. Another is portfolio insurance, which is covered in
Chapter 14. See Hill and Jones (1988) for a discussion of the different forms of program trading.

Program trading is the execution on a stock
market of a large number of simultaneous
buy or sell orders. It is normally triggered by
a computer program that detects an arbi-
trage opportunity or suggests some other
reason for quickly establishing a large
portfolio of stock.

Chapter 10 Futures Arbitrage Strategies 345



remaining time to expiration and (2) when a contract becomes overpriced or under-
priced, it tends to stay overpriced or underpriced rather than reversing from overpriced
to underpriced or vice versa. Sofianos (1993) found that it was very difficult to profit
from index arbitrage after accounting for the problem of simultaneously executing all
trades.

One consequence of program trading is that large stock price movements often occur
quickly and without an apparent flow of new information. For example, when the index

TABLE 10.5 STOCK INDEX ARBITRAGE

Scenario: On November 8, the S&P 500 index is at 1,305; the continuously compounded dividend yield is 3 percent; and the con-
tinuously compounded risk-free rate is 5.2 percent. The December futures contract, which expires in 40 days, is priced at 1316.30.
Its theoretical price is

f = 1,305e(0.052–0.03)(0.1096) = 1,308.15,

where T = 40/365 = 0.1096. Thus, the futures contract is overpriced and the carry arbitrage transaction will be executed using
$20 million. Transaction costs are 0.5 percent of the dollars invested.

Date Spot Market Futures Market

November 8 The S&P 500 is at 1,305. The stocks have a dividend
yield of 3 percent. The risk-free rate is 5.2 percent.

Buy $20 million of stock in the same proportions
as make up the S&P 500

The S&P 500 futures, expiring on December
18, is at 1,316.30.
The appropriate number of futures is
$20 million/[(1,305)(250)] = 61.30.*
Sell 61 contracts

December 18 The S&P 500 is at 1,300.36. The stocks will
be worth (1,300.36/1305)($20 million) =
$19.928889 million.
The $20 million invested in the stocks
effectively costs ($20 million)e(0.052–0.03)(0.1096) =
$20.048242 million.
Transactions costs are $20 million (0.005) =
$100,000 (includes futures costs).
Sell stocks

Futures expires at the S&P 500 price of
1,300.36.

Close out futures at expiration

Analysis:
Profit on stocks:

$19,928,889 (received from sale of stocks)
�$20,048,282 (invested in stocks)

�$119,393.

Profit on futures:
61(250)(1,316.30) (sale price of futures)

�61(250)(1,300.36) (purchase price of futures)
$243,085.

Overall profit:
$243,085 (from futures)

�$119,393 (from stock)
�$100,000 (transaction costs)

$23,692.

*The appropriate number of futures contracts to match $20 million of stock is $20 million divided by the index price, not the
futures price, times the multiplier. Even though the $20 million is allocated across 500 different stocks, it is equivalent to buying
$20 million/1,305 = 15,326 “shares” of the S&P 500. The appropriate number of futures is one for each equivalent “share” of
the S&P 500. Each futures, of course, has a $250 multiplier.
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or futures price becomes out of line with the carry model, many investors recognize this
event simultaneously and react by buying and selling large quantities of stock and fu-
tures. Such actions have attracted considerable attention from the media. Critics have
charged that program trading has led to increased volatility in the spot markets. Regula-
tors and legislators have called for restrictions on such trading in the form of circuit
breakers and reduced access to the DOT system for rapidly executing orders. Others
have argued for imposing higher margins on futures trading. These issues continue to
generate a lot of debate.

FOREIGN EXCHANGE ARBITRAGE
We have discussed carry arbitrage with Federal funds, Eurodollars, bond futures, and
stock indices so far. The arbitrage concept is also applicable to foreign exchange futures.
Recall that the model for the foreign exchange futures price is7

f0(T) = S0(1 þ r)T/(1 þ ρ)T,

where S0 is the spot foreign exchange rate expressed in local currency per unit of foreign
currency, r denotes the domestic risk free interest rate (annually compounded) and ρ de-
notes the foreign risk free interest rate (annually compounded). The continuously com-
pounded equivalent is expressed as

f 0ðTÞ ¼ S0e
ðrc�ρcÞT,

where rc is the continuously compounded risk-free rate and ρc is the continuously com-
pounded foreign interest rate. Recall this relationship between the spot foreign exchange
rate and the forward/futures price is known as interest rate parity. Interest rate parity is
based on four transactions, a spot currency transaction, a domestic bank borrowing or
lending transaction, a foreign bank borrowing or lending transaction, and a forward for-
eign exchange transaction. If we omit the forward foreign exchange transaction, we have a
transaction known as the carry trade. It is often undertaken for the purpose of exporting
one’s currency into a foreign country in order to earn a higher rate of interest. But with-
out the forward contract, the carry trade bears a great deal of risk. If the foreign currency
weakens while the trade is in place, the conversion back into the domestic currency will
result in a potentially large loss. Thus, what might be gained from the higher interest rate
of the foreign currency could be more than lost on the unfavorable exchange rate move-
ment. Adding the forward contract locks in the rate at which the foreign currency will
be converted back into the domestic currency, thereby making the transaction free of
exchange rate risk. Since arbitrage transactions are supposed to be risk-free, the forward
foreign exchange transaction is a vital part of foreign exchange arbitrage.

Numerical Example Consider again (p. 299) the following example from a European
perspective. On June 9 of a particular year, the spot rate for dollars was 0.7908 euros.
The U.S. interest rate was 5.84 percent, while the euro interest rate was 3.59 percent.
The time to expiration was 90/365 = 0.2466. Recall that we have

f0(T) = a0.7908(1.0584)–0.2466(1.0359)0.2466 = 0.7866 euros.

Again, the forward rate should be about 0.7866 euros.

7In Chapter 9 we introduced foreign exchange forward contracts. We ignore any differences related to for-
wards and futures here.
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Now suppose that the observed market forward rate is 0.80 euros.
Then, an arbitrage opportunity is available. An arbitrageur buys
(1.0584)–0.2466 = 0.9861 dollars for $0.9861(a0.7908) = 0.7798 euros
and sells one forward contract at a forward rate of 0.80 euros. The
0.9861 dollars are invested at the U.S. risk-free rate. When the con-
tract expires, the arbitrageur will have 1 dollar, which is delivered on
the forward contract and for which 0.80 euros is received. Thus, the
arbitrageur has invested 0.7798 euros and received 0.80 euros in 90
days. The annualized return is

0:80
0:7798

� �365=90

� 1 ¼ 0:1093,

Foreign exchange arbitrage is the purchase
or sale of a foreign exchange and the sale
or purchase of a futures contract on foreign
exchange. Foreign exchange arbitrage
occurs when the futures price does not
conform to the carry arbitrage model and, if
properly executed, will earn, at no risk, the
difference between the futures price and
the theoretical futures price.

MAK ING THE CONNECT I ON

Currency-Hedged Cross-Border Index Arbitrage

We have now covered how to engage in covered inter-

est arbitrage, in which a trader buys a currency and

hedges its conversion back to the trader’s currency

using a forward or futures contract, and we have also

covered how to engage in stock index arbitrage, in

which the trader buys a portfolio of stock and sells a

futures on an index that matches the portfolio. Now,

we shall take a look at combining these two strategies.

Suppose that you are a Swiss equity trader who fol-

lows equities in the various European countries. The

Dow Jones Euro STOXX 50 in particular is a euro-

denominated index of 50 leading European stocks. A

futures contract, also denominated in euros, trades on

EUREX, the combined Swiss-German derivatives ex-

change. The trader observes that the futures seems to

be overpriced. A stock index arbitrage transaction

could be executed using an exchange-traded fund or

ETF, which is a portfolio representing claims on a

given index. To undertake this transaction, however,

the trader would need to convert his own currency,

Swiss francs, to euros; do the stock index arbitrage;

and then convert the euros back to Swiss francs.

Thus, the transaction is exposed to the risk of the

euro-Swiss franc exchange rate. The trader knows,

however, that he can hedge the conversion of euros

back into Swiss francs, but the details are more com-

plex than a straightforward conversion of euros to

Swiss francs. The trader will have to take into account

the value of the hedged portfolio when deciding on the

size of the forward contract.

Suppose that the Dow Jones Euro STOXX index is at

2,664. A futures contract on the index is at 2680. Both

numbers are in euros. The euro interest rate is 3 percent

and the Swiss franc interest rate is 2.5 percent. These

rates were based on LIBOR-type interest but have been

converted to continuous compounding equivalents. The

continuously compounded dividend yield on the index

is 1.2 percent. The exchange rate is SF1.4726 per euro.

The futures expires in exactly three months and each

futures contract covers a10. That is, the quoted futures

price is multiplied by 10 to obtain the actual futures

price. ETFs on the index trade at 1/10 the price of the

index. Thus, the ETF is at 266.40.

First, the trader calculates the theoretical price of the

futures

2,664e(0.03−0.012)(0.25) = 2,676.

Observing the futures price of 2,680, the trader knows

that the futures is overpriced. He decides to sell 1,000

contracts. Accounting for the multiplier, this would be

like selling futures to cover 1,000(10) = 10,000 shares.

He must take into account, however, that if he purchases

ETFs, the price is set at 1/10 of the index. Thus, he must

purchase 100,000 ETF shares. In addition, if he purchases

the shares, he will accrue dividends at the rate of 1.2 per-

cent per year. He can reinvest these dividends into new
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which exceeds the euro risk-free rate of 3.59 percent. This transaction is
called covered interest arbitrage. The combined effects of numerous arbi-
trageurs would push the spot rate up and/or the forward rate down until
the spot and forward rates were properly aligned with the relative interest

rates in the two countries.8 Of course, some transaction costs and the dealer bid-ask
spread would prevent the relationship from holding precisely.

shares. Since he wants the equivalent of 100,000 ETF

shares after three months, he should purchase

100,000e–0.012(0.25) = 99,700

shares of the ETF. He then sells 1,000 futures at 2,680.

He will also need to engage in a forward contract to

convert a specific amount of euros into Swiss francs.

Since he will be effectively selling 10,000 shares of the

index at 2,680, the amount of euros he should receive is

10,000(2,680) = 26,800,000. Thus, the forward contract

should be written to cover a26,800,000. The forward

price would be

1.4726e(0.025–0.03)(0.25) = 1.4708.

The forward contract is assumed to be correctly priced,

so the trader has entered into a commitment to deliver

a26,800,000 at SF1.4708 per euro.

Thus, the trader buys the stock in the formof 99,700ETF

shares. This will require 99,700(a266.40) ¼ a26,560,080,

so he will have to commit a26,560,080 (SF1.4726/a) ¼
SF39,112,374. Remember that the trader could earn

2.5 percent on this money by keeping it invested risk-free

in Switzerland. He sells 1,000 futures at 2,680 and sells a

forward contract on a26,800,000 at SF1.4708.

At expiration, the index is at ST and the ETF is at

(1/10)ST. Due to the reinvestment of dividends, he now

holds

99,700e0.012(0.25) = 100,000

shares of the ETF, which are worth

100,000(1/10)ST.

The futures payoff, ignoring the mark-to-market ef-

fect, is

–1,000(10)(ST – 2,680).

Thus, the total payoff is

100,000(1/10)ST – 1,000(10)(ST – 2,680) = 26,800,000

euros. Using forward contracts, he converts this amount

back into Swiss francs at the rate of SF1.4708 to obtain

a26,800,000(SF1.4708/a) = SF39,417,440.

Now let us see how well he has done. He invested

SF39,112,374 and ended up with SF39,417,440. This

is a return per Swiss franc invested of 39,417,440/

39,112,374 = 1.00779973. The annualized continuously

compounded rate of return can be found in the follow-

ing manner:

39,417,440

39,112,374
¼ ekð0:25Þ:

Then

ln
39,417,440

39,112,374

� �
¼ kð0:25Þ;

and k will be 3.11 percent, which is earned risk-free.

This is better than the 2.5 percent rate he could have

gotten by investing risk-free in Switzerland. Of course,

the trader must execute the transactions quickly and

cover all costs.

8Arbitrage could also put pressure on interest rates in the two countries. The U.S. rate could decrease, while
the euro rate could increase. Interest rates are, however, so heavily influenced by other effects, such as infla-
tion, government borrowing, and central bank policy, that it is unlikely that arbitrageurs could influence
rates.

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance
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Summary

Building on the basic principles established in
Chapter 9, this chapter examined the application of
arbitrage strategies. It looked at how Fed funds, Euro-
dollar, Treasury bond, stock index, and foreign ex-
change futures can be used if market prices do not
conform to the formulas that assume no arbitrage prof-
its are available. For Treasury bond contracts, it also
examined how these contracts permit delivery of any
bond chosen from a group of eligible bonds and how

the price paid or received is adjusted to reflect differ-
ences in the deliverable bonds. It also examined how
the cheapest deliverable bond is identified. This chapter
also introduced the important concept of the implied
repo rate, which is seen to be the equivalent of the
internal rate of return.

The main focus of this chapter has been on arbi-
trage trading strategies. In Chapter 11 we will examine
a wide variety of other futures trading strategies.

Key Terms

Before continuing to Chapter 11, you should be able to give brief definitions of the following terms:

cash-and-carry arbitrage/carry
arbitrage, p. 327

repurchase agreement/repo, p. 328
implied repo rate, p. 328
conversion factor (CF), p. 333

cheapest-to-deliver (CTD), p. 335
delivery options/wild card option,
p. 337

quality option, end-of-the-month
option, p. 339

timing option, p. 339
stock index arbitrage, p. 344
program trading, p. 347

Further Reading

A survey of the literature on delivery options is
found in:
Chance, D. M. and M. L. Hemler. “The Impact of

Delivery Options on Futures Prices: A Survey.”
The Journal of Futures Markets 13 (1993):
127–155.

Some empirical tests of arbitrage opportunities in
futures markets are found in:
Elton, E. J., M. J. Gruber, and J. Rentzler. “Intra-Day

Tests of Efficiency of the Treasury Bill Futures
Market.” Review of Economics and Statistics 66
(1984): 129–137.

MacKinlay, A. C. and K. Ramaswamy. “Index-Futures
Arbitrage and the Behavior of Stock Index Futures
Prices.” The Review of Financial Studies 1 (1988):
137–158.

Rendleman, R. J., Jr. and C. Carabini. “The Efficiency
of the Treasury Bill Futures Market.” The Journal of
Finance 44 (1979): 895–914.

Program trading and stock index arbitrage are exam-
ined in:
Furbush, D. “Program Trading and Price Movement:

Evidence from the October 1987 Market Crash.”
Financial Management 18 (1989): 68–83.

Stoll, H. R. and R. E. Whaley, Jr. “Program Trading and
Expiration Day Effects.” Financial Analysts Journal
43 (March–April, 1987): 16–28.

In addition, the Web sites of the futures exchanges
have many excellent examples of how futures contracts
can be used.

Concept Checks

1. Explain how the repurchase agreement plays a
role in the pricing of futures contracts. What is
the implied repo rate?

2. Identify and explain some factors that make the
execution of stock index futures arbitrage diffi-
cult in practice.
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3. What is program trading? Why is it so
controversial?

4. Explain the relationship between carry arbitrage
and the implied repo rate.

5. Define the conversion factor. Why are U.S.
Treasury bond futures contracts designed with
conversion factors?

Questions and Problems

1. Identify and discuss four non-traded delivery
options related to U.S. Treasury bond futures
contracts.

2. Explain the implied repo rate on a U.S. Treasury
bond futures spread position.

3. Identify two ways to express interest rate parity
based on how interest rates are quoted. Explain
why, in practice, they contain the same
information.

4. On November 1, the one-month LIBOR rate is
4.0 percent and the two-month LIBOR rate is 5.0
percent. Assume that Fed funds futures contracts
trades at a 25 basis point rate under one-month
LIBOR at the start of the delivery month. The
December Fed funds futures is quoted at 94.75.
Assuming no basis risk between Fed funds and
one-month LIBOR at the start of the delivery
month, identify whether an arbitrage opportunity
is available. Contract size is $5,000,000. Be sure
to illustrate the arbitrage strategy for one con-
tract. To show the dollar arbitrage, assume the
one-month LIBOR rate on December 1 was 7
percent.

5. Repeat the previous problem, but now assume
the one-month LIBOR rate on December 1 was
5.5 percent.

6. A corporate cash manager who often invests her
firm’s excess cash in the Eurodollar market is
considering the possibility of investing $20 mil-
lion for 180 days directly in a Eurodollar CD at
6.15 percent. As an alternative, she considers the
fact that the 90-day rate is 6 percent and the
price of a Eurodollar futures expiring in 90 days
is 93.75 (the IMM index). She believes that the
combination of the 90-day CD plus the futures
contract would be a better way of lending $20
million for 180 days. Suppose she executes this
strategy and the rate on 90-day Eurodollar CDs
ninety days later is 5.9 percent. Determine the
annualized rate of return she earns over 180 days
and compare it to the annualized rate of return
on the 180-day CD.

7. On September 26 of a particular year, the March
Treasury bond futures contract settlement price
was 94-22. Compare the following two bonds and
determine which is the cheaper bond to deliver.
Assume delivery will be made on March 1. Use
5.3 percent as the repo rate.
a. Bond A: A 12 3/4 percent bond callable in

about 19 years and maturing in about 24
years with a price of 148 9/32 and a CF of
1.4433. Coupons are paid on November 15
and May 15. The accrued interest is 4.64 on
September 26 and 3.73 on March 1.

b. Bond B: A 13 7/8 percent bond callable in
about 20 years and maturing in about 25
years with a price of 159 27/32 and a CF of
1.5689. Coupons are paid on November 15
and May 15. The accrued interest is 5.05 on
September 26 and 4.06 on March 1.

8. It is August 20, and you are trying to determine
which of two bonds is the cheaper bond to de-
liver on the December Treasury bond futures
contract. The futures price is 89 12/32. Assume
delivery will be made on December 14, and use
7.9 percent as the repo rate. Find the cheaper
bond to deliver.
a. Bond X: A 9 percent noncallable bond ma-

turing in about 28 years with a price of
100 14/32 and a CF of 1.1106. Coupons are
paid on November 15 and May 15. The ac-
crued interest is 2.37 on August 20 and 0.72
on December 14.

b. Bond Z: An 11 1/4 percent noncallable bond
maturing in about 25 years with a price of
121 14/32 and a CF of 1.3444. Coupons are
paid on February 15 and August 15. The ac-
crued interest is 0.15 on August 20 and 3.7 on
December 14.

9. Assume that on March 16, the cheapest bond to
deliver on the June T-bond futures contract is the
14s, callable in about 19 years and maturing in
about 24 years. Coupons are paid on November
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15 and May 15. The price of the bond is
161 23/32, and the CF is 1.584. The June futures
price is 100 17/32. Assume a 5.5 percent rein-
vestment rate. Determine the implied repo rate
on the contract. Interpret your result. Note that
you will need to determine the accrued interest.
Assume delivery on June 1.

10. On July 5, a stock index futures contract was at
394.85. The index was at 392.54, the risk-free rate
was 2.83 percent, the dividend yield was 2.08 per-
cent, and the contract expired on September 20.
Determine if an arbitrage opportunity was avail-
able, and explain what transactions were executed.

11. Rework problem 15 assuming that the index was
at 388.14 at expiration. Determine the profit
from the arbitrage trade, and express it in terms
of the profit from the spot and futures sides of
the transaction. How does your answer relate to
that in problem 15?

12. On August 20 a stock index futures, which ex-
pires on September 20, was priced at 429.70. The
index was at 428.51. The dividend yield was 2.7
percent. Discuss the concept of the implied repo
rate on an index arbitrage trade. Determine the
implied repo rate on this trade, and explain how
you would evaluate it.

13. On March 16, the March T-bond futures settle-
ment price was 101 21/32. Assume the 12 1/2
percent bond maturing in about 22 years is the
cheapest bond to deliver. The CF is 1.4639. As-
sume that the price at 3:00 P.M. was 150 15/32.
Determine the price at 5:00 P.M. that would be
necessary to justify delivery.

14. On September 12, the cheapest-to-deliver bond
on the December Treasury bond futures contract
is the 9s of November 2018. The bond pays in-
terest semiannually on May 15 and November
15. Its price is 125 12/32. The December futures
price is 112 24/32. The bond has a conversion
factor of 1.1002. Its accrued interest on Septem-
ber 12 is 2.91 and its accrued interest on De-
cember 1 is 4.92, which reflects the payment of
the coupon on November 15. Assuming delivery
on December 1, determine the implied repo rate.
Then write an interpretation of your result.

15. OnMarch 16, the June T-bond futures contract was
priced at 100 17/32 and the September contract was

at 99 17/32. Determine the implied repo rate on the
spread. Assume the cheapest bond to deliver on
both contracts is the 11 1/4 maturing in 28 years
and currently priced at 140 21/32. The CF for de-
livery in June was 1.3593, and the CF for delivery
in September was 1.3581. Delivery is on the first of
the month, and the coupons are paid on February
15 and August 15. The accrued interest is 3.29 on
June 1 and 6.16 on September 1.

16. Explain the impact on the implied repo rate of
changing from the bid to the offer futures price
of the longer dated futures contract.

17. Assume that on December 2, 2010, the cheapest
bond to deliver was the 6 1/4s maturing on
August 15, 2028. The March contract is priced at
112, and the conversion factor is 1.0269. The
June futures price is 111.75. The conversion fac-
tor for the 6 1/4s delivered on the June contract is
1.0265. The accrued interest on the bond on
March 7, the assumed delivery date, is 0.35, and
the accrued interest on June 5 is 1.90. There are
no coupons between the two futures expiration
dates. Calculate the implied repo rate for the
March�June 2011 Treasury bond futures spread.
If the actual forward repo rate is 4 percent, what
do you recommend?

18. (Concept Problem) In this chapter, there are two
equations presented for the implied repo rate
related to bond futures contracts shown below.
Explain these equations and discuss the differ-
ences between them.

r̂ ¼ ðCFÞðf 0ðTÞÞ þ AIT þ CI0,T
B0 þ AI0

" #ð1=TÞ
� 1 and

r̂ ¼ ðCFðtÞÞf 0ðtÞ þ AIt þ CIt,T

ðCFðtÞÞf 0ðtÞ þ AIt

" #1=ðT�tÞ

� 1:

19. (Concept Problem) Referring to problem 15,
suppose transaction costs amounted to 0.5 per-
cent of the value of the stock index. Explain how
these costs would affect the profitability and the
incidence of index arbitrage. Then calculate the
range of possible futures prices within which no
arbitrage would take place.
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APPENDIX 10
Determining the CBOT Treasury Bond Conversion Factor
Step 1 Determine the maturity of the bond in years, months, and days as of the first day

of the expiration month. If the bond is callable, use the first call date instead of
the maturity date. Let YRS be the number of years and MOS the number of
months. Ignore the number of days. Let c be the coupon rate on the bond.

Step 2 Round the number of months down to 0, 3, 6, or 9. Call this MOS�.
Step 3 If MOS� = 0,

CF0 ¼ c
2

1� ð1:03Þ�2�YRS

0:03

" #
þ ð1:03Þ�2�YRS:

If MOS� ¼ 6,

CF3 ¼ (CF0 + c/2)(1.03)–0.5 � c/4.

If MOS� = 6,

CF6 ¼ c
2

1� ð1:03Þ�ð2�YRSþ1Þ

0:03

" #
þ ð1:03Þ�ð2�YRSþ1Þ:

If MOS� ¼ 9,

CF9 = (CF6 + c/2)(1.03)–0.5 � c/4.

Example: Determine the CF for delivery of the 5 1/4s of February 15, 2029, on the March
2009 T-bond futures contract.

On March 1, 2009, the bond’s remaining life is 19 years, 11 months, and 14 days. Thus,
YRS = 19 and MOS = 11. Rounding down gives MOS� = 9. First, we must find CF6:

CF6 ¼ 0:0525
2

1� ð1:03Þ�ð2ð19Þþ1Þ

0:03

" #
þ ð1:03Þ�ð2ð19Þþ1Þ ¼ 0:91447:

Then we find CF9 as

CF9 = (0.91447 + 0.0525/2)(1.03)–0.5 � 0.0525/4 = 0.9138,

which is shown in Table 10.3 in the chapter.
The Excel spreadsheet CF8e.x1s will automatically calculate the conversion factor for

you. Software Demonstration 10.2 illustrates how to use CF8e.xls.
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SOFTWARE DEMONSTRATION 10.2

Determining the CBOT Conversion Factor with the

Excel Spreadsheet CF8e.xls

The Excel spreadsheet CF8e.xls is written in Excel 2002.

It calculates the conversion factor for a bond delivered

on the Chicago Board of Trade’s Treasury bond futures

contract. To use the spreadsheet, you will need Windows

95 or higher. The spreadsheet is available as a download

via the product support Web site. To access it:

1. Go to http://www.cengage.com/finance/chance.

2. Click on Instructor Resources or Student Resources.

3. Click on the link for CF8e.xls.

4. Follow the instructions on the Web page to down-

load and install the spreadsheet.

This spreadsheet is a read-only spreadsheet, meaning

that it cannot be saved under the name CF8e.xls, which

preserves the original file.

Now let us work an example. Suppose we wish to

deliver the 5 1/4 of February 15, 2029 on the March

2009 contract. Each cell that will accept input has a

double-line border and the values are in blue. In the sec-

tion labeled Inputs: you should enter the delivery date.

This will always be simply a month and a year. Enter it

in the form mm/yyyy. Thus, you should insert “3/2009”

in the cell. Several rows below, you should enter the

coupon rate and maturity date. Enter the coupon rate

as a percentage or decimal. For example, our bond’s

coupon is 5.25, so enter “5.25” or “0.0525”. Enter the

maturity date in the format mm/dd/yyyy. Thus, in this

case, you would enter “2/15/2029”. The spreadsheet dis-

plays both of these dates in Excel’s date format. Press

F9 (manual recalculation).

The results are then calculated and appear in the

section labeled Results: Output values have a single-

line border. The conversion factor here is 0.9138. The

spreadsheet also shows the maturity in years (here,

19), months (11), and days, based on the first day of

the expiration month, (14). This enables you to see if

the bond has a sufficiently long maturity to be eligible

for delivery on the bond or note contract.
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CHA P T E R 11
Forward and Futures Hedging,
Spread, and Target Strategies

Hedging is the tai chi of trading.

Jim Kharouf

Futures, October, 1996, p. 90

Hedging is a type of transaction designed to reduce or, in some cases, eliminate risk. Our
material on options presented numerous examples of hedges, the most obvious being the
covered call and protective put. Now we shall find that it is also possible, in some cases
preferable, to use forwards or futures to hedge.

Until now we have emphasized that there are many similarities and differences between
forward and futures contracts. Both can be used for hedging. When choosing a forward or
futures hedge over an option hedge, the hedger agrees to give up future gains and losses.
No up-front cost is incurred. In contrast, an option hedge such as a protective put pre-
serves future gains but at the expense of an up-front cost, the option premium. Forward
contracting, as we previously noted, involves some credit risk and is generally available
only in very large transaction sizes. Forward contracting, however, allows the user to cus-
tomize the terms of the transaction so as to get a near-perfect hedge. Certain types of busi-
ness situations are more suited to forward hedges. Others are more suited to futures
hedges. In others, options are more appropriately used. While the choice of instrument is
often a trade-off between the advantages and disadvantages of each, it is also sometimes
true that the instrument chosen is a function of the extent to which the hedger is familiar
with the type of instrument, what competing firms do, and the efforts made by futures
exchanges and over-the-counter dealers to convince hedgers to use their products.

In this chapter we shall see a number of examples of various types of hedges. This in-
cludes hedges with foreign currency forwards and futures, futures on bonds and notes, and
stock index futures.

In this chapter we also explore various spread strategies. Spread strategies are usually
pursued when a trader has a particular view on the future direction of various futures con-
tracts. We also cover target strategies wherein investors use futures contracts to target their
desired durations and betas.

In spite of all of the material we cover in this chapter, our treatment is incomplete. A
considerable number of hedge strategies utilize swaps and interest rate derivatives, topics
we cover in Chapters 12 and 13. Accordingly, we shall return to the topic of hedging in
those chapters.

We start this chapter with a discussion of several general issues involved in the process
of hedging. For example, why should anyone hedge in the first place?

CHAPTER
OBJECT I V ES

• Explain some of the
reasons for and
against hedging

• Present the basic
concepts associated
with hedging, such as
the basis, short and
long hedging, and the
risks of hedging

• Identify the factors
that are involved in
deciding to undertake
a hedge

• Illustrate the different
methods (price sensi-
tivity, minimum
variance) of deter-
mining the number of
futures contracts to
use in a hedge

• Illustrate examples of
intramarket and
intermarket spread
strategies

• Review selected target
strategies including
targeted duration,
alpha capture,
targeted beta, and
tactical asset
allocation
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WHY HEDGE?
Before we begin with the technical aspects of hedging, it is worthwhile to ask two ques-
tions: (1) Why do firms hedge? and (2) Should they hedge? Hedging is done to reduce
risk, but is this desirable? If everyone hedged, would we not simply end up with an econ-
omy in which no one takes risks? This would surely lead to economic stagnancy. More-
over, we must wonder whether hedging can actually increase shareholder wealth.1

If the famous Modigliani-Miller propositions are correct, then the value of the firm is
independent of any financial decisions, which include hedging. Hedging, however, may
be desired by the shareholders simply to find a more acceptable combination of expected
return and risk. It can be argued, however, that firms need not hedge since shareholders,
if they wanted hedging, could do it themselves. But this ignores several important points.
It assumes that shareholders can correctly assess all the firm’s risks that can be hedged. If
a company is exposed to the risk associated with volatile raw materials prices, can the
shareholders properly determine the degree of risk? Can they determine the periods
over which that risk is greatest? Can they determine the correct number of futures con-
tracts necessary to hedge their share of the total risk? Do they even qualify to open a
futures brokerage account? Will their transaction costs be equal to or less than their pro-
portional share of the transaction costs incurred if the firm did the hedging? The answer
to each of these questions is “maybe not.” It should be obvious that hedging is not some-
thing that shareholders can always do as effectively as firms.

Corporate hedging activities may be related to the relative cost of internal and exter-
nal financing. Froot, Scharfstein, and Stein suggest that corporate hedging is motivated
by a desire to ensure lower cost financing internally when attractive investment opportu-
nities are available.

In addition, there may be other reasons why firms hedge, such as
tax advantages. Low-income firms, for example those that are below
the highest corporate tax rate, can particularly benefit from the inter-
action between hedging and the progressive corporate income tax
structure.2 Hedging also reduces the probability of bankruptcy. This
is not necessarily valuable to the shareholders except that it can re-
duce the expected costs that are incurred if the firm does go
bankrupt.

A firm may choose to hedge because its managers’ livelihoods may
be heavily tied to the performance of the firm. The managers may
then benefit from reducing the firm’s risk. This may not be in the

shareholders’ best interests, but it can at least explain why some firms hedge. Finally,
hedging may send a signal to potential creditors that the firm is making a concerted effort
to protect the value of the underlying assets. This can result in more favorable credit
terms and less costly, restrictive covenants.

Many firms, such as financial institutions, are constantly trading over-the-counter fi-
nancial products like swaps and forwards on behalf of their clients. They offer these ser-
vices to help their clients manage their risks. These financial institutions then turn
around and hedge the risk they have assumed on behalf of their clients. How do they

1The material in this section draws heavily from C. W. Smith and R. M. Stulz, “The Determinants of Firms’
Hedging Policies,” Journal of Financial and Quantitative Analysis 20 (1985): 391–405; D. Duffie, “Corporate
Risk Management 101: Why Hedge?” Corporate Risk Management 3 (May 1991): 22–25; D. R. Nance, C. W.
Smith Jr., and C. W. Smithson, “On the Determinants of Corporate Hedging,” The Journal of Finance 48
(March 1993): 267–284; and K. A. Froot, D. S. Scharfstein, and J. C. Stein, “Risk Management: Coordinating
Corporate Investment and Financing Policies,” The Journal of Finance 48 (December 1993): 1629–1658.

Firms hedge to save taxes, reduce bank-
ruptcy costs, and, in some cases, because
managers want to reduce the risk of their
own wealth, which is tied to their firms’
performance. Hedging is also done in the
course of offering risk management ser-
vices for clients and possibly because
shareholders cannot hedge as effectively
as firms.

2See Appendix 11 for more on hedging and taxes.
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make money? They quote rates and prices to their clients that reflect a spread sufficient
to cover their hedging costs and include a profit. In this manner, they become retailers of
hedging services.

Lest we give a one-sided view of hedging, it is important to consider some reasons not
to hedge. One reason is that hedging can give a misleading impression of the amount of
risk reduced. There is an old saying in derivatives: “The only perfect hedge is in a Japa-
nese garden.” Hedges nearly always leave some risk and some hedges leave a surprising
amount of risk that was supposed to have been eliminated. Hedging should always be
viewed as risk reducing but not eliminating, thus requiring that the remaining risk be
identified and monitored.

Another problem with hedging is that it eliminates the opportunity to take advantage
of favorable market conditions. In other words, hedging reduces the gain potential as
well as the loss potential. Carried to an extreme, hedging can nearly eliminate any reason
for being in business in the first place. The creation of wealth does not come about by
indiscriminate hedging. Hedging should be selective—that is, reducing certain risks while
maintaining exposures where an advantage is perceived.

Finally, we should add that there is really no such thing as a hedge. As surprising as
that sounds, consider this. When an investor moves all funds from stock to cash, he may
think he is hedging, but he is really taking a position that the market will go down.
When a corporation hedges away the risk associated with borrowing at a floating rate,
it is taking a position that interest rates will go up. In either case, the elimination of
risk is taking a position based on a view that an unfavorable event will occur in the mar-
ket. This is as much of a speculative action as is investing all of one’s money in the stock
market or borrowing at a floating rate. In other words, reducing risk is a bet that bad
things will happen in the market.

With all of this talk about hedging, however, we would be remiss
not to note that hedging is just a part of an overall process called risk
management. Hedging is a specific example of managing risk for the
purpose of reducing it. In a broader sense, however, there is much
more to managing risk than just hedging. In some situations, risk
will be lower than desired, calling for an increase in risk. Is this the

opposite of hedging? Some would indeed call it speculation, but in fact, it is just part of
the overall process of risk management, the alignment of the actual level of risk with the
desired level of risk. While the focus of this chapter is on hedging, we shall discuss the
bigger picture of managing risk in Chapters 15 and 16.

HEDGING CONCEPTS
Before we can understand why a certain hedge is placed or how it works, we must be-
come acquainted with a few basic hedging concepts. We have mentioned some of these
points before but have not specifically applied them to hedging strategies. In the discus-
sion below, we shall primarily refer to futures, but the ideas are nearly always applicable
to forward contracts as well.

Short Hedge and Long Hedge
The terms short hedge and long hedge distinguish hedges that in-
volve short and long positions in the futures contract, respectively.
A hedger who holds an asset and is concerned about a decrease in
its price, such as a grain elevator operator owning a large inventory of
wheat, might consider hedging it with a short position in futures. If

Hedging is a component of a more general
process called risk management, the
alignment of the actual level of risk with the
desired level of risk.

A short hedge means to hedge by taking a
short position in a futures contract. A long
hedge means to hedge by taking a long
position in a futures contract.
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the spot price and futures price move together, the hedge will reduce some of the risk. For
example, if the spot price decreases, the futures price also will decrease. Since the hedger
is short the futures contract, the futures transaction produces a profit that at least par-
tially offsets the loss on the spot position. This is called a short hedge because the hedger
is short futures. The grain elevator operator is able to hedge price risk with a short wheat
futures position.

Another type of hedge situation is faced when a party plans to purchase an asset at a
later date, such as a cereal producer. Fearing an increase in wheat prices, the cereal pro-
ducer might buy futures contracts. Then, if the price of wheat increases, the wheat fu-
tures price also will increase and produce a profit on the futures position. That profit
will at least partially offset the higher cost of purchasing wheat. This is a long hedge, be-
cause the hedger, the cereal producer in this example, is long in the futures market. Be-
cause it involves an anticipated transaction, it is sometimes called an anticipatory hedge.

Another type of long hedge might be placed when one is short an asset. Although this
hedge is less common, it would be appropriate for someone who has sold short a stock
and is concerned that the market will go up. Rather than close out the short position,
one might buy a futures contract and earn a profit on the long position in futures that
will at least partially offset the loss on the short position in the stock.

In each of these cases, the hedger held a position in the spot market that was subject to
risk. The futures transaction served as a temporary substitute for a spot transaction. Thus,
when one holds the asset and is concerned about a price decrease but does not want to sell
it, one can execute a short futures trade. Selling the futures contract would substitute for
selling the commodity. Table 11.1 summarizes these various hedging situations.

The Basis
The basis is one of the most important concepts in futures markets
because it aids in understanding the process of hedging. The basis
usually is defined as the spot price minus the futures price. Some
books and articles, however, define it as the futures price minus the
spot price. In this book, we shall use the former definition:

Basis ¼ Spot price � Futures price.

Hedging and the Basis Here we will look at the concept of hedging and how the
basis affects the performance of a hedge. Ultimately we shall need to understand the fac-
tors that influence the basis.

Let us define the following terms:

T ¼ time point of expiration (say a particular month, day, and year)

t ¼ time point prior to expiration (t ¼ 0 implies “today”)

S0 ¼ spot price today

TABLE 11.1 SUMMARY OF HEDGING SITUATIONS

Condit ion Today Risk Appropriate Hedge

Hold asset Asset price may fall Short hedge

Plan to buy asset Asset price may rise Long hedge

Sold short asset Asset price may rise Long hedge

Note: Short hedge means long spot, short futures; long hedge means short spot, long futures. Hedging situations involving loans
are examined in Chapters 12 and 13.

The basis is the difference between the
spot price and the futures price.
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f0 ¼ futures price today

ST ¼ spot price at expiration

fT ¼ futures price at expiration

St ¼ spot price at time t prior to expiration

ft ¼ futures price at time t prior to expiration

∏ ¼ profit from a given strategy

For the time being, we shall ignore marking to market, any costs of storing the asset, and
other transaction costs.

The concept of a hedge is not new. When we looked at options, we constructed sev-
eral types of hedges, some of which were riskless. By taking a position in a stock and an
opposite position in an option, gains (losses) on the stock are offset by losses (gains) on
the option. We can do the same thing with futures: hold a long (short) position in the
spot market and a short (long) position in the futures market. For a long position in the
spot market, the profit from a hedge held to expiration is

П ðshort hedgeÞ ¼ ðST � S0Þ ðspot market profitÞ þ ðf 0 � fTÞ ðfutures market profitÞ:

Recall that profit is always the selling price minus the purchase price. The futures market
profit from a short position is (f0� fT) or �(fT� f0). For a short position in the spot
market and a long position in the futures market, the sign of each term in the above
equation is reversed; that is,

П ðlong hedgeÞ ¼ ðS0 � STÞ ðspot market profitÞ þ ðfT � f 0Þ ðfutures market profitÞ:

In some cases, we might wish to close out the position at time t, that is, before expira-
tion. Then the profits from a short hedge and a long hedge are

∏ ðshort hedgeÞ ¼  ðSt � S0Þ þ  ðf 0 � f tÞ,
∏ ðlong hedgeÞ  ¼  ðS0 � StÞ þ  ðf t � f 0Þ:

At expiration, a person buying a futures contract can expect to receive immediate deliv-
ery of the good. Thus, an expiring futures contract is the same as the purchase of the spot
commodity; therefore, ST¼ fT. Thus, the profit if the short hedge is held to expiration is
simply f0� S0. That means that the hedge is equivalent to buying the asset at price S0
and immediately guaranteeing a sale price of f0. Also, the profit if the long hedge is held
to expiration is S0� f0, which is equivalent to selling the asset at price S0 and immediately
guaranteeing the purchase price of f0.

As an example, suppose you buy an asset for $100 and sell a futures contract on the
asset at $103. Therefore, you have a short hedge. At expiration, the spot and futures
prices are both $96. You sell the asset for $96, taking a $4 loss, and close your futures
contract at $96, making a $7 gain, for a net profit of $3. Alternatively, you could
deliver the asset on your futures contract, receiving $96, and collect the $7 that has
accumulated in your futures account, making the effective sale price of the asset
$103. In either case, the transaction is equivalent to selling the asset for $103, the orig-
inal futures price.

Now suppose instead you short sell an asset for $100 and buy a futures contract on
the asset at $103. Therefore, you have a long hedge. At expiration, the spot and futures
prices are both $96. You buy back the asset for $96, receiving a $4 gain, and close your
futures contract at $96, taking a $7 loss, for a net loss of $3. Alternatively, you could

Chapter 11 Forward and Futures Hedging, Spread, and Target Strategies 359



purchase the asset on your futures contract, paying $96 and with the $7 loss that has
accumulated in your futures account, the effective purchase price of the asset is $103.
In either case, the transaction is equivalent to purchasing the asset for $103, the original
futures price.

Since the basis is defined as the spot price minus the futures price, we can write it as a
variable, b, where

b0  ¼  S0 � f 0 (initial basis)
bt   ¼  St � f t (basis at time t)
bT  ¼  ST � fT (basis at expiration):

Thus, for positions closed out at time t,

∏ (short hedge) ¼  (St � f t)� (S0 � f 0),
∏ (short hedge) ¼  bt � b0:
∏ (long hedge) ¼  (S0 � f 0)� (St � f t),
∏ (long hedge) ¼  b0 � bt:

The profits from the hedges are simply the change in the basis.
The uncertainty regarding how the basis will change is called basis
risk. A hedge substitutes the change in the basis for the change in
the spot price. The basis change usually is far less variable than the
spot price change; hence, the hedged position is less risky than the
unhedged position. Because basis risk results from the uncertainty

over the change in the basis, hedging is a speculative activity but produces a risk level
much lower than that of an unhedged position.

Hedging can also be viewed as a transaction that attempts to establish the expected
future price of an asset. A short (long) hedge establishes the expected future sales (pur-
chase) price. For example, the equation for the profit on a short hedge can be written as
f0þ (St� ft)� S0. Since the short hedger paid S0 dollars to purchase the asset, then the
effective sale price of the asset can be viewed as f0þ (St� ft), which can be written as
f0þ bt. In other words, a short hedge establishes the future sale price of the asset as the
current futures price plus the basis. Since f0 is known, the effective future sale price is
uncertain only to the extent that the basis is uncertain. If the short hedge is held to expi-
ration, the effective sale price becomes f0þ bT, which is simply f0 since the basis at expi-
ration is zero. Thus, the sale price of the asset is established as f0 when the transaction is
initiated. The short hedger would be sure that she would be able to effectively sell
the asset for the futures price. This would be a ‘perfect’ short hedge. Most hedges are
imperfect for a variety of reasons but often because the hedger does not typically hold
the position to expiration.

If the spot price increases by more than the futures price, the basis will increase. This
is said to be a strengthening basis, and it improves (reduces) the performance of the
short (long) hedge. If the futures price increases by more than the spot price, the basis
will decrease, reducing (improving) the performance on the short (long) hedge. In that
case, the basis is said to be weakening. These relationships between hedging profitability
and the basis are summarized in Table 11.2.

As noted above, if a hedge is held all the way to expiration, the basis goes to zero. In
that case, the profit is simply �b0 from a short hedge and þb0 from a long hedge.

Finally, we should remember that hedging incurs costs, such as the transaction costs
of the futures. In addition, if the asset is held, it will incur costs of storage. These will
reduce the profit but their effects are generally known in advance and, thus, do not im-
pose any additional risk.

Hedging entails the assumption of basis
risk, which is the uncertainty of the basis
over the hedge period. The hedge profit is
the change in the basis.
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Hedging Example Let us consider an example using gold. On March 30, the price of
a gold futures expiring in June was $388.60 per troy ounce. The spot price of gold was
$387.15. Suppose a gold dealer held 100 troy ounces of gold worth 100(387.15) ¼ 38,715.
We shall disregard the storage costs, because they are reasonably certain. To protect
against a decrease in the price of gold, the dealer might sell one futures contract on 100
troy ounces, hence he has entered a short hedge. In our notation,

S0 ¼ 387:15
f0 ¼ 388:60
b0 ¼  387:15� 388:60 ¼ �1:45:

If the hedge is held to expiration, the basis should converge to zero. It might not go
precisely to zero, however, and we shall see why later. If it does, the profit should be �1
times the original basis times the number of ounces:

∏ ¼ �1(�1:45)(100) ¼ 145:

Suppose that at expiration the spot price of gold is $408.50. Then the dealer sells the
gold in the spot market for a profit of 100(408.50� 387.15)¼ 2,135. The short futures
contract is offset by purchasing it in the futures market for a profit of �100(408.50�
388.60)¼�1,990. The overall profit therefore is �1,990þ 2,135¼ 145, as we predicted.

Now suppose we close the position prior to expiration. For example, on May 5
the spot price of gold was $377.52 and the June futures price was $378.63. In our notation,
St¼ 377.52 and ft¼ 378.63. If the gold is sold in the spot market, the profit is 100(377.52�
387.15)¼�963. The futures contract is bought back at 378.63 for a profit of�100(378.63�
388.60)¼ 997. The net gain is �963þ 997¼ 34. As we said earlier, this should equal the
change in the basis, bt� b0. The original basis was �1.45. The basis when the position is
closed is St� ft, or 377.52� 378.63¼�1.11. The profit, therefore, is

�1:11� ð�1:45Þ ¼ 0:34,

which is the gain on the hedge per ounce of gold.

Behavior of the Basis Figure 11.1 shows the basis on a September S&P 500 index fu-
tures contract for a two-year period prior to expiration. Notice that the basis is quite vola-
tile but finally converges to zero as maturity approaches. The volatility of the basis can be
attributed to changing interest rates, changing expectations about dividend payments and
asynchronous prices. Asynchronous pricing refers to pricing being set at different points in

TABLE 11.2 HEDGING PROFITABILITY AND THE BASIS

Type of Hedge Benefits from Which Occurs if

Short hedge Strengthening basis Spot price rises more than futures price rises

or

Spot price falls less than futures price falls

or

Spot price rises and futures price falls

Long hedge Weakening basis Spot price rises less than futures price rises

or

Spot price falls more than futures price falls

or

Spot price falls and futures price rises

Note: Short hedge means long spot, short futures; long hedge means short spot, long futures.
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time. The S&P 500 index closing value is set based on the closing prices of the 500 stocks
in the index. The stock markets close at 3:00 P.M. EST. The S&P 500 index futures markets
close at 3:15 P.M. EST, hence there is a slight timing difference.

The basis does not always converge exactly to zero. In the case of gold, for example,
an investor who purchased gold on the spot market and immediately sold a futures con-
tract that is about to expire would have to deliver the gold. There is a potentially signifi-
cant delivery cost that could leave the futures price slightly above the spot price. For
some commodities, there are several acceptable grades that can be delivered, so there
are multiple spot prices. The short has control over the delivery and will choose to de-
liver the most economical grade. The futures price will tend to converge to the spot price
of the commodity that is most likely to be delivered.

Of course, in forward markets the basis is rarely an issue. The hedge is customized so
the basis risk can be eliminated.

Some Risks of Hedging
Sometimes the asset being hedged and the asset underlying the
futures contract differ. A typical example, which we shall illustrate
later, is the hedging of a corporate bond with a Treasury bond futures
contract. This is referred to as a cross hedge and is a type of basis risk
much greater than that encountered by hedging government bonds
with Treasury bond futures. Corporate and government bond prices

tend to move together, but the relationship is weaker than that of two government bonds.
In addition, bonds with higher ratings would be more highly correlated with government
bonds. Thus, lower-quality corporate bonds would carry some additional basis risk, and
hedges would tend to be less effective.

Figure 11.1 The September S&P 500 Index Basis, September 22, 2006�September 18, 2008

–$100.0

–$90.0

–$80.0

–$70.0

–$60.0

–$50.0

–$40.0

–$30.0

–$20.0

–$10.0

$0

$10.0

9/22/2006 12/22/2006 3/22/2007 6/22/2007 9/22/2007 12/22/2007 6/22/2008

SP
X

 B
as

is

Date
3/22/2008

Cross hedging involves an additional
source of basis risk arising from the fact
that the asset being hedged is not the same
as the asset underlying the futures.
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In some cases, the price of the asset being hedged and that of the futures contract
move in opposite directions. Then a hedge will produce either a profit or a loss on
both the spot and the futures positions. If one chooses the correct futures contract, this
is unlikely to occur. If it occurs frequently, the hedger should find a different contract.

Hedging also entails another form of risk called quantity risk. For
instance, suppose a farmer wishes to lock in the selling price of the
crop that has not yet been harvested. The farmer might sell a futures
contract and thereby establish the future selling price of the crop. Yet
what the farmer does not know and cannot hedge is the uncertainty
over the size of the crop. This is the farmer’s quantity risk. The
farmer’s total revenue is the product of the crop’s price and its size.

In a highly competitive market, the farmer’s crop is too small to influence the price, but
there are systematic factors, such as weather, that could influence everyone’s crop. Thus,
the crop size could be small when prices are high and large when prices are low. This
situation creates its own natural hedge. When the farmer hedges, the price volatility no
longer offsets the uncertainty of the crop size. Thus, the hedge actually can increase the
overall risk. Quantity uncertainty is common in farming but is by no means restricted to
it. Many corporations and financial institutions do not know the sizes of future cash flows
and thus must contend with quantity risk.

In the ideal hedge, the so-called perfect hedge, the hedger knows the horizon date on
which he will enter into the spot transaction that he is trying to hedge. He would use a
futures or another derivative that expires on that exact date. In some cases, however, the
hedger does not know the horizon date for the hedge. For example, the owner of an asset
might know for sure that he will need to sell the asset at a future date, but he might not
know the exact date on which the sale will take place. In another situation, a party might
know that she will receive some cash at a future date and will use the cash to purchase a
particular asset. But she may not know the exact date on which the cash will be received.
When the hedger does not know the horizon date, it will be more difficult to align the
expiration date of the futures or forward contract with the hedge horizon date. Then the
effectiveness of the hedge will be lower.

Contract Choice
When using futures to hedge, the choice of contract actually consists of four decisions:
(1) which futures underlying asset, (2) which expiration month, (3) whether to be long
or short, and (4) the number of contracts. The number of contracts is so important that
we defer it to the next main section.

Which Futures Underlying Asset? From the previous section, we
can see that it is important to select a futures contract on an asset
that is highly correlated with the underlying asset being hedged. In
many cases the choice is obvious, but in some it is not.

For example, suppose that a party wishes to hedge the value of a
highly diversified portfolio of mid-cap stocks. There is a futures contract on the S&P Mid-
Cap Index, a measure of the performance of 400 medium-sized stocks. But the portfolio at
risk does not perfectly match the S&P MidCap Index. Moreover, the futures contract on
this index is not all that actively traded. Thus, it is possible that the hedger would want to
use a futures contract on a more actively traded large- or small-cap index. Of course, if the
hedger wanted a perfect match between the portfolio and the index underlying the hedging
contract, he would choose a forward contract customized to match his portfolio, but the
higher costs might be a factor in choosing the standardized futures contract.

Quantity risk is the uncertainty of the
amount of the underlying at risk. It typically
arises when the hedger does not know how
many units of the underlying he will own or
owe at a future date.

The futures contract used for hedging
should be liquid and should be on an asset
that is highly correlated with the asset be-
ing hedged.
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Another factor one should consider is whether the contract is correctly priced. A
short hedger will be selling futures contracts and therefore should look for contracts
that are overpriced or, in the worst case, correctly priced. A long hedger should hedge
by buying underpriced contracts or, in the worst case, correctly priced contracts.

Sometimes the best hedge can be obtained by using more than one futures commod-
ity. For example, a hedge of a jet fuel position might be more effective if both heating oil
futures and crude oil futures are used.

Which Expiration? Once one has selected the futures commodity, one must decide
on the expiration month. As we know, only certain expiration months trade at a given
time. For example, in September the Treasury bond futures contract has expirations of
December of the current year, March, June, September, and December of the following
year, and March, June, and September of the year after that. If the Treasury bond futures
contract is the appropriate hedging vehicle, the contract used must come from this group
of expirations.

In most cases, the hedger knows the time horizon over which the
hedge must remain in effect. To obtain the maximum reduction in
basis risk, a hedger should hold the futures position until as close as
possible to that date. Thus, an appropriate contract expiration would
be one that corresponded as closely as possible to the horizon date.

The general rule of thumb, however, is to avoid holding a futures position in the expira-
tion month. This is because unusual price movements sometimes are observed in the
expiration month, and this would pose an additional risk to hedgers. Thus, the hedger
should choose an expiration month that is as close as possible to but after the month in
which the hedge is terminated.3

Table 11.3 lists possible hedge termination dates for a Treasury bond futures hedge
and the appropriate contracts for use. Consider, however, that the longer the time to ex-
piration, the less liquid the contract. Therefore, the selection of a contract according to
this criterion may need to be overruled by the necessity of using a liquid contract. If

TABLE 11.3 CONTRACT EXPIRATIONS FOR PLANNED HEDGE

TERMINATION DATES (TREASURY BOND FUTURES

HEDGE INITIATED ON SEPTEMBER 30, 2009)

Hedge Termination Date Appropriate Contract

10/1/09�11/30/09 Dec 09

12/1/09�2/28/10 Mar 10

3/1/10�5/31/10 Jun 10

6/1/10�8/31/10 Sep 10

9/1/10�11/30/10 Dec 10

12/1/10�2/28/11 Mar 11

3/1/11�5/31/11 Jun 11

6/1/11�8/31/11 Sep 11

9/1/11�11/30/11 Dec 11

Note: The appropriate contract is based on the rule that the expiration date should be as soon as
possible after the hedge termination date, subject to no contract being held in its expiration
month. Liquidity considerations may make some more distant contracts inappropriate.

The hedger should choose a contract that
expires as close as possible to but after the
hedge termination date.

3Not all contracts exhibit unusual price behavior in the expiration month. Thus, this rule need not always be
strictly followed.
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this happens, one should use a contract with a shorter expiration. When the contract
moves into its expiration month, the futures position is closed out and a new position
is opened in the next expiration month. This process, called rolling the hedge forward,
generates some additional risk but can still be quite effective.

Of course, the time horizon problem can be handled perfectly by using a forward con-
tract from the over-the-counter market. In fact, some hedgers have horizons of longer
than ten years, which can be hedged only by using forward contracts or swaps.

Long or Short? Regardless of whether one uses forwards or futures, the most important
decision is whether to be long or short. There is absolutely no room for a mistake here. If a
hedger goes long (or short) when she should have been short (or long), she has doubled
the risk. The end result will be a gain or loss twice the amount of the gain or loss of the
unhedged position.

The decision of whether to go long or short requires a determina-
tion of which type of market move will result in a loss in the spot
market. It then requires establishing a forward or futures position
that will be profitable while the spot position is losing. Table 11.4 sum-
marizes three methods that will correctly identify the appropriate
transaction. The first method requires that the hedger identify the
worst case scenario and then establish a forward/futures position that

TABLE 11.4 HOW TO DETERMINE WHETHER TO BUY OR SELL

FORWARDS/FUTURES WHEN HEDGING

Worst Case Scenario Method

1. Assuming that the spot and forward/futures markets move together, determine whether long and short positions in forward/

futures would be profitable if the market goes up or down.

2. What is the worst that could happen in the spot market?

a. The spot market goes up.

b. The spot market goes down.

3. Given your answer in 2, assume that the worst that can happen will happen.

4. Given your answer in 3, and using your answer in 1, take a forward/futures position that will be profitable.

Current Spot Position Method
1. Determine whether your current position in the spot market is long or short.

a. If you own an asset, your current position is long.

b. If you are short an asset, your current position is short.

c. If you are committed to buying an asset in the future, your current position is short.

2. Take a forward/futures position that is opposite the position given by your answer in 1.

Anticipated Future Spot Transaction Method
1. Determine what type of spot transaction you will be making when the hedge is terminated.

a. Sell an asset.

b. Buy an asset.

2. Given your answer in 1, you will need to terminate a forward/futures position at the horizon date by doing the

opposite transaction to the one in 1, e.g., if your answer in 1 is “sell,” your answer here is “buy a forward/futures.”

3. Given your answer in 2, you will need to open a forward/futures contract today by doing the opposite, e.g., if your answer in

2 is “buy a forward/futures,” your answer here should be “sell a forward/futures.”

The decision of whether to go long or short
forwards or futures is critical and can be
made by determining whether a spot mar-
ket move will help or hurt the spot position
and how the forward or futures market can
be used to offset that risk.
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will profit if the worst case does occur. The second method requires taking a forward/
futures position that is opposite to the current spot position. This is a simple method,
but in some cases it is difficult to identify the current spot position. The third method
identifies the spot transaction that will be conducted when the hedge is terminated. The
forward/futures transaction that will be conducted when the hedge is terminated should
be the opposite of this spot transaction. The forward/futures transaction that should be
done today should be the opposite of the forward/futures transaction that should be done
at the termination of the hedge.

Margin Requirements and Marking to Market
Two other considerations in hedging with futures contracts are the margin requirement
and the effect of marking to market. We discussed these factors earlier, but now we need
to consider their implications for hedging.

Margin requirements, as we know, are very small and virtually insignificant in rela-
tion to the size of the position being hedged. Moreover, margin requirements for hedges
are even smaller than speculative margins. In addition, margins can sometimes be posted
with risk-free securities; thus, interest on the money can still be earned. Therefore, the
initial amount of margin posted is really not a major factor in hedging.

What is important, however, is the effect of marking to market and the potential for
margin calls. Remember that the profit on a futures transaction is supposed to offset the
loss on the spot asset. At least part of the time, there will be profits on the spot asset and
losses on the futures contract. On a given day when the futures contract generates a loss,
the hedger must deposit additional margin money to cover that loss. Even if the spot
position has generated a profit in excess of the loss on the futures contract, it may be
impossible, or at least inconvenient, to withdraw the profit on the spot position to cover
the loss on the futures.

This is one of the major obstacles to more widespread use of futures. Because fu-
tures profits and losses are realized immediately and spot profits and losses do not oc-
cur until the hedge is terminated, many potential hedgers tend to weigh the losses on
the futures position more heavily than the gains on the spot. They also tend to think of
hedges on an ex post rather than ex ante basis. If the hedge produced a profit on the
spot position and a loss on the futures position, it would be apparent after the fact that
the hedge was not the best that could have been done. But this would not be known
before the fact.

Thus, a hedger must be aware that hedging will produce both gains and losses on fu-
tures transactions and will require periodic margin calls. The alternative to not meeting a
margin call is closing the futures position. It is tempting to do this after a streak of losses
and margin calls. If the futures position is closed, however, the hedge will no longer be in
effect and the individual or firm will be exposed to the risk in the spot market, which is
greater than the risk of the hedge.

In Chapter 9, we examined the effect of marking to market on the futures price. We
concluded that the impact is fairly small. If, however, the interest earned or paid on the
variation margin is not insignificant, it is possible to take it into account when establishing
the optimal number of contracts. We shall cover this topic in a later section.

Of course, forward contracts do not entail margin requirements and marking to market,
but they are subject to credit risk. Indeed, margin requirements and marking to market are
primarily used by futures markets to reduce, if not effectively eliminate, credit risk.

These are several of the most important factors one must consider before initiating a
hedge. As we noted earlier, another important consideration is the size of the hedge
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transaction. With forward hedges, it is a fairly simple matter to determine the appropri-
ate size. For example, if a position of $10 million in an asset with a horizon date in
exactly 60 days is to be hedged with a forward contract, the hedger simply specifies
that he wants a forward contract covering $10 million of an asset with an expiration in
60 days. For futures contracts, the decision is not that simple. First, as noted, the asset
underlying the futures may not match the asset being hedged. Second, even if the asset
underlying the futures contract does match the asset being hedged, futures contracts may
not be available in denominations that, in multiples, would equal $10 million. For exam-
ple, the standard size could be $3 million. Third, the hedge horizon date may not corre-
spond to the expiration date of any of the available futures contracts. Assuming that
the hedger has chosen the underlying contract, he will need to carefully decide how
many futures contracts to use to balance the risk being added by the futures contract
with the risk that he is trying to hedge. The appropriate number of futures contracts is
called the hedge ratio.

DETERMINATION OF THE HEDGE RATIO
The hedge ratio is the number of futures contracts one should use to
hedge a particular exposure in the spot market.4 The hedge ratio
should be the one in which the futures profit or loss matches the
spot profit or loss. There is no exact method of determining the hedge
ratio before performing the hedge. There are, however, several ways to
estimate it.

The most elementary method is to take a position in the futures market equivalent in
size to the position in the spot market. For example, if you hold $10 million of the asset,
you should hold futures contracts covering $10 million. If each futures contract has a price
of $80,000, you should sell 125,000 contracts. This approach is relatively naive, because it
fails to consider that the futures and spot prices might not change in the same proportions.
In some cases, however, particularly when the asset being hedged is the same as the asset
underlying the futures contract, such a hedge ratio will be appropriate.

Nevertheless, in most other cases the futures and spot prices will change by different
percentages. Suppose we write the profit from a hedge as follows:

∏ ¼ ΔSþ ΔfNf ,

where the symbol Δ means change in. Thus, the profit is the change in the spot price (ΔS)
plus the change in the futures price (Δf) multiplied by the number of futures contracts
(Nf). A positive Nf means a long position and a negative Nf means a short position. For
the futures profit or loss to completely offset the spot loss or profit, we set ∏¼ 0 and find
the value of Nf as

Nf ¼ �ΔS
Δf

:

Because we assume that the futures and spot prices will move in the same direction, ΔS
and Δf have the same sign; thus, Nf is negative. This example therefore is a short hedge,
but the concept is equally applicable to a long hedge, where ∏¼�ΔS þ ΔfNf and Nf

would be positive.
Now we need to know the ratio ΔS/Δf. There are several approaches to estimating this

value.

The hedge ratio is the number of futures
contracts needed to offset the spot
market risk.

4Technically the hedge ratio is the dollar value of the futures position relative to the dollar value of the spot
position. It is then used to determine the number of futures contracts necessary. In this book we shall let the
hedge ratio refer to the number of futures contracts.
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Minimum Variance Hedge Ratio
The objective of a hedge—indeed, of any investment decision—is to maximize the inves-
tor’s expected utility. In this book, however, we do not develop the principles of expected
utility maximization. Therefore, we shall take a much simpler approach to the hedging
problem and focus on risk minimization. The model used here comes from the work of
Johnson (1960) and Stein (1961).

The profit from the short hedge is5

∏ ¼ ΔSþ ΔfNf :

The variance of the profit is

�2
Π ¼ �2

ΔS þ �2ΔfN
2
f þ 2CovΔS,ΔfNf ,

where

Recall that CovΔS;Δf ¼ �ΔS�ΔfρΔS,Δf ; hence there is a direct relationship between
covariance and correlation. The objective is to find the value of Nf that gives the minimum
value of �2Π.

6 The formula for the optimal number of futures contracts, N�
f , is

N�
f ¼

�ΔS,Δf
�2Δf

¼ �ρΔS,Δf
�ΔS

�Δf
:

This formula gives the number of futures contracts that will produce the lowest possible
variance. In nearly all cases, the covariance/correlation is positive so the negative sign
means that the hedger should sell futures. If the problem were formulated as a long
hedge, the sign would be positive.

You may recognize that the formula for Nf is very similar to that for �
from a least squares regression. In fact, we can estimate Nf by running a
regression with ΔS as the dependent variable and Δf as the independent
variable. Of course, this can give us the correct value of Nf only for a his-

torical set of data. We cannot know the actual value of Nf over an upcoming period.
Extrapolating the future from the past is risky, but at least it is a starting point.

The effectiveness of the minimum variance hedge can be estimated by examining the
percentage of the risk reduced. Suppose we define hedging effectiveness as

e� ¼ Risk of unhedged position � Risk of hedged position
Risk of unhedged position

:

�2Π ¼ variance of hedged profit

�2ΔS ¼ variance of change in the spot price

�2Δf ¼ variance of change in the futures price

CovΔS;Δf ¼ covariance of change in the spot price and change in
the futures price

ρΔS;Δf ¼ correlation of the change in the spot price and
change in the futures price.

5The problem as formulated here is in terms of the profit. An alternative, and in some ways preferable, formu-
lation is in terms of the rate of return on the hedger’s wealth. We shall use the profit formulation here because
it is more frequently seen in the literature.

The minimum variance hedge ratio gives
the optimal number of futures when the
objective is to minimize risk.

6See Hedge Ratios and Futures Contracts Technical Note, in the section called “Derivation of Minimum Vari-
ance Hedge Ratio.”

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance.com
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This can be written as

e� ¼ �2ΔS � �2Π
�2
ΔS

:

Thus, e� gives the percentage of the unhedged risk that the hedge eliminates. By substi-
tuting the formulas for �2Π and N�

f in the formula for e� and rearranging terms, we get

e� ¼ N�2
f �2Δf
�2ΔS

¼ � 2
ΔS,Δf :

This happens to be the formula for the coefficient of determination for the regression,
which is the square of the correlation coefficient. It indicates the percentage of the vari-
ance in the dependent variable, ΔS, that is explained by the independent variable, Δf.

We shall see an example of the minimum variance hedge ratio in a hedging situation
we examine later in this chapter.

Price Sensitivity Hedge Ratio
The price sensitivity hedge ratio comes from the work of Kolb and Chiang (1981). The ob-
jective here is to determine the value of N�

f that will result in minimum change in the bond
portfolio’s value for a small change in interest rates. Because the strategy is designed for in-
terest rate futures, we will illustrate it with reference to a bond and a bond futures contract.

In order to understand the price sensitivity formula, we must first review the concept
of a bond’s duration. Duration has several specific definitions, but generally is used as a
measure of price sensitivity. The bond price, B, is the sum of the present values of each
of its cash payments—coupon interest and principal. These present values can be found
by discounting each cash payment at a single interest rate, which is known as the yield
or sometimes yield to maturity (yB). Formally, we have

B ¼
XT
t¼1

CPt

(1þ yB)
t ,

where CPt is the cash payment made at time t and will be either the coupon interest or
principal. If the yield changes, we know that the price changes inversely. An approxima-
tion to the change in price as it relates to the change in yield is given by the formula,

ΔB � �B
DURB(ΔyB)

1þ yB
,

where DURB represents the bond’s duration and Δ represents the change in B or yB. For-
mally, the duration is a weighted average of the time to each cash payment date and is
specified in units of time. There are several versions of the concept of duration. This par-
ticular one, though often just called duration, is more precisely identified as Macaulay’s
duration, named after one of the first economists to derive it.

Macaulay’s duration measures the timing and size of a bond’s cash flows. Bonds with high
coupons and short maturities have short durations, whereas bonds with low coupons and
long maturity have long durations. A zero coupon bond has a duration equal to its maturity,
whereas a 30-year bond might have a duration of 8 to 14 years. From the above equation, we
see that duration is a measure of a bond’s price sensitivity, with longer duration bonds being
more sensitive. For comparative purposes, we can say that, for example, a 10-year zero cou-
pon bond has the same price sensitivity as a 30-year bond with a duration of 10.

Chapter 11 Forward and Futures Hedging, Spread, and Target Strategies 369



One important variation of Macaulay’s duration is called modified duration, which
measures the bond price change, adjusted for the level of yield (the yield per compound-
ing period). Specifically, modified duration is expressed as

MDB ¼ DURB

1þ yB
� �ΔB=B

ΔyB
:

In all material that follows, we shall use modified duration. Although modified duration
has some limitations, it is a very useful concept in hedging. Knowing the modified dura-
tion of a bond, we can hedge the bond’s price sensitivity by using knowledge of the mod-
ified duration of an appropriate futures contract and trading enough futures to offset the
risk of the bond.7 Now let us look at how a hedge can be designed.

Suppose changes in interest rates on all bonds are caused by a change in a single in-
terest rate, r, which can be viewed as a default-free government bond rate. Thus, when r
changes, all other bond yields change. Let B be the price of the bond held in the spot
market and yB be its yield. We will assume the bond futures contract is based on a single
government bond. The futures contract has a price of f. Based upon that price, the re-
maining life of the deliverable bond at the expiration of the futures, and the coupon of
the deliverable bond, we can infer that the deliverable bond at expiration would have a
yield of yf and a modified duration of MDf. We shall refer to these as the implied yield
and the implied modified duration of the futures.

The profit from a hedge is the change in value of the hedger’s position as a result of a
change in the rate, r. If we are hedged, this change in value is should be zero.8 The for-
mula for N�

f is

N�
f ¼ � ΔB

Δf

� �
Δyf
ΔyB

� �
:

This expression can be considerably simplified. Recall from the for-
mula above that we can express modified duration as

MDB � �ΔB=B
ΔyB

:

The implied modified duration of a futures contract can be expressed in a similar manner as

MDf � �Δf=f
Δyf

:

Letting Δyf¼ ΔyB and substituting in the expression for Nf gives

N�
f ¼ � MDB

MDf

� �
B
f

� �
:

Yet another version of the price sensitivity hedge ratio is often used in practice. It is
given as

N�
f ¼ �(Yield beta)

PVBPB

PVBPf
,

7Another potential duration measure is effective duration. The effective duration is a cash-flow-adjusted mea-
sure of risk based on estimates of the percentage change in bond price for a given change in yield, incorporat-
ing any cash flow effects of the given change in yield. For example, a callable bond may be called if interest
rates fall, thus shortening the duration to zero when it is called.

The price sensitivity hedge ratio gives the
optimal number of futures to hedge against
interest rate changes.

8See Hedge Ratios and Futures Contracts Technical Note, in the section called “Derivation of Price Sensitivity
Hedge Ratio.”
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where PVBPB is the present value of a basis point change for the bond and is specifically
defined as ΔB/ΔyB, which we know is �MDBB. PVBPf is the present value of a basis point
change for the futures and is defined as Δf/Δyf, which is �MDf f. These variables are, in
effect, the change in the price of the bond or futures for a change in the yield of ΔyB or Δyf.

The yield beta is the coefficient from a regression of the bond yield on the implied
yield of the futures. In the price sensitivity formula, we assumed the bond yield changes
one for one with the implied yield on the futures. This makes the yield beta 1. The yield
beta, however, is not always equal to one and the preceding equation becomes

N�
f ¼ � MDB

MDf

� �
B
f

� �
βy,

which is the yield-beta-adjusted price sensitivity formula. If the hedger does not believe
the bond and futures prices will change in a one-to-one ratio, however, the yield beta
actually should be estimated. In the examples used in this chapter, we shall assume the
yield beta is 1.

The price sensitivity formula takes into account the volatility of the bond and futures
prices. Thus, it incorporates information from current prices rather than regressing past
bond prices on past futures prices. There are merits to both approaches, and in practice
one approach sometimes may be more practical than the other. We shall illustrate both
methods in some hedging examples later in the chapter.

There is another consideration in using the price sensitivity formula. Because it is de-
rived from calculus, the formula hedges against only very small changes in interest rates.
These changes must occur over a very short period of time. Once the interest rate
changes and/or a period of time elapses, the modified durations of the bond and futures
change and a new hedge ratio is required. This problem is much like the delta hedging
we covered earlier in the Black-Scholes-Merton model. It is possible that many of our
bond hedges, which are over periods of a few months at most, would not require major
changes in the hedge ratio. Regardless, for our purposes here, we shall maintain the
hedge ratio at the same value as obtained from the formula under the initial conditions,
keeping in mind that the hedge will be less than perfect. If we desire a perfect hedge in
practice, we would have to make adjustments.

In the example developed here, the instrument being hedged is an individual bond. In
practice, it is often the case that the instrument being hedged will be a bond portfolio.
Thus, the value of the underlying, B, will be the sum of the values of the component bonds.
The modified duration, MDB, will be the overall modified duration of the portfolio, which
is a weighted average of the modified durations of the component bonds with each bond’s
weight given by its market value relative to the overall market value of the portfolio. The
overall yield, yB, is the overall discount rate for the portfolio that equates the present value
of all of the cash flows for the portfolio to the market value of the portfolio. It is a complex
weighted average of the yields of the component bonds. We shall not deal with how the
overall yield is obtained. Any bond portfolio management software can easily obtain this
number, so we shall assume that it is known. Though the price sensitivity formula will of-
ten be used at the portfolio level, the principles underlying it are exactly the same as we
learned here for individual bonds, and its effectiveness will be just as great, if not greater.

Stock Index Futures Hedging
Because the price sensitivity hedge is not applicable to stock index futures, the minimum
variance hedge usually is employed. Suppose we define ΔS as SrS, where rS is the return
on the stock, which is the percentage change in price. Then we define Δf as frf, where rf
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is the percentage change in the price of the futures contract. Note that this is not the
return on the futures contract. Because there is no initial outlay, there is no return on a
futures contract. If we substitute SrS and frf for ΔS and Δf in the minimum variance for-
mula for N�

f , we get

N�
f ¼ � S

f

� �
Covrs,rf
�2rf

 !
,

where Covrs,rf is the covariance between rS and rf, and �2rf is the vari-
ance of rf. If we run a regression of the percentage change in the spot
price on the percentage change in the futures price, we obtain a re-
gression coefficient we can call �S. You may recognize this concept as
similar to the beta from the Capital Asset Pricing Model. Is this the

same beta? Not exactly, but since the futures contract is based on a market index, the beta
should be somewhat close. In that case,

Nf ¼ � βS
βf

� �
S
f

� �

is the minimum variance hedge ratio for a stock index futures contract where �S is the
beta of the stock portfolio, and �f is the beta of the futures contract.

The beta of the stock portfolio is always measured relative to some broad-based index.
It is often assumed that if the index underlying the futures is a broad-based index, the
futures beta in the above equation would be close to 1.0 and could be effectively ignored.
In that case, the futures beta will indeed be close to one; it differs by only a small interest
and dividend-related adjustment. But many portfolios are not based on broad-based
market indices even though their betas are measured relative to broad-based indices. If
the hedger used a futures contract that would be a good hedging instrument for this
portfolio, he would need to know the beta of this futures contract relative to the broad-
based index. Thus, for example, a portfolio might consist of slightly higher than average
risk stocks and have a beta of 1.15. A futures contract on a portfolio of over-the-counter
stocks might make a good hedge. Its beta might be 1.10. Thus, the ratio 1.15/1.10¼ 1.045
would play a role in the calculation of the hedge ratio and would be quite different from
the result that would be obtained by assuming a beta of 1.0 for the futures. Throughout
this chapter we shall assume a futures beta of 1.0.

In addition, the hedging approach described here does not take into account divi-
dends on the stocks in the portfolio. Dividends will affect the overall outcome of the
transaction, but the uncertainty of dividends over most hedge horizons is fairly small
and is not a risk most portfolio managers would worry about having to hedge.

We shall see some examples of stock index futures hedging later in the chapter.

HEDGING STRATEGIES
So far we have examined some basic principles underlying the practice of hedging. The
next step is to illustrate how these hedges are executed. We shall look at some examples
developed from a variety of economic and financial environments that illustrate several
hedging principles.

The examples are divided into three groups: foreign currency hedging, intermediate-
and long-term interest rate risk hedging, and stock hedging. One category is conspicuously

The minimum variance hedge ratio for stock
index futures takes into account the stock
portfolio’s beta.
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absent from our list: hedging short-term interest rates. Indeed, the risk associated with
short-term interest rates is one of the most visible risks in the financial markets. Short-
term interest rate futures contracts do exist for the purpose of hedging this type of risk,
which is largely faced by corporations in the course of borrowing and lending, and by
banks as they borrow, lend, and engage in their dealership activities in over-the-counter
derivatives. But, in reality, the actual use of short-term interest rate futures for hedging pur-
poses is relatively minimal. In the United States, futures contracts on Federal funds and
one-month LIBOR have relatively low trading volume.

Eurodollar futures are widely traded but rarely used by corporations for hedging inter-
est rate risk. Corporations prefer the use of swaps and customized interest rate derivatives
for this purpose. Banks are heavy users of Eurodollar futures, but they do so largely to
hedge the swaps and other interest rate derivatives they use in their activities as dealers.
We shall cover in Chapters 12 and 13 these instruments and their use by corporations in
hedging, and by banks in managing, their over-the-counter positions.

Foreign Currency Hedges
Before getting into the details of foreign currency hedging, let us review a few concepts
of foreign currency futures and forward contracts. Futures contracts are available in
given sizes, indicated by the amount of the foreign currency. For example, in the United
States, three of the most actively traded foreign currency futures contracts are the euro,
available with a size of €125,000, the British pound, available in units of £62,500, and the
Japanese yen, available in contracts covering ¥12,500,000. Of course, a hedger can trans-
act in only a whole number of futures contracts; thus, some hedges will cover slightly
more or slightly less than the size of the position being hedged.

Foreign currency futures prices are stated in the currency of the home country. Thus in
the United States, the euro futures price might be quoted as $1.05, and the British pound
futures price might be $1.58. For a single contract, this would mean that the aggregate
price would be 125,000($1.05)¼ $131,250 for the euro contract and 62,500($1.58)¼
$98,750 for the pound contract. Because of the large number of Japanese yen in a dollar
(typically over 100), the price is usually quoted without the two leading zeroes. Thus, a
price of 0.8310 is really $0.008310, which is equivalent to about 120.34 yen per dollar.
The aggregate contract price would be 12,500,000 ($0.008310)¼ $103,875.

Long Hedge with Foreign Currency Futures Recall that a long hedge with futures
involves the purchase of a futures contract. In the case of foreign currencies, a long
hedger is concerned that the value of the foreign currency will rise. An example is pre-
sented in Table 11.5.

Here an American car dealer plans to buy 20 British sports cars. Each car costs 35,000
pounds, which will have to be paid in the British currency. Based on the current forward
rate of the pound, the dealer’s current cost is $914,200. If, however, the pound increases
in value, the cars will end up costing more. The dealer hedges by buying futures on the
pound. As the table indicates, this was a good decision because the pound did appreciate;
the cars ended up costing $1,009,400, which is $95,200 more, but the futures contracts
generated a profit of $109,656.25, which more than covered the increased cost of
the cars.

As long as the pound spot and futures rates move in the same direction, the hedge
will be successful in reducing some of the loss in the spot market. Had the pound weak-
ened, there would have been a loss in the futures market that would have offset some or
all of the gain in the spot market.
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This transaction was executed in the futures market. Remember that futures contracts
have standardized terms and provide a guarantee against default on the part of the other
party. Forward contracts permit the parties to customize the terms of the contract. This
transaction, however, would not be large enough to justify a forward contract. In the
next example we shall execute the hedge in the forward market.

Short Hedge with Foreign Currency Forwards A short hedge is a commitment to
sell a currency using futures or forwards and is designed to protect against a decrease
in the foreign currency’s value. In Table 11.6 we have a situation in which a multina-
tional firm has 10 million pounds that it will convert at a later date. A transaction of
this size can often be better executed with a customized forward contract. In addition,
when the amount of exposure is large, the basis risk of a futures contract may be a
risk not worth bearing. In this example the customer is long pounds and is exposed
to the risk of the pound weakening. To protect against this risk, it sells a forward
contract on the exact number of pounds it will convert, with the contract expiring
on the day of conversion. This allows the firm to convert the pounds to dollars by
simply delivering them to the dealer on the opposite side of the forward contract.
As the table indicates, the pound did depreciate, which would have caused a loss of
$1,195,000. Instead the firm locked in the rate on the day it entered into the forward
contract.

In Chapter 12, we shall return to the subject of foreign currency hedging, when we
learn about currency swaps. For now, let us turn to the hedging of intermediate- and
long-term interest rate risk.

TABLE 11.5 A LONG HEDGE WITH FOREIGN CURRENCY FUTURES

Scenario: On July 1, an American auto dealer enters into a contract to purchase 20 British sports cars with payment to be made in
British pounds on November 1. Each car will cost 35,000 pounds. The dealer is concerned that the pound will strengthen over the
next few months, causing the cars to cost more in dollars.

Date Spot Market Futures Market

July 1 The current exchange rate is $1.3190 per pound.
The forward rate of the pound is $1.3060.
Forward cost of 20 cars: 20(35,000)($1.3060) ¼
$914,200.

December pound contract is at $1.278.
Price per contract: 62,500($1.278) ¼ $79,875.
The appropriate number of contracts is

20ð35,000Þ
62,500

¼ 11:2:

Buy II contracts

November 1 The spot rate is $1.442. Buy the 700,000 pounds
to purchase 20 cars. Cost in dollars:
700,000($1.442) ¼ $1,009,400.

December pound contract is at $1.4375.
Price per contract: 62,500($1.4375) ¼ $89,843.75.

Sell II contracts

Analysis: The cars ended up costing $1,009,400 � $914,200 ¼ $95,200 more.

The profit on the futures transaction is

  11ð$89,843:75Þ  (sale price of futures)
�11ð$79,875Þ  (purchase price of futures)

$109,656:25 (profit on futures):

The profit on the futures more than offsets the higher cost of the cars, leaving a net gain of $109,656.25 � $95,200 ¼ $14,456.25.
The dealer effectively paid $1,009,400 � $109,656.25 ¼ $899,743.75 for the 20 cars.
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Intermediate- and Long-Term Interest Rate Hedges
The risk associated with intermediate- and long-term interest rates is typically faced by
bond portfolio managers, who are responsible for current and anticipated positions in
bonds. These bonds can be those issued by governments or corporations. The interest
rate futures markets in most countries are extremely active and are widely used by
bond portfolio managers to hedge the risk associated with interest rate changes. Most
of these futures contracts are based on federal government bonds, which are usually
more actively traded than corporate or non-federal government bonds. We should note
that many risks related to corporate, state, and non-federal government bonds are a
function of changes in perceptions of credit quality. The hedging of credit risk is ad-
dressed in Chapter 15.

We now turn to a look at some examples of bond portfolio hedging, employing the
U.S. Treasury note and bond contracts of the Chicago Board of Trade. Treasury note and
bond contracts on the Chicago Board of Trade are virtually identical except that there
are three T-note contracts that are based on 2-year, 5-year, and 10-year maturities
whereas the T-bond contract is based on Treasury bonds with maturities of at least
15 years that are not callable for at least 15 years. Thus, the T-note contracts are
intermediate-term interest rate futures contracts and the T-bond contract is a long-term
interest rate futures contract. Other than the difference in maturity of the underlying in-
struments and the margin requirements, the contract terms are essentially identical.

As discussed in Chapter 10, the T-bond contract is based on the assumption that the
underlying bond has a coupon rate of 6 percent and, as mentioned, a maturity or call
date of not less than 15 years. The specific coupon requirement is not restrictive, how-
ever; the CBOT permits delivery of bonds with other coupon rates, with an appropriate
adjustment (recall the conversion factor) made to the price received for the bonds. There
are many different bond issues eligible for delivery on a given contract.

Recall that T-bond futures prices are quoted in dollars and half thirty-seconds of par
value of $100. For example, a futures price of 93-14.5 is 93 14.5/32, or 93.53125. The face
value of T-bonds underlying the contract is $100,000; therefore, a price of 93.53125 is
$93,453.125. Expiration months are March, June, September, and December, extending
out about two years. The last trading day is the business day prior to the last seven days
of the expiration month. The first delivery day is the first business day of the month.

TABLE 11.6 A SHORT HEDGE WITH FOREIGN CURRENCY

FORWARDS

Scenario: On June 29, a multinational firm with a British subsidiary decides it will need to transfer 10 million pounds from an
account in London to an account with a New York bank. Transfer will be made on September 28. The firm is concerned that over
the next two months the pound will weaken.

Date Spot Market Forward Market

June 29 The current exchange rate is $1.362 per pound.
The forward rate of the pound is $1.357.
Forward value of funds: 10,000,000($1.357) ¼
$13,570,000.

Sell pounds forward for delivery on September 28
at $1.357.

September 28 The spot rate is $1.2375. Deliver pounds and receive 10,000,000($1.357) ¼
$13,570,000.

Analysis: The pounds end up worth $13,570,000 � $12,375,000 ¼ $1,195,000 less but are delivered on the forward contract
for $13,570,000, thus completely eliminating the risk. Had the transaction not been done, the firm would have converted the
pounds at the spot rate of $1.2375.
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Hedging a Long Position in a Government Bond Portfolio managers constantly
face decisions about when to buy and sell securities. In some cases, such decisions are
automatic. Securities are sold at certain times to generate cash for meeting obligations,
such as pension payments. Consider the following example.

On February 25, a portfolio manager holds $1 million face value of government bonds
with a coupon of 11 7/8 percent and maturing in about 25 years. The bond currently is
priced at 101 per $100 par value, and the yield is 11.74 percent. The modified duration is
7.83 years. The bond will be sold on March 28 to generate cash to meet an obligation.9

The portfolio manager is concerned that interest rates will increase, resulting in a
lower bond price and the possibility that the proceeds from the bond’s sale will be inad-
equate for meeting the obligation. The manager knows that if interest rates increase, a
short futures position will yield a profit that can offset at least part of any decrease in
the bond’s value. Since this is a government bond, the Treasury bond futures contract
should be used.10

MAK ING THE CONNECT I ON

Hedging Contingent Foreign Currency Risk

In this chapter we are learning how to use forward

and futures contracts to hedge. If the hedger wants

to receive the benefits of favorable movements in

the underlying, options can be used. We saw an ex-

ample of this type of strategy in Chapter 6 with the

use of covered calls and protective puts.

There is one particular situation in which currency

options can be particularly valuable: the hedging of

contingent foreign currency risk. This scenario occurs

when a party anticipates the possibility—but is not cer-

tain—of a future position in a foreign currency.

For example, suppose an American firm is bidding

for a contract to construct a sports complex in London.

The bid must be submitted in British pounds. The firm

plans to make a bid of £25 million. At the forward

exchange rate of $1.437, the bid in dollars is equivalent

to £25,000,000 ($1.437) ¼ $35,925,000. Once the bid

is submitted, the firm must be prepared to accept

£25 million if the bid is successful. Because it is an

American firm, it will convert the pounds into dollars

at whatever rate prevails on the date payment is

made. If the pound weakens, the firm will effectively

receive fewer dollars. To simplify the example

somewhat, we shall assume the payment will be made

as soon as the decision is made as to which firm is

awarded the construction contract.

Consider the possibility of a forward or futures hedge

in comparison to the purchase of a put on the pound. For

discussion purposes, we shall refer only to the forward

and put hedges.

If the bid is successful and the pound increases, the

firm will receive the pounds, which now are valued at

more dollars per pound. The forward hedge will, how-

ever, reduce this gain, because the hedge will be a short

position. If the option is used, the put will expire

worthless.

If the bid is successful and the pound decreases, the

forward hedge will reduce the loss caused by the decline

in the pound’s value. The option will, however, also

reduce the loss on the pound.

If the bid is unsuccessful and the pound increases,

the forward hedge will result in a potentially large spec-

ulative loss. This is because the firm will not receive the

pounds if the bid fails but will have a short position in a

forward contract. If the option hedge is used, the put will

expire worthless. The firm will have lost money—the

9In actual situations a portfolio manager would hold a diversified portfolio of bonds. If the intention were to
hedge the entire portfolio, the hedge ratio would be based on the overall portfolio value, yield, and duration.
We assume the manager needs approximately $1 million of cash on March 28 and will sell only this bond to
generate the cash.
10Technically, the accrued interest would be a component of the outcome of this strategy, but it is not subject
to any uncertainty so we leave it out of the hedging examples.
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Table 11.7 presents the results of the hedge. The manager will use the June T-bond
futures contract. Using the price sensitivity hedge ratio, the manager determines that he
should sell 16 contracts. When the bonds were sold on March 28 they generated a loss of
over $53,000. The futures transaction produced a profit of over $60,000. Thus, the hedge
eliminated all the loss and even produced a gain. Had bond prices moved up, the futures
price would have increased and the futures transaction would have generated a loss that
would have reduced or perhaps eliminated all of the increase in the value of the bonds.

This short hedge represents one of the most common hedging applications, and we
shall see a slight variation of it later when we examine stock index futures hedging.
This hedge is applicable to many firms and institutions, such as banks, insurance compa-
nies, pension funds, and mutual funds.

Anticipatory Hedge of a Future Purchase of a Treasury Note Previously we saw
how one could hedge the future purchase of a Treasury bond. In this example, we do the
same with a Treasury note.

Suppose that on March 29, a portfolio manager determines that approximately $1 mil-
lion will be available on July 15. The manager decides to purchase the 11 5/8 Treasury
notes maturing in about nine years. The forward price of the notes is 97 28/32, or
$978,750, for $1 million face value. This price implies a forward yield of 12.02 percent.
If yields decline, the notes’ price will increase and the manager may be unable to make

premium on the put—but the amount lost is likely to

be less than it would have been with the forward

hedge.

If the bid is unsuccessful and the pound decreases,

the forward hedge will result in a potentially large spec-

ulative profit, because the firm will be short forward

and will not receive the pounds as a result of the failure

to win the bid. If the option hedge is used, the put’s

exercise will also result in a potentially large profit on

the put.

The option hedge is most beneficial when the bid

is unsuccessful. Because the firm does not receive the

pounds, the forward position generates a potentially

large profit or loss. The option, however, can generate

a large profit if the pound declines; if the pound rises,

the loss will be limited to the premium. Of course, the

option hedge requires payment of the option pre-

mium, while the forward hedge might require collat-

eral. Neither type of hedge dominates the other, but

each has its merits.

Let us now look at this specific hedge. The firm needs

to hedge the anticipated receipt of £25 million. We shall

assume it uses either forwards or over-the-counter put

options. The forward price is $1.424 and the option pre-

mium is $0.025. Thus, the option will cost £25,000,000

($0.025) ¼ $625,000. The forward contract locks in

£25,000,000($1.424)¼ $35,600,000. We can assume that

the option or forward expires on the date on which the

outcome of the bid is determined and that on that date

the firm either receives the cash payment of £25 million

or not.

For the case in which the bid is successful, either hedge

works fairly well. The option hedge is like a protective put,

which benefits from a strong pound and which has limited

losses from a weak pound. The forward hedge locks in

$35,600,000 regardless of the value of the pound. If the firm

does not hedge, note that the overall value moves one-

for-one with the value of the pound.

For the case in which the bid is unsuccessful, the for-

ward hedge leaves the firm highly exposed, with the po-

tential for a rather substantial loss. In the option hedge,

the most the firm can lose is the option premium of

$625,000, but it can gain if the pound decreases, even

though it did not win the bid.

Of course, the firm could choose not to bid, but this is

unlikely because bidding on contracts is the nature of the

construction business. The firm could choose not to hedge,

but it could win the bid and earn a much smaller profit or

even a loss if the pound falls significantly. The option hedge

provides an alternative that will be attractive to some firms,

while the forward hedgewill be better for others. The differ-

ences in their expectations and willingness to take ex-

change rate risk will determinewhether they use options or

forwards.
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the purchase. If this happens, a profit could have been made by purchasing futures con-
tracts. Because the Treasury note futures contract is quite liquid, the manager decides to
buy T-note futures. Because the hedge is to be terminated on July 15, the September con-
tract is appropriate. The results are presented in Table 11.8.

When the bonds are ultimately purchased, they end up costing over $97,000 more,
but the futures transaction generated a profit of over $82,000. Thus, the effective pur-
chase price is actually about $15,000 higher and gives an effective yield of 11.75 percent,
which is reasonably close to the target forward yield of 12.02 percent.

Had bond prices moved down, the hedger would have regretted doing the hedge. The
notes would have cost less, but this would have been offset by a loss on the futures con-
tract. Once again, this is the price of hedging—forgoing gains to limit losses.

Hedging a Corporate Bond Issue One interesting application of an interest rate fu-
tures hedge occurs when a firm decides to issue bonds at a future date. There is an in-
terim period during which the firm prepares the necessary paperwork and works out an
underwriting arrangement for distributing the bonds. During that period, interest rates
could increase so that when the bonds ultimately are issued, they will command a higher
yield. This will be more costly to the issuer.

Consider the following example. On February 24, a corporation decides to issue
$5 million face value of bonds on May 24. As a standard of comparison, the firm
currently has a bond issue outstanding with a coupon of 9 3/8 percent, a yield of 13.76

TABLE 11.7 HEDGING A LONG POSITION IN A GOVERNMENT BOND

Scenario: On February 25, a portfolio manager holds $1 million face value of a government bond, the 11 7/8s, which mature in
about 25 years. The bond is currently priced at 101 and has a modified duration of 7.83. The manager will sell the bond on
March 28 to generate cash to meet an obligation.

Date Spot Market Futures Market

February 25 The current price of the bonds is 101.
Value of position: $1,010,000.
The short end of the term structure is flat, so this is
the forward price of the bonds in March.

June T-bond futures is at 70 16/32.
Price per contract: $70,500.
The futures price and the characteristics of the
deliverable bond imply a modified duration of 7.20.
Appropriate number of contracts:

Nf ¼ � 7:83
7:20

� �
1,010,000
70,500

� �
¼ � 15:6:

Sell 16 contracts

March 28 The bonds are sold at the current price of 95 22/32.
This is a price of $956.875 per bond.
Value of position: $956,875.

June T-bond futures is at 66 22/32.
Price per contract: $66,718.75.
Buy 16 contracts

Analysis: When the $1 million face value bonds are sold on March 28, they are worth $956,875, a loss in value of $1,010,000 �
$956,875 ¼ $53,125.
The profit on the futures transaction is

           16ð$70;500Þ  ðsale price of futuresÞ
�16ð$66;718:75Þ  ðpurchase price of futuresÞ
              $60;500  ðprofit on futuresÞ:

Thus, the hedge eliminated the entire loss in value and resulted in an overall gain in value of $60,500 � $53,125 ¼ $7,375.
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percent, and a maturity of about 21 years. Any new bonds issued will require a similar
yield. Thus, the firm expects that when the bonds are issued in May, the coupon would
be set at 13.76 percent, so the bonds would go out at par.

If rates increase, the firm will have to discount the bonds or adjust the coupon up-
ward to the new market yield. We shall assume that the coupon is fixed so that the price
will decrease. In either case, the firm will incur a loss. The firm realizes that if rates in-
crease, it can make a profit from a short transaction in futures. Thus, it decides to hedge
the issue by selling futures contracts.

There is no corporate bond futures contract, so the hedger chooses the Treasury bond
futures contract. Because the hedge will be closed on May 24, the June contract is chosen.

The hedge is illustrated in Table 11.9. Using the price sensitivity hedge ratio, the firm
sells 67 futures contracts. When the bonds are ultimately issued, the yield is 15.25 per-
cent. This results in a loss of over $460,000 on the bonds, but the futures transaction
made over $500,000. The firm made a net gain of about $44,000. The futures profit can
be added to the proceeds from the bond of about $4.5 million so as to infer an effective
issue price of slightly more than $5 million. This sets the effective yield on the bonds at
13.63 percent, which is quite close to the target of 13.76 percent.

Had interest rates declined, the firm would have obtained a higher price for the
bonds; however, this would have been at least partially offset by a loss on the futures

TABLE 11.8 ANTICIPATORY HEDGE OF A FUTURE PURCHASE

OF A TREASURY NOTE

Scenario: On March 29, a portfolio manager determines that approximately $1 million will be available for investment on July 15.
The manager plans to purchase the 11 5/8s Treasury notes maturing in about nine years, which have a modified duration of 5.6.

Date Spot Market Futures Market

March 29 The forward price of notes is 97 28/32.
Current forward value of notes: $978,750.
This implies a yield of 12.02 percent.

September T-note futures are at 78 21/32.
Price per contract: $78,656.25.
The futures price and the characteristics of the
deliverable bond imply a modified duration of 6.2.
Appropriate number of contracts:

Nf ¼ � $978,750
$78,656:25

� �
5:6
6:2

� �
¼ 11:24:

Buy 11 contracts

July 15 The notes are purchased at their current price
of 107 19/32.
This is a price of $1,075.9375 per note.
Value of position: $1,075,937.50.

September T-note futures is at 86 6/32.
Price per contract: $86,187.50.
Sell 11 contracts

Analysis: When the $1 million face value notes are purchased on July 15, they cost $1,075,937.50, an increased cost of
$1,075,937.50 � $978,750 ¼ $97,187.50. The yield at this price is 10.31 percent.

The profit on the futures transaction is

  11ð$86;187:50Þ  ðsale price of futuresÞ
�11ð$78;656:25Þ  ðpurchase price of futuresÞ
        $82;843:75  ðprofit on futuresÞ:

Thus, the hedge offset about 85 percent of the increased cost. The effective purchase price of the notes is $1,075,937.50 � $82,843.75 ¼
$993,093.75, which is an effective yield of 11.75 percent.
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transaction. By executing the hedge, the firm was able to protect itself against an inter-
est rate change while preparing the issue. In a similar vein, investment bankers might
do this type of hedge. An investment banker purchases the bonds from the firm and
then resells them to investors. Between the time the bonds are purchased and resold,
the investment banker is exposed to the risk that bond yields will increase.11 Therefore,
a short hedge such as this would be appropriate. Many investment banking firms have
been able to protect themselves against large losses by hedging with interest rate
futures.

TABLE 11.9 HEDGING A CORPORATE BOND ISSUE

Scenario: On February 24, a corporation decides to issue $5 million of bonds on May 24. The firm currently has outstanding com-
parable bonds with a coupon of 9 3/8, a yield of 13.76 percent, and a maturity of about 21 years. The firm anticipates that if condi-
tions do not change, the bonds when issued in May will be issued with a 13.76 percent coupon and be priced at par with a 20-year
maturity and a modified duration of 7.22.

Date Spot Market Futures Market

February 24 If issued in May, it is expected that the bonds would
offer a coupon of 13.76 percent and be priced at
par with a modified duration of 7.22.
Value of position: $5,000,000.

June T-bond futures are at 68 11/32.
Price per contract: $68,343.75.
The futures price and the characteristics of the
deliverable bond imply a modified duration
of 7.88 and a yield of 13.60 percent.
Appropriate number of contracts:

Nf ¼ � 7:22
7:88

� �
5,000,000
68,343:75

� �
¼ � 67:0:

Sell 67 contracts

May 24 The yield on comparable bonds is 15.25 percent.
The bonds are issued with a 13.76 percent coupon
at a price of 90.74638.
Price per bond: $907.46.
Value of bonds: $4,537,319.

June T-bond futures is at 60 25/32.
Price per contract: $60,781.25.
Buy 67 contracts

Analysis: When the $5 million face value bonds are issued on May 24, they are worth $4,537,319, a loss in value of $5,000,000 �
$4,537,3l9 ¼ $462,68l. The yield at this price is 15.25 percent. (Note: Alternatively, if the bonds actually were issued at par with
the coupon set at the yield on May 24 of 15.25 percent, the firm would receive the full $5,000,000 but the present value of its
increased interest cost would be $462,681.)

The profit on the futures transaction is

  67ð$68;343:75Þ  ðsale price of futuresÞ
�67ð$60;781:25Þ  ðpurchase price of futuresÞ
      $506;687:50  ðprofit on futuresÞ:

Thus, the hedge offset more than all of the increased cost and left a net gain of $506,687.50 � $462,681 ¼ $44,006.50. The effective
issue price of the bonds is $4,537,319 þ $506,687.50 ¼ $5,044,006.50, which is an effective yield of 13.63 percent.

11Investment bankers do employ other means of minimizing their risk exposure. The use of a syndicate, in
which a large number of investment bankers individually take a small portion of the issue, spreads out the
risk. Many issues are taken on a “best efforts” basis. This allows the investment banker to return the securities
to the issuing firm if market conditions make the sale of the securities impossible without substantial price
concessions.
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Forward contracts are less commonly used than futures to hedge the risk associated
with intermediate- and long-term securities. The futures markets have developed a niche
in meeting the hedging needs of parties bearing this kind of risk.

Stock Market Hedges Stock index futures have been one of the spectacular success
stories of the financial markets. These cash-settled contracts are based on stocks. Inves-
tors use them to hedge positions in stock, speculate on the direction of the stock market
in general, and arbitrage the contracts against comparable combinations of stocks.

Stock index futures contracts are based on indices of common stocks. The most
widely traded contract in the United States is the S&P 500 futures at the Chicago Mer-
cantile Exchange. The futures price is quoted in the same manner as the index. The fu-
tures contract, however, has an implicit multiplier of $250. Thus, if the futures price is
1,300, the actual price is 1,300($250)¼ $325,000. At expiration, the settlement price is set
at the price of the S&P 500 index and the contract is settled in cash. The expirations are
March, June, September, and December. The last trading day is the Thursday before the
third Friday of the expiration month.

Several of the hedging examples illustrated with T-note and T-bond futures are simi-
lar to stock index futures hedges where a firm attempts to hedge a long position in a
security or portfolio. The first example we shall consider is the hedge of a stock
portfolio.

Stock Portfolio Hedge A central tenet of modern investment theory is that diversifi-
cation eliminates unsystematic risk, leaving only systematic risk. Until the creation of
stock index futures, investors had to accept the fact that systematic risk could not be
eliminated. Now investors can use stock index futures to hedge the systematic risk. But
should they do that? If all systematic and unsystematic risk is eliminated, the portfolio
can expect to earn only the risk-free return. Why not just buy risk-free bonds? The an-
swer is that investors occasionally wish to change or eliminate systematic risk for brief
periods. During times of unusual volatility in the market, they can use stock index
futures to adjust or eliminate the systematic risk. This is much easier and less costly
than adjusting the relative proportions invested in each stock. Later the portfolio man-
ager can close out the futures position, and the portfolio systematic risk will be back at
its original level.

Consider a portfolio manager who on March 31 is concerned about the market
over the period ending July 27. The portfolio has accumulated an impressive profit,
and the manager would like to protect the portfolio value over this time period. The
manager knows that the portfolio is exposed to a loss in value resulting from a de-
cline in the market as a whole, the systematic risk effect, as well as losses resulting
from the unsystematic risk of the individual stocks. Although the portfolio contains
only eight stocks, the manager is not particularly worried about the unsystematic
risk. The manager knows that the systematic risk can be hedged by using S&P 500
stock index futures, specifically the September contract, which we shall assume has a
beta of 1.0.

The results are shown in Table 11.10. The portfolio beta, which reflects the influence
of the market as a whole on a stock or portfolio, is a weighted average of the betas of the
component stocks, where each weight of a given stock is the market value of that stock
divided by the total market value of the portfolio. This gives a portfolio beta of 1.06.
Using the minimum variance hedge ratio results in the sale of 25 contracts. On July 27,
the portfolio has declined in value by over $200,000, a loss of 2.68 percent. The futures
transaction, however, generated a profit of $60,000, which reduced the effective loss to
only 1.90 percent.
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TABLE 11.10 STOCK PORTFOLIO HEDGE

Scenario: On March 31, a portfolio manager is concerned about the market over the next four months. The portfolio has
accumulated an impressive profit, which the manager wishes to protect over the period ending July 27. The prices, number of shares,
and betas are given below:

Stock Price (3/31)
Number of

Shares
Market
Value Weight Beta

Federal Mogul 18.875 18,000 $339,750 0.044 1.00

Lockheed Martin 73.500 16,000 1,176,000 0.152 0.80

IBM 50.875 7,000 356,125 0.046 0.50

US West 43.625 10,800 471,150 0.061 0.70

Bausch & Lomb 54.250 21,000 1,139,250 0.147 1.10

First Union 47.750 28,800 1,375,200 0.178 1.10

Walt Disney 44.500 25,000 1,112,500 0.144 1.40

Tesoro 52.875 33,200 1,755,450 0.227 1.20

$7,725,425 1.000

Portfolio beta:

0.044(1.00) þ 0.152(0.80) þ 0.046(0.50) þ 0.061(0.70) þ 0.147(1.10) þ 0.178(1.10) þ 0.144(1.40) þ 0.227(1.20) ¼ 1.06.

S&P 500 September futures contract (assumed to have a beta of 1.0):

Price on March 31: 1305

Multiplier: $250

Price of one contract: $250(1305) ¼ $326,250.

Optimal number of futures contracts:

Nf ¼ �1:06
7,725,425
326,250

� �
¼ �25:10:

Sell 25 contracts

Stock Price (7/27) Market Value

Federal Mogul 21.625 $389,250

Lockheed Martin 81.500 1,304,000

IBM 43.875 307,125

US West 47.125 508,950

Bausch & Lomb 45.875 963,375

First Union 48.125 1,386,000

Walt Disney 40.000 1,000,000

Tesoro 50.000 1,660,000

$7,518,700

Results: The values of the stocks on July 27 are shown below:

S&P 500 September futures contract:

Price on July 27: 1,295.40

Multiplier: $250

Price of one contract: $250(1,295.40) ¼ $323,850.

Buy 25 contracts

Analysis: The market value of the stocks declined by $7,725,425 � $7,518,700 ¼ $206,725, a loss of 2.68 percent.

The futures profit was

     25ð$326,250Þ  ðsale price of futuresÞ
�25ð$323,850Þ  ðpurchase price of futuresÞ
          $60,000  ðprofit on futuresÞ:

Thus, the overall loss on the stocks was effectively reduced to $206,725 � $60,000 ¼ $146,725, a loss of 1.90 percent.
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The objective of the hedge was to eliminate systematic risk. Clearly systematic risk
was reduced but not eliminated. The stock portfolio value declined about 2.68 percent
while the futures price decreased a little over 1 percent. The hedge certainly helped but
was far from perfect. There are several possible explanations for this result. One is that
the betas are an estimate taken from a popular investment advisory service. Beta esti-
mates over the recent past have not necessarily been stable. It is also possible that the
portfolio was not sufficiently diversified and some unsystematic risk contributed to the
loss. Some of the stocks may have paid dividends during the hedge period. We did not
account for these dividends in illustrating the hedge results. Dividends would have re-
duced the loss on the portfolio and made the hedge more effective.

Had the market moved up, the portfolio would have shown a profit, but this would
have been at least partially offset by a loss on the futures transaction. In either outcome,
however, the portfolio manager would have been reasonably successful in capturing at
least some of the accumulated profit on the portfolio.

Anticipatory Hedge of a Takeover or Acquisition The exciting world of takeovers
and acquisitions offers an excellent opportunity to apply hedging concepts. The acquiring
firm identifies a target firm and intends to make a bid for the latter’s stock. Typically the
acquiring firm plans to purchase enough stock to obtain control. Because of the large
amount of stock usually involved and the speed with which takeover rumors travel, the ac-
quiring firm frequently makes a series of smaller purchases until it has accumulated suffi-
cient shares to obtain control. During the period in which the acquiring firm is slowly and
quietly buying the stock, it is exposed to the risk that stock prices in general will increase.
This means that either the shares will cost more or fewer shares can be purchased.

Consider the following situation. On July 15, a firm has identified Helix Technology
Corporation as a potential acquisition.12 Helix stock currently is selling for $26.50 and
has a beta of 1.80. The acquiring firm plans to buy 100,000 shares, which will cost
$2.65 million. The purchase will be made on August 15. This could be viewed as one
purchase in a series of purchases designed to ultimately acquire controlling interest in
the target firm. The acquiring firm realizes that if stock prices as a whole increase, the
shares will be more expensive. If the firm purchases stock index futures, however, any
general increase in stock prices will lead to a profit in the futures market.

Because the hedge will be terminated on August 15, the acquiring firm chooses to buy
September S&P 500 futures. Table 11.11 shows the results of the hedge. On August 15, the
Helix stock price is $28.75. The shares thus cost an additional $225,000.13 The profit on the
futures transaction, however, was $250,125. Thus, the effective cost of the shares is $26.25.

The hedge was successful in reducing some of the additional cost of the shares; how-
ever, the unsystematic risk cannot be hedged. In takeover situations, the unsystematic
risk is likely to be very high. For example, if word leaks out that someone is buying up
the stock, the price will tend to rise substantially. This can occur even if the market as a
whole is going down. Also, federal regulations require that certain takeover attempts be
announced beforehand. If there were options or futures on the target firm’s stock, how-
ever, the acquiring firm could use these to hedge the unsystematic risk.

The takeover game is intense and exciting, with high risk and the potential for large
profits. Stock index futures can play an important role, but the extent to which futures
are used to hedge this kind of risk is not known, because much of this kind of activity is
done with a minimum of publicity.

12The choice of Helix is merely for illustrative purposes. Helix is not known to be a takeover target as of this
writing.
13It is unlikely that all of the 100,000 shares could have been purchased at the same price. Therefore, we
should treat $28.75 as the average price at which the shares were acquired.
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The takeover example is but one type of situationwherein a firm can use a long hedgewith
stock index futures. Any time someone is considering buying a stock, there is the risk that the
stock price will increase before the purchase is made. Stock index futures cannot hedge the
risk that factors specific to the company will drive up the stock price, but they can be used to
protect against increases in the market as a whole.

Forward markets for stocks and stock indices are not widely used. As we shall see in
Chapter 12, however, swaps, which are closely related to forward contracts, are popular
tools for controlling stock market risk. We turn now to explore various spread strategies.
Hedging strategies are focused on risk reduction, whereas spread strategies are typically
focused on revenue enhancement with some incremental increase in risk.

SPREAD STRATEGIES
We turn now to selected spread strategies. Spread strategies are simi-
lar to hedge strategies in that there are two positions with one in-
tended to offset or partially offset the risk of the other. In the case
of a hedge, one position is in the underlying and one is in futures. In
the case of a spread, both positions are in the futures. Two forms of

MAK ING THE CONNECT I ON

Using Derivatives in Takeovers

Most people think of Porsche as a German company

that makes fast cars. In the summer of 2008, Porsche

revealed to the world that it also makes derivatives.

That is, it uses derivatives, evidently quite success-

fully. During a period in which U. S. automakers were

teetering on the brink of bankruptcy, Porsche an-

nounced record profits, almost all of which came

from buying options on none other than one of its

leading competitors, Volkswagen.

In 2005, Porsche announced that it was going to try

to take over VW, a company that makes 60 times as

many cars per year as Porsche. As described in the

chapter, a firm that plans to buy another firm is ex-

posed to the risk of the target firm’s stock increasing.

As described, stock index futures can hedge the effect

of the market increasing and pulling up the price of the

target, but it cannot hedge the unsystematic effect that

the target firm’s stock will move independently of the

market. To hedge that possibility or perhaps to specu-

late on a rising price of VW, Porsche began buying

over-the-counter cash-settled call options on VW.

Upon exercise, it would receive the difference between

the price of the VW stock and the chosen exercise price.

If VW’s stock fell below the exercise price, Porsche

would simply let the options expire, absorbing the

loss from the premiums paid. By purchasing privately

negotiated over-the-counter options, Porsche could

somewhat disguise its exposure in VW, though it did

begin buying VW shares as it exercised the options.

Over the next two years, Porsche accumulated a

very large position in VW in both stock and options.

Between the shares held by the banks who were hedg-

ing the options sold to Porsche and the shares held by

Porsche, the market had been effectively cornered.

Short sellers, primarily hedge funds, had to come up

with VW shares, but there were few to be had. Desper-

ate for shares, short sellers bid up the VW stock to a

very high price, bringing Porsche greater profits on its

stock and options.

Such strategies look great in hindsight but they are

fraught with risk. If VW’s stock had fallen, Porsche

would have taken large losses, given its huge expo-

sure. Moreover, what Porsche did is often looked

upon badly by observers of the market and regulators.

In some countries it might have even been illegal. On

the other hand, had the stock risen and Porsche not

bought the options, it would have had to invest much

more money as it pursued its takeover objective.

Intramarket spread consists of a long po-
sition in one futures contract and a short
position on a futures contract on the same
underlying with a different expiration.

384 Part II Forwards, Futures, and Swaps



spread strategies are reviewed, intramarket spreads and intermarket spreads. Intramarket
spreads involve going long and short futures contracts on the same underlying instru-
ments, whereas intermarket spreads involve going long and short futures contracts on
different underlying instruments.

Spread strategies are very important to the liquidity of various
futures contracts. Hedgers often have specific contracts and specific
maturities required to achieve their hedging objectives. When arbi-
trage is feasible, arbitrage traders can provide the necessary liquidity
to support hedging demand. Recall that arbitrage trading requires
that the risk acquired is offset in a related instrument, often the un-

derlying. Arbitrageurs may not be able to execute transactions in the underlying with
sufficient volume. Arbitrages may be able to achieve their desired result with other fu-
tures contracts, resulting in spread strategies. Speculative traders and other market par-
ticipants often use spread strategies to achieve their desired objectives. This additional
trading activity often provides liquidity to support hedging demand. Speculators are
very careful in their assessment of relative value, and for a sufficient risk premium, will
be induced to take positions. We explore, first, selected intramarket spreads, and then
turn our attention to selected intermarket spreads.

TABLE 11.11 ANTICIPATORY HEDGE OF A TAKEOVER

Scenario: On July 15, a firm has decided to begin buying up shares of Helix Technology Corporation with the ultimate objective
of obtaining controlling interest. The acquisition will be made by purchasing lots of about 100,000 shares until sufficient control
is obtained. The first purchase of 100,000 shares will take place on August 15. The stock is currently worth $26.50 and has a
beta of 1.80.

Date Spot Market Futures Market

July 15 Current price of the stock is 26.50.
Current cost of shares:
100,000($26.50) ¼ $2,650,000.
The beta is 1.80.

September S&P 500 futures is at 1,260.50.
Price per contract: $315,125.
Approximate number of contracts:

Nf ¼ �1:8
�2,650,000
315,125

� �
¼ 15:14:

Therefore it should buy futures.

Buy 15 contracts

August 15 The stock is purchased at its current price of 28.75.
Cost of shares: 100,000($28.75) ¼ $2,875,000.

September S&P 500 futures is at 1,327.20.
Price per contract: $331,800.
Sell 15 contracts

Analysis: When the 100,000 shares are purchased on August 15, they cost $2,875,000, an additional $225,000.

The profit on the futures transaction is

   15ð$331,800Þ  ðsale price of futuresÞ
�15ð$315,125Þ  ðpurchase price of futuresÞ
        $250,125 ðprofit on futuresÞ:

Thus, the hedge eliminated all of the additional cost and left a small gain. The shares end up effectively costing ($2,875,000 �
$250,125)=100,000 ¼ 26.25.

Intermarket spread consists of a long po-
sition in one futures contract and a short
position on a futures contract on a different
underlying.
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Intramarket Spreads
Intramarket spread trading activities add liquidity to the market, thereby making hedging
activities less costly. We focus first on generic futures spreads using the carry arbitrage
model, and then illustrate intramarket spreads using Treasury bond futures contracts and
stock index futures contracts.

Generic Intramarket Futures Spreads We explore first the behavior of generic fu-
tures contracts. Recall from Chapter 9 that the futures price was established as the spot
price plus the cost of carry. Now consider two futures contracts with different expira-
tions, times T1 and T2. The longer-term contract has a futures price of f0(2), equal to
S0þ θ0,2, and the shorter-term contract has a futures price of f0(1), equal to S0 þ θ0,1.
Subtracting the two, we obtain

f 0ð2Þ � f 0ð1Þ  ¼  θ0,2 � θ0,1:

This equation defines the spread between futures prices. The spread between the
nearby and deferred contracts is the difference in their respective costs of carry. The
term θ0,2� θ0,1 is the cost of the carry for the time interval between T1 and T2, observed
at time 0, based on the carry arbitrage relationship, f0(Ti)¼ S0þ θ0,i,i ¼ 1,2. Therefore,
the profit from a spread trade can be expressed as the profit on the two positions. As-
suming we are long the T2 contract and short the T1 contract, the profit is

Π ¼ ½f tð2Þ � f 0ð2Þ� � ½f tð1Þ � f 0ð1Þ�
¼ ½θt,2 � θ0,2� � ½θt,1 � θ0,1� ¼ ½θt,2 � θt,1� � ½θ0,2 � θ0,1�

which is the difference between the change in carry costs of contracts 2 and 1. Based on
this result, the risk and opportunities related to spread trading depend solely on changes
in carry costs over time.

Successful spread trading will depend on successfully predicting changes in carry
costs. Figure 11.2 illustrates the change in the spread based on a simulation of changes

Figure 11.2 Changes in Spread Based on Carry Costs Changes
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in carry costs.14 Two cases are presented, one where carry costs are
simulated to increase and the other where carry costs are simulated
to decrease. We see that profitable spread trading strategies exist if
one can reasonably predict changes in carry costs. If carry costs are

expected to increase, then the trader should go long the more distant futures contract,
T2, and go short the nearby futures contract T1. If carry costs are expected to decrease,
then the trader should go short the more distant futures contract, T2, and go long the
nearby futures contract T1.

Treasury Bond Futures Spreads Recall that Treasury bond futures contracts had
several complicating issues, including the application of conversion factors and the ques-
tion of which bond is the cheapest-to-deliver. Therefore, Treasury bond spread trading
has some additional risks.

Treasury bond futures contracts are quoted in half 32nds, hence the prices will exhibit
jumps for each half 32nd difference. Figure 11.3 illustrates the spread between the
December and September futures contract. At the time this graph was produced, short-
term interest rates were mostly lower than the yield on U.S. Treasury bonds; therefore,
U.S. Treasury bond futures contracts exhibited negative carry and hence the spread was
negative. Figure 11.4 illustrates short-term interest rates for this same period, indicating
that interest rates are an important component of carrying costs. There appears a general
relationship between short-term interest rates and Treasury bond futures spreads.

14A generic carry arbitrage model is assumed with carry costs following geometric Brownian motion with
mean of plus or minus 25 percent and a standard deviation of 10 percent.

The performance of intramarket spreads
depends on changes in the cost of carry for
each contract over the life of the contract.

Figure 11.3 Changes in Spread U.S. Treasury Bond Futures Contracts
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Table 11.12 presents an example of a simple spread taken in anticipation of changes
in interest rates in the T-bond market. The trader goes short the September contract and
long the December in the hope that a small gain will be made. If the trader’s forecast is
wrong, the loss is not likely to be large. This example involves a simple position of one
contract long and one contract short. In practice many traders use weighted positions,
taking more of either the long or short contract so as to balance their different volatili-
ties. The proper number of each contract to provide a risk-free position is obtained by
using their modified durations in the same manner that we did above when we con-
structed long spot and short futures positions. In this example, the trader’s expectations
were not at all realized. Rates fell and bond futures prices rose. The September contract
was not profitable, but the long December contract was profitable and the overall loss
was negligible.

Stock Index Futures Spreads The factors determining the carry costs for stock index
futures contracts are interest rates and dividends. Dividends are usually more predictable
than interest rates, although somewhat tedious; hence, the driving force determining
changes in spreads should be interest rates.

Figure 11.5 illustrates the intramarket spread for the S&P 500 index futures contracts
of September and December. A rough relationship clearly exists between short-term
interest rates and equity futures spreads.

Intermarket Spreads
In the previous section we discussed three forms of intramarket spreads. There are also a
number of intermarket spreads or intercommodity spreads. These are transactions in

Figure 11.4 Short-Term LIBOR Interest Rates
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which the two futures contracts are on different underlying instruments. There are a vast
number of different intermarket spreads. We first review the generic futures case,
highlighting the difference from intramarket spread strategies and then only briefly re-
view bond and stock strategies.

Generic Intermarket Futures Spreads Intermarket spreads tend to be more risky
because the two positions do not share a common underlying instrument. Thus, inter-
market spreads not only change in value due to changes in the carry costs but also
change due to changes in the value of the underlying instrument as can be seen in the
following identity:

f 0(C2)� f 0(C1) ¼  S0,C2 þ θ0,C2 � ½S0,C1 þ θ0,C1�:

This equation defines the spread between futures prices involving two different underly-
ing instruments (denoted C1 and C2), where we assume you are long the C2 futures
contract and short the C1 futures contract. Recall that S0 denotes the underlying price

TABLE 11.12 A TREASURY BOND FUTURES SPREAD

Scenario: It is July 6. Interest rates have steadily risen over the last six months. The yield on long-term government bonds is
13.54 percent. A Treasury bond futures floor trader anticipates that rates will continue upward; however, the economy remains
healthy and there are no indications that the Fed will tighten the money supply, which would drive rates further upward. Thus,
while the trader is bearish she is encouraged by other economic factors. She wants to take a speculative short position in T-bond
futures but is concerned that rates will fall, generating a potentially large loss. She believes that if rates have not changed by late
August, they will not change at all. Thus, she shorts the September contract and buys the December contract.

Date Futures Market

July 6 The September T-bond futures price is 60 22/32 or 60.6875.
Price per contract: $60,687.50.
Sell one contract
The December T-bond futures price is 60 2/32 or 60.0625.
Price per contract: $60,062.50.
Buy one contract

August 31 The September T-bond futures price is 65 27/32 or 65.84375.
Price per contract: $65,843.75.
Buy one contract
The December T-bond futures price is 65 5/32 or 65.15625.
Price per contract: $65,156.25.
Sell one contract

Analysis: The profit on the September contract was

$60,687:50� $65,843:75 ¼�$5,156:25:

The profit on the December contract was

$65,156:25� $60,062:50 ¼ $5,093:75:

Thus, the overall profit was

�$5,156:25 þ $5,093:75 ¼ �$62:50:
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at time 0, and θ0 denotes the carrying costs at time 0. Therefore, the profit from a spread
trade can be expressed as the profit on the two positions,

∏ ¼ ½f tðC2Þ � f 0ðC2Þ� � ½f tðC1Þ � f 0ðC1Þ�
¼ ½St,C2 þ θt,C2 � S0,C2 � θ0,C2� � ½St,C1 þ θt,C1 � S0,C1 � θ0,C1�
¼ f½St,C2 � St,C1� � ½S0,C2 � S0,C1�g þ f½θt,C2 � θt,C1� � ½θ0,C2 � θ0,C1�g,

which is two sets of differences, one being the difference between the change in price of
the underlying instrument of contracts 2 and 1 and the other being the difference be-
tween the change in the carry costs of contract 2 and 1. Therefore, the predictions are
more complex. Often the volatility of changes in the underlying instruments is much

higher than the volatility of carry costs. Hence, the spread trader’s
main task relates to predicting changes in the prices and carrying
costs of the underlying instruments.

Note and Bond Futures There are a variety of intermarket spread
strategies within the debt market. We examine here the NOB, or

notes over bonds, spread. This spread involves comparing T-note futures and T-bond
futures.

The NOB trade would be used to capitalize on shifts in the yield curve. For example,
if a trader believes that rates on the 7-to-10-year range of the yield curve will fall and
rates on the 15-plus-year range will either rise or fall by less, a long position in the
NOB spread might be warranted. If the investor’s expectations prove correct, a profit
could be made because the T-note futures price will rise and the T-bond futures price

Figure 11.5 S&P 500 Index Futures Spread and Short-Term Interest Rates
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will either fall or rise by a smaller amount. Of course, if yields on the long-term end of
the market fall, the trader could end up losing money because long-term bond prices will
be expected to rise by a greater amount for a given yield change. So the trader might
prefer to take a weighted position in which the ratio of T-note futures to T-bond futures
is something other than one-to-one. In general, however, the NOB spread is designed to
capitalize on changes in the relationship between Treasury note and Treasury bond
futures prices.

Another intermarket spread is the MOB, or municipals over bonds, spread. This
spread involves a long (short) position in the municipal bond futures contract and a
short (long) position in the T-bond futures contract. There is no specific arbitrage rela-
tionship that defines the MOB spread. T-bonds and municipals are not perfect substi-
tutes; however, a perceived historical relationship has prevailed over the past several
decades. Traders often watch that relationship for signs of abnormal behavior that might
signal profit opportunities.

Stock Index Futures Intermarket spread trading can also be performed with stock
index futures contracts. Spread traders may have a view on the relative performance
of one equity sector when compared to another. With the addition of single stock
futures contracts, spread trading with futures contracts can now involve two individ-
ual stocks or one individual stock and an equity index. As with other intermarket
spread trading activities, the success of the spread trader is directly related to fore-
casting skill.

TARGET STRATEGIES
We now turn to various target strategies. Specifically we explore target duration strate-
gies with bond futures, alpha capture, target beta strategies with stock index futures, and
tactical asset allocation. There are many other possible target strategies to consider, but
the ones covered here will give an adequate overview of target strategies.

Target Duration with Bond Futures
We showed how hedge ratios can be constructed using futures. The procedure essentially
combines futures so that the overall investment is insensitive to interest rate changes. In
effect, this changes the modified duration to zero. Suppose a market timer believes that
interest rates will move in one direction or the other, but the timer does not want to
completely eliminate the exposure by taking the modified duration to zero. If interest
rates are expected to fall, the timer may wish to increase the modified duration; if rates
are expected to rise, the timer may wish to decrease the modified duration but not
necessarily reduce it to zero.

Suppose a portfolio of bonds has a market value of B and a mod-
ified duration of MDB. The futures contract has a modified duration
of MDf and a price of f. The timer wishes to increase the spot mod-
ified duration to MDT, which we shall call the target duration. One
way to do this is to put more money in high modified duration
bonds and less money in low modified duration bonds, but this

would incur transaction costs on the purchase and sale of at least two bonds. Futures
can be used to easily adjust the modified duration. Also, by doing the transaction with
futures rather than buying and selling the spot instruments, there are significant savings
in transaction costs.

Buying or selling futures provides a simple
way of increasing or decreasing a bond’s
modified duration to engage in target du-
ration strategies.
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The number of futures needed to change the modified duration to MDT is15

Nf ¼ MDT �MDB

MDf

� �
B
f

� �
:

Notice how similar this formula is to the one given earlier in this chapter. That formula
was

N�
f ¼

MDB

MDf

� �
B
f

� �
,

which reduces the interest sensitivity and modified duration to zero.16 N�
f denotes the

optimal hedge ratio where the objective is to minimize price volatility. Here we will not
use the asterisk, �, when seeking to change modified duration to a non-zero target. If the
target duration were zero in our new formula, we would obtain the old formula. Thus, the
new formula is a much more general restatement of the optimal hedge ratio covered
earlier in this chapter, because it permits the modified duration to be adjusted to any cho-
sen value. If the investor expected falling interest rates and wished to increase the modi-
fied duration, MDT would be larger than MDB. Then Nf would be positive and futures
would be bought. This makes sense because adding futures to a long spot position should
increase the risk. If the trader is bearish and wishes to reduce the modified duration, MDT

would be less than MDB and Nf would be negative, meaning that futures would be sold.
This is so because an opposite position in futures should be required to reduce the risk.

An Example Let us rework the T-bond hedging example that appeared in Table 11.7.
In that problem, on February 25 the portfolio manager held $1 million face value of the
11 7/8s bond maturing in about 25 years. The bond price is 101, and the bond will be
sold on March 28. In that example, we feared an increase in interest rates and lowered
the modified duration to zero by selling 16 futures contracts. Suppose, however, that we
wanted to lower the modified duration from its present level of 7.83 to 4. This would
make the portfolio less sensitive to interest rates, but not completely unaffected by
them. In that way, if the forecast proved incorrect, the positive modified duration would
still leave room to profit.

The example is presented in Table 11.13. The bond ends up losing 2.26 percent. To
determine how close the outcome was to the desired outcome, we need to know the
change in the yield on the bonds. On February 25, the yield on the spot bond was
11.74 percent; on March 28, the yield that corresponded to a price of 95 22/32 was
12.50 percent. Recall that the following formula expresses the relationship between the
change in the yield and the percentage change in the bond price:

ΔB
B

� �MDðΔyÞ,
where B represents the bond price. With a modified duration reset to 4, the formula pre-
dicts that for a yield change of 0.1250� 0.1174¼ 0.0076, the percentage price change
would be

ΔB
B

� �4ð0:0076Þ ¼ �0:0304,

15See Hedge Ratios and Futures Contracts Technical Note in the section called “Derivation of Price Sensitivity
Hedge Ratio.”
16As noted above, both of these formulas apply only to extremely short holding periods. Any increment of
time or change in yield will require recalculation of the number of futures contracts, so the number of con-
tracts will need adjustment throughout the holding period.
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or 3.04 percent. The actual change was 2.26 percent. Without the futures position, the
modified duration still would have been 7.83. Plugging into the formula gives a predicted
percentage change in the bond price of

ΔB
B

� �7:83ð0:0076Þ ¼ �0:0595,

or a loss of 5.95 percent. The actual change without the hedge would have been
�$53,125=$1,010,000¼�0.0526, or a 5.26 percent loss.

Alpha Capture
Recall that the systematic risk of a diversified portfolio can be hedged by using stock
index futures. Because the portfolio is diversified, there is no unsystematic risk and
therefore the portfolio is riskless. In some cases, however, an investor might wish to
hedge the systematic risk and retain the unsystematic risk.

TABLE 11.13 TARGET DURATION WITH BOND FUTURES

Scenario: On February 25, a portfolio manager holds $1 million face value of a government bond, the 11 7/8s, which matures in
about 25 years. The bond is currently priced at 101, has a modified duration of 7.83, and has a yield of 11.74 percent. The manager
plans to sell the bond on March 28. The manager is worried about rising interest rates and would like to reduce the bond’s sensitivity
to interest rates by lowering its modified duration to 4. This would reduce its interest sensitivity, which would help if rates increase,
but would not eliminate the possibility of gains from falling rates.

Date Spot Market Futures Market

February 25 The current price of the bonds is 101.
Value of position: $1,010,000.
The short end of the term structure is flat, so this
is the forward sale price of the bonds in March.

June T-bond futures is at 70 16/32.
Price per contract: $70,500.
The futures price and the characteristics of the
deliverable bond imply a modified duration of 7.20
and a yield of 14.92 percent.
Appropriate number of contracts:

Nf ¼ 4� 7:83
7:20

� �
1,010,000
70,500

� �
¼ �7:62:

Sell 8 contracts

March 28 The bonds are sold at their current price of 95 22/32.
This is a price of $956.875 per bond.
Value of position: $956,875.

June T-bond futures is at 66 22/32.
Price per contract: $66,718.75.
Buy 8 contracts

Analysis: When the $1 million face value bonds are sold on March 28, they are worth $956,875, a loss in value of
$1,010,000 � $956,875 ¼ $53,125.

The profit on the futures transaction is

   8ð70,500Þ ðsale price of futuresÞ
�8ð$66,718:75Þ ðpurchase price of futuresÞ

        $30,250 ðprofit on futuresÞ:

Thus, the overall transaction resulted in a loss in value of $53,125 � $30,250 ¼ $22,875, which is a 2.26 percent decline in overall
value.
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The unsystematic return that reflects investment performance over and above the
risk associated with the systematic or market-wide factor is called alpha. In an
efficient market, investors cannot expect to earn positive alpha. Professional financial
analysts, however, do not believe this is true. Thousands of analysts devote all of their
time to identifying overpriced and underpriced stocks. An analyst who thinks a stock
is underpriced normally recommends it for purchase. If the stock is purchased and
the market goes down, the stock’s overall performance can be hurt. For example, a
drug firm might announce an important new drug that can help cure diabetes. If
that announcement occurs during a strong bear market, the stock can be pulled
down by the market effect. The extent of the stock’s movement with the market is
measured by its beta. In this section we shall look at how alpha can be captured by
using stock index futures to eliminate the systematic component of performance,
leaving the unsystematic performance, the alpha. In this sense, the strategy is based
on a target beta of zero.

We will use the following notation:

S¼ stock price

M¼ value of market portfolio of all risky assets

rS¼ ΔS/S¼ rate of return on stock

rM¼ ΔM/M¼ rate of return on market

�¼ beta of the stock

The stock’s return consists of its systematic return, �rM, and its unsystematic return or
alpha, denoted as α. Thus,

rS  ¼  βrM þ  α:

If we multiply both sides of the equation by S, we have

SrS ¼ SβrM þ Sα;

which is equivalent to

ΔS ¼ SβðΔM=MÞ þ Sα:

This is the return on the stock expressed in dollars. The objective of the transaction is to
capture a profit equal to the dollar alpha, Sα.

The profit from a transaction consisting of the stock and Nf futures contracts is

Π ¼ ΔSþ N�
f Δf :

Recall that the formula for N�
f in an ordinary stock index futures

hedge is ��(S=f). Let us substitute this for N�
f :

Π ¼ ΔS� β S
f

	 

Δf :

Now we need to substitute S�(ΔM/M)þ Sα for ΔS and assume the
futures price change will match the index price change. In that case,

ΔM/M¼ Δf/f. Making these substitutions gives

∏ ¼ Sα:

Thus, if we use N�
f futures contracts where N

�
f is the ordinary hedge ratio for stock index

futures, we will eliminate systematic risk and the profit will be the dollar alpha.

An Example Table 11.14 illustrates an application of this result. In this example, you
have identified what you believe to be an underpriced stock. You are worried, however,

Stock index futures can be used to elimi-
nate the systematic risk to enable an in-
vestor to capture an alpha from identifying
on underpriced security.
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that the market as a whole will decline and drag the stock down. To hedge the market
effect, you sell stock index futures.

This transaction should not be considered riskless. Suppose your analysis is incorrect
and the company announces some bad news during a bull market. Selling the futures
contract would eliminate the effect of the bull market while retaining the effect of the
bad news announcement. Moreover, this type of trade depends not only on the correct-
ness of the analysis but on the beta’s stability.

TABLE 11.14 ALPHA CAPTURE

Scenario: On July 1, you are following the stock of Helene Curtis, which has a price of 17.38 and a beta of 1.10. Barring any
change in the general level of stock prices, you expect the stock to appreciate by about 10 percent by the end of September. Your
analysis of the market as a whole calls for about an 8 percent decline in stock prices in general over the same period. Since the
stock has a beta of 1.10, this would bring the stock down by 1.10(.08) ¼ 0.088, or 8.8 percent, which will almost completely offset
the expected 10 percent unsystematic increase in the stock price. You decide to hedge the market effect by selling a particular
stock index futures contract with a multiplier of 500.

Date Spot Market Futures Market

July 1 Own 150,000 shares of Helene Curtis stock at
17.38.
Value of stock: 150,000($17.38) ¼ $2,607,000.

December stock index futures price is 444.60.
Price of one contract: 444.60($500) ¼ $222,300.
Appropriate number of contracts:

Nf ¼ �1:10
$2,607,000
$222,300

� �
¼ �12:90:

Sell 13 contracts

September 30 Stock price is 17.75.
Value of stock; 150,000($17.75) ¼ $2,662,500.

December stock index futures price is 411.30.
Price of one contract: 411.30($500) ¼ $205,650.

Buy 13 contracts

Analysis:
Profit on stock:

$2,662,500

�$2,607,000

$55,500:

Profit on futures:

13ð$222,300Þ
�13ð$205,650Þ

$216,450:

Overall profit:

$55,500

þ $216,450

$271,950:

Overall rate of return:

$271,950
$2,607,300

¼ 0:1043:
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Target Beta with Stock Index Futures
Recall in the hedging discussion above we considered a portfolio manager who sold stock
index futures to eliminate the systematic risk. At a later date, the futures contracts were
repurchased and the portfolio was returned to its previous level of systematic risk. Assum-
ing the beta of the futures is 1, the number of futures contracts was given by the formula

N�
f ¼ �βS

S
f :

In some cases, a portfolio manager may wish to change the systematic risk but not elim-
inate it altogether. For example, if a portfolio manager believes the market is highly vol-
atile, the portfolio beta could be lowered but not reduced to zero. This would enable the
portfolio to profit if the market did move upward but would produce a smaller loss if the
market moved down. At more optimistic times, the portfolio beta could be increased. In
the absence of stock index futures (or options), changing the portfolio beta would require
costly transactions in the individual stocks.

Assume we have a portfolio containing stock valued at S and Nf futures contracts. We
drop the asterisk,�, because we are not focused on the minimum risk solution now. The
return on the portfolio is given as rSf, where

rSf ¼ ΔS þ NfΔf
S .

The first term in the numerator, ΔS, is the change in the price of the stock. The sec-
ond term, NfΔf, is the number of contracts times the change in the price of the futures
contract. The denominator, S, is the amount of money invested in the stock. The
expected return on the portfolio, E(rSf), is

EðrSf Þ ¼ EðΔSÞ
S þ Nf

EðΔfÞ
S ¼ EðrSÞ þ Nf

S EðΔfÞ,
where E(rS) is the expected return on the stock defined as E(ΔS)/S and E(Δf) is the ex-
pected change in the price of the futures contract.

From modern portfolio theory, the Capital Asset Pricing Model (CAPM) gives the ex-
pected return on a stock as rþ [E(rM)� r]�, where the beta is the systematic risk and
reflects the influence of the market as a whole on the stock. If the market is efficient,
the investor’s required return will equal the expected return. If the CAPM holds for
stocks, it should also hold for stock index futures; however, it would be written as

EðΔfÞ
f

¼ ½EðrMÞ � r�βf ¼ EðrMÞ � r,

where �f is the beta of the futures contract, assumed to be 1. Although in reality �f will
not be precisely equal to 1, it is sufficiently close that we shall assume it to keep the ex-
ample simple. Note that this CAPM equation seems to be missing the term r from the
right-hand side. The risk-free rate reflects the opportunity cost of money invested in the
asset. Because the futures contract requires no initial outlay, there is no opportunity cost;
thus, the r term is omitted. Thus, a long position in a stock index futures contract would
be expected to return the market risk premium and a short position in a stock index
futures contract would be expected to lose the market risk premium.

The objective is to adjust the portfolio beta, �S, and expected return, E(rSf), to a more
preferred level. Since the CAPM holds for the portfolio, we can write the relationship
between expected return and beta as

EðrSf Þ ¼ rþ ½EðrMÞ � r�βT;
where �T is the target beta, the desired risk level. Now we substitute for E(rS) and E(Δf)
and get

EðrSf Þ ¼ rþ ½EðrMÞ � r�βS þ Nf ðf=SÞ½EðrMÞ � r�:
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Setting this equal to rþ [E(rM)� r]�T and solving for Nf gives

Nf ¼ ðβT � βSÞ S
f

	 

:

This formula differs only slightly from the previous formula of
N�

f , which was covered in our hedging material earlier in this chapter.
In fact, the N�

f formula is but a special case of this one. For example,
if the target beta is zero, the above formula reduces to �βS

S
f

	 

, where

the negative sign means that you would sell Nf futures. This is the
same formula we used in the hedging discussion above to eliminate

systematic risk.
When the manager wants to increase the beta, �T will be greater than �S and Nf will

be positive. In that case, the manager will buy futures contracts. That makes sense, since
the risk will increase. When the beta needs to be reduced, �T will be less than �S, and the
manager should sell futures to reduce the risk.

An Example Table 11.15 presents an example in which the manager of a portfolio
that has a beta of 0.95 would like to temporarily increase the beta to 1.25. The manager
buys stock index futures, which results in an overall gain of almost 12 percent when the
stocks themselves gained only 10 percent.

Tactical Asset Allocation Using Stock and Bond Futures
A typical investment portfolio often consists of money allocated to certain classes of
assets. Stock is one general class while bonds are another. Some portfolios would contain
additional asset classes such as real estate, hedge funds, venture capital, or commodities.
Within a given asset class, there may be subdivisions into more specific classes. For
example, the stock asset class could be divided into domestic stock and international
stock, or perhaps large-cap stock, mid-cap stock, and small-cap stock.17 Portfolio man-
agers then usually try to adjust the allocation of funds among the asset classes in such a
manner that the most attractive classes receive the highest weights. This form of portfo-
lio management is usually called asset allocation.

Over the long run, a portfolio typically has a specified set of target weights for each
asset class. These weights are usually called the strategic asset allocation. In the short run,
the portfolio manager can deviate from these weights by allocating more funds to the
classes expected to provide the best performance. These short run deviations from the
strategic asset allocation make up a process called tactical asset allocation. Of course,
such a strategy is just a variation of target strategies, as we have discussed with respect
to both stock and bond futures.

The execution of tactical asset allocation strategies can be done by buying and selling
assets within the various classes. When futures are available on underlyings that are suf-
ficiently similar to the asset classes, they are often used to execute these strategies in a
more efficient, less costly manner. Let us see how this can be done.

Consider a portfolio with just two asset classes, stock and bonds. The stock asset class
has a specific beta, and the bond asset class has a specific modified duration. If the man-
ager wants to decrease the allocation to stock and increase the allocation to bonds, she
can do so by selling stocks and buying bonds. Alternatively, she may be able to sell stock
futures and buy bond futures to achieve the desired result. Of course, whether futures are
an acceptable substitute for transactions in the actual securities depends on whether the
stock index underlying the stock index futures is similar enough to the stock component
of her portfolio and whether the bond underlying the bond futures is similar enough to

Buying or selling futures provides a simple
way of increasing or decreasing a stock
portfolio’s beta to engage in target beta
strategies.

17Cap is an abbreviation for market capitalization, or the current market value of outstanding common stock.
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TABLE 11.15 TARGET BETA STRATEGIES WITH STOCK

INDEX FUTURES

Scenario: On August 29, a portfolio manager is holding a portfolio of stocks worth $3,783,210. The portfolio beta is 0.95. The manager
expects the stock market as a whole to appreciate substantially over the next three months and wants to increase the portfolio beta to
1.25. The manager could buy and sell shares in the portfolio, but this would incur high transaction costs and later the portfolio beta
would have to be adjusted back to 0.95. The manager decides to buy stock index futures to temporarily increase the portfolio’s system-
atic risk. The prices, number of shares, and betas are given below. The target date for evaluating the portfolio is November 29.

Stock Price (8/29) Number of Shares Market Value Weight Beta

Beneficial Corp. 40.50 11,350 $459,675 0.122 0.95
Cummins Engine 64.50 10,950 706,275 0.187 1.10
Gillette 62.00 12,400 768,800 0.203 0.85
Kmart 33.00 5,500 181,500 0.048 1.15
Boeing 49.00 4,600 225,400 0.059 1.15
W. R. Grace 42.62 6,750 287,685 0.076 1.00
Eli Lilly 87.38 11,400 996,132 0.263 0.85
Parker Pen 20.62 7,650 157,743 0.042 0.75

$3,783,210 1.000

Portfolio beta:

0:122ð0:95Þ þ 0:187ð1:10Þ þ 0:203ð0:85Þ þ 0:048ð1:15Þ þ 0:059ð1:15Þ þ 0:076ð1:00Þ þ 0:263ð0:85Þ þ 0:042ð0:75Þ ¼ 0:95:

December stock index futures contract:

Price on August 29: 759.60

Multiplier: $250

Price of one contract: $250(759.60) ¼ $189,900.
Required number of futures contracts:

Nf ¼ ð1:25� 0:95Þ 3,783,210
189,900

� �
¼ 5:98:

Buy 6 contracts

Results: The values of the stocks on November 29 are shown below:

Stock Price (11/29) Market Value

Beneficial Corp. 45.13 $512,226
Cummins Engine 66.75 730,913
Gillette 69.87 866,388
Kmart 35.12 193,160
Boeing 49.12 225,952
W. R. Grace 40.75 275,062
Eli Lilly 103.75 1,182,750
Parker Pen 22.88 175,032

$4,161,483

December stock index futures contract:

Price on November 29: 809.60

Multiplier: $250

Price of one contract: $250(809.60) ¼ $202,400.

Sell 6 contracts

Analysis: The market value of the stocks increased by $4,161,483 � $3,783,210 ¼ $378,273, a gain of about 10 percent.

The futures profit was

6ð$202,400Þ  ðsale price of futuresÞ
�6ð$189,900Þ  ðpurchase price of futuresÞ
          $75,000  ðprofit on futuresÞ:

Thus, the overall gain on the portfolio was effectively increased to $378,273 þ $75,000 ¼ $453,273, a return of about 12 percent.
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the bond component of her portfolio. Since practitioners use these instruments so often
to make asset allocation changes, we can safely assume that these conditions hold so that
stock and bond futures can be used for this purpose.

Suppose that she wishes to sell a certain amount of stock and buy an equivalent
amount of bonds. Using the formula we previously showed for target beta strategies
with stock index futures, she will sell the number of futures contracts to adjust the beta
on that given amount of stock from its current level to zero. This transaction has the
effect of selling the stock and converting it to cash. Now she wants to convert this syn-
thetically created cash to bonds. She will then buy bond futures to adjust the modified
duration on this synthetic cash from zero to its desired level, which is the modified
duration of the existing bond component of the portfolio.

Note that the securities in the portfolio have not changed, but the
allocation between stock and bonds has been synthetically altered by
the addition of a short position in stock index futures and a long
position in bond futures. Now suppose she also would like to change
the risk characteristics of the existing stock and bond asset classes.
She can then adjust the beta on the stock by buying or selling more

stock index futures contracts, and she can adjust the modified duration on the bonds by
buying or selling more bond futures contracts.

An Example Table 11.16 illustrates this type of strategy. Here the portfolio manager
wants to reduce the allocation from two-thirds stock, one-third bonds to half stock, half
bonds. In addition, the manager wants to lower the risk exposure on the stock and raise
the risk exposure on the bonds.

Stock index and bond futures can be used
to efficiently execute asset allocation
strategies involving stock and bond asset
classes.

TABLE 11.16 TACTICAL ASSET ALLOCATION USING STOCK

AND BOND FUTURES

Scenario: A $30 million portfolio consists of $20 million of stock at a beta of 1.15 and $10 million of bonds at a modified
duration of 6.25 with a yield of 7.15 percent. The manager would like to change the allocation to $15 million of stock and
$15 million of bonds. In addition, the manager would like to adjust the beta on the stock to 1.05 and the modified duration on
the bonds to 7. A stock index futures contract has a price of $225,000, and we can assume that its beta is 1.0. A bond futures
contract is priced at $92,000 with an implied modified duration of 5.9 and an implied yield of 5.65 percent. The manager will
use futures to synthetically sell $5 million of stock, reduce the beta on the remaining stock, synthetically buy $5 million of bonds,
and increase the modified duration on the remaining bonds. The horizon date is three months.

Step 1. Synthetically sell $5 million of stock
This transaction will effectively reduce the beta on $5 million of stock to zero, thereby synthetically converting the stock to cash.
The number of stock futures, which we denote as Nsf, will be

Nsf ¼ ð0� 1:15Þ 5,000,000
225,000

� �
¼ �25:56:

This rounds off to selling 26 contracts. After executing this transaction, the portfolio effectively consists of $15 million of stock
at a beta of 1.15, $10 million of bonds at a modified duration of 6.25, and $5 million of synthetic cash. Of course, the actual
portfolio consists of $20 million of stock at a beta of 1.15, $10 million of bonds at a modified duration of 6.25, and $5 million of
short stock index futures.

Step 2. Synthetically buy $5 million of bonds
This transaction will effectively convert the $5 million of synthetic cash, which can be treated as a bond with a modified dura-
tion of zero, to $5 million of synthetic bonds with a modified duration of 6.25. The number of bond futures, which we denote as
Nbf, will be

Nbf ¼ 6:25� 0
5:9

� �
5,000,000
92,000

� �
¼ 56:6:

(continued)
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This rounds off to buying 57 contracts. After executing this transaction, the portfolio effectively consists of $15 million of stock at
a beta of 1.15 and $15 million of bonds at a modified duration of 6.25. Of course, the actual portfolio consists of $20 million of
stock at a beta of 1.15, $10 million of bonds at a modified duration of 6.25, $5 million of short stock index futures, and $5 million
of long bond futures.

Step 3. Lower the beta on the stock from 1.15 to 1.05
Now the manager wants to lower the beta from 1.15 to 1.05 on $15 million of stock. This will require

Nsf ¼ ð1:05� 1:15Þ 15,000,000
225,000

� �
¼ �6:67

contracts. Rounding off, the manager would sell 7 contracts. In the aggregate, the manager would sell 33 stock index futures
contracts.

Step 4. Raise the modified duration on the bonds from 6.25 to 7
Now the manager wants to raise the modified duration from 6.25 to 7 on $15 million of bonds. This will require

Nbf ¼ 7� 6:25
5:9

� �
15,000,000
92,000

� �
¼ 20:73

contracts. Rounding off, the manager would buy 21 contracts. In the aggregate, the manager would buy 78 bond futures contracts.
It is important to know that the same results would be obtained if the transactions were carried out in a different order. The

manager could first reduce the beta on the $20 million of stock and then synthetically sell $5 million of stock. The manager could
then increase the modified duration on the $10 million of bonds and then synthetically buy $5 million of bonds.

Results
Three months later, the stock is worth $19,300,000, and the bonds are worth $10,100,000. The stock index futures price falls to
$217,800, and the bond futures price rises to $92,878. The profit on the stock index futures transaction is

�33($217,800 � $225,000) ¼ $237,600.

The profit on the bond futures transaction is

78($92,878 � $92,000) ¼ $68,484.

The overall value of the portfolio is

Stock $19,300,000

Stock index futures profit 237,600

Bonds 10,100,000

Bond futures profit 68,484

Total $29,706,084.

Had the transactions not been executed, the portfolio would have been worth

Stock $19,300,000

Bonds 10,100,000

Total $29,400,000.

Of course, this transaction is speculative. The reduction of the stock allocation and reduction of the stock beta, combined with the
increase in the bond allocation and the increase in the bond beta, was a good move, but it could have been a bad one. In any case,
however, derivatives allowed these transactions to be executed synthetically and less expensively.

TABLE 11.16 (CONTINUED)
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Summary

This chapter looked at managing currency, interest rate
and stock market risk. It began by examining some basic
concepts necessary for understanding and formulating
hedge strategies. It explored the concepts of long and short
hedging and basis risk and identified rules that help deter-
mine which contract to select, including the choice of
commodity, expiration month, and whether to be long
or short. The chapter also examined techniques for deter-
mining the optimal number of futures contracts for pro-
viding the volatility needed to offset the spot market risk.

The hedge examples were grouped by type of
contract—foreign currency hedges, intermediate and
long-term interest rate futures hedges, and stock index
futures hedges.While these examples span a broad range
of applications, there are numerous similar situations in
which virtually the same type of hedge would apply.
This chapter’s emphasis was on understanding the con-
cept of hedging by observing it in practical situations.

Spread strategies with futures contracts were also
reviewed in this chapter. Intramarket spreads focus
on one underlying whereas intermarket spreads focus
on two underlyings. The risk related to intramarket

spreads stems from changes in carry costs. Intermarket
spreads’ risk also contains the risk of changes in the
underlying relative value.

Targeted strategies reviewed here included manag-
ing risk with duration and beta. Target strategies are
pursued when the investor has a well-defined preferred
risk profile. We saw that futures can be used to alter the
risk profit from where it currently is to where the in-
vestor wants it to be.

Table 11.17 contains capsule descriptions of the var-
ious trading situations that are likely to be encountered,
with an identification of the nature of the risk and a
prescription for a potential trading strategy.

In several chapters, we have made many references to
managing interest rate risk. One of themost popular tools
for managing interest rate risk is the swap. In Chapter 12
we shall learn about swaps and not only how they can be
used tomanage interest rate risk, but also how they can be
used to manage currency and equity risk. Looking past
Chapter 12, we shall learn even more about interest rate
risk management in Chapter 13, when we introduce in-
terest rate forwards and options.

TABLE 11.17 HEDGE SITUATIONS

The Scenario The Risk The Appropriate Action

Plan to purchase a foreign currency with
domestic currency.

The foreign currency will increase in
value.

Buy forwards or futures.

Plan to convert a foreign currency into
domestic currency.

The foreign currency will decrease in
value.

Sell forwards or futures.

Hold a bond or bond portfolio. Interest rates will increase, decreasing the
value of the bond.

Sell futures on notes or bonds.

Plan to purchase a bond. Interest rates will decrease, increasing the
value of the bond.

Buy futures on notes or bonds.

Plan to issue a bond. Interest rates will increase, decreasing the
value of the bond.

Sell futures on notes or bonds.

Hold stock portfolio. Stock prices will fall, decreasing the value
of the portfolio.

Sell stock index futures.

Plan to purchase a stock. Stock prices will increase, increasing the
cost to purchase.

Buy stock index futures.

Expect changes in futures prices with the
same underlying.

Futures prices fail to comply with
expectations.

Intramarket spread.

Expect changes in futures prices with dif-
ferent underlying.

Futures prices fail to comply with
expectations.

Intermarket spread.

Alter interest rate risk of bond portfolio. Interest rates move in unexpected way. Target duration.

Capture excess return within an actively
managed portfolio.

Active management fails to generate ex-
cess returns.

Alpha capture.

Alter equity risk of stock portfolio. Stock prices move in unexpected way. Target beta.

Alter both interest rate risk and equity risk
in portfolio.

Rates and prices move in unexpected
ways.

Tactical asset allocation.
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Key Terms

Before continuing to Chapter 12, you should be able to give brief definitions of the following terms:

short hedge, p. 357
long hedge, p. 357
anticipatory hedge, p. 358
basis, p. 358
basis risk, p. 360
cross hedge, p. 362
quantity risk, p. 363

hedge ratio, p. 367
hedging effectiveness, p. 368
duration, p. 369
Macaulay duration, p. 369
modified duration, p. 370
implied yield, p. 370
implied modified duration, p. 370

yield beta, p. 371
intramarket spreads, p. 384
intermarket spreads, p. 384
target duration, p. 391
target beta, p. 396

Further Reading
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this chapter can be found in:
Johnson, L. L. “The Theory of Hedging and Speculation

in Commodity Futures Markets.” Review of Eco-
nomic Studies 27 (1960): 139–151.

Stein, J. L. “The Simultaneous Determination of Spot
and Futures Prices.” The American Economic Review
51 (1961): 1012–1025.

Empirical research on hedging effectiveness can be
found in:
Ederington, L. H. “The Hedging Performance of the

New Futures Market.” The Journal of Finance 34
(1979): 157–170.

Figlewski, S. “Hedging Performance and Basis Risk in
Stock Index Futures.” The Journal of Finance 39
(1984): 657–669.

Figlewski, S. “Hedging with Stock Index Futures: The-
ory and Application in a New Market.” The Journal
of Futures Markets 5 (1985): 183–199.

The rationale for and evidence of the hedging and risk
management activities of corporations can be found in:
Froot, K. A., D. S. Scharfstein, and J. C. Stein, “Risk

Management: Coordinating Corporate Investment
and Financing Policies,” The Journal of Finance 48
(December 1993): 1629–1658.

Smith, C. W. and R. M. Stulz. “The Determinants of
Firms’ Hedging Policies.” Journal of Financial and
Quantitative Analysis 20 (1985): 391–405.

Nance, D. R., C. W. Smith, Jr., and C. W. Smithson.
“On the Determinants of Corporate Hedging.” The
Journal of Finance 48 (1993): 267–284.

Concept Checks

1. Explain the difference between a short hedge and
a long hedge.

2. a. What is the basis?
b. How is the basis expected to change over the

life of a futures contract?
c. Explain why a strengthening basis benefits a

short hedge and hurts a long hedge.
3. What factors must one consider when deciding

on the appropriate underlying asset for a hedge?

4. For each of the following hedge termination
dates, identify the appropriate contract expira-
tion. Assume the available expiration months are
March, June, September, and December.
a. August 10
b. December 15
c. February 20
d. June 14

5. State and explain two reasons why firms hedge.
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Questions and Problems

1. A major bread maker is planning to purchase
wheat in the near future. Identify and explain the
appropriate hedging strategy.

2. Explain how the implied repo rate on a spread
transaction differs from that on a nearby futures
contract.

3. Suppose you are a dealer in sugar. It is September
26, and you hold 112,000 pounds of sugar worth
$0.0479 per pound. The price of a futures con-
tract expiring in January is $0.0550 per pound.
Each contract is for 112,000 pounds.
a. Determine the original basis. Then calculate

the profit from a hedge if it is held to expira-
tion and the basis converges to zero. Show
how the profit is explained by movements in
the basis alone.

b. Rework this problem, but assume the hedge is
closed on December 10, when the spot price is
$0.0574 and the January futures price is $0.0590.

4. a. Define the minimum variance hedge ratio
and the measure of hedging effectiveness?
What do these two values tell us?

b. What is the price sensitivity hedge ratio? How
are the price sensitivity and minimum vari-
ance hedge ratios alike? How do they differ?

5. Explain how to determine whether to buy or sell
futures when hedging.

6. For each of the following situations, determine
whether a long or short hedge is appropriate.
Justify your answers.
a. A firm anticipates issuing stock in three

months.
b. An investor plans to buy a bond in 30 days.
c. A firm plans to sell some foreign currency

denominated assets and convert the proceeds
to domestic currency.

7. On June 17 of a particular year, an American
watch dealer decided to import 100,000 Swiss
watches. Each watch costs SF225. The dealer
would like to hedge against a change in the
dollar/Swiss franc exchange rate. The forward
rate was $0.3881. Determine the outcome from
the hedge if it was closed on August 16, when the
spot rate was $0.4434.

8. On January 2 of a particular year, an American
firm decided to close out its account at a Cana-
dian bank on February 28. The firm is expected
to have 5 million Canadian dollars in the account

at the time of the withdrawal. It would convert
the funds to U.S. dollars and transfer them to a
New York bank. The relevant forward exchange
rate was $0.7564. The March Canadian dollar
futures contract was priced at $0.7541. Deter-
mine the outcome of a futures hedge if on Feb-
ruary 28 the spot rate was $0.7207 and the
futures rate was $0.7220. All prices are in U.S.
dollars per Canadian dollar. The Canadian dollar
futures contract covers CD 100,000.

9. On January 31, a firm learns that it will have addi-
tional funds available on May 31. It will use the
funds to purchase $5,000,000 par value of the
APCO 9 1/2 percent bonds maturing in about 21
years. Interest is paid semiannually onMarch 1 and
September 1. The bonds are rated A2 by Moody’s
and are selling for 78 7/8 per 100 and yielding 12.32
percent. The modified duration is 7.81.

The firm is considering hedging the anticipated
purchase with September T-bond futures. The fu-
tures price is 71 8/32. The firm believes the futures
contract is tracking the Treasury bond with a cou-
pon of 12 3/4 percent and maturing in about 25
years. It has determined that the implied yield on
the futures contract is 11.40 percent and the mod-
ified duration of the contract is 8.32.

The firm believes the APCO bond yield will
change 1 point for every 1-point change in the yield
on the bond underlying the futures contract.
a. Determine the transaction the firm should

conduct on January 31 to set up the hedge.
b. OnMay 31, the APCO bonds were priced at 82

3/4. The September futures price was 76 14/32.
Determine the outcome of the hedge.

10. On July 1, a portfolio manager holds $1 million
face value of Treasury bonds, the 11 1/4s ma-
turing in about 29 years. The price is 107 14/32.
The bond will need to be sold on August 30. The
manager is concerned about rising interest rates
and believes a hedge would be appropriate. The
September T-bond futures price is 77 15/32. The
price sensitivity hedge ratio suggests that the firm
should use 13 contracts.
a. What transaction should the firm make on

July 1?
b. On August 30, the bond was selling for 101

12/32 and the futures price was 77 5/32.
Determine the outcome of the hedge.
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11. You are the manager of a stock portfolio. On
October 1, your holdings consist of the eight stocks
listed in the following table, which you intend to
sell on December 31. You are concerned about a
market decline over the next three months. The
number of shares, their prices, and the betas are
shown, as well as the prices on December 31.

Stock

Number
of

Shares Beta
10/1
Price

12/31
Price

R. R.
Donnelley

10,000 1.00 19.63 27.38

B. F.
Goodrich

6,200 1.05 31.38 32.88

Raytheon 15,800 1.15 49.38 53.63

Maytag 8,900 0.90 55.38 77.88

Kroger 11,000 0.85 42.13 47.88

Comdisco 14,500 1.45 19.38 28.63

Cessna 9,900 1.20 29.75 30.13

Foxboro 4,500 0.95 24.75 26.00

OnOctober 1, you decide to execute a hedge using a
particular stock index futures contract, which has a
$500multiplier. TheMarch contract price is 376.20.
On December 31, the March contract price is
424.90. Determine the outcome of the hedge.

12. On March 1, a securities analyst recommended
General Cinema stock as a good purchase in the
early summer. The portfolio manager plans to buy
20,000 shares of the stock on June 1 but is con-
cerned that the market as a whole will be bullish
over the next three months. General Cinema’s
stock currently is at 32.88, and the beta is 1.10.

Construct a hedge that will protect against
movements in the stock market as a whole. Use the
September stock index futures, which is priced at
375.30 onMarch 1 and which has a $500 multiplier.
Evaluate the outcome of the hedge if on June 1 the
futures price is 387.30 and General Cinema’s stock
price is 38.63.

13. During the first six months of the year, yields on
long-term government debt have fallen about 100
basis points. You believe the decline in rates is
over, and you are interested in speculating on a
rise in rates. You are, however, unwilling to as-
sume much risk, so you decide to do an intra-
market spread. Use the following information to
construct a T-bond futures spread on July 15,
and determine the profit when the position is
closed on November 15.

July 15
December futures price: 76 9/32
March futures price: 75 9/32

November 15
December futures price: 79 13/32
March futures price: 78 9/32

14. On November 1, an analyst who has been
studying a firm called Computer Sciences be-
lieves the company will make a major new
announcement before the end of the year.
Computer Sciences currently is priced at 27.63
and has a beta of 0.95. The analyst believes the
stock can advance about 10 percent if the
market does not move. The analyst thinks the
market might decline by as much as 5 percent,
leaving the stock with a return of 0.10þ
(�0.05)(0.95)¼ 0.0525. To capture the full 10
percent alpha, the analyst recommends the sale
of a particular stock index futures. The March
contract currently is priced at 393. Assume the
investor owns 100,000 shares of the stock. Set
up a transaction by determining the appropriate
number of futures contracts. Then determine
the effective return on the stock if, on Decem-
ber 31, the stock is sold at 28.88, the futures
contract is at 432.30, and the multiplier is 500.
Explain your results.

15. You are the manager of a bond portfolio of $10
million face value of bonds worth $9,448,456. The
portfolio has a yield of 12.25 percent and a dura-
tion of 8.33. You plan to liquidate the portfolio in
six months and are concerned about an increase in
interest rates that would produce a loss on the
portfolio. You would like to lower its duration to
5 years. A T-bond futures contract with the ap-
propriate expiration is priced at 72 3/32 with a face
value of $100,000, an implied yield of 12 percent,
and an implied duration of 8.43 years.
a. Should you buy or sell futures? How many

contracts should you use?
b. In six months, the portfolio has fallen in value

to $8,952,597. The futures price is 68 16/32.
Determine the profit from the transaction.

16. You are the manager of a stock portfolio worth
$10,500,000. It has a beta of 1.15. During the next
three months, you expect a correction in the
market that will take the market down about
5 percent; thus, your portfolio is expected to
fall about 5.75 percent (5 percent times a beta
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of 1.15). You wish to lower the beta to 1. A par-
ticular stock index futures contract with the ap-
propriate expiration is priced at 425.75 with a
multiplier of $500.
a. Should you buy or sell futures? How many

contracts should you use?
b. In three months, the portfolio has fallen in

value to $9,870,000. The futures has fallen to
402.35. Determine the profit and portfolio re-
turn over the quarter. How close did you
come to the desired result?

17. The manager of a $20 million portfolio of do-
mestic stocks with a beta of 1.10 would like to
begin diversifying internationally. He would like
to sell $5 million of domestic stock and purchase
$5 million of foreign stock. He learns that he can
do this using a futures contract on a foreign stock
index. The index is denominated in dollars,
thereby eliminating any currency risk. He would
like the beta of the new foreign asset class to be
1.05. The domestic stock index futures contract is
priced at $250,000 and can be assumed to have a
beta of 1.0. The foreign stock index futures
contract is priced at $150,000 and can also be
assumed to have a beta of 1.0.
a. Determine the number of contracts he would

need to trade of each type of futures in order
to achieve this objective.

b. Determine the value of the portfolio if the
domestic stock increases by 2 percent, the
domestic stock futures contract increases
by 1.8 percent, the foreign stock increases by
1.2 percent, and the foreign stock futures
contract increases by 1.4 percent.

18. (Concept Problem) As we discussed in the
chapter, futures can be used to eliminate
systematic risk in a stock portfolio, leaving it
essentially a risk-free portfolio. A portfolio man-
ager can achieve the same result, however, by
selling the stocks and replacing them with T-bills.
Consider the following stock portfolio.

Stock
Number
of Shares Price Beta

Northrop
Grumman

14,870 18.13 1.10

H. J. Heinz 8,755 36.13 1.05

Washington Post 1,245 264.00 1.05

Disney 8,750 134.50 1.25

Wang Labs 33,995 4.25 1.20

Wisconsin Energy 12,480 29.00 0.65

General Motors 14,750 48.75 0.95

Union Pacific 12,900 71.50 1.20

Royal Dutch Shell 7,500 78.75 0.75

Illinois Power 3,550 15.50 0.60

Suppose the portfolio manager wishes to
convert this portfolio to a riskless portfolio for
a period of one month. The price of a particular
stock index futures with a $500 multiplier is
369.45. To sell each share would cost $20 per
order plus $0.03 per share. Each company's
shares would constitute a separate order. The
futures contract would entail a cost of $27.50 per
contract, round-trip. T-bill purchases cost $25
per trade for any number of T-bills. Determine
the most cost-effective way to accomplish the
manager's goal of converting the portfolio to a
risk-free position for one month and then
converting it back.

19. (Concept Problem) You plan to buy 1,000
shares of Swiss International Airlines stock. The
current price is SF950. The current exchange
rate is $0.7254/SF. You are interested in
speculating on the stock but do not wish to
assume any currency risk. You plan to hold the
position for six months. The appropriate futures
contract currently is trading at $0.7250.
Construct a hedge and evaluate how your
investment will do if in six months the stock is
at SF926.50, the spot exchange rate is $0.7301,
and the futures price is $0.7295. The Swiss franc
futures contract size is SF125,000. Determine
the overall profit from the transaction. Then
break down the profit into the amount earned
solely from the performance of the stock, the
loss or gain from the currency change while
holding the stock, and the loss or gain on the
futures transaction.

20. (Concept Problem) Recall from the chapters on
options that we learned about bull and bear
spreads. Intramarket futures spreads also are
considered bull and bear spreads. Describe what
you think might be a bull spread with T-bonds
futures. Of course, be sure to explain your
reasoning.
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APPENDIX 11
Taxation of Hedging
The tax treatment of hedging was originally established in a 1936 IRS ruling that stated that
using futures contracts to reduce business risk generates ordinary income or loss. The rul-
ing was reaffirmed in a 1955 Supreme Court case involving a firm called Corn Products
Refining Company. Corn Products had purchased futures contracts to hedge the future
purchase of corn it expected to need. The futures price went up and Corn Products re-
ported the profits as capital gains, which at that time were treated more favorably for tax
purposes. The IRS disagreed and the case ultimately ended up in the Supreme Court, which
ruled that the purchase of the corn futures was related to the everyday operations of the
firm and, thus, should be considered ordinary income for tax purposes. From that point
on, the taxation of futures hedges was determined by what came to be known as the busi-
ness motive test. Put simply, was the hedge designed to reduce the firm’s business risk? If so,
then any profits or losses would be treated as ordinary income.

This interpretation held for 33 years until a shocking ruling occurred on a case that
had nothing to do with hedging. Arkansas Best, a holding company, sold shares of the
National Bank of Commerce of Dallas at a substantial loss, which it reported as an ordi-
nary loss. Ordinary losses are more attractive to the taxpaying entity because capital
losses are limited to the total of capital gains. So capital losses can potentially be unus-
able as tax credits while ordinary losses are fully deductible against ordinary income. In
1988 the Supreme Court ruled that Best’s losses were capital losses. It argued that the
shares did not constitute a sufficient exception to the established definition of a capital
asset. In other words, the shares were not part of Arkansas Best’s inventory. Since Best
was a holding company, it felt that the shares were a part of its inventory.

The IRS then began using the Arkansas Best case to argue that certain futures hedges
could be treated as capital transactions, thus calling into question the millions of routine
hedging transactions executed by businesses. It used the case to argue that the Federal Na-
tional Mortgage Association (FNMA), a firm that buys and sells mortgages, must treat over
$120 million in interest rate futures and options losses as capital. Furthermore, it ruled that
while long futures and options to purchase (calls) could be viewed as substitutes for inven-
tory positions and, thus, taxable as ordinary income, short positions and put options could
never be used as substitutes for inventory because they represent contracts to sell.

Such an interpretation implied that a business holding an inventory could not reduce
its risk by agreeing to sell some of the inventory in advance, at least not without poten-
tially serious tax consequences. In other words, the IRS ruling discourages conservative
business practices. The implications for the futures markets and for businesses that had
routinely hedged for years were far reaching. The futures markets could be effectively
shut down and millions of back taxes might be owed.

The futures exchanges and many businesses lobbied Treasury Secretary Lloyd Bent-
sen. Finally on October 18, 1993, the IRS reversed its ruling on the FNMA case. The
IRS did argue that hedgers would need to be able to prove that futures and options
transactions to protect inventory were indeed hedges. In addition, the taxation of liability
hedges (such as the selling of futures in anticipation of a future issuing of liabilities), of
hedges to protect the cost of raw materials purchases, and of many over-the-counter
market hedges (such as the use of swaps), is still somewhat unclear.
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CHA P T E R 12
Swaps

Markets are an evolving ecology. New risks arise all the time.

Andrew Lo

CFA Magazine, March–April, 2004, p. 31

In the last four chapters, we discussed forward and futures contracts, which are commit-
ments for one party to buy something from another at a fixed price at a future date. In
some cases a party would like to make a series of purchases, instead of a single purchase,
from the other at a fixed price at various future dates. The parties could agree to a series of
forward or futures contracts, each expiring at different dates. If each contract were priced
according to the standard cost of carry formula, the contracts would each have a different
price so that each would have a zero value at the start. A better way to construct this type
of strategy, however, is to enter into a single agreement for one party to make a series of
equal payments to the other party at specific dates and to receive a payment from the other
party. This type of transaction, specifically characterized by a series of regularly scheduled
payments, is called a swap. The parties are said to be swapping payments or assets.

Over the years, many varieties of swaps have evolved. The more common types of
swaps involve one party making a series of fixed payments and receiving a series of vari-
able payments. In addition, there are swaps in which both parties make variable payments.
There are swaps in which both parties make fixed payments, but one payment is in one
currency and the other is in another currency. Hence, the payments can be fixed but their
values are effectively variable, given exchange rate fluctuations. The number of varieties of
swaps makes it difficult to give a good all-encompassing definition, but in general, a swap
is a financial derivative in which two parties make a series of payments to each other at
specific dates.

There are four primary types of swaps, based on the nature of the
underlying variable. These are currency swaps, interest rate swaps,
equity swaps, and commodity swaps. In a currency swap, the parties
make either fixed or variable interest payments to each other in differ-
ent currencies. There may or may not be a principal payment, a point
we shall cover in more detail later. In an interest rate swap, the two
parties make a series of interest payments to each other, with both
payments in the same currency. One payment is variable, and the

other payment can be variable or fixed. The principal on which the payments are based
is not exchanged. In an equity swap, at least one of the two parties makes payments deter-
mined by the price of a stock, the value of a stock portfolio, or the level of a stock index.
The other payment can be determined by another stock, portfolio, or index, or by an inter-
est rate, or it can be fixed. In a commodity swap, at least one set of payments is determined
by the price of a commodity, such as oil or gold. The other payment is typically fixed, but

there is no reason why it cannot be determined by some other variable. Since
this book focuses on financial instruments, we shall not cover commodity
swaps. For commodity swaps, see the Technical Note.

CHAPTER
OBJECT I V ES

• Introduce the concept
of a swap, which is a
transaction to
exchange a series of
cash flows

• Understand the three
different types of
swaps based on the
underlying: currency,
interest rate, and
equity

• Determine how to
price and value the
three different types of
swaps

• Illustrate strategies
using the three
different types of
swaps

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance

A swap is a transaction in which two par-
ties agree to pay each other a series of
cash flows over a specified period of time.
The four types of swaps are currency
swaps, interest rate swaps, equity swaps,
and commodity swaps.
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Swaps have an initiation date, a termination date, and, of course, the dates on which the
payments are to be made. Like forward and futures contracts, swaps do not typically
involve a cash up-front payment from one party to another. Thus, swaps have zero value
at the start, which means that the present values of the two streams of payments are the
same. The date on which a payment occurs is called the settlement date, and the period
between settlement dates is called the settlement period. Swaps are exclusively custom-
ized, over-the-counter instruments. Thus, the two parties are usually a dealer, which is
a financial institution that makes markets in swaps, and an end user, which is usually a
customer of the dealer and might be a corporation, pension fund, hedge fund, or some
other organization. Of course, swaps between dealers are common as well.

Swap dealers quotes prices and rates at which they will enter into either side of a swap
transaction. When they do a transaction with a counterparty, they assume some risk from
the counterparty. The dealers then typically hedge that risk with some other type of
transaction, which could involve trading in the underlying, or using futures, forwards, or
options. Interestingly, swap dealers are a major contributor to trading volume in Eurodol-
lar futures, as they use the contract to hedge many of their interest rate swaps as well as
other interest rate derivatives, which we shall cover in Chapter 13. In fact, this is the most
common use of Eurodollar futures.

Like forward contracts, swaps are subject to the risk that a given party could default.
Wherever possible the payments are netted, so that only a single amount is paid from one
party to the other. This procedure reduces the credit risk by reducing the amount of money
flowing between the parties. We shall cover credit risk in more detail in Chapter 15.

Each swap is characterized by an amount of money called the notional principal. Since
currency swaps and interest rate swaps both involve making interest payments, the pay-
ments are based on the multiplication of an interest rate times a principal amount. In in-
terest rate swaps this principal amount is never exchanged.1 For that reason, it is not called
principal, but rather notional principal.2

Swaps have been one of the greatest success stories in the financial markets of the 1980s
and 1990s. Interest rate swaps, for example, are widely used by corporations to manage
interest rate risk. As we shall see, corporations often convert floating-rate loans to fixed-
rate loans using interest rate swaps. Currency and equity swaps are used far less than in-
terest rate swaps, but they are still important tools for managing currency and equity risk,
respectively. Figure 12.1 shows the notional principal of interest rate and currency swaps
from 1998 through June 2008, taken from the semiannual surveys of the Bank for Interna-
tional Settlements (http://www.bis.org). There has been steady growth in the use of interest
rate swaps, which had notional principal at the end of June 2008 of over $350 trillion. Cur-
rency swaps have not experienced as much growth. Their notional principal at the end of
June 2008 was about $16 trillion.3 The reason that interest rate swaps are more widely used
than currency swaps is that virtually every business borrows money and is, therefore,
exposed to some form of interest rate risk. Even if a business borrows at a fixed rate,
changes in interest rates create opportunity costs. Many businesses are exposed to cur-
rency risk, either through their international operations, their international customers or

1In addition, notional principal is not exchanged in an equity swap. In a currency swap, notional principal
may or may not be exchanged. We shall cover this point later in this chapter.
2In this context the word notional means imaginary. As noted, the principal is never paid in an interest rate or
equity swap and for that reason the principal is considered to not be real. In some currency swaps, the princi-
pal is paid, but the term notional is still used.
3Equity swaps are not shown because the market is so small relative to even currency swaps. In addition, the
Bank for International Settlements combines forwards with swaps in reporting the figures for the equity mar-
kets. The notional principal of equity swaps and forwards June 2008 was only about sixteen percent of cur-
rency swaps.
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suppliers, or from foreign competitors who offer similar products and services and sell
those services in the business’s home market. Nonetheless, far more firms are exposed to
and understand the implications of interest rate risk than currency risk. Hence, interest
rate swaps are more widely used than currency swaps in managing risk.

This chapter is divided into three main sections, each based on the three different
types of swaps characterized by the underlying. For each type of swap, we shall examine
the basic characteristics of the instruments, learn how to set the terms of the swap (a pro-
cess called pricing), learn how to find the market value of the swap, and examine some
strategies using the swap.

INTEREST RATE SWAPS
As we previously described, an interest rate swap is a series of interest payments between
two parties. Each set of payments is based on either a fixed or a floating rate. If the rate
is floating and the swap is in dollars, the rate usually employed is dollar LIBOR. Swaps
in other currencies use comparable rates in those currencies. The two parties agree to
exchange a series of interest payments in the same currency at the various settlement
dates. The payments are based on a specified notional principal, but the parties do not
exchange the notional principal since this would involve each party giving the other
party the same amount of money.

The most common type of interest rate swap, indeed the most common type of all swaps,
is a swap in which one party pays a fixed rate and the other pays a floating rate. This instru-
ment is called a plain vanilla swap, and sometimes just a vanilla swap. Let us look at an
example of a plain vanilla swap. At this point, however, we shall not concern ourselves
with the reason why a company enters into a swap. Our goal right now is to understand
the basic characteristics of the transaction.

Figure 12.1 Notional principal of Interest Rate and Currency Swaps
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Structure of a Typical Interest Rate Swap
Consider a firm called XYZ that enters into a $50 million notional
principal swap with a dealer called ABSwaps. The initiation date is
December 15. The swap calls for ABSwaps to make payments to
XYZ based on 90-day LIBOR on the 15th of March, June, September,
and December for one year. The payment is determined by three-
month LIBOR at the beginning of the settlement period. Payment is
then made at the end of the settlement period. Thus, the payment on
March 15 is based on LIBOR on the previous December 15, and the
payment on June 15 is based on LIBOR on the previous March 15,

and so forth. This rate setting and settlement procedure is known as advanced set, settled
in arrears.4 XYZ will pay ABSwaps fixed payments a rate of 7.5 percent per year. The
interest payments can be based on the exact day count between payment dates, or the
parties could assume 30 days in a month. Here we assume they use the exact day count.
In addition, the parties could base the payment on a 360- or 365-day year. We assume
that they use 360 days. In the general case, the party paying a fixed rate and receiving a
floating rate will have a cash flow at each interest payment date of

ðNotional PrincipalÞðLIBOR � fixed rateÞ Days
360 or 365

� �
,

where it is understood that LIBOR is determined on the previous settlement date
(advanced set, settled in arrears).

The fraction of the year calculation is known as the accrual period. There are many dif-
ferent ways to compute the accrual period. You can compute the actual number of days
between two dates or use a method known as “30/360” day count method. The treatment
of weekend and holidays also varies. The number of days in a year also can vary, including
360 days, 365 days, actual number of days, and so forth. Whether the swap is advanced set,
advanced settled, or advanced set, settled in arrears—as well as the way in which the ac-
crual period is computed—are important considerations when designing and valuing in-
terest rate swaps. These technical aspects of swap design are a combination of elements:
the convention within a particular market for the underlying instrument, the manner in
which the dealer customarily quotes swaps, and the needs or preferences of the end user.

Throughout this chapter we will assume advanced set, settled in arrears and that the
accrual period is the actual number of days divided by 360. From the perspective of XYZ,
the payments are

$50,000,000ðLIBOR � 0:075Þ Days
360

� �
:

So if LIBOR exceeds 7.5 percent, XYZ will receive a payment in the above amount from
ABSwaps. If LIBOR is less than 7.5 percent, XYZ will make a payment to ABSwaps. As we
previously mentioned, to reduce the flow of money, which reduces the credit risk, the two
parties agree to net the payments. Thus, one party makes a net payment to the other.

Figure 12.2 shows the cash flows on the swap from the perspective of XYZ. Note that
LIBOR on the previous date determines the payment. Hence, when the swap is initiated,

An interest rate swap is a swap in which
the two parties agree to exchange a series
of interest payments. A plain vanilla swap is
an interest rate swap in which one party
agrees to make a series of fixed interest
payments and the other agrees to make a
series of floating (variable) interest
payments.

4An alternative rate setting and settlement procedure is known as advanced set, advanced settled, where pay-
ment is determined by LIBOR at the beginning of the settlement period and payment is also made at the be-
ginning of the settlement period. This type of settlement helps to lower credit risk.
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LIBOR on December 15 determines the floating payment on March 15. Then on
March 15, LIBOR on that day determines the payment on June 15. In this manner, the
parties always know the upcoming floating payment, but they do not know any floating
payments beyond the next one.

Now let us make an assumption about the interest rates that prevail over the life
of the swap in order to calculate the payments in the swap. Suppose LIBOR on
December 15 is 7.68 percent. The first payment occurs on March 15. Assuming that
there is no leap year, there are 90 days between December 15 and March 15. Thus, on
March 15, ABSwaps will owe

$50,000,000 ð0:0768Þ 90
360

� �
¼ $960,000:

XYZ will owe

$50,000,000 ð0:075Þ 90
360

� �
¼ $937,500:

Since the two parties agree to net the payments, only the difference of $22,500 is paid by
ABSwaps to XYZ. Now let us assume that LIBOR on March 15 is 7.50 percent, on June 15
is 7.06 percent, and on September 15 is 6.06 percent. Table 12.1 illustrates the payments in
this swap. Remember, however, that the floating payments on June 15, September 15, and
December 15 were not known when the swap was initiated, and we merely assumed a se-
ries of interest rates over the life of the swap for illustrative purposes. The actual interest
rates and payments could be quite different from these. Note also that the parties never
exchange the notional principal, because this would be unnecessary.

On some occasions the parties could specify that both payments be floating. Suppose that
instead of paying 7.5 percent fixed, XYZ would prefer to pay a floating rate based on the
Treasury bill rate. Of course XYZ receives a floating rate based on LIBOR. Since LIBOR is
the rate paid by a London bank, which is a private borrower, and the Treasury bill rate is the
rate paid by the U.S. government, LIBOR will always be more than the Treasury bill rate.
Obviously XYZ would prefer to receive a higher rate, but ABSwaps would not agree to
such a transaction because it would always lose money. ABSwaps would be willing to do
the transaction, however, by adding a spread to the Treasury bill rate or deducting a spread
from LIBOR. This type of swap is called a basis swap, because the underlying is the basis
risk in the relationship between LIBOR and the Treasury bill rate. In order to determine an
appropriate spread, we must learn how to determine the prices and values of swaps.

Figure 12.2 Cash Flows in Plain Vanilla Interest Rate Swap from Point of View of XYZ Company

$50mm(L12/15)q $50mm(L3/15)q $50mm(L6/15)q $50mm(L9/15)q

Dec 15 Mar 15 Jun 15 Sep 15 Dec 15

$50mm(.075)q $50mm(.075)q $50mm(.075)q $50mm(.075)q

Note: Lmon/dd represents LIBOR on month mon, day dd, and q represents the factor (days/360).
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Pricing and Valuation of Interest Rate Swaps
In the example of the plain vanilla swap in the previous section, we assumed a fixed rate of
7.5 percent. This is not an arbitrary rate. The dealer, ABSwaps, determined this rate by
taking into account current interest rates and its ability to hedge the risk associated with
this transaction. Just as we priced options, forwards, and futures by eliminating the oppor-
tunity to earn an arbitrage profit, we must do similarly with swaps. For plain vanilla swaps,
we must determine the fixed rate in a process called pricing the swap. We do this in such a
manner that there is no opportunity to earn an arbitrage profit. Recalling that a swap has
zero value at the start, we determine the fixed rate so that the present value of the stream
of fixed payments is the same as the present value of the stream of floating payments at
the start of the transaction. Thus, the obligations of one party have the same value as the
obligations of the other at the start of the transaction.

In order to understand interest rate swap pricing, we must first take a slight digression
and look at floating rate bonds. A floating rate bond is one in which the coupons change
at specific dates with the market rate of interest. Typically the coupon is set at the begin-
ning of the interest payment period, interest then accrues at that rate, and the interest is
paid at the end of the period. The coupon is then reset for the next period. The coupon is
usually determined by a formula that defines it as a specific market rate, such as LIBOR,
plus a spread to reflect the credit risk. Since we are not addressing credit risk at this stage
of the book, we shall assume a zero credit spread.

Suppose we are given a term structure of interest rates of L0(t1), L0(t2), . . . , L0(tn)
where the Ls represent LIBOR for maturities of t1 days, t2 days, and so forth, up to tn
days. Thus, if we are looking out two years at quarterly intervals, t1 might be 90, t2 might
be 180, t8 might be 720. Let B0(t1) be the price of a $1 discount (zero coupon) bond
based on the rate L0(t1); a similar pattern applies for other discount bond prices. Thus,

B0ðt1Þ ¼ 1

1þ L0ðt1Þ t1
360

� � , B0ðt2Þ ¼ 1

1þ L0ðt2Þ t2
360

� � ,… , B0ðtnÞ ¼ 1

1þ L0ðtnÞ tn
360

� � :

In other words, the bond price for a maturity of t1 days is the present value of $1 in t1
days, using the LIBOR method of discounting, which is based on a bond with add-on

TABLE 12.1 AFTER-THE-FACT PAYMENTS IN PLAIN

VANILLA INTEREST RATE SWAP

Notional principal: $50,000,000

Fixed rate: 7.5%

Accrual Period: Actual day count and 360-day year

Settlement: Advanced set, settled in arrears

Date LIBOR (%) Days in Period ABSwaps Owes XYZ Owes Net to XYZ

Dec 15 7.68

Mar 15 7.50 90 $960,000 $937,500 $22,500

Jun 15 7.06 92 958,833 958,833 0

Sep 15 6.06 92 902,111 958,833 �56,222

Dec 15 91 765,917 947,917 �182,000

Note: This combination of LIBORs on the above dates represents only one of an infinite number of possible outcomes to the
swap. They are used only to illustrate how the payments are determined and not the likely results.
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interest. Thus, these zero coupon bond prices can be viewed as present value factors, so
we can use them to discount future payments.

Consider a one-year floating-rate bond, with interest paid quarterly at LIBOR, assum-
ing 90 days in each quarter. Assume a par value of 1. Thus, at time 0, 90-day LIBOR is
denoted as L0(90). Ninety days later, 90-day LIBOR is denoted as L90(90), and L180(90)
and L270(90) are the 90-day LIBORs over the remainder of the life of the loan. Of course,
only L0(90) is known at the start. The party buying this floating-rate bond receives the
payments shown in Figure 12.3, where q ¼ 90/360.

Note the payment at the maturity date, day 360, of the principal plus the interest of
L270(90)(90/360). Now step back to day 270 and determine the value of this upcoming
payment. To determine this value, we would discount 1þ L270(90)(90/360) using an
appropriate one-period discount rate, which is L270(90). Let us denote the value of this
floating rate bond on day 270 as FLRB270, which is obtained as

FLRB270 ¼ 1þ L270ð90Þð90=360Þ
1þ L270ð90Þð90=360Þ ¼ 1:

Hence, the value of the floating-rate bond on day 270 is its par value of 1. Now step back
to day 180 and determine the value of the floating-rate bond. From day 180 and looking
ahead to day 270, the holder of the bond knows that he will receive a coupon of
L180(90)(90/360) and will hold a bond worth FLRB270 ¼ 1, which the equation above
tells us is equal to 1. He will then discount these two values at the appropriate one-
period rate L180(90). Thus,

FLRB180 ¼ 1þ L180ð90Þð90=360Þ
1þ L180ð90Þð90=360Þ ¼ 1:

Continuing this procedure back to day 0 shows that the value of the floating-rate bond at
any payment date, as well as on the initial date, is 1, its par value. This will always be the
case if the coupon does not contain a spread over LIBOR. A floating-rate bond is de-
signed such that its price will stay at or near par value. Between the interest payment
dates, its price can stray from par value but it would take a very large interest rate
change for it to deviate much from par value. The result that the value of a floating-rate
bond is par at its payment date is an extremely important one, and one upon which we
shall rely heavily when pricing and valuing interest rate swaps.5

Now let us consider what we mean by the value of a swap. Look back at Figure 12.2.
A plain vanilla swap is a stream of fixed interest payments and a stream of floating

Figure 12.3 Cash Flows in One-Year Floating-Rate Bond with Quarterly Payments at LIBOR

L0(90)q

Day 0 Day 90 Day 180 Day 270 Day 360

L90(90)q L180(90)q 1 + L270(90)q

Note: L0(90), for example, is 90-day LIBOR on day 0, and q represents the factor (days/360).

5Clearly, credit risk changes may cause floating rate bonds not to trade at par. Credit risk changes and other
technical nuances are beyond the scope of this introductory book.
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interest payments. The fixed interest payments are similar to those of a fixed-rate bond,
except that a fixed-rate bond would pay back its principal at maturity. Likewise, the
floating interest payments are similar to those of a floating-rate bond, except that the
floating-rate bond would pay back its principal at maturity. An interest rate swap, of
course, does not involve principal payments. Suppose, however, that we add and subtract
the notional principal at the termination date of the swap. The cash flows would still be
the same as those on a swap, but now we could view the fixed payments as though they
were the cash flows on a fixed-rate bond, and the floating payments as though they were
the cash flows on a floating-rate bond.

Consider Figure 12.4, which depicts the cash flows on the one-year quarterly swap, as-
suming a general fixed rate of R and a floating rate of 90-day LIBOR. The notional princi-
pal is 1. Note that the payment of a principal of 1 offsets the receipt of a principal of 1 on
day 360. Thus, these cash flows are identical to those on a plain vanilla swap. Note that the
fixed cash flows, including the principal, are identical to those of a fixed-rate bond with
coupon R, and the floating cash flows, including the principal, are identical to those of a
floating-rate bond with the coupon at LIBOR. The inclusion of the principals on both the
fixed and floating sides is critical, because otherwise the fixed and floating cash flows
would not be identical to those of fixed- and floating-rate bonds.

It should now be apparent that a pay-fixed, receive-floating swap is equivalent to is-
suing a fixed-rate bond and using the proceeds to purchase a floating-rate bond. Thus,
the value of a swap to pay a fixed rate and receive a floating rate is equal to the value of
the floating-rate bond minus the value of the fixed-rate bond.

To make these results a little more general, let us consider a swap with n payments,
made on days t1,t2, . . . , tn. The value of the corresponding fixed-rate bond, VFXRB, with
coupon R is easy to determine:

VFLRB ¼
Xn
i¼1

R
ti � ti�1

360

� �
B0ðtiÞ þ B0ðtnÞ,

where B0(ti) is the discount factor, as discussed above, for the period 0 to day ti. In other
words, it is the value of an m-day zero coupon bond with maturity on day ti. Each
coupon R((ti�ti�1)/360) is multiplied by the discount factor. In addition, the final

Figure 12.4 Cash Flows in One-Year Quarterly Plain Vanilla Interest Rate Swap Decomposed into Fixed- and
Floating-Rate Bonds

Rq Rq Rq 1 + Rq

Day 0 Day 90 Day 180 Day 270 Day 360

L0(90)q L90(90)q L180(90)q 1 + L270(90)q

Note: L0(90), for example, is 90-day LIBOR on day 0, R is the fixed rate, and q represents the factor (days/360).
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principal of 1 (omitted in the equation above) is multiplied by the discount factor for
day tn. The above expression is simply the present value of the interest and principal
payments on a fixed-rate bond.

The present value of the floating-rate bond at time 0 is extremely simple. Now, we
must recall what we learned about a floating-rate bond. That value at any coupon date
as well as at the start is the par value, here 1. Thus, the value of the floating-rate bond is

VFLRB ¼ 1 ðat time 0 or a payment dateÞ:

Suppose we are at a date such as time t, which we shall position between time 0 and
time t1. How would we value the swap at this point? Recall that we would know the up-
coming floating payment, L0(t1)(t1/360), because this rate was known at time 0. We also
know that the floating-rate bond will be worth 1 at time t1. Thus, we can simply discount
1þL0(t1)((t1�t)/360) by the rate Lt(t1�t):

VFLRB ¼ 1þ L0ðt1Þðt1=360Þ
1þ Ltðt1 � tÞðt1 � tÞ=360  ðbetween payment dates 0 and 1Þ:

Though this formula is written for the case of t between 0 and t1, it is easily adapted to
any pair of dates. In fact, the previous payment date can always be viewed as time 0 and
the next one as time 1, meaning the first payment to come.

Thus, the value of the plain vanilla swap to receive a floating rate and pay a fixed rate is

VS ¼ VFLRB � VFXRB:

This result is based on a notional principal of 1. For any other no-
tional principal, simply multiply VS by the notional principal. Also
note that from the counterparty’s perspective, the value is found
by subtracting VFLRB from VFXRB. This, of course, would be the value
of the plain vanilla swap for paying a floating rate and receiving
a fixed rate.

This formulation takes the fixed rate, R, as already known. At the beginning of the life
of the swap, the fixed rate is set such that the value of the swap is zero. In this manner,
each party’s obligation to the other is the same. Hence, the swap has zero value to both
parties, and neither pays the other anything at the start. To establish the value of R at the
start, we must solve for R such that the present value of the stream of fixed payments
plus the hypothetical notional principal equals 1, which is the present value of the stream
of floating payments plus the hypothetical notional principal. Thus, R is the coupon rate
on a par value bond. We find R by setting VS to zero and solving for R to obtain (where
q¼ ((ti�ti�1)/360), which we assume is constant for all i):

R ¼ 1
q

� �
1� B0ðtnÞXn
i¼1

B0ðtiÞ

0
BBB@

1
CCCA:

This is a simple calculation to perform. An example is illustrated in Table 12.2.

The value of a pay-fixed, receive-floating
interest rate swap is found as the value of
a floating-rate bond minus the value of a
fixed-rate bond. Changing the sign of this
value produces the value of the swap from
the opposite perspective.
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Swap dealers perform this calculation to determine the fixed rate,
but they typically quote the rate to their customers in a different
manner. To make money, dealers must pay a lower fixed rate when
they enter into a pay-fixed, receive-floating swap, and receive a higher
fixed rate when they enter into a pay-floating, receive-fixed swap. For
example, the dealer might quote a rate of 4.38 percent for a swap in
which the dealer receives a fixed rate and 4.30 percent for a swap in
which the dealer pays a fixed rate.

Many dealers quote their rates electronically and make them avail-
able through various data service providers. However, sometimes the dealer does not
quote the receive fixed or receive floating swap rates in this form. For example, to quote
either rate on a two-year swap, the dealer determines the rate on a two-year government
security, such as a U.S. Treasury note. Suppose this rate is 4.19 percent. Then 4.38 percent
would be quoted as the 2-year Treasury rate plus 19, and 4.30 percent would be quoted as
the 2-year Treasury rate plus 11. This procedure enables the dealer to make a quote that
will hold up for a period of time. If interest rates make a quick move, the Treasury
rate will move and the quoted swap rate will still be aligned at a fixed spread over the
Treasury rate.

The spread of the swap rate over the corresponding Treasury rate is referred to as the
swap spread and reflects the general level of credit risk in the global economy. That is,
LIBOR is a borrowing rate that reflects the credit risk of London-based banks. The Trea-
sury note rate reflects the default-free borrowing rate of the U.S. government as well as
several other unique features like being exempt from state and local taxes. When the
economy weakens, credit risk becomes greater and the spread between LIBOR and the
Treasury rate widens, leading to a larger swap spread.

As we discussed, the swap would have a value of zero at the start. As soon as interest
rates change or time elapses, however, the swap will move to a nonzero value. In other
words, its value to one party will be positive, and its value to the other will be negative.

TABLE 12.2 PRICING A PLAIN VANILLA INTEREST RATE SWAP

Scenario: Quantum Electronics enters into a two-year $20 million notional principal interest rate swap in which it promises to pay a
fixed rate and receive payments at LIBOR. The payments are made every six months based on the assumption of 30 days per month
and 360 days in a year. The term structure of LIBOR interest rates and the zero coupon bond prices based on those rates are given
as follows:

Term Rate Discount Bond Price

180 days L0(180) ¼ 3.00% B0(180) ¼ 1/(1þ 0.03(180/360)) ¼ 0.9852

360 days L0(360) ¼ 3.75% B0(360) ¼ 1/(1þ 0.0375(360/360)) ¼ 0.9639

540 days L0(540) ¼ 4.20% B0(540) ¼ 1/(1þ 0.0420(540/360)) ¼ 0.9407

720 days L0(720) ¼ 4.50% B0(720) ¼ 1/(1þ 0.0450(720/360)) ¼ 0.9174

With q¼ 180/360, then 1/q¼ 360/180 and the fixed rate would, therefore, be

R ¼ 360
180

� �
1� 0:9174

0:9852þ 0:9639þ 0:9407þ 0:9174

� �
¼ 0:0434:

Thus, the rate would be 4.34 percent. The swap fixed payments would be

$20,000,000ð0:0434Þð180=360Þ ¼ $434,000:

Pricing a swap means to find the fixed rate
on the swap at the start of the transaction.
The fixed rate is obtained by finding the
fixed payment that sets the market value of
the swap to zero at the start. This fixed rate
is quoted as a spread over the rate on a
Treasury security of equivalent maturity.
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Table 12.3 illustrates how the Quantum Electronics swap is valued three months into its
life, or half-way between the initiation date and the first payment date.

Valuation of a swap is extremely important. If a firm enters into a swap, it knows
that, ignoring the dealer’s spread, the swap has a zero value at the start. It is neither an
asset nor a liability. Once time elapses or interest rates change, however, the value of
the swap will move to a positive value for one party and a negative value for the other.
If the swap has a positive value, it is an asset. If it has a negative value, it is a liability.
Proper accounting practice requires that swaps be valued, their gains and losses shown
on the balance sheet.6 Moreover, any financial officer responsible for a firm’s swaps
would want to know the values of its swap to determine how well the transaction is
performing. Another reason why valuation is important is that it is a measure of the
credit risk in a transaction. Suppose your firm holds a swap worth $100,000. Because
the obligations of the counterparty exceed the obligations of your firm by $100,000,
you are susceptible to losing $100,000 if the counterparty defaults.7 Yet another reason

MAK ING THE CONNECT ION

LIBOR and the British Bankers Association
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the accuracy of this survey data has been suspect.

For example, consider a bank that is under finan-

cial stress, which will make it have higher borrowing

costs. If this strain is not well-known, then the act of

reporting higher borrowing costs has the effect of

publicly acknowledging the financial stress. Thus,

there is concern that banks in this situation could

understate their borrowing rates when they respond

to the surveys.

Therefore, if these survey results are not carefully

monitored and misreporting occurs, then LIBOR will
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tions for financial markets worldwide. First, all loans

tied to LIBOR would have a lower cost. Second, finan-

cial derivatives, such as interest rate swaps covered

here, would have inaccurate payment requirements.

For example, a receive-fixed, pay-floating interest

rate swap counterparty will receive more than what

is appropriate because LIBOR, the floating rate, is

too low. Third, as the financial condition of the report-

ing bank deteriorates, then LIBOR no longer reflects

the anticipated AA credit rated bank.

During times of financial strain, the British Bank-

ers’ Association is particularly focused on constantly

overseeing the survey process to insure the integrity

of the reported number. In 2008 it undertook an in-

tense investigation of the manner in which LIBOR

data are collected and processed, but it ultimately

chose not to change anything.

Historical information on LIBOR rates for many

currencies is available from the British Bankers’

Association web site, http://www.bba.org.uk.

6We shall cover derivatives accounting in Chapter 16.
7We shall cover credit risk in more detail in Chapter 15.
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why we would want to know the value of the swap is that we might wish to terminate
the swap position. We could do this by selling it back to the counterparty if it has a
positive value or buying it back from the counterparty if it has a negative value. We
shall discuss this procedure later in this chapter.

Thus, having a position in a swap and determining its value is, in principal no differ-
ent from owing a stock, looking into the market, and seeing what its price is. More
calculations are required with swaps, because unlike stock, a swap is a customized instru-
ment that does not trade in an open market where its value can be read off of a com-
puter screen. Nonetheless, the information necessary for valuing the swap can be
observed in the market, and the calculations can be easily made. Alternatively, an end
user can simply ask the dealer counterparty for a valuation at any time during the life
of the swap.

We have been discussing the pricing and valuation of plain vanilla interest rate swaps.
Recall that we also briefly discussed the basis swap, which is a swap in which both sides
make floating payments. One common type of basis swap is where one side pays the
Treasury rate and the other pays LIBOR. As we noted, the side paying LIBOR would
always be paying the higher rate so it would need to be compensated with a fixed spread.
To price this swap, let us make the present value of the payments at the Treasury bill

TABLE 12.3 VALUING A PLAIN VANILLA INTEREST RATE SWAP

DURING ITS LIFE

When the Quantum Electronics swap was first established, the first floating payment was set at the 180-day rate of 3 percent.
For a $1 notional principal, the payment would be 0.03(180/360) ¼ 0.015. The fixed payment is at 4.34 percent, so it would be
0.0434(180/360) ¼ 0.0217. To value the swap 90 days into its life, we need the new term structure of interest rates as follows:

Term Rate Discount Bond Price

90 days L90(90)¼ 3.125% B90(90)¼ 1/(1þ 0.03125(90/360))¼ 0.9922

270 days L90(270)¼ 4.000% B90(270)¼ 1/(1þ 0.04(270/360))¼ 0.9709

450 days L90(450)¼ 4.375% B90(450)¼ 1/(1þ 0.04375(450/360))¼ 0.9481

630 days L90(630)¼ 4.625% B90(630)¼ 1/(1þ 0.04625(630/360))¼ 0.9251

The value of the fixed payments, including the hypothetical notional principal, is

VFXRB ¼ 0:0217ð0:9922þ 0:9709þ 0:9481þ 0:9251Þ þ 1:0ð0:9251Þ ¼ 1:00837259:

The value of the floating payments, including the hypothetical notional principal, is based on discounting the next floating payment
of 0.0415 and the market value of the floating-rate bond on the next payment date, which is 1:

VFLRB ¼ ð0:015þ 1:0Þð0:9922Þ ¼ 1:00713178:

Thus, the value of the swap per $1 notional principal is

VS ¼ 1:00713178� 1:00837259 ¼ �0:00124081:

Taking into account the $20 million notional principal, the value of the swap is

$20,000,000ð�0:00124081Þ ¼ �$24,816:

To the counterparty, the value of the swap is $24,816.
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rate equal the present value of the payments at LIBOR by incorporating a spread. Con-
sider the following:

A swap to
pay the T-bill rate
receive a fixed rate derived from the T-bill term structure

Plus,
A swap to

pay a fixed rate derived from the LIBOR term structure
receive LIBOR

Equals
a swap to pay the T-bill rate and receive LIBOR, and pay the

difference between the LIBOR fixed rate and the T-bill fixed rate.
Thus, a basis swap to pay the T-bill rate and receive LIBOR will

also involve paying the difference between the LIBOR fixed rate and
the T-bill fixed rate. This should make sense from a logical point of
view: LIBOR is greater than the T-bill rate so the party receiving
LIBOR would have to give up something. Table 12.4 illustrates the
pricing of this swap. In it we price a swap using both the T-bill
term structure and the LIBOR term structure. The spread between
these fixed rates is the spread on a basis swap.

Now suppose we move three months into the life of the swap and
wish to obtain its value. Table 12.5 shows how to value the basis swap
during its life.

TABLE 12.4 PRICING A BASIS SWAP

Consider a one-year swap with semiannual payments to pay the T-bill rate and receive LIBOR minus a spread with payments based
on days/360, assuming 30 days in a month. The notional principal is $50 million. The term structures are as follows:

Term LIBOR Discount Bond Price

180 days 7.01% B0(180)¼ 1/(1þ 0.0701(180/360))¼ 0.9661

360 days 7.21% B0(360)¼ 1/(1þ 0.0721(360/360))¼ 0.9327

Term T-Bil l Rate Discount Bond Price

180 days 5.05% B0(180)¼ 1� 0.0505(180/360)¼ 0.9748

360 days 5.95% B0(360)¼ 1� 0.0595(360/360)¼ 0.9405

Note that the T-bill discount factor is determined using the discount method, while the LIBOR discount factor is determined
using the add-on method. This is the convention in the two markets, as we have seen in previous chapters. Solving for the
LIBOR fixed rate, we obtain

R ¼ 360
180

� �
1� 0:9327

0:9661þ 0:9327

� �
¼ 0:0709:

Solving for the T-bill fixed rate, we obtain

R ¼ 360
180

� �
1� 0:9405

0:9748þ 0:9405

� �
¼ 0:0621:

The spread is, thus, 0.0709� 0.0621¼ 0.0088. Thus, in this swap, the party paying the T-bill rate would pay 88 basis points
more, or the party paying LIBOR would pay 88 basis points less. We shall assume that the party paying LIBOR pays LIBOR minus 88
basis points.

A basis swap is priced by adding a spread
to the higher rate or subtracting a spread
from the lower rate. This spread is found as
the difference between the fixed rate on a
plain vanilla swap based on one of the
rates and the fixed rate on a plain vanilla
swap based on the other rate.

The value of a basis swap is obtained by
determining the difference in the two
floating streams of payments, recognizing
that both of the next floating payments are
known and that the value of the remaining
floating payments and the hypothetical no-
tional principal is the par value on the next
payment date.

Chapter 12 Swaps 419



Interest Rate Swap Strategies
Now let us return to the example we used at the beginning of the chapter. Recall that a
firm called XYZ entered into a swap to pay a fixed rate and receive a floating rate. Now,
we want to understand why XYZ would do this transaction. Suppose the current date is
December 15. XYZ has a one-year floating-rate loan at LIBOR plus 100 basis points. The
payments are on the 15th of March, June, September, and December, and the interest is
calculated based on the actual number of days in the period divided by 360. If XYZ
would prefer a fixed-rate loan, it can easily convert the floating-rate loan into a fixed-

rate loan by engaging in the swap we described. Recall that in that
swap, XYZ pays a fixed rate of 7.5 percent and receives LIBOR. Fig-
ure 12.5 shows that the swap has the effect of leaving XYZ paying a
fixed rate of 8.5 percent, reflecting the 7.5 percent fixed rate on the
swap, plus the 100 basis point spread it pays over LIBOR on the
floating-rate loan.

Of course, you may be wondering why XYZ did not just take a fixed-rate loan in the
first place. One reason is that because they tend to borrow at floating rates, banks prefer
to make floating rate loans. They will tend to charge a slight premium for fixed-rate
loans. In addition, if XYZ takes a floating-rate loan and swaps it into a fixed-rate loan,
it will assume some credit risk from the possibility that the ABSwaps will default. If XYZ
had taken out a fixed-rate loan it would assume no credit risk, because it would not have
a claim on any payments. The assumption of credit risk can result in some savings.

TABLE 12.5 VALUING A BASIS SWAP DURING ITS LIFE

Consider the swap described in Table 12.4. Now it is 90 days into the life of the swap. The new term structures are as follows:

Term LIBOR Discount Bond Price

90 days 7.20% B90(90)¼ 1/(1¼ 0.072(90/360))¼ 0.9823

270 days 7.35% B90(270)¼ 1/(1¼ 0.0735(270/360))¼ 0.9478

Term T-bil l Rate Discount Bond Price

90 days 5.30% B90(90)¼ 1 � 0.053(90/360)¼ 0.9868

270 days 6.20% B90(270)¼ 1 � 0.062(270/360)¼ 0.9535

The present value of the floating T-bill payments can be found by discounting the upcoming payment plus the par value of
the payments on the next payment date, which as we saw is the market value of the floating-rate bond on the next payment
date. The next payment will be at the rate of 5.05% because this was the 180-day rate when the swap was initiated:

ð1þ 0:0505ð180=360ÞÞð0:9868Þ ¼ 1:0117167:

The upcoming LIBOR payment will be at 7.01% minus the spread of 0.0088¼ 0.0613. Then the present value of the LIBOR
payments will be

ð1þ 0:0613ð180=360ÞÞð0:9823Þ ¼ 1:0124075:

Then the value of the swap to pay the T-bill rate and receive LIBOR for a $1 notional principal will be

1:0124075� 1:0117167 ¼ 0:0006908:

Based on the $50 million notional principal, the value of the swap will be

$50,000,000ð0:0006908Þ ¼ $34,540:

Plain vanilla interest rate swaps are pri-
marily used to convert floating-rate loans to
fixed-rate loans and fixed-rate loans to
floating-rate loans.
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Of course ABSwaps could default, and XYZ would still have to make its floating
interest payments to its lender. The savings come at the expense of assuming the risk
of ABSwaps defaulting.

This example is the most common application of interest rate swaps, particularly by
corporations. Indeed it is probably one of the most common of all financial transactions.
It should be easy to see that a swap can alternatively be used to convert a fixed-rate loan
to a floating-rate loan. Corporations often do these types of transactions to alter their
mix of fixed- to floating-rate borrowing to a more desirable level. Some, if not most, of
these transactions are done in anticipation of interest rate changes. But regardless of the
reason, the plain vanilla interest rate swap, combined with a position in a fixed- or
floating-rate bond or loan is a widely used financial strategy.

Basis swaps are frequently used in speculative situations. Taking the example above,
the spread between the LIBOR and T-bill swap rates is 88 basis points. A party might
believe that the spread would widen or narrow due to changes in the perception of credit
risk in the global economy. A basis swap could be used to speculate on such an occur-
rence. Likewise, a basis swap could be used to hedge changes in the general level of credit
risk in the global economy. Such a strategy might be useful to a party holding a portfolio
of credit risky bonds, who is concerned about the effects of a deterioration of credit qual-
ity in the global economy. As we shall see in Chapter 15, however, there are credit deri-
vatives that work much better in managing credit risk.

Index Amortizing Swaps An index amortizing swap is one in
which the notional principal is reduced as one moves through time.
A typical application of this type of swap would be where the party
holds another position in which the notional principal is designed to
decline through time. The most common example of this is the mort-
gage loan. When a homeowner takes out a mortgage, the loan balance
reduces through time according to a fixed schedule. Homeowners,
however, nearly always have the option to prepay and refinance their
mortgages. When interest rates fall, more homeowners exercise their

options. The holders of mortgages thus suffer losses by having their income streams re-
duced to zero and having to reinvest the prepaid principal at lower rates. In an index
amortizing swap, the notional principal declines according to a schedule that specifies
an acceleration of the amortization rate if interest rates fall. This results in the swap

Figure 12.5 Conversion of Floating-Rate Loan into Fixed-Rate Loan Using Plain Vanilla Interest Rate Swap

LIBOR

7.5%
XYZ ABSwaps

Lender

LIBOR
+ 1%

An index amortizing swap is one in which
the notional principal is reduced through
time. The amortization accelerates as
interest rates decrease. This feature is
designed to reflect the prepayments that
might occur on a mortgage or other similar
loan being hedged with the swap.
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notional principal behaving much like the mortgage notional principal. There are numer-
ous variations of this type of swap.

Securities based on mortgages have become popular instruments and are often classi-
fied as derivatives. We discuss them later in Chapter 14.

Diff Swaps A diff swap is an interest rate swap based on the in-
terest rates in two countries but where the payments are made in a
single currency. For example, a U.S. firm might be concerned that
German interest rates will increase relative to U.S. rates. It could
hedge this position by purchasing a euro-denominated floating-rate
note and selling a dollar-denominated floating-rate note. This would,
however, be assuming unwanted currency risk. Alternatively, it could
enter into a diff swap in which it receives the German interest rate
and pays the U.S. interest rate, with all payments made in dollars.

Thus, if German interest rates rise relative to U.S. interest rates, the swap will result in
a net payment in dollars to the firm. Obviously the dealer in such a swap would incur the
currency risk and would probably pass on to the party the cost of hedging that risk, but
presumably the dealer could do it much cheaper.

It should be apparent that this swap is simply a currency-hedged basis swap. If the
interest rates of one country are consistently higher than those in the other country,
there would be a spread similar to that in a basis swap negotiated up front.

Constant Maturity Swaps A constant maturity swap is similar
to a plain vanilla swap or a basis swap. One party pays a floating rate
such as LIBOR and the other party pays another floating rate repre-
sented by the yield on a security with a maturity longer than the reset
period. In other words, if the swap settles every six months, one party
pays a rate on a security with longer than six months’ maturity. Typi-
cally this is the yield on a security with a maturity in the range of two to
five years. In dollar-denominated swaps, that rate is often referred to as
the Constant Maturity Treasury (CMT) rate. The CMT rate is the yield
on a U.S. Treasury note with a maturity closest to the maturity of inter-

est. Naturally there is not always a Treasury note with precisely the desired maturity. In that
case, however, the parties agree that the CMT rate will be interpolated from the rates on
securities with maturities slightly above and below the desired maturity. Also, the Federal
Reserve publishes its own estimate of the CMT rate, which is often used.

As an example, consider a three-year swap with semiannual payments in which one
party pays the six-month LIBOR and the other pays the CMT on a five-year U.S. Trea-
sury note. This is just a variation of a basis swap because both rates are floating. Depend-
ing on the shape of the term structure, a spread might also be paid by the party paying
the lower rate. Constant maturity swaps can also have one party paying a fixed rate, with
the other paying the CMT rate. It should be apparent that this is just a variation of a
plain vanilla swap where the floating rate has a longer maturity than the standard
LIBOR-based plain vanilla swap.

This observation gives rise to an important arbitrage relationship. If a party enters
into a swap paying LIBOR and receiving the CMT and another swap paying the CMT
and receiving the fixed rate, the net result is a plain vanilla swap paying LIBOR and re-
ceiving fixed. The fixed rate would reflect the fixed rate on the CMT-versus-fixed swap
and the spread on the CMT-versus-LIBOR swap.

The parties to a constant maturity swap are obviously concerned about a change in
the shape of the term structure. For example, if a party will be hurt if short-term rates

A diff swap is a swap in which each party
makes an interest payment based on the
difference between interest rates in differ-
ent countries but both payments are made
in the same currency. This enables the
parties to speculate or hedge on relative
interest rate changes of different countries
without the currency risk.

A constant maturity swap is a swap in
which one party pays a fixed rate or short-
term floating rate and the other pays a
floating rate tied to the yield on a treasury
security of intermediate-term maturity. This
security is usually called the Constant Ma-
turity Treasury. Its maturity is typically
longer than the swap settlement period.
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increase more or decrease less than intermediate-term rates, it could engage in a swap to
receive LIBOR and pay the CMT.

As LIBOR is widely used as an indicator of short-term interest rates, the CMT rate is
also widely used as an indicator of intermediate-term interest rates. Consequently, the
CMT rate is found as the underlying rate in many other types of derivatives, including
caps and floors.

These examples are designed to give you a basic familiarity with the most popular
variations of the plain vanilla swap. The number of variations actually seen in practice
is much greater than we can show here. Moreover, many of these variations of interest
rate swaps can also be used with commodity, currency, and equity swaps. If you have a
good understanding of what we have covered so far, you should be ready to deal with the
other types of swaps you may some day encounter.

Though interest rate swaps are more widely used than currency swaps, currency
swaps are actually much more general instruments. This means that, as we shall see, an
interest rate swap is just a special case of a currency swap.

CURRENCY SWAPS
As we previously described, a currency swap is a series of payments
between two parties in which the two sets of payments are in differ-
ent currencies.8 The payments are effectively equivalent to interest
payments because they are calculated as though interest were being
paid on a specific notional principal. In a currency swap, however,
there are two notional principals, one in each of the two currencies.

In addition, in a currency swap, the notional principal can be exchanged at the beginning
and at the end of the life of the swap, depending on the parties’ desires. Because currency
swap payments are in different currencies, they are typically not netted. Thus, the first
party pays the second the amount owed, and the second party pays the first the amount
owed.9

Structure of a Typical Currency Swap
Let us take a look at a currency swap between a hypothetical U.S. firm, Reston Technol-
ogy, and a hypothetical dealer, Global Swaps, Inc. (GSI). For now, let us not concern
ourselves with why Reston wishes to enter into this swap. We shall address the motiva-
tion for currency swaps in a later section. So let us assume that Reston enters into a
currency swap with GSI in which it will make a series of semiannual interest payments
in euros to GSI at a rate of 4.35 percent per year, based on a notional principal of €10
million. GSI will pay Reston semiannual interest in dollars at a rate of 6.1 percent for
two years, based on a notional principal of $9.804 million. The two parties will exchange

A currency swap is a swap in which the
two parties agree to exchange a series of
interest payments in different currencies.
Either or both sets of payments can be fixed
or floating.

8It is important to clear up some potential confusion over another similarly named transaction. In the foreign
currency markets, a long position in one forward contract and a short position in a forward contract on the
same currency but with a different expiration date is called an FX swap. This type of transaction is, therefore,
similar to what we referred to as a spread when using futures. FX swaps and currency swaps are completely
different transactions, but have similar names. We shall not cover FX swaps, but given that we covered futures
spreads, the similarity should be obvious.
9In 2002 the CLS Bank International began operating as a currency clearinghouse bank, with the objective of
allowing parties to net payments on all types of currency transactions. If this bank is successful in attracting
users, netting will become commonplace on currency swaps, thereby reducing credit risk.
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the notional principal at the beginning and at the end of the transaction. Thus, the fol-
lowing transactions take place:

At the initiation date of the swap

• Reston pays GSI $9.804 million
• GSI pays Reston €10 million

Semiannually for two years

• Reston pays GSI 0.0435(180/360)€10,000,000 ¼ €217,500
• GSI pays Reston 0.061(180/360)$9,804,000 ¼ $299,022

At the termination date of the swap

• Reston pays GSI €10 million
• GSI pays Reston $9.804 million

Figure 12.6 illustrates these cash flows from the point of view of Reston. Note that the
series of cash flows looks like Reston has issued a euro-denominated bond for €10
million, taken the funds, and purchased a dollar-denominated bond for $9.804 million.
During the two years, Reston makes payments in euros and receives payments in
dollars. At the end of the two years, Reston pays back the principal of €10 million and
receives the principal of $9.804 million. Of course, Reston does not actually issue a
dollar-denominated bond or purchase a euro-denominated bond. It enters into a swap,
but the payments are the same as if it had done the transactions in bonds. This is an
important point to see in understanding how currency swaps are priced.

Note that the initial exchange of notional principals is €10 million for $9.804 million.
Because we said that swaps normally have zero value at the start, the exchange rate at
the time the swap is initiated is $0.9804 per euro. Of course at the end of the life of the
transaction, the same €10 million is exchanged for $9.804 million, but at that time, the
exchange rate will almost surely be different from $0.9804. This exchange rate risk gives
rise to gains and losses for the two parties, which is an important factor in determining
the value of the swap.

In this swap, both sets of payments are at a fixed rate, but both could be at a floating
rate or either could be fixed and the other be floating. If a floating rate were used, the

Figure 12.6 Cash Flows in a Currency Swap from the Point of View of Reston Technology
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dollar floating rate would probably be LIBOR. The euro floating rate would probably be
Euribor, which is the rate at which banks lend euros to each other in Frankfurt, Ger-
many, the financial center of the European Union.

There are some important relationships between interest rate and currency swaps that
we must understand. Recall that there are four types of currency swaps: (1) paying both
currencies at fixed rates, (2) paying both at floating rates, (3) paying the first currency at
a floating rate and the second at a fixed rate, and (4) paying the second currency at a
floating rate and the first at a fixed rate. Using our example of dollars and euros as the
two currencies, Figure 12.7 illustrates how currency swaps can be combined to equal in-
terest rate swaps. We can combine two currency swaps to produce a plain vanilla interest
rate swap. Likewise, we could combine a currency swap and an interest rate swap to pro-
duce another currency swap. For example, consider the first combination in Figure 12.7.
Suppose we combine the swap to pay € fixed and receive $ fixed with the interest rate
swap to pay $ fixed and receive $ floating. This will produce a currency swap to pay
€ fixed and receive $ floating. The relationships illustrated in Figure 12.7 are like an
algebraic equation. The terms can be rearranged by changing “pay” to “receive” and
vice versa when moving a transaction to the other side of the equality.

Perhaps the most important relationship between interest rate and currency swaps,
however, is the simple fact that an interest rate swap is just a currency swap involving
one side paying floating and the other paying fixed, but where both currencies are the
same. Thus, the currency swap is far more general than the interest rate swap. The cur-
rency swap contains the interest rate swap as a special case.

Pricing and Valuation of Currency Swaps
A currency swap is a transaction with two streams of cash flows, one in one currency
and one in another currency. Each cash flow stream is based on a different amount of
notional principal and each can be at a fixed or a floating rate. To determine the value of
a currency swap, we must find the present values of the two streams of cash flows, with
both expressed in a common currency. We subtract the value of the outflow stream from
the value of the inflow stream.

Figure 12.7 Creating Interest Rate Swaps out of Currency Swaps

Pay € fixed
Receive $ fixed

Pay € fixed
Receive $ floating

Pay € floating
Receive $ floating

Pay € floating
Receive $ fixed

Pay $ floating
Receive € fixed

Pay $ floating
Receive € floating

Pay $ fixed
Receive € floating

Pay $ fixed
Receive € fixed

Pay $ floating
Receive $ fixed

Pay € fixed
Receive € floating

Pay $ fixed
Receive $ floating

Pay € floating
Receive € fixed

+

+

+

+

=

=

=

=

Chapter 12 Swaps 425



Let us start by considering a currency swap with payments in dollars and euros. Let
the dollar notional principal be NP$ ¼ 1 and the euro notional principal be expressed as
NP€, but the amount is initially unspecified. Since the value of the swap should be zero
at the start, NP€ will be related to NP$ by the current exchange rate. Let S0 be the ex-
change rate, expressed as dollars per euro. Then

NP€ ¼ 1=S0

for every dollar of notional principal.
In plain vanilla interest rate swaps, we do not exchange the notional principal.10 In a

currency swap, the exchange of notional principals is perfectly normal. The two parties
exchange NP$ and NP€ at the start. This exchange has no value as the two amounts are
equivalent. At the end of the life of the swap, the parties reverse the original exchange.
At that point, however, the exchange rate is not likely to be S0 so the exchange is not for
equivalent value. In some currency swaps, the notional principals are not exchanged. In
the examples here, we shall assume that the notional principals are exchanged. Later, we
shall discuss a situation in which it would be desirable to not exchange the notional
principals.

For our swap with fixed payments in dollars and euros, we first need to determine the
fixed rate in dollars that will make the present value of the payments equal the notional
principal of $1. Fortunately we already know that rate, because we determined it when
pricing the plain vanilla interest rate swap. It is simply the fixed rate on a plain vanilla
swap using the term structure in dollars. Let us denote that rate as R$.

Now we need to determine the fixed rate in euros that will make the present value of
the fixed payments in euros equal the notional principal of NP€. Of course, we have not
yet determined NP€. But first let us note that if we constructed a plain vanilla swap in
euros with a notional principal of €1, the fixed rate would be found the same way we
found the fixed rate in dollars. We would simply use the euro term structure. Let this
rate be denoted as R€. The present value of the fixed payments in euros at this rate
would be €1. The value of the euro payments for the actual swap would be found by
discounting them at a rate of R€ and then multiplying by the notional principal of NP€.

If either set of payments is at a floating rate, we can find their present value using the
same method we used for plain vanilla interest rate swaps. We discount the next floating
payment, which will be known because it has already been established, and also the
value of the swap at the next payment date, which is known to be the notional principal
of 1 (either dollars or euros). After obtaining the values of both sets of payments in their
respective currencies and multiplying each by the notional principal, we then convert
them to a common currency.

Let us now work a problem. Recall the Reston-GSI swap that we
previously discussed. Table 12.6 presents the term structures in dol-
lars and euros and solves for the fixed rate on plain vanilla swaps in
both currencies. Recall that we are interested in a currency swap in-
volving semiannual payments for two years.

We see in Table 12.6, that a plain vanilla interest rate swap in
dollars would be at a rate of 6.1 percent, while a plain vanilla interest
rate swap in euros would be at a rate of 4.35 percent. Thus, the pres-
ent value of a stream of dollar payments with a hypothetical notional
principal of $1 at a rate of 6.1 percent is $1. The present value of a

10Remember, however, that we assumed a hypothetical exchange of equivalent notional principals so that the
two streams of cash flows would be equivalent to those of fixed- and floating-rate bonds, thereby permitting
us to value the swap as though it were a long position in one bond and short position in the other.

Pricing a currency swap means to find the
fixed rates in the two currencies. These
fixed rates are the same as the fixed rates
on plain vanilla swaps in the respective
currencies. In addition, the notional princi-
pals must be set equal, which is done by
finding the value of one notional principal
in the other currency using the current
exchange rate.
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stream of euro payments with a hypothetical notional principal of €1 at a rate of 4.35
percent is €1. These are the rates we have been using in the Reston-GSI swap.

Recall that the Reston-GSI swap has notional principals of $9.804 million and €10
million. Thus, the current exchange rate must be $0.9804. Since the present value of
the dollar payments at 6.1 percent per $1 notional principal is $1, the present value of
the dollar payments at 6.1 percent for a notional principal of $9.804 million would be
$9.804 million. The present value of the euro payments at 4.35 percent for a notional
principal of €1 is €1, so the present value of the euro payments at 4.35 percent for a
notional principal of €10 million would be €10 million. Converting €10 million to dol-
lars gives €10,000,000 ($0.9804) ¼ $9,804,000, which is the dollar notional principal.
Thus, these two interest rates, the exchange rate, and the two notional principals
equate the present values of the two streams of payments at the start of the transaction.

If either set of payments is at a floating rate, we do not have to solve for a fixed rate
and can be assured that the present value of the payments equals one unit of notional
principal in the given currency. We know that because we know from studying interest
rate swaps that the present value of the stream of floating payments is equivalent to

the present value of the stream of fixed payments, provided the ap-
propriate fixed rate is used.

Although the swap value is zero at the start, after the swap begins,
its value will change. Valuation of the currency swap is obtained by
finding the present value of the two streams of payments per unit of
notional principal. This is precisely what we did when valuing an
interest rate swap. We then adjust the value of the foreign stream
of payments by the actual foreign notional principal and then

TABLE 12.6 SOLVING FOR THE FIXED RATE IN TWO CURRENCIES

The following term structures, discount bond prices, and the resulting swap fixed rates are given below:

Term Dollar Rate Discount Bond Price

180 days 5.5% B0
$(180)¼ 1/(1 þ 0.055(180/360))¼ 0.9732

360 days 5.5% B0
$(360)¼ 1/(1 þ 0.055(360/360))¼ 0.9479

540 days 6.2% B0
$(540)¼ 1/(1 þ 0.062(540/360))¼ 0.9149

720 days 6.4% B0
$(720)¼ 1/(1 þ 0.064(720/360))¼ 0.8865

The fixed rate on a dollar plain vanilla interest rate swap would be

R$ ¼ 360
180

� �
1� 0:8865

0:9732 þ 0:9479 þ 0:9149 þ 0:8865

� �
¼ 0:061:

Term Euro Rate Discount Bond Price

180 days 3.8% B0
€(180) ¼ 1/(1 þ 0.038(180/360)) ¼ 0.9814

360 days 4.2% B0
€(360) ¼ 1/(1 þ 0.042(360/360)) ¼ 0.9597

540 days 4.4% B0
€(540) ¼ 1/(1 þ 0.044(540/360)) ¼ 0.9381

720 days 4.5% B0
€(720) ¼ 1/(1 þ 0.045(720/360)) ¼ 0.9174

The fixed rate on a euro plain vanilla interest rate swap would be

R$ ¼ 360
180

� �
1� 0:9174

0:9814 þ 0:9597 þ 0:9381 þ 0:9174

� �
¼ 0:0435:

The value of a currency swap is found by
determining the value of each set of pay-
ments in their respective currencies, taking
into account the different notional princi-
pals, and converting into a common
currency.
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convert it to the domestic currency using the new exchange rate. Let us illustrate this in
Table 12.7, three months into the life of the swap with the new exchange rate being
$0.9790. In addition to finding the present value of the fixed payments, as in this actual
swap, we shall also determine the present value of the payments as if they were floating
so that we can examine the valuation of the swap if it had been designed with floating
payments.

The values computed in Table 12.7 are the values of the streams of payments per
notional principal of either $1 or €1. Consider this the standard case. Now we must
determine the values for the actual notional principals in the swap.

TABLE 12.7 VALUING A CURRENCY SWAP DURING ITS LIFE

Three months into the Reston-GSI swap, the new term structures and zero coupon bond prices for dollars are

Term Dollar Rate Discount Bond Price

90 days 5.7% B90
$(90) ¼ 1/(1 þ 0.057(90/360)) ¼ 0.9860

270 days 6.1% B90
$(270) ¼ 1/(1 þ 0.061(270/360)) ¼ 0.9563

450 days 6.4% B90
$(450) ¼ 1/(1 þ 0.064(450/360)) ¼ 0.9259

630 days 6.6% B90
$(630) ¼ 1/(1 þ 0.066(630/360)) ¼ 0.8965

The present value of the dollar fixed payments of 0.061(180/360) plus a $1 notional principal is

0:061
180
360

� �
ð0:9860þ 0:9563þ 0:9259þ 0:8965Þ þ 1:0ð0:8965Þ ¼ 1:01132335:

If the swap had been designed with floating payments, the present value of the dollar floating payments would be found by dis-
counting the next floating payment, which is at the original 180-day floating rate of 5.5%, plus the market value of the floating-rate
bond on the next payment date:

1:0þ 0:055
180
360

� �� �
0:9860 ¼ 1:013115:

The new term structure and discount bond prices for the euro are

Term Euro Rate Discount Bond Price

90 days 3.9% B90
€(90) ¼ 1/(1 þ 0.039(90/360)) ¼ 0.9903

270 days 4.3% B90
€(270) ¼ 1/(1 þ 0.043(270/360)) ¼ 0.9688

450 days 4.5% B90
€(450) ¼ 1/(1 þ 0.045(450/360)) ¼ 0.9467

630 days 4.6% B90
€(630) ¼ 1/(1 þ 0.046(630/360)) ¼ 0.9255

The present value of the euro fixed payments of 0.0435(180/360) plus a €1 notional principal is

0:0435
180
360

� �
ð0:9903þ 0:9688þ 0:9467þ 0:9255Þ þ 1:0ð0:9255Þ ¼ 1:00883078:

If the payments were floating, the present value of the euro payments would be found by discounting the next floating payment,
which is at the original 180-day floating rate of 3.8%, plus the market value of the floating-rate bond on the next payment date:

1:0þ 0:038
180
360

� �� �
0:9903 ¼ 1:0091157:
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The value of the dollar fixed payments for a notional principal of $9.804 million is

$9,804,000ð1:01132335Þ ¼ $9,915,014:

If the payments had been floating, their value for a notional principal of $9.804 million
would be

$9,804,000ð1:013115Þ ¼ $9,932,579:

The value of the euro fixed payments for a notional principal of €10 million is

€10,000,000ð1:00883078Þ ¼ €10,088,308:

If the euro payments had been floating, their value for a notional principal of €10 million
would be

€10,000,000ð1:0091157Þ ¼ €10,091,157:

To determine the value of the currency swap, we must do two final things. We must
first convert the values of the two streams of cash flows into a common currency and
then net the two amounts. Typically we would prefer to convert to the home currency
of the party from whose perspective we are valuing the swap. The actual swap was for
Reston to pay euros fixed and receive dollars fixed. With an exchange rate of $0.9790,
the value of the swap in dollars would be

$9,915,014� € 10,088,308ð0:9790=€Þ ¼ $38,560:

Since we have the necessary information, let us determine the values of the other pos-
sible swaps Reston could have arranged. The value if the swap had involved paying euros
fixed and receiving dollars floating would be

$9,932,579� € 10,088,308ð0:9790=€Þ ¼ $56,125:

The value if the swap had involved paying euros floating and receiving dollars fixed
would be

$9,915,014� € 10,091,157ð0:9790=€Þ ¼ $35,771:

The value if the swap had involved paying euros floating and receiving dollars floating
would be

$9,932,579� € 10,091,157ð0:9790=€Þ ¼ $53,336:

Note that the value of a currency swap is driven by changes in interest rates between
the two countries and the change in the exchange rate. But regardless of the determi-
nants, the value of a currency swap is simply the present value of one stream of pay-
ments minus the present value of the other stream of payments, accounting for the
notional principals, and converting the payments to a common currency.

Currency Swap Strategies
We discussed the Reston-GSI swap without explaining why Reston might wish to enter
into the swap. Now let us take a look at the possible motivation for Reston to do this
transaction.

Reston Technology is an established Internet company in Northern Virginia’s technol-
ogy corridor. It is planning to expand its operations into Europe. To do so, it needs to
borrow €10 million. It would like to issue bonds at a fixed rate and pay them back semi-
annually over two years. At the current exchange rate of $0.9804 per euro, Reston could
borrow $9,804,000 and convert this amount to euros. Its expanded operations, however,
will generate cash flow in euros so it would prefer to make its interest payments in euros.
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While Reston considers borrowing in euros, its primary bank has a
subsidiary, Global Swaps, Inc. (GSI), which is a large global deriva-
tives dealer. GSI suggests that Reston borrow in U.S. dollars and en-
gage in a currency swap to convert its loan to euros. Specifically
Reston would borrow $9,804,000 in the U.S. market and enter into
a currency swap with GSI in which GSI pays Reston 10 million up
front and Reston pays GSI $9,804,000 up front. Of course, Reston
would get this $9,804,000 from the loan it takes out in dollars. As

MAK ING THE CONNECT ION

Valuing a Currency Swap as a Series of Currency Forward Contracts

In Chapters 8 and 10, we learned about currency for-

ward contracts, in which one party agrees to pay a

certain amount of money in one currency at a future

date, while the other agrees to pay a certain amount

of money in another currency on that same date.

Thus, the two parties have implicitly agreed to ex-

change a given amount of two currencies at a fixed

rate at a future date. A currency swap is similar to a

currency forward contract, but there are important

differences. First, there is a series of exchanges of

currency as opposed to a single exchange. Thus, a

currency swap can be viewed as a combination of

several currency forward contracts. Second, a cur-

rency forward contract is priced using the interest

rates in the two countries and the exchange rate

such that the contract will have zero value at the

start. A currency swap is a series of payments in

which the overall value is zero. Some of the compo-

nent payments do not, however, have zero value.

Let us take a look at how a currency swap can be

viewed as a series of currency forward contracts

using the Reston-GSI currency swap we discuss in

this chapter. Recall that the swap calls for Reston to

pay euros to GSI and receive dollars from GSI. The

notional principal is $9,804,000 and €10,000,000,

which is based on the exchange rate of $0.9804.

The term structures and associated information are

repeated in the table below. Recall that we found

the dollar rate as 6.1 percent and the euro rate as

4.35 percent. The payments were obtained as

Dollar payments:

9,804,000ð0:061Þ 180

360

� �
¼ 299,022:

Euro payments:

10,000,000ð0:0435Þ 180

360

� �
¼ 217,500:

Term Dollar Rate Discount Bond Price

180 days 5.5% B0
$(180) ¼ 1/(1 ¼ 0.055(180/360)) ¼ 0.9732

360 days 5.5% B0
$(360) ¼ 1/(1 ¼ 0.055(360/360)) ¼ 0.9479

540 days 6.2% B0
$(540) ¼ 1/(1 ¼ 0.062(540/360)) ¼ 0.9149

720 days 6.4% B0
$(720) ¼ 1/(1 ¼ 0.064(720/360)) ¼ 0.8865

Term Euro Rate Discount Bond Price

180 days 3.8% B0
€(180) ¼ 1/(1 ¼ 0.038(180/360)) ¼ 0.9814

360 days 4.2% B0
€(360) ¼ 1/(1 ¼ 0.042(360/360)) ¼ 0.9597

540 days 4.4% B0
€(540) ¼ 1/(1 ¼ 0.044(540/360)) ¼ 0.9381

720 days 4.5% B0
€(720) ¼ 1/(1 ¼ 0.045(720/360)) ¼ 0.9174

Currency swaps are primarily used to con-
vert a loan in one currency into a loan in
another currency. Currency swaps can also
be used for any situation in which a party
has to convert a series of future payments
in one currency into another currency.
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we know from previously examining the swap, GSI will pay Reston interest in dollars at
6.1 percent semiannually for two years, and Reston will pay GSI interest at 4.35 percent
in euros semiannually for two years. During this two-year period, Reston will make semi-
annual interest payments to its creditor at the rate it borrows at in dollars. After two
years, GSI will pay Reston $9,804,000, which it will use to pay off its loan. Reston will
pay GSI €10 million. The net effect is that Reston has issued a loan in dollars, but con-
verted it to a loan in euros.

Reston is not likely to be able to borrow in dollars at the swap dollar fixed rate of
6.1 percent. That rate applies to high-quality London-based banks. Let us assume that
Reston borrows at 6.5 percent. Thus, its loan interest payment will be $9,804,000

Thus, the streams of payments for Reston are

Four payments at 180, 360, 540, and 720 days:

Pay €217,500

Receive $299,022

One payment at 720 days:

Pay €10,000,000

Receive $9,804,000

Let us treat these payments as forward contracts and

find their market values. We shall, however, need to

know the forward rates for the euro in terms of dol-

lars. In Chapter 9 we learned how interest rate parity

provides the forward rate based on the spot rate com-

pounded at the domestic interest rate and discounted

at the foreign interest rate. These forward rates are as

follows:

180–day forward rate:

$0:9804
1þ 0:055ð180=360Þ
1þ 0:038ð180=360Þ
� �

¼ $0:9886:

360-day forward rate:

$0:9804
1þ 0:055ð360=360Þ
1þ 0:042ð360=360Þ
� �

¼ $0:9926:

540-day forward rate:

$0:9804
1þ 0:062ð540=360Þ
1þ 0:044ð540=360Þ
� �

¼ $1:0052

720-day forward rate:

$0:9804
1þ 0:064ð720=360Þ
1þ 0:045ð720=360Þ
� �

¼ $1:0146

Now we can find the market values of the forward

contracts that are implicitly contained within the

swap. The swap consists of either four or five

payments, depending on how one views the last pay-

ment. Recall that the last payment is an interest pay-

ment and a principal payment. These could be

combined, but here we shall treat them as separate

payments.

The values of the implicit forward contracts con-

tained within the swap are as follows:

First forward contract, expiring in 180 days:

($299,022 � €217,500($0.9886))0.9732 ¼ $81,750.

Second forward contract, expiring in 360 days:

($299,022 � €217,500($0.9926))0.9479 ¼ $78,800.

Third forward contract, expiring in 540 days:

($299,022 � €217,500($1.0052))0.9149 ¼ $73,550.

Fourth forward contract, expiring in 720 days:

($299,022 � €217,500($1.0146))0.8865 ¼ $69,455.

Fifth forward contract, expiring in 720 days:

($9,804,000 � €10,000,000($1.0146))0.8865

¼ �$303,183.

The sum of these values is $372, which is effec-

tively zero (only 0.004% of the notional principal)

but is not precisely zero only because of rounding

many of these input values. Thus, the swap consists

of five implicit forward contracts, the first four of

which have positive value and the last of which

has negative value that offsets and effectively

makes the overall transaction have a value of zero.

Ordinarily if a party constructed five currency for-

wards, the rates on these contracts would be set in-

dividually according to the term structure and the

forward exchange rates. In a currency swap, the im-

plicit forward contracts are treated as a package

with the payments made at the same rate. A cur-

rency swap is more efficient than a group of individ-

ual currency forward contracts, because it combines

into a single transaction what would otherwise take

five transactions.
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(0.065(180/360)) ¼ $318,630. The overall transaction, consisting of the swap and the
loan, is illustrated in Figure 12.8.

While Reston could have borrowed in euros, it would not likely have obtained terms
as favorable as it gets by borrowing in dollars and using its relationship with GSI to save
some money on the conversion of dollars to euros. GSI is a subsidiary of a large global
bank, and can use its contacts, reputation, and expertise to operate on behalf of Reston
in the international markets. GSI will hedge whatever risk it assumes.

Another reason why Reston might get better terms by borrowing in dollars and swap-
ping into euros rather than borrowing in euros is that it assumes some credit risk result-
ing from the possibility that GSI might default. If GSI defaults, Reston would still have to
make the dollar payments on its loan. If Reston borrowed in euros, it would have no
credit risk, because it would not be receiving any payments from another party. For as-
suming this credit risk, Reston may be able to obtain a better rate.

Another possible use of a currency swap is in hedging a stream of foreign cash flows.
Suppose that a firm expects to receive a stream of equivalent cash flows from its foreign
operations. As we have discussed in previous chapters, it could use options, forwards, or

Figure 12.8 Example of a Currency Swap

Scenario: Reston issues a loan of $9.804 million at 6.5 percent with interest paid semiannually for two years. Reston prefers

to borrow in euros so it enters into a currency swap with GSI for £10 million and $9.804 million. Payments are made

semiannually at 6.1 percent in dollars and 4.35 percent in euros. Principal payments are exchanged up front and at the

termination date of the swap.

Reston

Lender

Reston

Lender

Reston

GSI

GSI

GSI

Lender

$9.804 mm

$9.804 mm

$318,630

$9.804 mm

€10mm

$299,022 (6.1%)

€217,500 (4.35%)

$9.804 mm
€10mm

(c) At Termination Date 

(b) Semiannually For Two Years

(a) Up Front
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futures to hedge the conversion of that stream into its domestic currency. But swaps can
also be used. In this case, however, the firm would prefer a currency swap that does not
involve the payment of notional principal.

For example, consider a firm called FXI with a Swiss subsidiary that generates annual
cash flows of SF20 million, which are converted into dollars on the last day of the year.
FXI would like to hedge the conversion of these cash flows into dollars for the next five
years. In our previous treatment of currency swaps, we did not cover the pricing of cur-
rency swaps that do not involve the exchange of notional principals. This procedure is
only slightly harder and simply requires the omission of the notional principal and the
calculation of forward rates. Let us just assume that the fixed rate for such a swap is
5 percent for Swiss francs and 6 percent for dollars. The exchange rate is $0.65. The
swap will consist of annual payments.

To generate an annual swap payment of SF20 million if the fixed rate is 5 percent
would require a notional principal of SF20,000,000/(0.05) ¼ SF400 million. This notional
principal converts to a dollar notional principal of SF400,000,000($0.65) ¼ $260 million.
The dollar swap payments would, therefore, be $260,000,000(0.06) ¼ $15,600,000.

Thus, FXI enters into a swap with notional principal of SF400 million and $260 mil-
lion. The swap will require FXI to pay the counterparty SF400,000,000(0.05) ¼ SF20 mil-
lion, which will come from its subsidiary’s cash flows. The counterparty will pay FXI
$260,000,000(0.06) ¼ $15,600,000. Thus, FXI has locked in the conversion of its Swiss
franc cash flows to dollars. Of course, FXI bears the risk that its cash flows will deviate
from SF20 million, but of course, it would face that risk whether it uses swaps, options,
forwards, or futures.

The third type of swap we study in this chapter is the equity swap.

EQUITY SWAPS
In an equity swap at least one of the two streams of cash flows is
determined by a stock price, the value of a stock portfolio, or the level
of a stock index. The other stream of cash flows can be a fixed rate, a
floating rate such as LIBOR, or it can be determined by the value of
another stock, stock portfolio, or stock index. In this manner, an eq-
uity swap can substitute for trading in an individual stock, stock port-
folio, or stock index. In this section we shall just refer to the

underlying equity as a stock, which could represent an individual stock, a stock portfolio,
or a stock index.

Equity swaps are certainly similar to interest rate and currency swaps, but they also
differ notably. One difference is that the swap payment is determined by the return on
the stock. Since stock returns can be negative, the swap payment can be negative. That
is, suppose party A agrees to pay party B the return on the underlying stock. Suppose
that at a given payment date, the return on the stock is negative. Then party A effec-
tively owes a negative return. This means that party B would have to pay the return to
party A. Unless party B also owes a negative return, party B will end up making both
payments.

Another way in which equity swaps differ from interest rate and currency swaps is
the fact that the upcoming equity payment is never known. The upcoming floating
payment in an interest rate or currency swap is always known, and of course, a fixed
payment would always be known. In an equity swap, however, the equity return is not
determined until the end of the settlement period, which of course is when the pay-
ment is due.

An equity swap is a swap in which the two
parties agree to exchange a series of pay-
ments, at least one of which is determined
by the return on a stock, stock portfolio, or
stock index.
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Finally we should note that there is no adjustment such as days/360 for the equity
payment on an equity swap.11 It is determined strictly as the return on the stock over a
given period, and no such adjustment is required.

Structure of a Typical Equity Swap
For an equity swap in which a party pays the return on the stock and receives a fixed
rate, the cash flow will be

ðNotional PrincipalÞ ððFixed rateÞq� Return on stock over settlement periodÞ:

Consider an investment management company called IVM. It wants to enter into an
equity swap to pay the return on the Standard & Poor’s 500 Total Return Index and re-
ceive a fixed rate. This index includes the effect of reinvesting dividends.12 On the day the
swap is arranged, the index is at 2,710.55. The swap will call for payments every 90 days
for a 360-day period. Financial Swaps (FNS), the dealer, offers IVM a fixed rate of 3.45 per-
cent with payments calculated on the basis of 90 days divided by 360. The notional princi-
pal will be $25 million. Let us treat the payment dates as day 90, day 180, day 270, and day
360. The initial day is day 0. Let S0, S90, etc. be the S&P 500 Total Return Index on day 0,
day 90, and so forth. The cash flow to IVM on the settlement date will be

$25,000,000 0:0345
90
360

� �
� Return on stock over settlement period

� �
:

Obviously the fixed component of the payment will be

$25,000,000ð0:0345Þ 90
360

� �
¼ $215,625:

Table 12.8 contains an example of the payments that might occur on such a swap. Keep
in mind that these are hypothetical results, based on assumptions about the course of the
S&P 500 Total Return Index. The parties to the swap do not know what these payments
will be when the swap is initiated.

TABLE 12.8 AFTER-THE-FACT PAYMENTS IN EQUITY SWAP

TO PAY S&P 500 TOTAL RETURN INDEX AND

RECEIVE A FIXED RATE OF 3.45 PERCENT

Day Fixed Interest
Payment

S&P Total
Return Index

S&P Payment Net Payment

0 2,710.55

90 $215,625 2,764.90 $501,282 �$285,657

180 215,625 2,653.65 �1,005,913 1,221,538

270 215,625 2,805.20 1,427,750 �1,212,125

360 215,625 2,705.95 −864,518 1,100,143

Note: This combination of outcomes on the above dates represents only one of an infinite number of possible outcomes to the
swap. They are used only to illustrate how the payments are determined and not the likely results.

11Of course, if the other side of the transaction makes a fixed or floating interest payment, the (days/360 or
365) adjustment is required.
12The concept of a total return means that it includes capital gains and dividends. Most standard stock indices
reflect only the prices of the component stocks, and, thus, incorporate only capital gains.

434 Part II Forwards, Futures, and Swaps



Let us determine the first equity payment. When the swap is initiated on day 0, the
S&P 500 Total Return Index is at 2,710.55. On day 90, the index is at 2,764.90. The eq-
uity payment would, therefore, be

$25,000,000
2,764:90
2,710:55

� 1

� �
¼ $501,282:

In other words, the rate of return on the Index is (2,764.90/2,710.55) � 1 ¼ 0.02005,
or about 2 percent. Multiplied by $25,000,000 (retaining full decimal accuracy) gives
a payment of $501,282. Thus, for the first payment IVM owes $501,282 and is due
$215,625, for a net payment of �$285,657. So IVM pays the dealer $285,657.

For the second payment, IVM still receives $215,625. Note that the S&P 500 Total
Return Index fell to 2,653.65, a return of (2,653.65/2,764.90) � 1 ¼ �0.0402 or �4.02
percent, which amounts to $1,005,913. Now, IVM owes a negative return on the stock,
which means that the counterparty pays IVM. So, IVM is due a cash flow of $215,625 �
(�$1,005,913) ¼ $1,221,538.

Of course, IVM could have constructed the swap so that it received a floating pay-
ment based on LIBOR. In that case, the calculations would be similar to those above,
except that LIBOR on day 0 would determine the interest payment on day 90, LIBOR
on day 90 would determine the interest payment on day 180, etc. The payoff formula
would be

ðNotional PrincipalÞ ððLIBORÞq� Return on stock over settlement periodÞ:

Alternatively, IVM could have constructed the swap to involve payment of the return on
the S&P 500 Total Return Index and receipt of the return on some other stock index.

ðNotional PrincipalÞðReturn on one stock index � Return on other stock indexÞ:

Suppose for example, that IVM wanted to receive the return on the NASDAQ Index.
Then the interest payment it receives in the example above would be replaced by the
return on the NASDAQ Index, which would be computed in the same manner as the
return on the S&P 500 Total Return Index. When we examine equity swap strategies,
we shall take a look at why these different types of swaps would be used.

Pricing and Valuation of Equity Swaps
We shall now look at the pricing and valuation of the three types of equity swaps: a swap
involving an equity return vs. a fixed rate, a swap involving an equity return vs. a float-
ing rate, and a swap involving one equity return vs. another equity return.

We start with the swap to pay a fixed rate and receive the equity return. The fixed
rate is denoted as R, and the notional principal is $1. To determine the value of the
swap, we need to construct a strategy that will replicate the payments on the equity
swap. We can do this quite easily.

• Invest $1 in the stock.
• Issue a $1 face value loan with an interest rate of R. Pay interest on each of the swap

settlement dates and repay the principal at the swap termination date. Interest pay-
ments will be calculated on the basis of days/360.

We shall use the symbol q for (days/360).
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Let us now see why this strategy works. Suppose we execute the above transactions for the
purpose of replicating a one-year swap with semiannual payments on days 180 and 360.
Then,

on day 180, we would have stock worth S180/S0, and
we would owe Rq.

Suppose we sell the stock and withdraw only the return, S180/S0 � 1, which can be
positive or negative. If the return is positive, we have a cash inflow. If it is negative, we
have a cash outflow. Combined with the interest payment, the overall net cash flow is
S180/S0 � 1 � Rq. This is precisely the payment on the swap. Because we withdrew
only the return from the stock sale, we have $1 left over, which we reinvest in the stock.
Now let us proceed forward to the next period.

On day 360, the stock would be worth S360/S180. We pay back the loan principal of
$1 and the interest of Rq. We liquidate the stock. Then the net cash flow would be
S360/S180 � 1 � Rq. This is precisely the cash flow on the swap. Thus, this strategy repli-
cates the equity swap. In general, for a swap with n payments, the strategy will cost $1 to
buy the stock, which is offset by the cash flow from the loan. The overall cost to establish
the position is the value of the position when it is established.

1� B0ðtnÞ � Rq

Xn
i¼1

B0ðtiÞ:

The first term, 1, is the $1 invested in the stock. The second term, �B0(tn), is the loan
principal due on day tn. The term with the summation is the present value of the series
of loan interest payments of Rq on each swap payment date.

Since the swap is established so that its value at the start is zero, we set the above
equation to zero and solve for R:

R ¼ 1
q

� �
1� Bð0,tnÞ
∑
n

i¼1
Bð0,tiÞ

0
B@

1
CA:

Interestingly, this rate is the same rate as the fixed rate on a plain
vanilla swap. This should make sense. The swap is designed to
equate the present value of the equity payments with the present
value of the fixed interest payments. Since we start off by investing
$1 in the stock, the present value of the equity payments is $1. To
make the present value of the fixed interest payments equal $1, we
need only set the payments at the fixed rate on a plain vanilla swap.

Table 12.9 shows how the IVM swap is valued.
Now let us consider a time during the life of the swap at which we

wish to determine the value of the swap. Assume that this is before the first payment
date. The problem will be a little simpler if we look at it from the standpoint of the party
receiving the equity return and paying the fixed rate. On the first payment day, we shall
receive an equity payment of S90/S0 � 1. We could replicate this payment by purchasing
1/S0 shares, currently at St, which will cost (1/S0)St. At the next payment date, we will
have stock worth (1/S0)S90.

13 We sell this stock, generating a cash flow of (1/S0)St � 1,
which could be positive or negative, plus the $1 left over, which we reinvest into the

Pricing an equity swap means finding the
fixed rate that will be paid against the eq-
uity return. The fixed rate is found using a
strategy consisting of a stock and a loan
that replicates the equity swap payments.
This fixed rate is the same as the fixed rate
on a plain vanilla swap.

13This expression is 1/S0 shares worth S90 per share.
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stock. This will replicate the stock payment the next period. This procedure continues
throughout the life of the swap and will leave $1 at the end. Thus, to replicate the cash
flows, we do the following:

• Invest (1/S0)St, which equals St/S0, in the stock. Liquidate and reinvest as described.
• Issue a $1 loan at an interest rate of R, with interest to be paid on each of the swap

settlement dates and the principal to be repaid at the swap termination date. Interest
payments will be calculated on the basis of q ¼ days/360.

This strategy will replicate the payments on the swap. The cost to establish this strategy is

St
S0

� �
� BtðtnÞ � Rq

Xn
i¼1

BtðtiÞ:

The first term is the investment in stock necessary to replicate the
equity cash flows. The second is the present value of the repayment
of the loan principal at the swap termination date, and third is the
present value of the set of payments of Rq on each of the swap settle-
ment dates.

Let us apply the formula to our example of the IVM swap. Suppose it is 60 days into
the life of the swap. Table 12.10 presents a set of new interest rates and the value of the
equity swap at this time.

Now suppose we are interested in an equity swap with floating payments. We know
that at the start the present value of the fixed payments (including a notional principal
of 1) at the rate R is 1 and that this equals the present value if the payments were float-
ing (including the notional principal). Thus, the value of a swap involving the payment
of the equity return against floating payments is zero at the start, as it should be. To
value the swap during its life, notice that we can replicate the equity swap involving
floating payments by doing the following:

• Enter into an equity swap to pay the equity return and receive a fixed rate
• Enter into a plain vanilla swap to pay a fixed rate and receive a floating rate

The fixed payments would cancel, and this would net out to an equity swap to pay the
equity return and receive a floating rate. We have already valued the equity swap to pay

The value of an equity swap can be found
by finding the value of a portfolio of a stock
and a loan that replicates the payments on
the swap.

TABLE 12.9 PRICING AN EQUITY SWAP

IVM enters into an equity swap to receive a fixed rate and pay the return on the S&P 500 Total Return Index. The payments will
be quarterly for one year with interest calculated using the adjustment factor 90/360. The term structure is as follows:

Term Rate Discount Bond Price

90 days L0(90) ¼ 3% B0(90) ¼ 1/(1 þ 0.03(90/360)) ¼ 0.9926

180 days L0(180) ¼ 3.2% B0(180) ¼ 1/(1 þ 0.032(180/360)) ¼ 0.9843

270 days L0(270) ¼ 3.3% B0(270) ¼ 1/(1 þ 0.033(270/360)) ¼ 0.9758

360 days L0(360) ¼ 3.5% B0(360) ¼ 1/(1 þ 0.035(360/360)) ¼ 0.9662

With q ¼ 90/360, then 1/q ¼ 360/90, and the fixed rate would, therefore, be

R ¼ 360
90

� �
1� 0:9622

0:9926þ 0:9843þ 0:9758þ 0:9662

� �
¼ 0:0345:

Thus, the rate would be 3.45 percent.
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the equity return and receive a fixed rate and obtained a value of �$227,964. We now
need only value a plain vanilla swap to pay a fixed rate and receive the floating rate. Re-
call that we learned this earlier in the chapter. Using the information in Table 12.10, the
value of the fixed payments, plus hypothetical notional principal, is

0:0345
90
360

� �
ð0:9971þ 0:9877þ 0:9778þ 0:9677Þ þ 1:0ð0:9677Þ ¼ 1:00159884:

Recall from our examination of interest rate swaps that we value the floating payments
as the present value of the upcoming floating payment plus the par value of 1. The up-
coming floating payment is at 3 percent. Thus, the value of the floating payments plus
hypothetical notional principal is

1þ 0:03
90
360

� �� �
0:9971 ¼ 1:00457825:

Thus, the value of a plain vanilla swap to pay fixed and receive floating is

1:00457825� 1:00159884 ¼ 0:00297941:

For a $25 million notional principal, this value is

$25,000,000ð0:00297941Þ ¼ $74,485:

So the value of the equity swap to pay the equity return and receive a floating payment is

�$227,964þ $74,485 ¼ �$153,479:

If the swap involves the payment of one equity return for another, we must develop a
new strategy for replicating the payments. Let S0(1) be the value of stock index 1 on day 0
and S0(2) be the value of stock index 2 on day 0. We then change the subscript to reflect
later days in the life of the swap. Assume that we pay the return on stock index 2 and
receive the return on stock index 1 with payments on days 180, 360, etc. The first cash
flow on the swap will be (S180(1)/S0(1)) � 1 � (S180(2)/S0(2)) � 1) ¼ S180(1)/S0(1) �
S180(2)/S0(2). The remaining cash flows will be done in a similar manner, changing the
time subscripts to 360 vs. 180 and so forth.

TABLE 12.10 VALUING AN EQUITY SWAP DURING ITS LIFE

We are now 60 days into the life of the IVM swap. The new term structure is as follows:

Term Rate Discount Bond Price

30 days L60(30) ¼ 3.50% B60(30) ¼ 1/(1 þ 0.035(30/360)) ¼ 0.9971

120 days L60(120) ¼ 3.75% B60(120) ¼ 1/(1 þ 0.0375(120/360)) ¼ 0.9877

210 days L60(210) ¼ 3.90% B60(210) ¼ 1/(1 þ 0.039(210/360)) ¼ 0.9778

300 days L60(300) ¼ 4.00% B60(300) ¼ 1/(1 þ 0.04(300/360)) ¼ 0.9677

The stock index is at 2,739.60.Thus, the value of the swap per $1 notional principal is

2,739:60
2,710:55

� �
� 0:9677� 0:0345

90
360

� �
ð0:9971þ 0:9877þ 0:9788þ 0:9677Þ ¼ 0:00911854:

This formulation, however, is from the perspective of the party paying the fixed rate and receiving the equity return. So to IVM, the
value is actually 20.00911854 per $1 notional principal. Thus, for a notional principal of $25 million, the value of the swap is

$25,000,000(�0.00911854) ¼ �$227,964.
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To replicate the swap, we sell short $1 of stock index 2, take the proceeds, and buy $1
of stock index 1. This will require no money of our own. At time 1 we sell stock index 1,
generating cash of S180(1)/S0(1). We withdraw the cash return, (S180(1)/S0(1)) � 1, and
reinvest $1 in stock index 1. We cover the short sale of stock index 2 by buying back the
stock. This will require an outlay of S180(2)/S0(2). We then sell short $1 of stock index 2
so our net flow from the transaction in stock index 2 is �(S180(2)/S0(2) � 1). The overall
net cash flow is S180(1)/S0(1) � S180(2)/S0(2), which is the cash flow from the swap. We
now move forward with $1 invested in stock index 1 and $1 sold short of stock index 2.
If we proceed in this manner, we will generate the cash flows on the swap. Since there
is no cost to establishing the position, the value of the swap is zero at the start, as it
should be.

It is very simple to value this type of swap during its life. We value it as a position of
being long in one stock and short the other. Suppose in the IVM example, we change the
fixed payment that IVM will receive to be the return on the NASDAQ stock index. Let
the index be 1,835.24 at the start of the transaction. Sixty days later, the index is at
1,915.71. Then the value of the swap is easily found as

1,915:71
1,835:24

� �
� 2,739:60

2,710:55

� �
¼ 0:03312974:

For a $25 million notional principal swap, the value is

$25,000,000(0.03312974) ¼ $828,244.

Equity Swap Strategies
Equity swaps are useful strategies for equity investors. An equity swap to pay a fixed rate
and receive the equity return is essentially equivalent to issuing a fixed-rate bond and using
the proceeds to buy stock. An equity swap to pay a floating rate and receive the equity
return is essentially the same as issuing a floating-rate bond and using the proceeds to
buy stock. An equity swap to pay the return on one stock index and receive the return
on another is essentially the same as selling short one stock and using the proceeds to
buy another. Of course, certain transactions are required at the payment dates, so these
swap strategies are not identical to buying and holding stock. In addition, the payments
required on equity swaps make them a form of buying stocks using leverage. Nonetheless,
equity swaps are very similar to stock transactions and can serve as valuable substitutes for
stock transactions, as is the case for virtually any equity derivative.

Going back to the IVM strategy, recall that IVM is an asset man-
agement company. It holds a portfolio of stock. In some cases it
needs to make adjustments to its portfolio. These adjustments typi-
cally involve buying and selling stock. As we have seen throughout
this book, assets can be bought and sold synthetically using deriva-
tives. In this case, a company like IVM could use an equity swap to
synthetically replicate the sale of stock and purchase of another asset.
Suppose IVM wants to sell some domestic large-cap stock and buy a

fixed-rate bond. Then it might enter into an equity swap to pay the return on an index of
domestic large-cap stock, such as the S&P 500 Total Return Index, and receive a fixed
return. The swap we described earlier is precisely this type of transaction. A diagram of
the overall transaction is shown in Figure 12.9. In doing the transaction, IVM effectively
sells domestic large-cap stock, as represented by the S&P 500 Total Return Index, and
converts to a fixed rate bond paying 3.45 percent.

Equity swaps are primarily used to execute
synthetic transactions in equity. Instead of
buying or selling stock, a party can engage
in an equity swap, thereby effectively buy-
ing or selling the stock without actually
doing a transaction in the stock itself.
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You should be aware, however, that IVM assumes some risk in this transaction. Be-
sides the aforementioned fact that the swap dealer could default, there are two other im-
portant risks. One is that the performance of the domestic, large-cap stock portfolio will
not precisely match the performance of the S&P 500 Total Return Index. This is a form
of basis risk, similar to the risk we discussed in using futures. In the investment manage-
ment field, this risk is usually referred to as tracking error, meaning the risk that the
index on which the derivative is based will not track the underlying portfolio. Obviously
this risk is not new to us. It applies anytime a derivative on an index is used with a port-
folio that does not precisely match the index.

Another risk is that if the swap generates net cash outflows, the firm must produce
the cash to make the swap payments. While the portfolio could be earning a sufficiently
high return, that return is likely to include some unrealized capital gains. If there is not
sufficient cash to make the swap payment, the firm could be forced to sell some stock to
generate the cash. This would then defeat the purpose of using the swap, which was to
avoid selling the stock in the first place. Thus, to use an equity swap, a firm would need
to take into account the potential for cash outflows and would need to set aside a liquid-
ity pool.

As we have noted, variations of this strategy include having the interest payment be at
a floating rate. In that case, the strategy would be approximately equivalent to selling
stock and investing the proceeds in a floating-rate bond. If the firm wanted to sell the
stock and buy a floating-rate bond, this type of equity swap would be a good substitute.

Alternatively, if the firm did a swap in which it pays the return on the S&P 500 and
the dealer pays it the return on another index, such as the NASDAQ index, the firm
would be synthetically selling stock as represented by the S&P 500 and buying stock as
represented by the NASDAQ index.

SOME FINAL WORDS ABOUT SWAPS
We began the chapter by mentioning that swaps are like combinations of forward con-
tracts. This is an important analogy, but it applies only to swaps that involve fixed pay-
ments, as in forward contracts. For swaps with strictly floating payments, the analogy
breaks down. Moreover, for swaps with fixed payments, the analogy is only partial. For

Figure 12.9 Equity Swap of IVM to Exchange the Return on Domestic Large-Cap Stock for a Fixed Return

Return on S&P 500 Total Return Index 

3.45%IVM FNS

Dividends and
realized and
unrealized
capital gains

Portfolio
of domestic

large-cap
stocks
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example, if a party engaged in a series of currency forward contracts, the forward rate
would be different for each expiration. After all, forward prices and rates nearly always
differ by maturity. A currency swap with fixed payments would involve payments at the
same rate.

Because swaps are similar to forward contracts, swaps will also be similar to futures
contracts. In addition, swaps can be shown to be similar to combinations of options. In
the next chapter, we shall look at interest rate options and show how they can be com-
bined to replicate interest rate swaps.

Swaps are nearly always designed with the intention of holding the position until the
termination date. In some cases, a party changes its mind and wants out of the swap.
There are a number of ways it can exit a swap. The primary way is to go back to the
dealer and ask to terminate the swap or enter an offsetting swap. In effect, the parties
would do the opposite swap and cancel the original swap. For example, recall the Quan-
tum Electronics plain vanilla swap in which it paid a fixed rate and received LIBOR.
Ninety days into its life, the market value to Quantum was �$24,816. If Quantum
wanted to terminate the swap, it could go back to the dealer and ask for an offset. The
dealer would do so if Quantum would pay the market value of $24,816. The swap would
then be eliminated. Alternatively, Quantum could go to another dealer and ask for a
quote on a swap to pay floating and receive fixed. If Quantum executed this transaction,
it would have two swaps in place, with one paying LIBOR and the other receiving
LIBOR. The LIBOR effects would offset, though both swaps would remain in force.
Quantum would be paying one fixed rate and receiving another. The present value of
the difference in these two swaps would be �$24,816, which is precisely the market value
of the original swap. With both swaps in force, however, credit risk would remain, and
Quantum would be better off (unless it wanted the credit risk) to go back to the original
dealer, pay the market value, and terminate the swap.

Another way to terminate a swap is with either a forward contract on the swap or an
option on the swap. These instruments give a party either a firm commitment or the
right to enter into an offsetting swap at terms agreed to in advance. These instruments,
called forward swaps and swaptions, will be covered in Chapter 13.

Summary

This chapter has examined one of the most popular
financial instruments, the swap. We saw that a swap is
a transaction in which two parties agree to exchange a
series of cash flows. We learned that there are four gen-
eral types of swaps, based on the nature of the underly-
ing: currency, interest rate, equity, and commodity. In
this book, we cover only currency, interest rate, and
equity swaps.

We examined the basic characteristics of these
swaps. We then covered how to price the swap and
how to determine its market value. We saw that pricing
a swap entails identifying a strategy using other instru-
ments that replicate the cash flows from the swap. The
value of the swap is then equivalent to the value of the
replicating transaction. The price of the swap, which
refers to the fixed rate for swaps involving a fixed pay-
ment, is found by forcing the value to equal zero at the

start of the transaction. For swaps that do not involve a
fixed payment, there is no initial pricing, but we must
verify that the values of the two streams of payments
are the same.

We also examined some strategies using these types
of swaps. As with all derivatives, swaps are used to
adjust a position by taking on or eliminating risk.
They substitute for transactions in the underlying and
do so at much lower cost. For all we have seen, how-
ever, we have taken only a brief look at the ways in
which swaps can be used.

The most widely used swap is the interest rate swap,
specifically the plain vanilla interest rate swap. The rea-
son for the popularity of interest rate swaps is that
interest rate risk is faced by all businesses, whereas cur-
rency risk is directly faced only by businesses with mul-
tinational operations or whose operations are affected
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by foreign competition. Equity risk is faced only by
equity portfolio managers and by organizations with
direct exposure in equity markets.

As widely used as interest rate swaps are, however,
they are not the only instruments that can be used to
manage interest rate risk. In Chapter 13, we examine
some other types of derivatives based on interest rates.

Interestingly, however, these new derivatives will still
be just forwards and options, which are instruments
we have already seen, but their characteristics are
somewhat different from the forwards and options we
have covered. In addition, we have not seen all we shall
see of swaps. In Chapter 13, we shall examine options
and forwards on swaps.

Key Terms

Before continuing to Chapter 4, you should be able to give brief definitions of the following terms:

swap, p. 407
currency swaps, p. 407
interest rate swaps, p. 407
equity swaps, p. 407
commodity swaps, p. 407
settlement date, p. 408

settlement period, p. 408
notional principal, p. 408
basis swap, p. 411
swap spread, p. 416
index amortizing swap, p. 421
diff swap, p. 422

constant maturity swap, p. 422
CMT rate, p. 422
tracking error, p. 440

Further Reading

Swaps are widely covered in the following books:
Buetow, G. W. and Frank J. Fabozzi. Valuation of

Interest Rate Swaps and Swaptions. New Hope,
PA: Frank J. Fabozzi Associates, 2001.

Burghardt, G., T. Belton, M. Lane, G. Luce, and R.
McVey. Eurodollar Futures and Options: Controlling
Money Market Risk. Chicago: Probus Publishing,
1991.

Flavell, R. Swaps and Other Instruments. New York:
Wiley, 2002.

Ludwig, M. S. Understanding Interest Rate Swaps. New
York: McGraw-Hill, 1993.

Smithson, C. W. Managing Financial Risk: A Guide to
Derivative Products, Financial Engineering, and
Value Maximization, 3rd ed. New York: McGraw-
Hill, 1998.

Concept Checks

1. Explain why interest rate swaps are more widely
used than currency and equity swaps.

2. Why is notional principal often exchanged in a
currency swap but not in an interest rate or eq-
uity swap? Why would the parties to a currency
swap choose not to exchange the notional
principal?

3. Explain how the following types of swaps are
analogous to transactions in bonds.
a. Interest rate swaps
b. Currency swaps

4. Explain how swaps are similar to but different
from forward contracts.

5. Suppose that a party engages in a swap, but be-
fore the expiration date of the swap, the party
decides that it would like to terminate the posi-
tion. Explain how it can do so.
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Questions and Problems

1. An interest rate swap has two primary risks as-
sociated with it. Identify and explain each risk.

2. Define and explain a constant maturity swap.
3. Consider a $30 million notional principal in-

terest rate swap with a fixed rate of 7 percent,
paid quarterly on the basis of 90 days in the
quarter and 360 days in the year. The first
floating payment is set at 7.2 percent. Calculate
the first net payment and identify which party,
the party paying fixed or the party paying
floating, pays.

4. Consider a currency swap for $10 million and
SF15 million. One party pays dollars at a fixed
rate of 9 percent, and the other pays Swiss francs
at a fixed rate of 8 percent. The payments are
made semiannually based on the exact day count
and 360 days in a year. The current period has
181 days. Calculate the next payment each party
makes.

5. Consider a $100 million equity swap with semi-
annual payments. When the swap is established,
the underlying stock is at 1,215.52. One party
pays a fixed rate of 5.5 percent based on the as-
sumption of 30 days per month and 360 days in a
year. If the stock index is at 1,275.89 on the first
payment date, calculate the net swap payment,
indicating which party pays it.

6. A swap dealer quotes that the rate on a plain
vanilla swap, for it to pay fixed, is the five-year
Treasury rate plus 10. To receive fixed, the dealer
quotes the rate as the five-year Treasury rate plus
15. Assuming the five-year Treasury rate is 7.60
percent, explain what these quotes mean.

7. Explain how an interest rate swap is a special
case of a currency swap.

8. Show how to combine a currency swap paying
Swiss francs at a floating rate and receiving Jap-
anese yen at a floating rate with another currency
swap to obtain a plain vanilla swap paying Swiss
francs at a floating rate and receiving Swiss francs
at a fixed rate.

9. A bank currently holds a loan with a principal of
$12 million. The loan generates quarterly interest
payments at a rate of LIBOR plus 300 basis
points, with the payments made on the 15th of
February, May, August, and November on the

basis of the actual day count divided by 360. The
bank has begun to believe that interest rates will
fall. It would like to use a swap to synthetically
alter the payments on the loan it holds. The rate
it could obtain on a plain vanilla swap is 7.25
percent. Explain how the bank would use a swap
to achieve this objective.

10. The U.K. manager of an international bond
portfolio would like to synthetically sell a large
position in a French government bond, de-
nominated in euros. The bond is selling at its
par value of €46.15 million, which is equivalent
to £30 million at the current exchange rate of
£0.65. The bond pays interest at a fixed rate of
5.2 percent annually for 10 years. The manager
would like to sell the bond and invest the pro-
ceeds in a pound-denominated floating-rate
bond. Design a currency swap strategy that
would achieve the desired objective and identify
the payments that would occur on the overall
position, which includes both the French bond
and the swap. The fixed rates on the currency
swap are 4.9 percent in pounds and 5.7 percent
in euros.

11. The CEO of a large corporation holds a position
of 25 million shares in her company’s stock,
which is currently priced at $20 and pays no
dividends. She is concerned that, because of her
large shareholdings and the fact that her com-
pensation is tied to the performance of the
stock, she is very poorly diversified. She does
not think it is wise to sell a significant amount
of stock, because she knows that she needs to be
heavily invested in the stock to satisfy the
shareholders, and she values the voting rights
she has from owning so many shares. None-
theless, she would be interested in synthetically
selling about five million shares using an equity
swap. Assume the role of a swap dealer and
present three possible equity swap proposals,
which are based on the three different types of
cash flows that could be paid against payment of
the return on the stock.

12. A corporation enters into a $35 million notional
principal interest rate swap. The swap calls for
the corporation to pay a fixed rate and receive a
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floating rate of LIBOR. The payments will be
made every 90 days for one year and will be
based on the adjustment factor 90/360. The term
structure of LIBOR when the swap is initiated is
as follows:

Days Rate

90 7.00%

180 7.25

270 7.45

360 7.55

a. Determine the fixed rate on the swap.
b. Calculate the first net payment on the swap.
c. Assume that it is now 30 days into the life of

the swap. The new term structure of LIBOR is
as follows:

Days Rate

60 6.80%

150 7.05

240 7.15

330 7.20

Calculate the value of the swap.

13. A U.S. corporation is considering entering into a
currency swap that will call for the firm to pay
dollars and receive British pounds. The dollar
notional principal will be $35 million. The swap
will call for semiannual payments using the
adjustment 180/360. The exchange rate is $1.60.
The term structures of dollar LIBOR and pound
LIBOR are as follows:

Days Dollar LIBOR Pound LIBOR

180 7.00% 6.50%

360 7.25 7.10

540 7.45 7.50

720 7.55 8.00

Answer the following questions.
a. Determine the appropriate pound notional

principal. Use this result in each of the re-
maining questions.

b. Determine the fixed rates in dollars and in
pounds.

c. For each of the following cases, determine the
first payment on the swap:
i. Dollars fixed, pounds fixed
ii. Dollars fixed, pounds floating
iii. Dollars floating, pounds floating
iv. Dollars floating, pounds fixed

d. Now assume it is 120 days into the life of the
swap. The new exchange rate is $1.42. The
new term structures are as follows:

Days Dollar LIBOR Pound LIBOR

60 6.80% 6.40%

240 7.05 6.90

420 7.15 7.30

600 7.20 7.45

Determine the value of the swap for each of
the following cases:
i. Dollars fixed, pounds fixed
ii. Dollars fixed, pounds floating
iii. Dollars floating, pounds floating
iv. Dollars floating, pounds fixed

14. A pension fund wants to enter into a six-month
equity swap with a notional principal of $60
million. Payments will occur in 90 and 180 days.
The swap will allow the fund to receive the return
on a stock index, currently at 5,514.67. The fund
is considering three different types of swaps, one
of which would require it to pay a fixed rate,
another that would require it to pay floating rate,
and another that would require it to pay the re-
turn on another stock index, which is currently at
1,212.98. Refer to these as swaps 1, 2, and 3. The
term structure is as follows:

Term Rate Discount Bond Price

90 days 9% B0(90) ¼ 1/(1 þ 0.09(90/360)) ¼ 0.9780

180 days 10 B0(180) ¼ 1/(1 þ 0.10(180/360)) ¼ 0.9524

a. Find the fixed rate for swap 1.
b. Find the payments on day 90 for swaps 1, 2,

and 3. For swap 3, assume that on day 90
stock index 1 is at 5,609.81 and stock index
2 is at 1,231.94. Be sure to indicate the net
payment.

c. Assume it is 30 days into the life of the swap.
Stock index 1 is at 5,499.62, and stock index 2
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is at 1,201.45. The new term structure is as
follows:

Term Rate Discount Bond Price

60 6.80% B30(90) ¼ 1/(1 þ 0.068(60/360)) ¼ 0.9888

150 7.05 B30(180)¼ 1/(1þ 0.0705(150/360))¼ 0.9715

Find the values of swaps 1, 2, and 3.

15. You are a pension fund manager who anticipates
having to pay out 8 percent (paid semi-annually)
on $100 million for the next seven years. You
currently hold $100 million of a floating-rate
note that pays LIBOR þ 2 1/2 percent. You view
this as an attractive investment but realize that if
LIBOR falls below 5 1/2 percent, you will not
have enough cash to make your fixed payments.
You arrange a swap with a dealer who agrees to
pay you 6 percent fixed, while you pay it LIBOR.
Determine your cash flow as a percent of the
notional principal at each payment date under
this arrangement. Assume for simplicity that
each period is 180 days and that there are 360
days in the year.

16. A hedge fund is currently engaged in a plain va-
nilla euro swap in which it pays euros at the euro
floating rate of Euribor and receives euros fixed.
It would like to convert this position into one in
which it pays the return on the S&P 500 and
receives euros at a fixed rate. Show how it can use
currency and equity swaps to maintain its

position in the plain vanilla euro swap and con-
vert its overall position to the one desired.

17. (Concept Problem) An asset management firm
has a $300 million portfolio consisting of all
stock. It would like to divest 10 percent of its
stock and invest in bonds. It considers the pos-
sibility of synthetically selling some stock using
equity swaps. It does not, however, want to re-
ceive a fixed or floating rate. If it actually sold the
stock, it would invest in a broadly diversified
portfolio of bonds. In fact, there are bond indices
that are quite representative of the universe of
bonds in which it would invest. Design a strategy
using swaps that would enable it to achieve its
objective.

18. (Concept Problem) Consider a currency swap
with but two payment dates, which are one year
apart, and no exchange of notional principals.
On the first date, the party pays U.S. dollars at a
rate of 4 percent and receives British pounds at
a rate of 3.5 percent. Since the payments are
annual, no adjustment, such as days/360, is
necessary. The notional principals are $10 mil-
lion and £6.25 million. Explain from an Amer-
ican’s perspective how this transaction is like a
series of forward contracts on the pound. Also,
explain how the transaction can be fairly priced,
which you can assume it is, even though the
implied forward rate is the same for both
maturities.
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CHA P T E R 13
Interest Rate Forwards
and Options

Well, it helps to look at derivatives like atoms. Split them one way and you
have heat and energy—useful stuff. Split them another way and you have a
bomb. You have to understand the subtleties.

Kate Jennings

Moral Hazard, 2002, p. 8

While this chapter deals with certain Interest Rate Derivatives, we have already covered
the most widely used interest rate derivative, the plain vanilla interest rate swap. In addi-
tion, we have already covered Eurodollar futures, which are also appropriately called inter-
est rate derivatives. In some cases, futures on such instruments as Treasury bonds and
notes are also called interest rate derivatives. But we need to make an important distinc-
tion between derivative contracts on interest rates and derivative contracts on fixed-
income securities.

Consider a Eurodollar time deposit that pays $1 in 90 days. At a current rate of 8 per-
cent, this Eurodollar has a value of $1/(1þ 0.08(90/360))¼ $0.9804. Suppose that a for-
ward contract had been created on this Eurodollar and that contract is expiring right
now. The payoff of a long position would be $0.9804 minus the forward price agreed to
when the contract was initiated. The payoff of a forward contract on the Eurodollar in-
terest rate, LIBOR, would be 0.08(90/360) minus the forward rate agreed to when the
contract was initiated. Forward contracts on interest rates and forward contracts on
Eurodollars are related but different contracts.

Recall that Eurodollars are priced based on the add-on interest method. Hence, we
found the price of the Eurodollar above as $1/(1þ 0.08(90/360)). Treasury bills are based
on the discount interest method. For a rate of 8 percent, a Treasury bill price would be
$1(1� 0.08(90/360))¼ $0.98. A long position in a forward contract on a Treasury bill
would pay off 1 minus 0.08(90/360) minus the forward price. A short position in a for-
ward contract on the rate would pay off the forward rate minus 0.08 times 90/360. It
should be easy to see that a long position in a forward contract on a discount instrument
is equal to a short position in a forward contract on a rate with the forward rate based on
one minus the forward price. Similar comments can be made for options.

Thus, in some cases, derivatives on interest rates are essentially the same as derivatives
on bonds. For others, this is not the case. In this chapter we shall focus on derivative on
interest rates. In some cases we shall gain some advantage by noting the equivalence with
derivatives on bonds. But in most cases, we shall just focus on the fact that the underlying
is an interest rate and that its payoff formula is based directly on the underlying interest
rate rather than the price of a bond.

This chapter is called “Interest Rate Forwards and Options” and will cover four primary
types of instruments. The first is the interest rate forward, more commonly known as a

CHAPTER
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448



forward rate agreement, or FRA. This instrument is a forward contract in which the two
parties agree to make interest payments to each other at futures dates. One party makes a
payment at a rate agreed to in advance. The other party makes a payment at a rate to be
determined later. The second type of instrument is the interest rate option, in which one
party pays the other a premium today and receives the right to either make a known inter-
est payment and receive an unknown interest payment at a future date or receive a known
interest payment and make an unknown interest payment at a future date. The right to
make a known payment is an interest rate call. The right to receive a known payment is
an interest rate put.

In addition to standard interest rate forwards and options, we shall cover two other
types of forward and option contracts involving interest rates. The third instrument we
cover in this chapter is an option to enter into a swap, which is commonly referred to as
a swap option, or swaption. The buyer of a swaption in which the underlying is an interest
rate swap pays a premium and receives the right to enter into a swap to pay the fixed rate
and receive the floating rate or pay the floating rate and receive the fixed rate. These in-
struments may seem like calls and puts, but these terms are not commonly used in the
world of swaptions. We shall cover this point in more detail later. The fourth instrument
we cover is the forward swap, which is a forward contract to enter into a swap. Obviously
a forward swap commits the two parties to enter into a swap, whereas a swaption gives one
party the right to enter into a swap.

These types of instruments exist with underlyings other than interest rates, but we have
already covered such instruments as forwards and options on currencies and equities. The
interest rate derivatives market is much larger than the market for currency and equity
derivatives. Interest rate derivatives are also different from currency and equity derivatives
and, thus, merit special consideration. Of course, we have already covered the most impor-
tant interest rate derivative, the swap. While currency and equity swaptions and forward
swaps exist, the market is quite small relative to the market for interest rate swaptions and
forward swaps, and we do not cover equity and currency versions of these instruments in
this book.

Data are not available on the size of the market for swaptions and forward swaps, but
Figure 13.1 shows the notional principal of interest rate options and FRAs as estimated by
the Bank for International Settlements (http://www.bis.org) in its semiannual survey. As of
June 2008, the notional principal of interest rate options was about $62 trillion and the
notional principal of FRAs was about $39 trillion.

This chapter is divided into three main sections, which deal with forward rate agree-
ments, interest rate options, and swaptions and forward swaps.

FORWARD RATE AGREEMENTS
A forward rate agreement or FRA is similar to any type of forward
contract, but the payoff is based on an interest rate, rather than the
price of an asset. For example, suppose a financial manager believed
that interest rates were going up and wanted to lock in a specific rate
to be paid on a future loan. She could do that by taking a short posi-
tion in a forward contract on a fixed-income security like a Treasury
bill or bond. If rates rose, the security price would fall, the forward
price would also fall, and the short position would be profitable, off-
setting some of the effect of the higher borrowing rate. Alternatively,

she could get a similar result using futures contracts.
An FRA is another means of obtaining this result, and in many situations an FRA is better

suited for managing this type of risk. The payoff of a forward contract on a bond is determined

A forward rate agreement, or FRA, is a
forward contract in which the underlying is
an interest rate. One party agrees to make a
payment at a fixed interest rate, while the
other agrees to make a payment at a
floating interest rate, which is determined
at the expiration date.

Chapter 13 Interest Rate Forwards and Options 449

http://www.bis.org


directly by the price of the bond and but only indirectly by the underlying interest rate.
The payoff of an FRA, however, is determined directly by the underlying interest rate.

Structure and Use of a Typical FRA
As with swaps, FRAs are typically based on rates like LIBOR or Euribor, quoted as an annual
rate. The underlying rate is for a specific term, such as 90-day LIBOR, 180-day Euribor, and so
forth. Thus, the payoff is prorated by using a days/360 factor, as we did with swaps.1 The pay-
off is based on the difference between the underlying rate and the rate agreed upon when the
contract is established, adjusted for the number of days and multiplied by a notional principal.

In addition, there is another important factor in the payoff of an FRA that we must
examine carefully. Consider an FRA based on 90-day LIBOR and assume that this FRA
is expiring today. As such, the parties look in the London Eurodollar market and deter-
mine the rate on a 90-day spot LIBOR instrument. Let us assume that rate is 5 percent.
Remember that the rate is on a Eurodollar interbank time deposit, a loan made by one
London bank to another for 90 days. When the borrowing bank takes out this loan
today, it promises to pay back the principal plus 5 percent interest 90 days later. Thus,
when the rate of 5 percent is determined in the London Eurodollar market, the assump-
tion is that the interest on such a loan is paid back 90 days later.

The FRA market uses the London interbank Eurodollar market as its source of the
underlying rate. Yet when the FRA expires and LIBOR is 5 percent, the FRA pays off at
the 5 percent rate today. The Eurodollar deposit itself, which is the source of the 5 percent
rate, pays off 90 days later. Consequently, to use LIBOR to determine the FRA payoff, an

Figure 13.1 Notional Principal of Interest Rate Options and Forward Rate Agreements (FRAs)
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1It is possible to use a 365-day year assumption, but FRAs are nearly always based on LIBOR, Euribor, or a
similar rate, which are always based on a 360-day year assumption.
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adjustment is required. This adjustment is to discount the FRA payment for 90 days at the
90-day rate. Because their payoffs are deferred for 90 days, interest rate swaps and options
do not require this adjustment. Recall that when LIBOR is determined at the beginning of
the settlement period, the swap payment based on that rate occurs at the end of the settle-
ment period. In Chapter 12 we called this advanced set, settled in arrears. As we shall see
later in this chapter, a similar procedure occurs for interest rate options. Yet, the FRA
market works differently for reasons that no one seems to know.2 So in general, an FRA
on an m-day interest rate pays off at expiration but the payoff is discounted for m days at
the m-day rate, which is the settlement procedure known as advanced set, advanced settled
that we briefly mentioned in Chapter 12.

Using LIBOR as the underlying rate, the general payoff of an FRA is

ðNational PrincipalÞ
ðLIBOR � Agreed upon rateÞ m

360

1þ LIBOR
m
360

0
B@

1
CA,

where the reference to “LIBOR” is the underlying LIBOR when the contract expires. The
“Agreed upon rate” is the rate that the two parties agree on when the contract is estab-
lished. Note that LIBOR appears in both the numerator and the denominator. Recall that
“m/360” denotes the accrual period which in this case is actual days divided by 360.

Suppose a party takes a long position in an FRA based on 90-day LIBOR that expires
in 30 days. The notional principal is $20 million. Let the rate agreed upon by the two par-
ties be 5 percent. Thus, in 30 days the payoff to the holder of the long position will be

$20,000,000
ðLIBOR � 0:05Þ 90

360

� �

1þ LIBOR
90
360

� �
0
BB@

1
CCA:

Now let us consider some possible payoffs to the holder of this FRA. Suppose LIBOR
at expiration is 4 percent. Then the payoff is

$20,000,000
ð0:04� 0:05Þ 90

360

� �

1þ 0:04
90
360

� �
0
BB@

1
CCA ¼ �$49,505:

This means that the party who is long has to pay $49,505 to the party who is short. If
LIBOR at expiration is 6 percent, the payoff is

$20,000,000
ð0:06� 0:05Þ 90

360

� �

1þ 0:06
90
360

� �
0
BB@

1
CCA ¼ $49,261:

Hence, the party who is long receives $49,261 from the party who is short. When LIBOR
at expiration is above (below) 5 percent, the holder of the long (short) position receives a

2It is likely that the first FRAs were created in the same departments that were trading currency forwards at
dealer banks. Since currency forwards make their payoffs at expiration, FRAs were probably structured in the
same manner. Evidently interest rate swaps and options were not created in this manner. They were structured
much more like floating-rate loans, in which the rate is determined at one point in time, the interest accrues
for a period, and is paid at the end of the period, the procedure known as advanced set, settled in arrears.
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positive payoff, to be paid by the counterparty. The payoff of the holder of the short
position is found by changing the sign of the payoff of the holder of the long position.

The FRA market uses a distinct terminology to describe its contracts. It refers to an
FRA in the form of “A� B”, where A refers to the number of months until the FRA
expires and B refers to the number of months, as of the contract initiation date, in the
Eurodollar time deposit underlying the FRA. For example, a 6� 9 FRA (pronounced
“6 by 9”) is an FRA that expires in six months with the underlying 90-day LIBOR.
That is, the underlying Eurodollar time deposit matures in nine months, which is three
months or 90 days after the FRA expiration. A 12� 18 FRA expires in 12 months and
the underlying is 180-day Eurodollar time deposit, which has 18 months to go before
maturity when the contract is initiated.

Pricing and Valuation of FRAs
In the example above, we assume that the parties agreed on a rate of 10 percent. In this sec-
tion we shall learn how that rate is determined. In addition, we shall learn how to determine
the value of the FRA at a point during its life before expiration. Let F be the rate the parties
agree on at the start. Let L0(h) be the spot rate for a maturity of h days, which we shall
assume is the maturity date of the FRA. The underlying is m-day LIBOR. Then L0(hþm)
is the spot rate for a maturity of hþm days. We assume a notional principal of $1.

One way to determine the fixed rate on an FRA is to do another set of transactions
that will replicate the payoff of the FRA. Let us do the following to replicate a long posi-
tion in an FRA:

• Go short a Eurodollar time deposit maturing in hþm days that pays 1þ F(m/360).
Assume that we can pay off this loan at any time prior to maturity or pay another
party to take over this obligation.

• Go long a Eurodollar time deposit maturing in h days that pays $1.

In other words, we borrow 1þ F(m/360) for hþm days. We lend $1 to be paid back in
h days.

Now move forward to day h. The loan we owe is not due but it has a market value of

�
1þ F

m
360

� �

1þ LhðmÞ m
360

� � ,

which reflects the discounting of the payoff 1þ F(m/360) at the LIBOR rate at the expiration,
which is Lh(m). The minus sign reflects the fact that we owe this amount. We shall now go
ahead and pay off the loan early. Since this is the value of this loan, we could technically pay it
off. The loan we hold is due so we receive $1. Thus, the cash flow at this point is

1�
1þ F

m
360

� �

1þ LhðmÞ m
360

� � :

Algebraic rearrangement of this equation gives

1þ Lh
m
360

� �� �
� 1þ F

m
360

� �� �

1þ LhðmÞ m
360

� � ¼
ðLhðmÞ � FÞ m

360

� �

1þ LhðmÞ m
360

� � :
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This is the payoff of the FRA, so this strategy replicates an FRA. Thus, it must have the
same value as the FRA at the start. The value of the FRA at the start is the value of the
loan we made minus the value of the loan we took out, which is

1

1þ L0ðhÞ h
360

� � ¼
1þ F

m
360

� �

1þ L0ðhþmÞ hþm
360

� �
0
BB@

1
CCA,

which must equal zero. Setting this to zero and solving for F gives

F ¼
1þ L0ðhþmÞ hþm

360

� �

1þ L0ðhÞ h
360

� � � 1

0
BB@

1
CCA 360

m

� �
:

This looks like a complex formula, but it is actually just the formula
for the forward rate using the LIBOR term structure. A typical for-
ward rate calculation would have 1þ the longer term rate raised to a
power in the numerator and 1þ the shorter term rate raised to a

power in the denominator. This is more or less what we see here, but there are no
exponents because compounding and discounting in the Eurodollar market is done using
rate� days/360, rather than raising 1þ the rate to a power. Also, in the above formula
subtracting 1 and multiplying by 360/m annualizes the rate.

Table 13.1 illustrates how this formula is used to solve for the rate on an FRA. A firm
enters into an FRA that expires in 30 days. The underlying is 90-day LIBOR. The term
structure of interest rates is 5.5 percent for 30 days and 5.14 percent for 120 days.

Recall that in examining swaps, the value of the contract is zero at
the start. Later during its life—after the swap was initiated but before
it expires—we needed to determine the value of the swap. We need to
do the same for the FRA. To do so, let us position ourselves at a
future day g, which is after day 0 but before the expiration, day h.

We hold an FRA set at the rate F that will pay off in h� g days.
The relevant term structure is LIBOR for h� g days and hþm� g days. Recall the
transactions that we set up on day 0 to replicate the payoff of the FRA. The value of

TABLE 13.1 SOLVING FOR THE RATE ON A FORWARD

RATE AGREEMENT

To solve for the rate on a 30-day FRA in which the underlying is 90-day LIBOR, we have h ¼ 30
and m ¼ 90. Thus, we need L0(30) and L0(120), the 30- and 120-day LIBOR spot rates, which are

Term Rate

30 days 5.5%

120 days 5.14%

The forward rate is found as follows:

F ¼
1þ 0:0514

120
360

� �

1þ 0:055
30
360

� � � 1

0
BB@

1
CCA 360

90

� �
¼ 0:05

An FRA is priced by finding the forward rate
in the term structure of the underlying rate.

The value of an FRA is obtained by deter-
mining the value of a strategy of long a
long-term underlying and short a short-term
underlying.
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that combination of Eurodollar time deposits on day g will give us the value of the FRA
on day g. Remember that the combination consists of a time deposit that we owe paying
1þ F(m/360) on day hþm and one that we hold paying $1 on day h. The value of this
combination on day g is the value of the FRA, which we denote as VFRA,

VFRA ¼ 1

1þ Lgðh� gÞ h� g
360

� �
0
BB@

1
CCA�

1þ F
m
360

� �

1þ Lgðhþm� gÞ hþm� g
360

� �
0
BB@

1
CCA:

The first term in the large parentheses is the value of the Eurodollar time deposit that we
hold. Its value is based on discounting the payoff of $1 at the rate for h� g days. The
second term in large parentheses is the value of the time deposit we owe, in which we
pay 1þ F(m/360) in hþm� g days, discounted at the rate for hþm� g days.

An alternative expression for the value of an FRA on day g is (note we introduce a
subscript to denote when the forward rate is set)

VFRA ¼
ðFg � F0Þ m

360

� �

1þ Lgðhþm� gÞ hþm� g
360

� � :

The value of the FRA is the present value of the change in the forward rate.
Table 13.2 illustrates this result. We see that changes in market conditions over this

20-day period of time have resulted in an increase in the value of the FRA from zero to
over $3,000.

Applications of FRAs
In the example we have been working with, the buyer of the FRA could well have been a
pure speculator, using the instrument to profit from an expectation of higher interest
rates. In most cases, however, users of FRAs are borrowers and lenders who want protec-
tion against interest rate changes. FRAs are ideal for parties who anticipate the need to

TABLE 13.2 VALUING A FORWARD RATE AGREEMENT

DURING ITS LIFE

Consider the FRA we priced in Table 13.1. It is now 20 days into its life, with 10 days remaining.
Thus, g ¼ 20, h ¼ 30, and h þ m ¼ 120. We shall need the term structure for h � g ¼ 10 days and
h þ m � g ¼ 100 days. These rates are

Term Rate

10 days 5.25%

100 days 5.10%

The value of the FRA is found as follows:

20,000,000
1

1þ 0:0525
10
360

� �
0
BB@

1
CCA�

1þ 0:05
90
360

� �

1þ 0:0510
100
360

� �
0
BB@

1
CCA

2
664

3
775¼ $3,744
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borrow money at a future date. The most appropriate type of loan for an FRA is a loan
equivalent to a zero coupon bond. The borrower receives the proceeds from the loan and
makes a single payment at maturity of principal plus interest. Of course, for the best
match, the interest on the loan should be calculated in the same manner in which it is
calculated on the FRA.

Continuing with our example, consider a firm that needs to borrow $20 million in 30
days. The rate will be set at LIBOR plus 100 basis points. The firm is concerned with the
risk associated with LIBOR over this 30-day period, so it feels that the purchase of an FRA
would be a good way to protect against a possible increase in LIBOR. Of course, the FRA
would also prevent the firm from benefiting from a decrease in LIBOR. The firm decides
that a long position in an FRA is an appropriate response to this risk that it does not wish
to bear. There are, however, a few technical details that must be considered.

Recall that the FRA will pay off in 30 days. The loan, however, will be taken out at
that time and will be paid back, with interest, 90 days later. Thus, the FRA payoff is
designed to protect against interest that is paid 90 days after the FRA expires. To appro-
priately analyze the effectiveness of the FRA, we might consider the FRA payoff as
reducing or increasing the amount borrowed. Alternatively, we could take the FRA pay-
off, compound it for 90 days, and incorporate it into the amount paid back on the loan.
In other words, if the FRA pays a positive amount, we reinvest this amount at LIBOR for
90 days. If it pays a negative amount, we borrow this amount at LIBOR for 90 days. This
is the approach we shall take here: we borrow the $20 million in 30 days and compound
the FRA payoff 90 days, adding it to or subtracting it from the interest.3 The results are
shown in Table 13.3.

Let us verify one of the outcomes. Let LIBOR be 6 percent. The calculation of the
FRA payoff of $ 49,261 was covered earlier. Compounding this amount for 90 days at
6 percent gives

$49,261 1þ 0:06
90
360

� �� �
¼ $50,000,

subject to round-off error. The amount due on the loan is the principal compounded at
6 percent plus the 100 basis point premium for 90 days:

$20,000,000 1þ ð0:06þ 0:01Þ 90
360

� �� �
¼ $20,350,000:

The total amount due is $20,350,000 minus the payoff on the FRA of $50,000 for $20,300,000.
Thus, the firm borrowed $20 million and 90 days later paid back $20,300,000. The effec-
tive rate is found as follows:

$20,300,000
$20,000,000

� �365=90
� 1 ¼ 0:0622:

Had the firm not done the FRA, it would have paid back $20,350,000. The effective rate
without the FRA would then be

$20,350,000
$20000,000

� �365=90
� 1 ¼ 0:0729:

3It is possible, if not likely, that we might not be able to borrow or invest the payoff at LIBOR, but we shall
ignore this point to keep the illustration as simple as possible.
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We see that the effective rate using the FRA is always 6.22 percent, which is illustrated
in Figure 13.2. The higher LIBOR is, the higher the effective rate without the FRA. If
LIBOR were below 5 percent, the FRA payoff would be negative and the amount paid
back would be larger as a result of the loss on the FRA. But overall, the total amount
due would be the same, $20,300,000, and the effective rate would be 6.22 percent.

FRAs have fairly limited uses, being mostly restricted to the situation described here.
As noted, they can be used to speculate on interest rates. A series of FRAs with different
expirations could be combined to hedge the risk on a floating-rate loan. Since the term
structure would not likely be flat, however, each FRA would probably be at a different
rate. Thus, the firm would lock in a series of different fixed rates for each of the floating
interest payments on its loan. Most firms prefer to lock in the same fixed rate for each of
its loan payments. This result is easily achieved with a swap. Indeed a swap is a series of
FRAs, but with each FRA at the same rate. Of course if each FRA were priced at the
same rate, some of the FRAs would be worth more than zero and some would be worth
less than zero at the start, but collectively they would add up to a value of zero. An FRA
that is not worth zero at the start is called an off-market FRA. Thus, a swap is a series of
off-market FRAs.

INTEREST RATE OPTIONS
Interest rate options are a lot like forward rate agreements. Instead of being a firm com-
mitment to make a fixed interest payment and receive a floating interest payment, they

TABLE 13.3 HEDGING AN ANTICIPATED LOAN WITH

A FORWARD RATE AGREEMENT

Scenario: A firm plans to borrow $20 million in 30 days at 90-day LIBOR plus 100 basis points. The loan will be paid back with
principal and interest 90 days later. Concerned about the possibility of rising interest rates, the firm would like to lock in the rate it
pays by going long an FRA. The rate on 30-day FRAs based on 90-day LIBOR is 5 percent. Interest on the loan and the FRA is
based on the factor 90/360. The outcomes for a range of LIBORs are shown below.

LIBOR on
Day 30

FRA Payoff on
Day 30

FRA Payoff
Compounded to

Day 120

Amount Due
on Loan on
Day 120

Total
Amount Paid
on Day 120

Effect ive Rate
on Loan

Effect ive Rate
without FRA

1.00% −$199,501 −$200,000 $20,100,000 $20,300,000 6.22% 2.04%

1.50% −$174,346 −$175,000 $20,125,000 $20,300,000 6.22% 2.56%

2.00% −$149,253 −$150,000 $20,150,000 $20,300,000 6.22% 3.08%

2.50% −$124,223 −$125,000 $20,175,000 $20,300,000 6.22% 3.60%

3.00% −$99,255 −$100,000 $20,200,200 $20,300,000 6.22% 4.12%

3.50% −$74,349 −$75,000 $20,225,000 $20,300,000 6.22% 4.64%

4.00% −$49,504 −$50,000 $20,250,000 $20,300,000 6.22% 5.17%

4.50% −$24,721 −$25,000 $20,275,000 $20,300,000 6.22% 5.69%

5.00% $0 $0 $20,300,000 $20,300,000 6.22% 6.22%

5.50% $24,661 $25,000 $20,325,000 $20,300,000 6.22% 6.76%

6.00% $49,262 $50,000 $20,350,000 $20,300,000 6.22% 7.29%

6.50% $73,801 $75,000 $20,375,000 $20,300,000 6.22% 7.82%

7.00% $98,281 $100,000 $20,400,000 $20,300,000 6.22% 8.36%

7.50% $122,700 $125,000 $20,425,000 $20,300,000 6.22% 8.90%

8.00% $147,059 $150,000 $20,450,000 $20,300,000 6.22% 9.44%

8.50% $171,359 $175,000 $20,475,000 $20,300,000 6.22% 9.99%

9.00% $195,600 $200,000 $20,500,000 $20,300,000 6.22% 10.53%
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represent the right to make a fixed interest payment and receive a floating interest pay-
ment or to make a floating interest payment and receive a fixed interest payment. Unlike
the options we have already covered, interest rate options have an exercise rate or
strike rate, rather than an exercise price or strike price. While European and American
versions are available, interest rate options are more often than not of the European
variety. This is because they are normally used to hedge an interest rate exposure on
a specific date.

Structure and Use of a Typical Interest Rate Option
Like most options, interest rate options come in the form of calls and
puts. An interest rate call gives the holder the right to make a known
interest payment, based on the exercise rate, and receive an unknown
interest payment. This unknown interest payment will usually be de-
termined by an interest rate such as LIBOR. To acquire the option,
the buyer pays a premium, the option price, up front. The option

expires at a specific date known, of course, as the expiration. As with swaps and FRAs,
an interest rate option is based on a given amount of notional principal on which the
interest is calculated. Using the symbol X as the exercise rate and m-day LIBOR as the
underlying, the payoff of an interest rate call is as follows:

ðNotional PrincipalÞ Maxð0; LIBOR � XÞ m
360

� �� �
:

Figure 13.2 Cost of Loan with or without FRA
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An interest rate call option gives the holder
the right to make an interest payment at a
fixed rate and receive an interest payment
at a floating rate.
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An interest rate put permits the holder the right to pay a floating rate and receive a fixed
rate. The payoff of an interest rate put is as follows:

ðNotional PrincipalÞ Maxð0;X� LIBORÞ m
360

� �� �
:

As noted earlier in this chapter, in contrast to the payment on an
FRA, the payoff of an interest rate option does not occur at the
expiration. If the underlying is m-day LIBOR, the payoff occurs m
days after the expiration of the option. Remember that in an FRA,
the payoff is made at expiration, but is based on a rate such as
m-day LIBOR, which assumes that payment occurs m days later.

Hence, the discounting of the payoff is appropriate for an FRA. For an interest rate
option (as well as an interest rate swap), the payoff is deferred, so no discounting is
required.

Consider interest rate call and put options with notional principals of $20 million,
expiring in 30 days; an underlying of 90-day LIBOR; and exercise rates of 5 percent.
Let us look at how the payoffs are calculated. Suppose that at expiration LIBOR is 1 percent.
The call payoff would be

$20,000,000 Maxð0; 0:01� 0:05Þ 90
360

� �� �
¼ $0,

and the put payoff would be

$20,000,000 Maxð0; 0:05� 0:01Þ 90
360

� �� �
¼ $200,000:

If LIBOR at expiration is 9 percent, the call payoff would be

$20,000,000 Maxð0; 0:09� :05Þ 90
360

� �� �
¼ $200,000,

and the payoff on the put would be

$20,000,000 Maxð0; 0:05� :09Þ 90
360

� �� �
¼ $0:

These payoffs are made 90 days after the expiration of the options.

Pricing and Valuation of Interest Rate Options
In Part 1 of this book, we devoted a great deal of effort to pricing options. We discussed
the binomial model and the Black-Scholes-Merton model for pricing options on assets,
and the Black model for pricing options on futures. Pricing interest rate options, how-
ever, is much more complicated. To obtain the most accurate interest rate option pricing
requires the development of a fairly sophisticated model that will capture movements in
the term structure. To capture movements in the term structure, the model must simul-
taneously reflect movements in all bonds in the market and do so without permitting
any arbitrage opportunities. Binomial models of the term structure are commonly used
for this purpose, but they are quite sophisticated. We shall approach interest rate option
pricing from an alternative and less complex angle. In fact, many interest rate option
dealers use this simple approach.

The method we use is the Black model. Remember from Chapter 9 that the Black
model is designed for pricing options on futures contracts. Likewise, it can be used

An interest rate put option gives the holder
the right to make an interest payment at a
floating rate and receive an interest pay-
ment at a fixed rate.
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for pricing options on forward contracts. The Black model is commonly used in pricing
interest rate options by noting that in an interest rate option, the underlying is the cur-
rent value of the interest rate at expiration. The current value of this rate would be the
forward rate. That is, suppose the underlying is 90-day LIBOR and the option expires in
30 days. Then the forward rate for a 90-day Eurodollar time deposit to start in 30 days is
the underlying when the option is initiated. That rate evolves over the 30-day life of the
option into the 90-day LIBOR at the expiration of the option. Thus, we start by taking
the forward rate as the underlying in the Black model. The exercise rate of the option is
used as the exercise price in the model. The time to expiration is easily defined as the
number of days to expiration of the option divided by 365. The volatility is the volatility
of the forward rate. We shall not spend much time on the volatility, relying primarily on
our understanding of the general notion of volatility from Chapter 5. Note, however, that
we are referring to the volatility of the relative change in a rate, rather than a price. The
risk-free rate is the risk-free rate for the period to the option’s expiration. It is important
to note, however, that the forward rate and risk-free rate should be in continuously com-
pounded form. Technically, the exercise rate should also be viewed as a continuously
compounded rate, but we shall just leave it in discrete form. The Black model is not a
perfect fit for the situation of pricing an interest rate option, but it provides a reasonable
approximation.

The interest rate call option that we shall examine has 30 days until expiration. Thus,
T¼ 30/365¼ 0.0822. The exercise rate is 5 percent. The continuously compounded for-
ward rate is obtained as the continuously compounded equivalent of the forward rate
based on the term structure. The problem we are working here is the same one we
worked when examining FRAs. In Table 13.1 we saw that the 30-day LIBOR is 5.5 per-
cent, and the 120-day LIBOR is 5.14 percent. Using this information, we calculate the
continuously forward rate as follows:

ln
1þ 0:0514

120
360

� �

1þ 0:05
30
360

� �
0
BB@

1
CCA 365

90

� �
¼ 0:0520:

The numerator inside the log function is the compound value of $1 invested at 5.14 per-
cent for 120 days. The denominator is the compound value of $1 invested at 5 percent
for 30 days. This ratio is one plus the forward rate for 30 days. Taking the log converts it
to continuous compounding and multiplying by 365/90 annualizes it.

Finally, we need the continuously compounded risk-free rate for
30 days. We know that $1 invested for 30 days grows to $1(1þ
0.05(30/360))¼ 1.0041667. We take the log of this and multiply by
365/30 to obtain r¼ 0.0506.

Now, suppose we plug these values into the Black model. The re-
sult we obtain reflects the assumption that the option payoff occurs at
expiration. With interest rate options, the payoff is deferred. Thus,

when the underlying is an m-day rate, we need to discount the payoff m days (90 in
this problem) at the continuously compounded forward rate, denoted as F. Letting C be
the Black call option price:

Interest rate option price ¼ e�Fðm=365ÞC:

Finally, we must note that the result we obtain is stated in terms of an annual interest
rate. This is an acceptable way to quote the option price, but to obtain the contract

Pricing an interest rate option is a complex
process, but a simple approach can be
taken by applying the Black model for
pricing options on futures, with the forward
rate serving as the underlying.
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premium (the actual amount paid), we must multiply by m/360 and the notional
principal:

Contract premium ¼ ðNotional PrincipalÞ days
360

� �
ðInterest rate options priceÞ:

Table 13.4 illustrates the calculation of the interest rate option price and the contract
premium.

Interest Rate Option Strategies
Recall the interest rate call example that we used previously. We purchased a call on
90-day LIBOR expiring in 30 days. The exercise rate was 10 percent. In the previous sec-
tion, we showed that the price of this call, using a computer for the calculations, would
be $14,866. It is easy to consider a scenario in which we might want to buy this call. In
fact, this call was created to show an alternative to the FRA as a solution for the problem
we discussed earlier in this chapter. Recall that a company was planning to borrow
$20 million in 30 days at 90-day LIBOR plus 100 basis points. The loan would involve
a single repayment of interest and principal 90 days later. When using an option,
however, there is one additional aspect of the problem we must consider. Remember
that we pay the option premium today. Thirty days later, the option expires and its pay-
off is determined. We borrow the money at that point. Ninety days later, we receive the
option payout, if any, and pay back the loan. When using FRAs, we had cash flows on
day 30 and 90 days later on day 120. When using options we have cash flows on day 0,
day 30, and day 120. To determine the effective rate on the loan, we must somehow

TABLE 13.4 CALCULATING AN INTEREST RATE OPTION PRICE

AND CONTRACT PREMIUM USING THE BLACK

MODEL

F ¼ 0.0520 X ¼ 0.05 rc ¼ 0.0506 σ ¼ 0.3 T ¼ 0.0822 m ¼ 90

1. Compute d1: d1 ¼ lnð0:0520=0:05Þ þ ð0:32=2Þ0:0822
0:3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0822

p ¼ 0:4990

2. Compute d2: d2 ¼ 0:4990� 0:3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0822

p ¼ 0:4130

3. Look up N(d1): N(0.50) ¼ 0.6915

4. Look up N(d2): N(0.41) ¼ 0.6591

5. Calculate the Black call option price and discount at the risk-free rate for the life of the option to
obtain the interest rate option price:

C ¼ e�0.0506(0.0822)[0.0520(0.6915) � 0.05(0.6591)] ¼ 0.00299054

Interest rate option price ¼ 0.00299054e�0.0502(90/365) ¼ 0.00295244

6. Multiply the interest rate option price by the notional principal times m/360:

Contract price ¼ 20:000,000
90
360

� �
0:00295244 ¼ $14;762

Note: Using a computer for a more precise result gives a premium of $14,866, which we shall use.
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incorporate the option premium into the cash flows on the loan. We do this by com-
pounding it from day 0 to day 30 at the 30-day rate.4 This amounts to

$14;866 1þ 0:05
30
360

� �� �
¼ $14;928:

When the loan is taken out, the proceeds of $20 million are effectively only $20,000,000�
$14,928¼ $19,985,072, reflecting the fact that the option was purchased in conjunction
with the loan. Table 13.5 presents the results of this strategy of hedging a loan with an
interest rate call. Let us do a sample calculation.

TABLE 13.5 HEDGING AN ANTICIPATED LOAN WITH AN

INTEREST RATE CALL

Scenario: A firm plans to borrow $20 million in 30 days at 90-day LIBOR plus 100 basis points. The loan will be paid back with
principal and interest 90 days later. Concerned about the possibility of an increase in interest rates before the loan is taken out, the
firm would like to protect against an increase in interest rates, while preserving the flexibility to benefit from a decrease in interest
rates. An interest rate call is appropriate for this objective. Interest on the loan and the call is based on the factor 90/360. The call
will have an exercise rate of 10 percent and cost $14,866. The cost of the call is compounded for 30 days at the 30-day rate of
5 percent to obtain $14,928, which is the effective cost of the call at the time the loan is taken out. The proceeds from the loan
are $20,000,000 − $17,528 = $19,985,072. The outcomes for a range of LIBORs are shown below.

LIBOR on
Day 30

Cal l Payoff on
Day 120

Amount Due on
Loan on Day 120

Total Amount Paid
on Day 120

Effect ive Rate on
Loan

Effect ive Rate
without Cal l

1.00% $0 $20,100,000 $20,100,000 2.35% 2.04%

1.50% $0 $20,125,000 $20,125,000 2.87% 2.56%

2.00% $0 $20,150,000 $20,150,000 3.39% 3.08%

2.50% $0 $20,175,000 $20,175,000 3.91% 3.60%

3.00% $0 $20,200,200 $20,200,200 4.43% 4.12%

3.50% $0 $20,225,000 $20,225,000 4.96% 4.64%

4.00% $0 $20,250,000 $20,250,000 5.49% 5.17%

4.50% $0 $20,275,000 $20,275,000 6.02% 5.69%

5.00% $0 $20,300,000 $20,300,000 6.55% 6.22%

5.50% $25,000 $20,325,000 $20,300,000 6.55% 6.76%

6.00% $50,000 $20,350,000 $20,300,000 6.55% 7.29%

6.50% $75,000 $20,375,000 $20,300,000 6.55% 7.82%

7.00% $100,000 $20,400,000 $20,300,000 6.55% 8.36%

7.50% $125,000 $20,425,000 $20,300,000 6.55% 8.90%

8.00% $150,000 $20,450,000 $20,300,000 6.55% 9.44%

8.50% $175,000 $20,475,000 $20,300,000 6.55% 9.99%

9.00% $200,000 $20,500,000 $20,300,000 6.55% 10.53%

4An argument can be made for the fact that the rate used in this calculation should be the 30-day rate plus the
1 percent premium. If the company borrowed this money then it would have to pay the 30-day LIBOR plus
the 1 percent premium. Alternatively, if the company used its own cash to buy the option, we should com-
pound the premium at its opportunity cost or the lending rate, which is probably less than LIBOR. For FRAs,
this problem is not an issue because no premium is paid up front. There is no clear-cut answer on this ques-
tion, so we shall just compound it at LIBOR.
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Suppose LIBOR at expiration is 3 percent. The option payoff is

$20,000,000Max ð0,0:03� 0:05Þ 90
360

� �
¼ $0:

The amount due on the loan 90 days later is

$20,000,000 1þ ð0:03þ 0:01Þ 90
360

� �� �
¼ $20,200,000:

Thus, the total amount due is $20,200,000. The effective rate on the loan is

$20,200,000
$19,985,072

� �365=90
� 1 ¼ 0:0443:

Without the call, the full loan proceeds of $20 million would be received on day 30. Then
the effective rate on the loan would be

$20,200,000
$20,000,000

� �365=90
� 1 ¼ 0:0412:

Now, suppose LIBOR at expiration is 7 percent. The option payoff is

$20,000,000Max ð0,0:07� 0:05Þ 90
360

� �
¼ $100,000:

The amount due on the loan 90 days later is

$20,000,000 1þ ð0:07þ 0:01Þ 90
360

� �� �
¼ $20,400,000:

Thus, the total amount due is $20,400,000 less the option payoff of $100,000 for a total of
$20,300,000. The effective rate on the loan is

$20,300,000
$19,985,072

� �365=90

�1 ¼ 0:0655:

Without the call, the full loan proceeds of $20 million would be received on day 30. Then
the effective rate on the loan would be

$20,400,000
$20,000,000

� �365=90

�1 ¼ 0:0836:

Figure 13.3 illustrates the effective rate on the loan with and without the call. Observe
how the effective rate increases without limit in the absence of the call. The call limits the
effective rate. If the 30-day LIBOR at expiration is below the exercise rate of 5 percent, how-
ever, the call is not exercised and the cost of the call raises the effective rate on the loan.

Let us look at an interest rate put in a much higher interest rate scenario. Consider a bank
that plans to make a $10 million floating-rate loan in 90 days. The loan will be for 180 days,
and the rate will be 180-day LIBOR plus 150 basis points. The current 90-day LIBOR is
10.5 percent. The bank is worried about falling interest rates over the period from now until
the loan starts. Thus, an interest rate put option would be appropriate. An interest rate
put option with an exercise rate of 9 percent is priced at $5,023 for this contract.5 This

5You can verify this result using the Black model for an interest rate put and the following information. The
continuously compounded forward rate is 9.45 percent, the exercise rate is 9 percent, the continuously com-
pounded risk-free rate is 10.51 percent, the time to expiration is 90/365 ¼ 0.2466, and the volatility is 0.15.
The answer of $5,023 was obtained on a computer. Your answer computed by hand should be about $4,323.
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premium would then be compounded for 90 days at the 90-day rate of 10.5 percent to
obtain a value of

$5,023 1þ 0:105
90
360

� �� �
¼ $5,155:

Even though the option is purchased on day 0, this is the effective cost of the option on
the day the loan is taken out, 90 days later. Thus, when the bank makes the loan it
effectively pays out $10,000,000þ $5,155¼ $10,005,155. The results are presented in
Table 13.6.

Suppose LIBOR at expiration is 5 percent. Then the payoff of the put is

$10,000,000Maxð0,0:09� 0:05Þ 180
360

� �
¼ $200,000:

The amount due on the loan is

$10,000,000 1þ ð0:05þ 0:015Þ 180
360

� �� �
¼ $10,325,000:

So the bank receives $10,325,000 on the loan plus $200,000 on the put for a total amount
due of $10,525,000. As we noted, the effective outlay on the loan is $10,005,155. Thus,
the effective rate on the loan is

$10,525,000
$10,005,155

� �365=180
� 1 ¼ 0:1082:

Figure 13.3 Cost of Loan with and without Interest Rate Call
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Without the put, the outlay on the loan is only $10,000,000, but the effective rate on the
loan is

$10,325,000
$10,000,000

� �365=180
� 1 ¼ 0:067:

Suppose LIBOR at expiration is 13 percent. Then the payoff of the put is

$10,000,000Maxð0,0:09� 0:13Þ 180
360

� �
¼ $0:

The amount due on the loan is

$10,000,000 1þ ð0:13þ 0:015Þ 180
360

� �� �
¼ $10,725,000:

TABLE 13.6 HEDGING AN ANTICIPATED LOAN WITH AN

INTEREST RATE PUT

Scenario: A bank plans to lend $10 million in 90 days at 180-day LIBOR plus 150 basis points. The loan will be paid back with
principal and interest 180 days later. Concerned about the possibility of falling interest rates before the loan is taken out, the bank
would like to protect against a decrease in interest rates, while preserving the flexibility to benefit from an increase in interest rates.
An interest rate put is appropriate for this objective. Interest on the loan and the put is based on the factor 180/360. The put will
have an exercise rate of 9 percent and will cost $5,023. The cost of the put is compounded for 90 days at the 90-day rate of 10.5
percent to obtain $5,155, which is the effective cost of the put at the time the loan is taken out. The effective amount lent is
$10,000,000 + $5,155= $10,005,155. The outcomes for a range of LIBORs are shown below.

LIBOR
on Day 90

Put Payoff
on Day 270

Amount Received on
Loan on Day 270

Total Amount Received
on Day 270

Effect ive Rate
on Loan

Effect ive Rate
without Put

5.0% $200,000 $10,325,000 $10,525,000 10.82% 6.70%

5.5 175,000 10,350,000 10,525,000 10.82 7.22

6.0 150,000 10,375,000 10,525,000 10.82 7.75

6.5 125,000 10,400,000 10,525,000 10.82 8.28

7.0 100,000 10,425,000 10,525,000 10.82 8.81

7.5 75,000 10,450,000 10,525,000 10.82 9.34

8.0 50,000 10,475,000 10,525,000 10.82 9.87

8.5 25,000 10,500,000 10,525,000 10.82 10.40

9.0 0 10,525,000 10,525,000 10.82 10.93

9.5 0 10,550,000 10,550,000 11.35 11.47

10.0 0 10,575,000 10,575,000 11.89 12.00

10.5 0 10,600,000 10,600,000 12.42 12.54

11.0 0 10,625,000 10,625,000 12.96 13.08

11.5 0 10,650,000 10,650,000 13.50 13.62

12.0 0 10,675,000 10,675,000 14.04 14.16

12.5 0 10,700,000 10,700,000 14.59 14.71

13.0 0 10,725,000 10,725,000 15.13 15.25
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So the bank receives $10,725,000 on the loan but nothing on the put. Given the effective
outlay on the loan of $10,005,155, the effective rate on the loan is

$10,725,000
$10,005,155

� �365=180
� 1 ¼ 0:1513:

Without the put, the effective rate on the loan is

$10,725,000
$10,000,000

� �365=180
� 1 ¼ 0:1525:

A graph of the results is in Figure 13.4. Note how the loan without the put has con-
siderable downside risk. The loan with the put participates in the benefits from high
interest rates but is protected against low interest rates. If interest rates are higher, how-
ever, the loan generates a lower return, due to the put premium, than the loan without
the put.

Interest Rate Caps, Floors, and Collars
What we have covered so far with respect to interest rate options does not include the
majority of the situations in which interest rate options are used. Recall from Chapter 12
how we showed that swaps are widely used in conjunction with floating-rate loans. In this
chapter so far, we have examined only loans involving one payment. FRAs, interest rate
calls, and interest rate puts are not useful for loans involving more than one payment, at
least not in the form we have seen them here. Interest rate calls and puts can, however, be
combined into a series of options that can effectively protect floating-rate loans. The anal-
ogy is that a swap, which is effectively a combination of FRAs, can protect a floating-rate
loan, as we saw in Chapter 12. Of course, swaps and FRAs are commitments. In some
cases, an option is preferred. Options provide flexibility to benefit from rate movements
in one direction, while not being hurt by rate movements in another direction.

Figure 13.4 Return on Loan with and without Interest Rate Put
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A combination of interest rate calls designed to protect a borrower in a floating-rate
loan against increases in interest rates is called an interest rate cap. Each component call
is referred to as a caplet. A combination of interest rate puts designed to protect a lender
in floating-rate loan against decreases in interest rates is called an interest rate floor.
Each component put is referred to as a floorlet. A combination of a long cap and short
floor is called an interest rate collar, which is similar to but still different from the col-
lars we discussed in Chapter 7. A collar is most often used by a borrower and consists of
a long position in a cap, financed by selling a short position in a floor.

Interest Rate Caps Let us first look at an example of a cap. On January 2, a firm
borrows $25 million over one year. It will make payments on April 2, July 2, October
2, and next January 2. On each of these dates, starting with January 2, LIBOR in effect
on that date will be the interest rate paid over the next three months. The current LIBOR
is 10 percent. The firm wishes to fix the rate on each payment at no more than 10 per-
cent, so it buys a cap for an up-front payment of $70,000 with an exercise rate of 10
percent. The payoffs are based on the exact number of days in the settlement period
and a 360-day year. At each interest payment date, the cap will be worth

$25,000,000Maxð0, LIBOR � 0:010Þ days
360

� �
,

where LIBOR is understood to be set on the previous settlement date
and “days” is the number of days in the period. LIBOR for the first
payment is set when the loan is initiated. Thus, as we previously dis-
cussed for interest rate options, the decision to exercise is made at the
beginning of the settlement period, which is the date on which the
rate is set, but the payoff occurs at the end of the settlement period.

If LIBOR exceeds 10 percent, the firm will exercise the option and receive an amount as given
by this equation. This payoff helps offset the higher interest rate on the loan. Table 13.7
illustrates a set of possible payments that might occur on this loan. Of course, these payments
represent only one of an infinite number of possible LIBORs on the various settlement dates.

TABLE 13.7 AFTER-THE-FACT PAYMENTS FOR LOAN WITH

INTEREST RATE CAP

Scenario: On January 2, a company takes out a $25 million one-year loan with interest paid quarterly at LIBOR. To protect against
rising interest rates, the company buys an interest rate cap with an exercise rate of 10 percent for a premium of $70,000. The interest
payments on the loan and the payoffs of the cap are based on the exact number of days and a 360-day year.

Date
Days in
Period

LIBOR
(%)

Interest
Due

Cap
Payment

Principal
Repayment Net Cash Flow

Net Cash Flow
without Cap

Jan 2 10.000 −$70,000 $0 $24,930,000 $25,000,000

Apr 2 90 9.750 $625,000 — 0 −625,000 −625,000

Jul 2 91 12.375 616,146 0 0 −616,146 −616,146

Oct 2 92 11.500 790,625 151,736 0 −638,889 −790,625

Jan 2 92 734,722 95,833 25,000,000 −25,638,889 −25,734,722

Effective annual rate

Without cap: 11.50%

With cap: 10.78%

Note: This combination of LIBORs on the above dates represents only one of an infinite number of possible outcomes.
They are used only to illustrate how the payments are determined and not the likely results.

An interest rate cap is a combination of
interest rate calls designed to protect a
borrower in a floating-rate loan against
increases in interest rates.
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For the first quarter, the firm will pay LIBOR of 10 percent in effect on January 2.
Thus, on April 2 it will owe $25,000,000(0.10)(90360)¼ $625,000, based on 90 days
from January 2 to April 2.6 Then, on April 2, LIBOR is 9.75 percent, and the caplet ex-
pires out-of-the-money. On July 2, LIBOR is 12.375 percent. Because this rate exceeds
the exercise rate of 10 percent, the caplet expires in-the-money. Thus, on October 2,
the company will receive a payment of

$25,000,000Maxð0, 0:12375� 0:10Þ 92
360

� �
¼ $151,736:

This payment will help offset the interest of $790,625, based on a rate of 12.375 percent
for 92 days from July 2 to October 2. LIBOR on October 2 is 11.5 percent, so a caplet
will also pay off on January 2. The net effect of these cash flows is seen in Column 7 of
Table 13.7. On January 2, the firm received $25 million from the lender but paid out
$70,000 for the cap, for a net cash inflow of $24,930,000. It made periodic payments as
shown, and on the next January 2 repaid the principal and made the final interest pay-
ment less the cap payoff. Note that because of the cap, the net interest payments differ
only because of the different number of days during each settlement period and not be-
cause of the rate. The interest rate is effectively capped at the exercise rate of 10 percent.

If we wish to know the annualized rate the firm actually paid, we must solve for the
internal rate of return, which requires a computer or financial calculator. We are solving
for the rate that equates the present value of the four payouts to the initial receipt:

$24,930,000 ¼ $625,000

ð1þ yÞ1 þ $616,146

ð1þ yÞ2 þ $638,889

ð1þ yÞ3 þ $25,638,889

ð1þ yÞ4 :

The solution is y¼ 0.025927. Annualizing this result gives a rate of (1.025927)4� 1¼ 0.1078.
The last column in Table 13.7 shows the cash flows if the cap had not been purchased.
Solving for the internal rate of return using those numbers and annualizing this result
gives a rate of 0.115. Thus, the cap saved the firm 72 basis points, because during the life
of the loan, interest rates were higher than they were at the time the loan was initiated. Of
course, if rates had fallen, the firm probably would have paid a higher effective rate with the
cap, because the caplets would have been out-of-the-money but the premium was expended.

Pricing caps proceeds in the same manner as pricing interest rate calls. Each caplet is
a separate interest rate call, but with a different expiration and a potentially different for-
ward rate, risk-free rate, and volatility. The total price of the cap is the sum of the prices
of the component caplets.

Interest Rate Floors An interest rate floor is typically used by a lender in a floating-
rate loan who wants protection against falling rates. As noted above, a floor contains a
series of interest rate put options, each of which is called a floorlet. At each interest pay-
ment date, the payoff of an interest rate floor tied to LIBOR with an exercise rate of, say,
8 percent, payoffs based on the exact number of days and a 360-day year, and a notional
principal of $15 million will be

$15,000,000Max ð0, 0:08� LIBORÞ days
360

� �
,

where as previously noted, LIBOR is set at the beginning of the settlement period.

6There is no caplet that pays off on April 2, because the rate on April 2 is set on January 2, the day the loan is
taken out and the cap is purchased. There is no uncertainty associated with that rate. If the cap were pur-
chased in advance of the day on which the loan is taken out, the firm might add a caplet that would expire
on January 2 and pay off on April 2.
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Suppose on December 16 a bank makes a one-year, $15 million loan with payments at
LIBOR on March 16, June 16, September 15, and next December 16. LIBOR is currently
7.875 percent. Thus, on March 16 the bank will receive $15,000,000 [0.07875(90/360)]¼
$295,313 in interest, which is based on 90 days between December 16 and March 16. The
bank purchases a floor for $30,000 at an exercise rate of 8 percent. The new rate on March
16 is 8.25 percent, so the first floorlet expires out-of-the-money. LIBOR on June 16 is
7.125 percent, however, so the floorlet expires in-the-money and pays off

$15,000,000Max ð0, 0:08� 0:07125Þ 91
360

� �
¼ $33,177,

on the next interest payment date of September 15. This payoff will add to the interest
received of $270,156, which is lower because of the fall in interest rates. The complete
results for this one-year loan under a series of assumed LIBORs over the life of the loan
are shown in Table 13.8.

The bank paid out $15,000,000 up front to the borrower and an-
other $30,000 for the floor. Column 7 in Table 13.8 indicates the
periodic cash flows associated with the loan combined with the floor.
Following the same procedure as in the cap, we can solve for the
periodic rate that equates the present value of the inflows to the out-
flow. This rate turns out to be about 1.9831 percent. Annualizing

gives a rate of (1.019831)4� 1¼ .0817. The last column shows the cash flows if the floor
had not been used. The annualized return without the floor is 7.41 percent. Thus, the
floor boosted the bank’s return by 76 basis points. Of course, in a period of rising rates,
the bank will gain less from the increase in interest rates because the floor premium is
lost but the floorlets will tend to not be exercised, in which case the bank might have been
better off without the floor.

As with caps, the price of a floor is found by pricing each of the component floorlets
and adding up their prices.

TABLE 13.8 AFTER-THE-FACT PAYMENTS FOR LOAN WITH

INTEREST RATE FLOOR

Scenario: On December 16, a bank makes a $15 million one-year loan with interest paid quarterly at LIBOR. To protect against
falling interest rates, the bank buys an interest rate floor with an exercise rate of 8 percent for a premium of $30,000. The interest
payments on the loan and the payoffs of the floor are based on the exact number of days and a 360-day year.

Date
Days in
Period

LIBOR
(%)

Interest
Due

Floor
Payment

Principal
Repayment Net Cash Flow

Net Cash Flow
without Floor

Dec 16 7.875 −$30,000 $0 −$15,030,000 −$15,030,000

Mar 16 90 8.250 $295,313 — 0 295,313 295,313

Jun 16 92 7.125 316,250 0 0 316,250 316,250

Sep 15 91 6.000 270,156 33,177 0 303,333 270,156

Dec 16 92 230,000 76,667 $15,000,000 15,306,667 15,230,000

Effective annual rate

Without cap: 7.41%

With cap: 8.17%

Note: This combination of LIBORs on the above dates represents only one of an infinite number of possible outcomes.
They are used only to illustrate how the payments are determined and not the likely results.

An interest rate floor is a combination of
interest rate puts designed to protect a
lender in a floating-rate loan against inter-
est rate decreases.
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Interest Rate Collars In Chapter 7 we discussed how an investor
could use a collar to protect a portfolio of stock. The investor owns
the portfolio and purchases a put for downside protection. To finance
the purchase of the put, the investor sells a call in which the exercise
price of the call is set at a level that will produce a premium level
on the call that will offset the premium paid for the put. This trans-
action creates a range for the value of the stock. The value of the
position will not fall below the exercise price of the long put, nor
will it rise above the exercise price of the short call. In a similar
manner, a borrower can use a collar to create a range of interest

rates, ensuring that the borrower will pay no more than a given rate, nor any less than
another rate.

Consider a firm planning to borrow money that decides to purchase an interest rate
cap. In doing so, the firm is trying to place a ceiling (cap) on the rate it will pay on the
loan. If rates fall, it can gain by paying a lower rate. In some cases, however, a firm will
find it more advantageous to give up the right to gain from falling rates in order to lower
the cost of the cap. One way to do this is to sell a floor. The combination of a long in-
terest rate cap and short interest rate floor is called an interest rate collar, or sometimes
just a collar. While it is not necessary that the premium from selling the floor be exactly
equal to the premium from buying the cap, in most situations that is what borrowers
prefer. This type of collar is called a zero-cost collar. This term is somewhat misleading,
however, because nothing comes at zero cost. The cost to the borrower is in its willing-
ness to give up the benefits from a decrease in interest rates below the exercise price of
the floor. A collar establishes a range of rates within which there is interest rate uncer-
tainty, but the maximum and minimum rates are locked in.

Table 13.9 illustrates a zero cost collar in which a firm borrowing $50 million over
two years buys a cap for $250,000 with an exercise rate of 10 percent and sells a floor
for $250,000 with an exercise rate of 8.5 percent. The loan begins on March 15 and will
require payments at approximately 91-day intervals at LIBOR.

By now you should be able to verify the numbers in the table. The interest paid on
June 15 is based on LIBOR on March 15 of 10.5 and 92 days during the period. The
cap pays off on September 14 and December 14 because those are the ends of the settle-
ment periods in which LIBOR at the beginning of the period was greater than 10 per-
cent. The floor pays off on September 14 and December 15 of the next year and on
March 14 of the following year, the due date on the loan. Note that when the floor
pays off, the firm makes rather than receives the payment.

Column 8 of Table 13.9 shows the cash flows associated with the collar. Following the
procedure previously described to solve for the internal rate of return gives an annual-
ized rate of 9.83 percent for the loan with the collar. Column 9 shows the cash flows
had the firm done only the loan with the cap. The rate associated with this strategy
would have been 9.93 percent. The last column indicates the cash flows had the firm
done neither the cap nor the floor. The borrowing rate associated with that strategy
would have been 10.10 percent.

The cap by itself would have helped lower the firm’s cost of borrowing. By selling the
floor, and thus creating a collar, the cost of the loan was lowered from 9.93 percent to
9.83 percent. Other outcomes, of course, would lead to different results, and it is possible
that the loan without the cap or collar would end up best.

Collars are most often used by borrowers, but they could certainly be used by lenders.
A lender could buy a floor to protect against falling rates below the floor exercise rate and
sell a cap that would give up the gains from rising rates above the cap exercise rate.

An interest rate collar is a long position in
an interest rate cap and a short position in
an interest rate floor designed to protect a
borrower in a floating-rate loan against
higher interest rates. The premium on the
floor is designed to reduce or offset the
premium on the cap. The net result is that
maximum and minimum rates are estab-
lished on the loan.
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Interest Rate Options, FRAs, and Swaps
Before we leave interest rate options, it is important for us to take a look at the relation-
ships between the three most important interest rate derivatives: swaps, FRAs, and op-
tions. Recall that in this chapter we first introduced the FRA, which is a forward
contract on an interest rate. A party agrees to pay a fixed rate and receive a floating
rate. We showed that the fixed rate is the forward rate in the term structure. A swap is
like a series of FRAs, but where all fixed payments are at the same rate. In other words, it
is a series of FRAs, but each FRA is priced at the swap fixed rate. That means that some
of the component FRAs will be priced at a fixed rate higher than they would have if
priced individually. Some will have a lower fixed rate. As we mentioned earlier, when
an FRA is not priced at the forward rate, it is called an off-market FRA. Thus, a swap
is a series of off-market FRAs.

A combination of interest rate calls and puts can also be shown to reproduce the pay-
ments on a swap. Assume that we buy a call (in this context, also known as a caplet) and
sell a put (floorlet). Let R be the fixed rate on a swap and let X be the exercise rate on
both a call and a put. Let the underlying rate be LIBOR. Suppose that we are at a settle-
ment date. The long call payoff is

0 if LIBOR � X
LIBOR � X if LIBOR > X

TABLE 13.9 AFTER-THE-FACT PAYMENTS FOR LOAN WITH

INTEREST RATE COLLAR

Scenario: On March 15, a company takes out a $50 million two-year loan with interest paid quarterly at LIBOR. To protect against
rising interest rates, the company buys an interest rate cap with an exercise rate of 10 percent for a premium of $250,000. To offset
the cost of the cap, the company sells an interest rate floor with an exercise rate of 8.5 percent for $250,000. The interest payments
on the loan and the payoffs of the cap and floor are based on the exact number of days and a 360-day year.

Date
Days in
Period

LIBOR
(%)

Interest
Due

Cap
Payment

Floor
Payment

Principal
Repayment

Net Cash
Flow with
Collar

Net Cash
Flow with
Cap Only

Net Cash
Flow with-
out Cap or

Floor

Mar 15 10.500 −$250,000 $250,000 $0 $50,000,000 $49,750,000 $50,000,000

Jun 15 92 11.500 $1,341,667 — — 0 −1,341,667 −1,341,667 −1,341,667

Sep 14 91 11.750 1,453,472 189,583 0 0 −1,263,889 −1,263,889 −1,453,472

Dec 14 91 9.125 1,485,069 221,181 0 0 −1,263,889 −1,263,889 −1,485,069

Mar 15 91 9.500 1,153,299 0 0 0 −1,153,299 −1,153,299 −1,153,299

Jun 14 91 7.625 1,200,694 0 0 0 −1,200,694 −1,200,694 −1,200,694

Sep 14 92 8.375 974,306 0 −111,806 0 −1,086,111 −974,306 −974,306

Dec 15 92 8.000 1,070,139 0 −15,972 0 −1,086,111 −1,070,139 −1,070,139

Mar 14 89 988,889 0 −61,806 50,000,000 −51,050,694 −50,988,889 −50,988,889

Effective annual rate

Without collar: 10.10%

With collar: 9.83%

With cap only: 9.93%

Note: This combination of LIBORs on the above dates represents only one of an infinite number of possible outcomes.
They are used only to illustrate how the payments are determined and not the likely results.
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and the short put payoff is

ðX� LIBORÞ if LIBOR � X
0 if LIBOR > X:

Thus, the combined payoff of the long call and short put is

LIBOR � X if LIBOR � X
LIBOR � X if LIBOR > X:

This result can be simplified to

LIBOR � X;

which will occur on the next settlement date. This result applies to each settlement date.
Now let us examine the payoffs of a swap to pay a fixed rate R and receive a floating

rate. The payoff is

LIBOR � R;

which will occur on the next settlement date. This result applies to each settlement date.
The swap and long call/short put results are similar. Whether they

are the same depends on whether X¼ R. Remember from Chapter 12
that we found R by pricing the swap, using the information in the
term structure. The exercise rate on a call or put is chosen by the
parties to the contract. Thus, X is arbitrary and can be any rate.
When X is chosen to equal R, the long call/short put produces the
same payoffs as the pay-fixed, receive-floating swap. Recall that a
swap requires no initial outlay. Thus, the value of the swap is zero

at the start. Hence, when X is chosen to equal R, the long call/short put must also have
a zero value at the start. This means that the premium on the call must equal the pre-
mium on the put. Otherwise, there would be an arbitrage opportunity.

Since a swap has multiple payments, there would have to be a series of
calls and puts. It is important to note, however, that the option strategy we
have just described is not a zero-cost collar. We noted that in a zero-cost

collar, the call and put premiums are the same but the exercise prices are different. In
fact, it is not a collar at all because the options have the same exercise prices.

INTEREST RATE SWAPTIONS AND
FORWARD SWAPS

Earlier in this chapter, we mentioned that a firm that had entered
into a swap could exit the swap before it terminates if the firm had
previously purchased an option on the swap. Options on swaps are
called swap options or swaptions. A swaption is an option in which
the buyer pays a premium up front and acquires the right to enter
into a swap. Although swaptions exist on interest rate, currency, eq-
uity, and commodity swaps, we shall focus exclusively on swaptions
on interest rate swaps, where it is understood that the underlying is a
plain vanilla swap. In an interest rate swaption, the buyer receives the

right to enter into a swap as either a fixed-rate payer, floating-rate receiver or as a
floating-rate payer, fixed-rate receiver. The former is called a payer swaption, while the
latter is called a receiver swaption.

A long position in a series of interest rate
calls and a short position in a series of
interest rate floors is equivalent to a swap
when the exercise rate on the calls and
puts is the same as the fixed rate on the
swap.

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance.com

A swaption is an option to enter into a
swap. It provides the holder with the right
to enter into a swap at a fixed rate, which is
the exercise rate, or better. The right to
enter into a swap paying a fixed rate is
called a payer swaption, and the right to
enter into a swap receiving a fixed rate is
called a receiver swaption.
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A swaption can be viewed as a variation of an interest rate option, but there are several
important differences. Like an interest rate option, the exercise rate is stated in terms of an
interest rate. A swaption is based on an underlying swap and has a fixed maturity. A swap-
tion can be American- or European-style. The parties agree up front that exercise will be
accomplished by entering into the underlying swap or by an equivalent cash settlement.

Structure of a Typical Interest Rate Swaption
Consider the following situation. A company called MPK Resources is considering the
possibility that it will need to engage in an interest rate swap two years from now with
a notional principal of $10 million. It expects that the swap would be a three-year pay
fixed-receive floating swap. The firm is concerned about rising interest rates over the
next two years that would force it to pay a higher fixed rate if it entered into the swap
at that time. It thus decides to purchase a two-year European-style payer swaption where

MAK ING THE CONNECT I ON

Binomial Pricing of Interest Rate Options

We noted in this chapter that the Black model pro-

vides a simple approximation for interest rate option

prices. A better approach is to build a model of the

term structure that eliminates the possibility of earn-

ing arbitrage profits by trading bonds or derivatives

with prices driven by interest rates. Binomial models

are commonly used to price interest rate options.

Here we look at a simple binomial model of the term

structure and use it to price an interest rate option.

Consider the term structure of LIBORs below.

Let us define one-period binomial period as 360 days.

The information above will be sufficient to build a two-

period binomialmodel. At time zero,we have the prices

of a one-period bond (0.9259) and a two-period bond

(0.8547). At time 1 in either outcome, the original one-

period will mature to its face value of 1. At time 1 the

original two-period bond will be worth a price denoted

as B1(2)
þ in the up state or B1(2)

� in the down state.

Thus, the binomial term structure will look like this:

B1ð1Þþ¼ 1

B1ð2Þþ¼ ?

B0ð1Þ ¼ 0:9259
B0ð2Þ ¼ 0:8547

B1ð1Þ�¼ 1

B1ð2Þ�¼ ?

We need to find the missing bond prices and con-

vert them to interest rates. It is very important to

note that the bond prices in the higher states are

bond prices in higher interest rate states. Thus,

B1(2)
þ is less than B1(2)

�, which may seem a little

counterintuitive. That is, the plus (1) state at time 1

is a higher interest rate but lower bond price than

the minus (�) state.

To eliminate arbitrage opportunities, we must im-

pose the following restrictions:

• It is not possible to make an arbitrage profit

by buying a one-period bond, financing it by

selling short a two-period bond.

• It is not possible to make an arbitrage profit

by buying a two-period bond, financing it by

selling short a one-period bond.

For the first strategy, an arbitrage profit would

occur if

1

B0ð1Þ >
B1ð2Þ�
B0ð2Þ :

An arbitrage profit would occur if the return from in-

vesting $1 in a one-period bond, the left-hand side

above, is higher than the highest return one would

owe from shorting a two-period bond, the right-

hand side above. For the second strategy, an arbi-

trage profit would occur if

1

B0ð1Þ <
B1ð2Þþ
B0ð2Þ :

Term Rate Discount Bond Price

360 days 8.0% B0(360) ¼ 1/(1 þ 0.08(360/360)) ¼ 0.9259

720 days 8.5% B0(720) ¼ 1/(1 þ 0.085(720/360)) ¼ 0.8547
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the underlying is a three-year, pay fixed-receive floating swap. Naturally the underlying
swap should be identical to the one MPK expects to take out in two years. MPK specifies
an exercise rate of 11.5 percent. MPK pays a premium up front, the amount of which we
do not need to know at this point. To keep the illustration as simple as possible, assume
that the underlying swap calls for annual interest payments.

Now let us consider what happens when the swaption expires in two years. At that
time we observe a term structure of LIBOR as follows:

An arbitrage profit would occur if the financing cost

from shorting a one-period bond, the left-hand side

above, were less than the worst outcome from buying

a two-period bond, the right-hand side above. To pre-

vent both conditions from holding, we require that

B1ð2Þþ
B0ð2Þ <

1

B0ð1Þ <
B1ð2Þ�
B0ð2Þ :

Although there are many ways to meet this condition,

a simple one is to apply weights of 0.5 and 0.5 to

the two expressions on the ends of the inequality,

giving us

0:5B1ð2Þþ þ B1ð2Þ ¼ B0ð2Þ
B0ð1Þ :

The right-hand side is the forward price from the

term structure of one- and two-period bonds. The

left-hand side can be interpreted as the expected

price of the two-period bond at time 1 for a prob-

abilities of 0.5.

This requirement is a single equation with two un-

knowns, B1(2)
þ and B1(2)

�, so we cannot solve it. We

can, however, solve it by adding the constraint that

the volatility of the interest rate is a particular known

value, σ. Now, we have two equations and two un-

knowns. Let rþ and r� be the two possible continu-

ously compounded one-period rates at time 1. The

volatility of the interest rate in a binomial model is

found as follows:

σ ¼ rþ þ r�

2
:

These two rates determine the prices, B1(2)
þ and

B1(2)
�. Although solving these two equations for

the bond prices is not simple, it can be done. The

results are

rþ ¼ 0 :0901 r� ¼ 0:0701;

which correspond to zero coupon bond prices of

B1ð2Þþ ¼ e�0:0901 ¼ 0:9138 B1ð2Þ� ¼ e�0:0701 ¼ 0:9323:

The LIBORs that produce these prices are 9.43 percent

and 7.26 percent as verified in the following:

B1ð2Þþ ¼ 1

1þ 0:0943 360

360

� � ¼ 0:9138:

B1ð2Þ� ¼ 1

1þ 0:0726 360

360

� � ¼ 0:9323:

Thus, the one-period rates at time 1 are 9.43 percent

and 7.26 percent.

As an example of how this model would be used,

the payoff of a call option payoff expiring at time 1

with an exercise rate of 8 percent would be

C
þ ¼ Maxð0;0:0943� 0:08Þ0:9138¼ 0:0131

C
�
 ¼ Maxð0;0:0726� 0:08Þ0:9323¼ 0:0;

where we multiply by the one-period bond price to

discount for the delay in the payoff. The option price at

time 0 based on a $1 notional principal is, therefore,

C ¼ ð0:5ð0:0131Þ þ 0:5ð0:0ÞÞ0:9323 ¼ 0:0061;

where we see that the weighted average of the next

two prices is discounted using the one-period dis-

count factor.

To price options with longer expirations we would

need information on the prices of longer-term zero cou-

pon bonds and the volatilities of other interest rates.

Term Rate Discount Bond Price

360 days 12.00% B0(360) = 1/(1+ 0.12(360/360))= 0.8929

720 days 13.28% B0(720)= 1/(1+ 0.1328(720/360)) = 0.7901

1080 days 14.51% B0(1080) = 1/(1+ 0.1451(1080/360)) = 0.6967
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Based on this information, what would be the rate in the market for three-year swaps?
This result is easily found using what we learned in Chapter 12:

R ¼ 1� 0:6967
0:8929þ 0:7901þ 0:6967

� �
360
360

� �
¼ 0:1275:

Thus, MPK, or any party, could enter into a pay-fixed, receive-floating swap at a fixed
rate of 12.75 percent. As it turns out, however, MPK holds a payer swaption that allows it
to enter into a pay-fixed, receive-floating swap paying a fixed rate of 11.5 percent. It should
be obvious that the swaption is expiring with a positive value. MPK can enter into a swap
to pay 11.5 percent fixed and receive LIBOR, whereas without the swap it would have to
pay 12.75 percent fixed to receive LIBOR. Clearly the swap has value, but how much?

Suppose that MPK exercises the swaption, resulting in the entry into a swap to pay a
fixed rate of 11.5 percent and receive LIBOR. Now suppose that it enters into the oppo-
site swap in the market at the rate of 12.75 percent. Thus, it has the following positions:

A swap to pay 11.5 percent and receive LIBOR, plus
A swap to pay LIBOR and receive 12.75 percent.

The effect of LIBOR offsets on both swaps, leaving the following:
A position to pay 11.5 percent and receive 12.75 percent.

The net effect is that this position becomes a three-year annuity that pays 12.75%� 11.5%¼
1.25%. It is a simple matter to determine the value of this annuity. The payments will be
$10,000,000(0.0125)¼ $125,000. We find their present value using the discount factors for
LIBOR obtained above:

$125;000ð0:8929þ 0:7901þ 0:6967Þ ¼ $297;463:

Thus, the swaption is worth $297,463 at expiration. In general, the payoff of a payer swap-
tion at expiration is

ðNotional PrincipalÞMaxð0,R � XÞ days
360

� �Xn
i¼1

B0ðtiÞ:

where R is the swap rate at the swaption expiration, X is the exercise rate of the swaption,
and the summation term captures the present value factors over the life of the swap. The
payoff of a receiver swaption is

ðNotional PrincipalÞMaxð0,X� RÞ days
360

� �Xn
i¼1

B0ðtiÞ:

Returning to our example, MPK would exercise the swaption. MPK would then be
engaged in a swap with a market value of $297,463. MPK could also choose to enter into
a pay-floating, receive-fixed swap at the market rate of 12.75 percent. The net effect of
these two swaps would be to create the annuity as described above, which has a market
value of $297,463. Alternatively, MPK could just leave the swap created by exercise of the
swaption in place. Its market value would be $297,463 instead of the normal zero market
value when a swap is initiated. Had the swaption been structured to settle in cash, the
short would have simply paid MPK $297,463. Of course, had the rate on swaps in the
market been less than 11.5 percent, the swaption would have expired with no value. It
should be apparent that when interest rates are high (at least high enough that the
swap rate is above the swaption exercise rate), payer swaptions expire in-the-money
and are, thus, somewhat like interest rate calls. When rates are low (at least low enough
that the swap rate is below the swaption exercise rate), receiver swaptions expire in-
the-money and are, thus, somewhat like interest rate puts.
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Equivalence of Swaptions and Options on Bonds
Although swaptions may seem like complex instruments, it is actually quite easy to show
that a swaption is identical to an option on a bond. Consider the MPK payer swaption.
When it expires it will have the same value as that of a put option on a bond whose
maturity corresponds to the maturity of the swap and whose coupon rate is the exercise
rate of the swap. To simplify the problem, let us assume a notional principal of $1. Recall
that we calculated its payoff value in the following manner:

Maxð0,0:1275� 0:115Þ 360
360

� �
ð0:8929þ 0:7901þ 0:6967Þ:

Recall that we found the value of 0.1275 in the following manner:

1� 0:6967
0:8929þ 0:7901þ 0:6967

� �
360
360

� �
¼ 0:1275:

If we substitute the second equation into the first, we can write the payoff value of the
swaption as

Maxð0;1� 0:6967� 0:115ð0:8929þ 0:7901þ 0:6967ÞÞ:
Now suppose that instead of the swaption, we purchase a put option with an exercise
price of $1 on a bond that will have a three-year maturity when the option expires, annual
interest payments of 11.5 percent, and a face value of $1. The value of this bond when the
option expires would be the present value of three coupons of 0.115 and the present value
of the principal of 1:

0:115ð0:8929þ 0:7901þ 0:6967Þ þ 1ð0:8929Þ:
The payoff of a put on this bond would be

Maxð0;1� 0:6967� 0:115ð0:8929þ 0:7901þ 0:6967ÞÞ;
which is the same as the payoff of the payer swaption. Thus, a payer swaption is the same
as a put option on a bond. Similarly, a receiver swaption can be shown to be equivalent to
a call option on a bond.

Pricing Swaptions
Pricing swaptions is a somewhat advanced and complex topic that we
cannot take up in any detail at this level. We can, however, appeal to
the result of the previous section and gain some understanding of this
process. As we showed, a swaption can be shown to be equivalent to
an option on a bond. Thus, if we can price options on bonds, we can

price swaptions. We have not taken up the pricing of options on bonds because this is a
relatively advanced topic, requiring the construction of an arbitrage-free model of the
evolution of the term structure. As an alternative, the Black-Scholes-Merton model can
be adapted to pricing bonds, with considerable care and a number of caveats.

Forward Swaps
Throughout this book we have covered options and forward con-
tracts. Since there are options on swaps, there will also be forward
contracts on swaps. These instruments are called forward swaps. A
forward swap commits the two parties to enter into a swap at a spe-
cific fixed rate. One party, the long, commits to enter into the swap to

An interest rate swaption can be shown to
be equivalent to an option on a bond and,
therefore, can be priced like an option on a
bond.

A forward swap is a contract that obligates
the two parties to enter into a swap at a
later date at a fixed rate agreed to in
advance.
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pay the fixed rate; the other commits to enter into the swap to receive the fixed rate.
Because it is a forward contract, there is no cash flow up front.

Going back to our MPK example, suppose that instead of using a
swaption, it wants to lock in the rate on the swap. Recall that when
pricing a swap, we showed that a pay-fixed, receive-floating swap is
equivalent to issuing a fixed-rate bond and using the proceeds to buy a
floating-rate bond. In a similar manner, entering into a forward con-
tract on a pay-fixed, receive-floating swap is equivalent to entering into a

forward contract to issue a fixed-rate bond and buy a floating-rate bond. Entering into a
forward contact to buy a floating-rate bond is trivial. Because the bond will be issued at par
value, there is no uncertainty over its value when issued. Two parties simply agree that on a
later date, one party will pay par value and receive a bond selling at par. Entering into a
forward contract to issue a fixed-rate bond, however, does require solving for a given rate.
The bond will need to be issued at par so that its value will equal that of the floating rate bond.
Thus, its coupon will be adjusted so that it sells at par. When entering into a forward contract
on this bond, the parties would need to solve for the appropriate coupon rate to make a
forward contract on this bond be fairly priced.

This problem reduces to the simple problem of solving for the coupon rate on a par
value bond to be issued at a later date. Going back to the MPK problem, suppose that, at
the time the forward swap is created, MPK faces the following term structure:

MPK is interested in a forward contract expiring in two years on a swap that will last three
years. To find the appropriate fixed rate, we shall need the forward rates two years ahead
for periods of one, two, and three years. These will be found in the following manner.

The forward rates two years ahead are

One year ¼
1þ 0:1103

1080
360

� �

1þ 0:1006
720
360

� � � 1

0
BB@

1
CCA 360

360

� �
¼ 0:1080

Two years ¼
1þ 0:12

1440
360

� �

1þ 0:1006
720
360

� �� 1

0
BB@

1
CCA 360

720

� �
¼ 0:1161

Three years ¼
1þ 0:1295

1440
360

� �

1þ 0:1006
720
360

� � � 1

0
BB@

1
CCA 360

1080

� �
¼ 0:1238:

Term Rate Discount Bond Price

360 days 9.00% B0(360) = 1/(1+ 0.09(360/360))= 0.9174

720 days 10.06% B0(720)= 1/(1+ 0.1006(720/360)) = 0.8325

1080 days 11.03% B0(1080) = 1/(1+ 0.1103(1080/360))= 0.7514

1440 days 12.00% B0(1440)= 1/(1+ 0.12(1440/360))= 0.6757

1800 days 12.95% B0(1800) = 1/(1+ 0.1295(1800/360))= 0.6070

Solving for the fixed rate on a forward swap
is equivalent to pricing a swap using the
forward rates instead of the spot rates in
the term structure.
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The discount factors using the forward rates would be7

B0ð720,1080Þ ¼ 1

1þ 0:1080
360
360

� � ¼ 0:9025

B0ð720,1440Þ ¼ 1

1þ 0:1161
720
360

� � ¼ 0:8116

B0ð720,1800Þ ¼ 1

1þ 0:1238
1080
360

� � ¼ 0:7292:

The rate on the forward swap would then be

1� 0:7292
0:9025þ 0:8116þ 0:7292

¼ 0:1108:

Applications of Swaptions and Forward Swaps
The most obvious application of a swaption is when a company anticipates that it will
need to enter into a swap at a later date and would like to establish a swap rate in ad-
vance. A swaption would permit the company to benefit from a favorable interest rate
move, while protecting it against an unfavorable move. Of course, a swaption would re-
quire the payment of cash up front.

Consider a company that has already entered into a pay-fixed, receive-floating swap.
If the company anticipates that it might want to terminate the swap, a receiver swaption
would give it the right to do so by allowing it to enter into a pay-floating, receive-fixed
swap at favorable terms. If the firm exercises the swaption, it would have two swaps with
equivalent streams of floating cash flows that are opposite in sign. It would also have two
fixed streams at different rates. Of course, with both swaps in place, there would be some
credit risk. Alternatively, if the counterparty to the swaption is the same counterparty to
the original swap, then exercise of the swaption can be achieved by canceling the original
swap and replacing it with either a lump sum cash payment of the market value or by
leaving in place a stream of the net of the fixed rates on the two swaps. Since the firm
might not know when it would want to terminate the swap, an American-style swaption
would be preferred. In this manner, the company is using a swaption to give it flexibility
to exit a swap.

Swaptions can also be used as a substitute for an option on a bond. When firms issue
bonds and consider the possibility of wanting to change them from fixed rate to floating
rate (or vice versa) at a later date, a swaption can provide that flexibility.

Another application of a swaption is in creating synthetic callable debt. A callable
bond is a bond in which the issuing firm has the right to call or retire it early. If a non-
callable bond is issued but the firm would like to add the right to call it, the firm can
purchase a receiver swaption. If properly structured, this swaption gives the firm the eco-
nomic equivalent of an option to retire the bond early. Likewise, if the firm has issued a

7Here we must make a slight clarification in our notation. Using the first case as an example, the factor
B0(720,1080) is the discount factor based on the forward rate established on day 0 that is based on a transac-
tion to start on day 720 and end on day 1080.
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callable bond and no longer wants the right to call it, the firm can sell a receiver swap-
tion, which effectively offsets the right to call the bond. Figure 13.5 presents a graphical
depiction of a callable bond, a swaption, and the net position. The up arrows indicate
receiving cash and the down arrows indicate paying cash.

Figure 13.5 Illustration of Synthetic Fixed Rate Bond with Swaption

Callable bond: (Assume bond is called when rates fall, financed by issuance of floating-rate bond at the
risk-free rate, r, plus a credit spread, s.)  

CB0

Rates fall

Rates rise

C C

Sell receiver swaption: (Assume C = x + s)

Swaption not exercised

Rates fall

Rates rise

Swaption is exercised

Net: Callable bond issued, receiver swaption sold (C = x + s), synthetic fixed rate bond

Rates fall

Rates rise
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SW0

SW0

C C

C C C C
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r + s r + s r + s r + s
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A puttable bond is a bond which the holder of the bond has the right to sell back to
the issuer early, thereby forcing the issuer to pay off the bond before its maturity. A
bond that is not puttable can be effectively made puttable by selling a payer swaption.
A bond that is puttable can be made nonputtable by buying a payer swaption.

In all of these situations, a forward swap can be used instead of a swaption. A forward
swap would have the advantage of not having an initial cash outlay but would have the
disadvantage of locking in the terms of the underlying swap, rather than permitting the
holder flexibility.

Summary

In Chapter 12 we examined swaps, which are the most
widely used interest rate derivatives. In this chapter we
examined two general classes of interest rate deriva-
tives: forward contracts and options. Forward contracts
on interest rates are known as forward rate agreements
or FRAs, and forward contracts on swaps are known as
forward swaps. Options on interest rates are called in-
terest rate options, and options on swaps are called
swaptions. These derivatives trade in the over-
the-counter market and are widely used by corpora-
tions facing interest rate risk.

We found that even though FRAs are forward con-
tracts on interest rates, their payoffs contrast somewhat
with those of other interest rate derivatives in that the
payoffs are made at the time the contract expires. For
interest rate swaps and options, the payoffs occur after
a certain number of days following the expiration, de-
pending on the days to maturity of the instrument that
defines the underlying rate. Thus, if the underlying is
m-day LIBOR, swaps and options pay off m days after
the rate is determined at expiration.

Interest rate call options pay off when the underly-
ing interest rate is above the exercise rate at expira-
tion, while interest rate put options pay off when the
underlying interest rate is below the exercise rate at

expiration. A borrower in a floating rate loan will often
combine a series of interest rate calls into a combina-
tion known as an interest rate cap. A lender in a float-
ing rate loan will often combine a series of interest rate
puts into a combination known as an interest rate floor.
A borrower will sometimes combine a long position in
a cap with a short position in a floor to form a collar,
whereby the premium on the floor offsets the premium
on the cap. A collar provides an upper and lower limit
on the effective interest rate on a loan.

We saw that swaptions can be used to provide the
right to enter into a swap or they can be used to effec-
tively exit a swap. A payer swaption gives the right to
enter into a swap as a fixed-rate payer, floating-rate
receiver. A receiver swaption gives the right to enter
into the swap as a fixed-rate receiver, floating-rate
payer. Exercise of a swaption creates the equivalent of
an annuity. We also examined forward swaps, which
obligate the two parties to enter into a swap at a rate
agreed to in advance.

In the next chapter we shall look at some advanced
derivative contracts and strategies. Many of these will
involve derivatives on equities, but we shall see one
more type of derivative based on interest rates: the
mortgage-backed security.

Key Terms

Before continuing to Chapter 14, you should be able to give brief definitions of the following terms:

interest rate derivatives, p. 448
forward rate agreement FRA,
p. 449

interest rate option, p. 449
interest rate call, p. 449
interest rate put, p. 449

swaption, p. 449
forward swap, p. 449
off-market FRA, p. 456
exercise rate, p. 457
interest rate cap, p. 466
caplet, p. 466

interest rate floor, p. 466
floorlet, p. 466
interest rate collar, p. 466
zero-cost collar, p. 469
payer swaption, p. 471
receiver swaption, p. 471
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Further Reading

A good survey article on interest rate derivatives is:
Abken, P. A. “Interest Rate Caps, Collars, and Floors.”

Federal Reserve Bank of Atlanta Economic Review 72
(November/December, 1989): 2–24.

More advanced treatments of the pricing and modeling
of interest rate derivatives are given in:
Buetow, G. W. and F. J. Fabozzi. Valuation of Interest

Rate Swaps and Swaptions. New Hope, PA: Frank
J. Fabozzi Associates, 2001.

James, J. and N. Webber. Interest Rate Modelling.
Chichester, UK: John Wiley, 2000.

Jarrow, R. A. Modeling Fixed-Income Securities and
Interest Rate Options, 2nd ed. Stanford, CA:
Stanford University Press, 2002.

Concept Checks

1. How are the payment terms of an FRA differ-
ent from those of most other interest rate deriv-
atives?

2. Explain how FRAs are like swaps and how they
are different.

3. Compare the use of interest rate options with
forward rate agreements. Explain why a financial

manager might prefer one type of contract over
another.

4. Show how a combination of interest rate caps
and floors can be equivalent to an interest rate
swap.

5. What are the advantages and disadvantages of an
interest rate collar over an interest rate cap?

Questions and Problems

1. Explain how the Black model, which is designed
for pricing options on futures contracts, can be
used for pricing interest rate options.

2. Explain how a swaption can be terminated at
expiration by either exercising it or settling it in
cash. Why are these procedures financially
equivalent?

3. Explain how the two types of swaptions are like
interest rate options and how they are different.

4. Explain how a bank could use a swaption to
hedge the possibility that it will enter into a pay-
floating, receive-fixed swap at a later date.

5. Explain how a forward swap is like a swaption
and how it is different.

6. Suppose a firm plans to borrow $5 million in 180
days. The loan will be taken out at whatever
LIBOR is on the day the loan begins and will be
repaid in one lump sum, 90 days later. The firm
would like to lock in the rate it pays so it enters
into a forward rate agreement with its bank. The
bank agrees to lock in a rate of 12 percent.
Determine the annualized cost of the loan for

each of the following outcomes. Interest is based
on 90 days and a 360-day year.
a. LIBOR in 180 days is 14 percent.
b. LIBOR in 180 days is 8 percent.

7. The following term structure of LIBOR is given

a. Find the rate on a new 6� 9 FRA.
b. Consider an FRA that was established previ-

ously at a rate of 5.2 percent with a notional
principal of $30 million. The FRA expires in
180 days, and the underlying is 180-day
LIBOR. Find the value of the FRA from the
perspective of the party paying fixed and re-
ceiving floating as of the point in time at
which the above term structure applies.

Term Rate

90 days 6.00%

180 days 6.20%

270 days 6.30%

360 days 6.35%
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8. You are the treasurer of a firm that will need to
borrow $10 million at LIBOR plus 2.5 points in
45 days. The loan will have a maturity of 180
days, at which time all the interest and principal
will be repaid. The interest will be determined by
LIBOR on the day the loan is taken out. To hedge
the uncertainty of this future rate, you purchase a
call on LIBOR with a strike of 9 percent for a
premium of $32,000. Determine the amount you
will pay back and the annualized cost of bor-
rowing for LIBORs of 6 percent and 12 percent.
Assume the payoff is based on 180 days and a
360-day year. The current LIBOR is 9 percent.

9. A large, multinational bank has committed to
lend a firm $25 million in 30 days at LIBOR plus
100 bps. The loan will have a maturity of 90 days,
at which time the principal and all interest will be
repaid. The bank is concerned about falling in-
terest rates and decides to buy a put on LIBOR
with a strike of 9.5 percent and a premium of
$60,000. Determine the annualized loan rate for
LIBORs of 6.5 percent and 12.5 percent. Assume
the payoff is based on 90 days and a 360-day
year. The current LIBOR is 9.5 percent.

10. As the assistant treasurer of a large corporation,
your job is to look for ways your company can
lock in its cost of borrowing in the financial
markets. The date is June 28. Your firm is taking
out a loan of $20 million, with interest to be paid
on September 28, December 31, March 31, and
June 29. You will pay the LIBOR in effect at the
beginning of the interest payment period. The
current LIBOR is 10 percent. You recommend
that the firm buy an interest rate cap with a strike
of 10 percent and a premium of $70,000. Deter-
mine the cash flows over the life of this loan if
LIBOR turns out to be 11 percent on September
28, 11.65 percent on December 31, and 12.04
percent on March 31. The payoff is based on the
exact number of days and a 360-day year. If you
have a financial calculator or a spreadsheet with
an IRR function, solve for the internal rate of
return and annualize it to determine the effective
cost of borrowing.

11. You are a funds manager for a large bank. On
April 15, your bank lends a corporation $35
million, with interest payments to be made on
July 16, October 15, January 16, and next
April 16. The amount of interest will be

determined by LIBOR at the beginning of the
interest payment period. On April 15, LIBOR is
8.0 percent. Your forecast is for declining interest
rates, so you anticipate lower loan interest rev-
enues. You decide to buy an interest rate floor
with a strike set at 8 percent and a premium of
$60,000. Determine the cash flows associated
with the loan if LIBOR turns out to be 7.9 per-
cent on July 16, 7.7 percent on October 15, and
8.1 percent next January 16. The payoff is based
on the exact number of days and a 360-day year.
If you have a financial calculator or spreadsheet
with an IRR function, determine the internal rate
of return and annualize it to determine your an-
nualized return on the loan.

12. On January 15, a firm takes out a loan of $30
million, with interest payments to be made on
April 16, July 15, October 14, and the following
January 15, when the principal will be repaid.
Interest will be paid at LIBOR based on the rate
at the beginning of the interest payment period,
using the exact number of days and a 360-day
year. The firm wants to buy a cap with an exer-
cise rate of 10 percent and a premium of
$125,000 but is concerned about the cost. Its
bank suggests that the firm sell a floor with an
exercise rate of 9 percent for the same premium.
The current LIBOR is 10 percent. Determine the
firm’s cash flows on the loan if LIBOR turns out
to be 11.35 percent on April 16, 10.2 percent on
July 15, and 8.86 percent on October 14. If you
have a financial calculator or spreadsheet, deter-
mine the internal rate of return and annualize it
to determine the cost of borrowing.

13. A bank is offering an interest rate call with an
expiration of 45 days. The call pays off based on
180-day LIBOR. The volatility of forward rates is
17 percent. The 45-day forward rate for 180-day
LIBOR is 0.1322 and the exercise rate is 12 per-
cent. The risk-free rate for 45 days is 11.28 per-
cent. All rates are continuously compounded.
Use the Black model to determine how much the
bank should receive for selling this call for every
$1 million of notional principal.

14. A firm is interested in purchasing an interest rate
cap from a bank. It has received an offer price
from the bank but would like to determine if the
price is fair. The cap will consist of two caplets,
one expiring in 91 days and the other in
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182 days. They will both have strikes of 7 per-
cent. The forward rate applicable to the first
caplet is 8 percent and the forward rate applica-
ble to the second caplet is 8.2 percent. The 91-
day risk-free rate is 7.1 percent and the 182-day
risk-free rate is 7.3 percent. All rates are contin-
uously compounded. The firm’s best estimate of
the volatility of forward rates is 16.6 percent. The
notional principal is $10 million, and the payoff
is based on 90-day LIBOR. Use the Black model
to determine a fair price for the cap.

15. Consider a three-year receiver swaption with an
exercise rate of 11.75 percent, in which the un-
derlying swap is a $20 million notional principal
four-year swap. The underlying rate is LIBOR. At
the expiration of the swaption, the LIBOR rates
are 10 percent (360 days), 10.5 percent (720
days), 10.9 percent (1,080 days), and 11.2 percent
(1,440 days). Assume 360 days in a year. Deter-
mine the payoff value of the swaption.

16. A company wants to enter into a commitment to
initiate a swap in 90 days. The swap would con-
sist of four payments 90 days apart with the un-
derlying being LIBOR. Use the term structure of
LIBOR as given below to solve for the rate on this
forward swap.

17. Suppose your firm had issued a 12 percent an-
nual coupon, 15-year bond, callable at par at the
8th year. It is now two years later, so the bonds
are not callable for another 6 years. At this time,
new bonds could be issued at 8 percent, which is
historically quite low, especially relative to the 12
percent coupon on the bond you issued two years
ago. To provide a better matching of the interest-
sensitivities of your assets and liabilities, you
want to lengthen the duration of the bonds. How
could you use swaptions to restructure the debt?
Explain what happens assuming two subsequent
future possibilities: rates going up and rates going
down.

18. A firm has previously issued fixed rate non-
callable debt. Because interest rates are perceived
to be temporarily high, the firm would like to
have the flexibility of calling the debt later when
rates are expected to fall and replacing it with
floating-rate debt. Explain how a firm can use
swaptions to achieve this desired result. Also,
identify and compare an alternative method that
can be used to convert fixed-rate debt to floating-
rate debt.

19. Assume the 30-day LIBOR is 5 percent and the
120-day LIBOR is also 5 percent. This implies a
continuously compounded 90-day forward rate
of 5.0172 percent. Verify this result and explain
what happens to the continuously compounded
90-day forward rate as the 120-day LIBOR rate
increases.

20. Assume the 30-day LIBOR is 5 percent and the
120-day LIBOR is 6 percent. This implies a con-
tinuously compounded 90-day forward rate of
6.3448 percent. Verify this result and explain
what happens to the continuously compounded
forward rate as the number of days in the for-
ward contract increases and the more distant
spot rate remains at 6 percent.

21. (Concept Problem) Use the Black model to de-
termine a fair price for an interest rate put that
expires in 74 days. The forward rate is 9.79 per-
cent, and the exercise rate is 10 percent. The
appropriate risk-free rate is 8.38 percent. All rates
are continuously compounded. The volatility of
forward rates is 14.65 percent. The put is based
on $22 million notional principal and pays off
based on 90-day LIBOR.

22. (Concept Problem) Consider a call option with
an exercise rate of x on an interest rate, which we
shall denote as simply L. The underlying rate is
an m-day rate and pays off based on 360 days in
a year. Now consider a put option on a $1 face
value zero coupon bond that pays interest in the
add-on manner (as in Eurodollars) based on the
rate L. The exercise rate is X. Show that the in-
terest rate call option with a notional principal of
$1 provides the same payoffs as the interest rate
put option if the notional principal on the put
is $1(1þ x(m/360)) and its exercise price, X, is
$1/(1þ x(m/360)). If these two options have the
same payoffs, what does that tell us about how to
price the options?

Term Rate

90 days 10.2%

180 days 11.0%

270 days 11.6%

360 days 11.9%

450 days 12.2%
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CHA P T E R 14
Advanced Derivatives and
Strategies

Just as the engineering of digital bits would eventually lead to the Internet, the
mathematically driven engineering of stocks, bonds and other securities would
create the modern multi-trillion dollar financial system.

Nicholas Dunbar

Inventing Money, 2000, p. 2

In this chapter we examine some advanced derivatives and strategies. Though it may seem
like we are taking a leap forward, this is not necessarily the case. While some of these
derivatives are complex, others are fairly simple and some are constructed by combining
derivatives we have already covered.

We shall begin the chapter with a group called equity derivatives. Although these types
of derivatives have been written primarily on stocks and stock portfolios, some of them are
also written on bonds, interest rates, currencies, and commodities. The second group of
derivatives we cover are structured notes and mortgage derivatives, which are related to
interest rates. The third group is called exotic options. This is a term used to classify the
most advanced types of options. Some of them hardly seem exotic, but they are typically
referred to that way.

ADVANCED EQUITY DERIVATIVES AND STRATEGIES
An equity derivative is a derivative on a stock or stock index. While the over-the-counter
market is much larger for interest rate derivatives, the over-the-counter equity derivatives
market is growing rapidly. Recall that we have already studied at great length exchange-
traded equity derivatives, such as options on stocks and stock indices, futures on stock
indices, and options on stock index futures. While these contracts meet the needs of
many investors, the specialization afforded by customized over-the-counter contracts can
be increasingly worth the cost.

For example, many investors need derivatives that match specific portfolios. Exchange-
traded derivatives are based on well-known indices, such as the S&P 500. To use a deriva-
tive on the S&P 500 to hedge a position in a portfolio that does not match the index
induces some basis risk. While that risk may be acceptable for some investors, others
would prefer to avoid it by using derivatives customized to their particular holdings.
Such derivatives, called baskets, can be constructed by simply showing a derivatives dealer
the composition of the portfolio. The dealer then constructs a derivative based on that
specific portfolio.

Equity derivatives are especially useful in international investing. Equity derivatives on
international stocks or indices allow an investor to capture the gains from investing in

CHAPTER
OBJECT I V ES

• Build on our previous
coverage of the basics
of derivatives by
examining several
new derivatives and
strategies, some
of which are
combinations of
previously studied
derivatives and others
of which are entirely
new

• Understand the
strategy of portfolio
insurance, see how
it enables a portfolio
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illustrate how it can be
implemented
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foreign securities without actually having to incur the additional transaction cost of ac-
quiring those securities directly. In addition there are often costly foreign regulations to
deal with and many countries impose a dividend withholding tax, which requires that
some of the dividends be left in the foreign country to cover any future tax liabilities.
Equity derivatives are often structured to pay off both capital gains and dividends, but
since no money leaves the country, the dividend withholding tax is avoided. While in-
vesting directly in foreign securities imposes exchange rate risk, many equity derivatives
are structured with a fixed exchange rate, which thereby avoids that risk.

Equity derivatives also permit fast, low-cost realignment of domestic portfolios. For
example, an investor holding primarily large cap stocks and wanting to increase the allo-
cation to small cap stocks can do so using derivatives on those two groups of stocks. This
is much like our description of adjusting the risk of an equity portfolio in Chapter 11.

Naturally these features come at a cost that is incurred by the dealer and passed on to
the end user. Fortunately the large size and sophisticated operations of most dealers re-
sult in efficiency and low costs, which benefit the end user.

Of course we have seen many of these benefits in previous chapters, but most of those
instruments were exchange-traded equity derivatives. While we did cover equity swaps in
Chapter 12, we take a look here at some specialized equity derivatives and strategies that
meet needs not met by the instruments we have already covered.

Portfolio Insurance
The concept of insurance has been around for hundreds of years. Individuals and busi-
ness firms routinely insure their lives and property against risk of loss. The concept
extends easily to portfolios. In fact, we touched on the subject in Chapter 6 when we
covered protective puts.

Suppose we own a portfolio consisting of NS shares of stock and NP puts. The stock
price is S0, the put price is P, the exercise price is X, the puts are European, and we as-
sume no dividends on the stock. The value of the portfolio is

V¼NSS0þNPP.

Letting NS¼NP and calling this N, we have

N ¼ V
S0 þ P

:

This tells us how many shares of stock and how many puts we can buy. At expiration the
portfolio’s value is

VT ¼ NST if ST > X
VT ¼ NST þ NðX� STÞ ¼ NX if ST � X,

where ST is the stock price when the put expires.
The worst possible outcome is that in which ST¼ 0. Suppose we define Vmin as the

minimum value of VT, which occurs when ST¼ 0. Then Vmin¼NX and, since N must
also equal V/(S0þ P),

Vmin ¼ XV
S0 þ P

:
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This formula establishes the minimum value of the portfolio at expiration. Note that it
occurs not only when ST¼ 0 but also when ST ≤ X.

Let us illustrate how this works. Suppose that on September 26 the market index is at
445.75 and the December 485 put option on the index is priced at $38.57. The option
expires on December 19, which is 84 days away, so the time to expiration is 84/365¼
0.2301. The risk-free rate is 3.04 percent stated as a simple annual rate or 2.99 percent
continuously compounded. The standard deviation is 15.5 percent.

Suppose we hold a diversified portfolio of stocks that replicates the index. The portfo-
lio is worth $44,575,000, which is equivalent to 100,000 units of the index. In other
words we hold a portfolio that is weighted exactly like the index and is worth 100,000
times the index level.

The minimum level of the portfolio is

Vmin ¼ XV
S0 þ P

¼ ð485Þð44,575,000Þ
445:75þ 38:57

¼ 44,637,585:

Thus, the minimum level at which we can insure the portfolio is $44,637,585. This means
that if we own N shares and N puts, where

N ¼ V
S0 þ P

¼ 44,575,000
445:75þ 38:57

¼ 92,036,

the minimum value of the portfolio on December 19 is $44,637,585. This is a guaranteed
return of 0.0014 for 84 days, or (1.0014)(365/84)� 1¼ 0.0061 per year. This figure must be
below the risk-free rate or an arbitrage opportunity would be possible. After all, how could
we guarantee a minimum return on a risky portfolio greater than the risk-free rate?

We buy 92,036 shares and 92,036 puts. Suppose that at expiration
the index is at 510:

Value of stock ¼ 92,036ð$510Þ¼ $46,938,360

þ Value of puts ¼ 92,036ð$0Þ¼ 0

Total ¼ $46,938,360:

This exceeds the minimum value.
If at expiration the index is at 450,

Value of stock ¼ 92,036ð$485Þ ¼ $44,637,460 ðby exercising the putsÞ:

While this amount appears to be slightly below the minimum, it is actually the same due
to rounding off some of the previously computed values. The error is less than 1/1,000th
of 1 percent.

Figure 14.1 shows the value of the insured stock-put portfolio when the put expires.
The exact minimum cannot be read from the graph but is mathematically equal to
$44,637,585. The graph should look familiar. It is essentially the same as that of the pro-
tective put covered in Chapter 6. In this example, however, we are looking only at the
value of the investor’s position at expiration and not at the profit. The dotted line shows
the value of the portfolio if it were uninsured.

Like any form of insurance, portfolio insurance entails a cost. By cost we do not nec-
essarily mean commissions, bid-ask spreads, and so on. These certainly are important,
but the cost of portfolio insurance is the difference in the return of the insured portfolio
and the return of the uninsured portfolio when the market goes up. In other words, it is

An appropriate combination of stock and
puts establishes an insured portfolio.
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the return that is given up in bull markets, in which the insurance was not needed. This
cost varies with the uninsured value of the portfolio. When the index ended up at 510,
the insured portfolio was worth $46,938,360. Had the portfolio not been insured, it
would have consisted of 100,000 shares valued at $510 each for a total value of
$51,000,000. The cost thus is $4,061,640, or about 9.1 percent of the portfolio’s original
value. The difference between 100 percent and the cost of 9.1 percent, or 90.9 percent, is
called the upside capture. It is the percentage of the uninsured return in a bull market
that is earned by the insured portfolio. At low values of the portfolio, the cost of the
insurance can be negative, which means that the insurance paid off more than it cost.

Because of put-call parity, an identical result is obtained with calls and risk-free debt,
a strategy referred to as a fiduciary call. Let B be the price of a risk-free debt instrument
and BT be its face value when it matures. Suppose we own a portfolio of NC calls and NB

debt. At expiration, the portfolio will be worth VT¼NBBT if ST < X and NC(ST� X)þ
NBBT if ST � X. Again, the worst case is ST going to zero. Call that result Vmin, which
will be the value of the debt at maturity, i.e., Vmin¼NBBT. Thus,

NB ¼ Vmin

BT
:

If we buy NB debt, we can buy NC¼ (V�NBB)/C calls. The number of calls can be shown
to equal the number of shares and puts from the stock-put example. Thus, we also have

NC ¼ V
S0 þ P

:

Continuing with our numerical example, the call is worth $2.65 and the debt has a
face value of $100. Thus, we would want $44,637,585/$100¼ 446,376 of debt and 92,036
calls. At expiration if the index is at 510, the calls will expire $25 in-the-money. With
92,036 calls worth $25 and 446,376 debt worth $100 each, the total portfolio value is
$46,938,500. If the index goes to 450, there will be 92,036 worthless calls and 446,376

Figure 14.1 Insured Portfolio: Stock–Put

300 350 400 450 500 550 600
25

30

35

40

45

50

55

60

65

Stock Price at Expiration

Va
lu

e 
of

 P
or

tfo
lio

 a
t 

Ex
pi

ra
tio

n
(M

ill
io

ns
 o

f D
ol

la
rs

)
Insured Portfolio

Uninsured Portfolio

486 Part III Advanced Topics



debt worth $100 each for a total of $44,637,600, which is the same minimum in the
stock-put case, subject to a round-off error. The example is illustrated in Figure 14.2. It
is important to note that most stock portfolios do not match an exchange traded index
option contract. Also, the customized portfolio option contracts are often very expensive
due to the additional costs borne by the derivatives dealers. There is another alternative
that we discuss now.

A European put (or call) with the appropriate terms and condi-
tions would obviously be a means of insuring a portfolio. While such
options generally are not available on the options exchanges, it is
possible to replicate the behavior of the stock-put or call–debt insured
portfolio by continuously adjusting a portfolio of stocks and index

futures or stocks and risk-free debt. This technique is referred to as dynamic hedging.
When using stock index futures, dynamic hedging involves selling a number of futures
contracts such that the portfolio responds to stock price movements the same way the
stock-put or call–debt insured portfolio would respond.

The hedge ratio for stock index futures contracts is

Nf ¼ Vmin

X

� �
Nðd1Þ � V

S0

� �� �
e�rct:

This gives the number of futures contracts. Since most futures contracts have a multiplier,
this number should be divided by the multiplier. For example, if using the S&P 500 fu-
tures, the contract size is actually 250 times the quoted price. The above formula should
then be divided by 250. Since futures require no outlay, the hedger can put all the funds
in stock. The hedger must be sure to continuously adjust the number of futures contracts
so that it always equals the value of Nf. Since the delta and T will change, this will necessi-
tate frequent revisions.

An alternative approach to the use of futures in dynamic hedging is the use of risk-
free debt. It is possible to combine stock and risk-free debt so that the portfolio behaves
like the protective put or fiduciary call. The key assumption behind this result is that
the risk-free debt price changes only as a result of time. It is not directly influenced by

An appropriate combination of calls and
risk-free debt establishes an insured
portfolio.

Figure 14.2 Insured Portfolio: Call–Risk–Free Debt
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the stock price. This is a fairly reasonable assumption since the long-run correlation
between stock returns and risk-free debt returns is nearly zero. The appropriate combi-
nation of stocks and risk-free debt results in the number of risk-free debt securities of:

NB ¼ V� NSS0
B

:

The number of shares of stock is

Nf ¼ Vmin

X

� �
Nðd1Þ:

As with the use of futures, these values will change continuously.
Both of these approaches work by equating the deltas of the dynamically

hedged portfolios to the delta of the hypothetical portfolio of stock and puts.
For example, for the December 485 call, the delta is 0.1574. This means that
the put delta is 0.1574� 1¼�0.8426. A combination of one unit of stock

and one put would have a delta of 1 (the stock’s delta) plus �0.8426
(the put’s delta), which equals 0.1574, the call’s delta. When using
stock index futures for dynamic hedging, the combination of all
$44,575,000 in stock along with Nf futures has a delta of 0.1574, the
same delta as would have been obtained if the hedger had owned
92,036 shares and 92,036 puts. When using the combination of stock
and risk-free debt, the combination of NS shares and NB debt also has
a delta of 0.1574.

Table 14.1 illustrates the appropriate calculations using stock and futures in a dy-
namic hedge, stock and risk-free debt in a dynamic hedge, and the exact hedge that
would result if the necessary puts were available.1

The lower panel shows that the differences in the three methods are very small. These
differences can be explained by a combination of round-off error and the fact that a
strategy equating deltas is only approximately correct if there is a non-infinitesimal
change in the stock price, a point we introduced as the gamma effect in Chapter 5 and
reexamine in Chapter 15. Moreover, dynamic hedging, or any delta-matching strategy,
will require that the hedge ratio be adjusted continuously, which obviously cannot be
done in the presence of transaction costs.

The dynamic hedging version of portfolio insurance was a widely used strategy in the
mid-1980s. Its efficacy depends on the stock market having only small price changes
within a short time interval. During the stock market crash of October 1987, however,
stock prices experienced enormous jumps over short time intervals. While portfolios
that were insured did better than those that were not, they failed to achieve their targets.
The massive volume of selling done by portfolio insurers adjusting their hedge ratios
was, probably wrongly, blamed for exacerbating the crash. Investors then became disillu-
sioned with portfolio insurance. In response, however, it was not too long afterward that
many new, customized equity products began to appear.

TECHNICAL NOTE
go to http://www.cengage.com/

finance/chance

Dynamic hedging is the use of stock and
either stock index futures or risk-free debt
to achieve portfolio insurance by setting the
delta of the stock-futures or stock–debt
combination to the delta of a combination
of stock and puts.

1The old and new options and futures prices were calculated using the Black-Scholes-Merton model, as cov-
ered in Chapter 5, and the cost of carry model with continuous compounding, as covered in Chapter 9.
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Equity Forwards
An equity forward contract is simply a forward contract on a stock, stock index, or
portfolio. The principles are the same as those we studied previously in Chapter 9. An
investor buying an equity forward simply enters into a contract with a counterparty,
the seller, in which the buyer agrees to buy the stock, stock index, or portfolio from the

TABLE 14.1 DYNAMIC HEDGE PORTFOLIO INSURANCE

Basic Information Contract Information

Current day September 26 Futures price 448.83

Horizon day December 19 Futures delta 1.0069

Time to horizon 0.2301 Futures multiplier 500

Stock price 445.75 Exercise price 485

Number of shares held 100,000 Put price 38.57

Market value of portfolio $44,575,000 Call price 2.65

Risk-free rate 2.99% Call delta 0.1574

Volatility of stock 15.5% Put delta �0.8426

Price of Risk-Free Debt 99.31

Minimum portfolio value (Vmin) $44,637,585

Dynamic Hedge with Futures

Number of contracts needed:

Nf ¼ 44,637,585
485

� �
ð0:1574Þ � 44,575,000

445:75

� �� �
e�ð0:0299Þð0:2301Þ=500≈� 170:

Dynamic Hedge with Risk-Free Debt

Number of shares held:

NS ¼ 44,637,585
485

� �
ð0:1574Þ≈ 14,486:

Amount of debt needed:

NB ¼ 44,575,000� 14,486ð445:75Þ
99:31

≈ 383,827:

Effects of a $1 decrease in the stock price

New derivative prices:

Put $39.42

Futures 447.82

Stock plus put:

Gain on stock �$92,036 (92,036 shares � �$1)

Gain on put 78,230 (92,036 puts � ($39.42 � $38.57))

Net gain �$13,806 (0.03% of value of portfolio)

Stock plus futures dynamic hedge:

Gain on stock �$100,000 (100,000 shares � �$1)

Gain on futures 85,850 (�170 contracts � (447.82 � 448.83) � 500)

Net gain �$14,150

Stock plus debt dynamic hedge:

Gain on stock �$14,486 (14,486 shares � �$1)

Gain on debt 0 (debt price does not change due to stock price change)

Net gain �$14,486
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seller at a future date at a price agreed upon today. In many cases, the equity instrument
is a stock index or a portfolio of stocks. Rather than have the seller deliver stock to the
buyer at expiration, the contract frequently specifies that it will be cash settled.

The price agreed upon by the two parties, called the forward price,
was covered in Chapter 9. Recall that the price of a forward (or fu-
tures) contract on a stock is the current stock price, compounded at
the risk-free rate minus the compound future value of the dividends.
Since we have covered pricing at great length, we shall not repeat it
here, but it may be useful for the reader to review the relevant parts
of Chapter 9.

An interesting variation of a forward contract is the break forward.
A break forward is a combination of spot and derivative positions that replicates the
outcome of an ordinary call with one exception—the positions are structured such that
the overall position costs nothing up front. This instrument is like a zero-cost call, except
that it would be impossible to have an instrument that costs nothing up front and returns
either zero or a positive amount, like an ordinary call. The break forward achieves this
result by penalizing the investor if the option ends up out-of-the-money. An ordinary call
pays off Max(0, ST� X). A break forward is a call that pays off if it expires in-the-money
and incurs a charge if it expires out-of-the-money. Even the in-the-money payoff, how-
ever, can be negative.

To illustrate the break forward and to keep the explanation simple, we assume no di-
vidends on the stock. A break forward will pay off ST�K if ST > F and F� K if ST � F.
The value K is the sum of the compound future value of an ordinary call on the stock
with exercise price F plus the compound future value of the stock. The latter term, you
know, is the forward price. Thus, K will exceed F so when ST � F, the payoff, F�K, is
definitely negative. It is also possible that ST�K can be negative. If the break forward
were structured as a put, the exercise price would be the forward price plus the com-
pound value of the put price.

A break forward contract is identical to an ordinary long call with
an exercise price of F and a loan in which the investor receives the
present value of K� F and promises to pay back K� F. Table 14.2
(p. 488) illustrates this result. Recall from Chapters 2�7 that we ex-
amined some results for DCRB options. We shall use the same DCRB
options for many of the examples in this chapter.2 The value of the
break forward at expiration is illustrated in Figure 14.3.

TABLE 14.2 PAYOFFS FROM BREAK FORWARD

Payoffs from Portfol io
Given Stock Price at Expiration

Instrument Current Value ST � F ST > F

Long Call Ce(S0,T,F) 0 ST � F

Loan �ðK� FÞe�rct

0

�ðK� FÞ
F� K

�ðK� FÞ
ST � K

An equity forward is simply a forward con-
tract on a stock, stock index, or portfolio. It
is an agreement for one party to buy the
stock, stock index, or portfolio from another
party at a fixed price. It is usually settled in
cash.

A break forward is similar to an ordinary
call in that it has a limited loss and unlim-
ited gain; however, it requires no premium
up front. Unlike an ordinary call, its value at
expiration can be negative.

2In practice, many of these types of contracts are based on the S&P 500 or a specific portfolio. We use the
DCRB examples for convenience and because you should by now be quite familiar with these options.
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MAK ING THE CONNECT ION

Portfolio Insurance in a Crashing Market

On October 19, 1987 the Dow Jones Industrial Average

fell over 22 percent in one day. Many factors were

blamed for the crash but none took more criticism

than portfolio insurance.

As discussed in this chapter, portfolio insurance is a

strategy in which a portfolio is protected by either buy-

ing puts, combining calls with risk-free bonds, or repli-

cating a protective put using a dynamic hedging

strategy. Exchange-listed puts with the necessary

terms are not available for the customized portfolios

of many institutional investors; hence, portfolio insur-

ance is typically implemented using dynamic hedging.

As we have discussed in this chapter, dynamic

hedging attempts to replicate a position combining an

asset with a put. Futures contracts can be combined

with the portfolio to obtain the same sensitivity of the

portfolio combined with a put. Because it is based on

calculus, the formula is correct only for a small change

in the underlying. Thus, portfolio insurance works well

only when the market makes small moves and only if

the market is liquid.

One of the primary vendors of portfolio insurance

was the California-based Leland O’Brien Rubinstein,

known as LOR, which had been formed in 1982. Hayne

Leland and Mark Rubinstein are finance professors at

the University of California at Berkeley who had devel-

oped the theory underlying portfolio insurance. John

O’Brien, an investment practitioner, brought marketing

skills to the firm. LOR successfully implemented this

strategy for numerous clients. Because the product

was simple and required no specialized trade secrets,

it was quickly copied. Soon portfolio insurance strate-

gies were associated with billions of dollars of money

in the U.S. stock market.

But on October 19, 1987 the Dow dropped about

200 points in the first two hours and about 200 points

in the last two hours. Although the Dow made a 100-

point move upward during mid-day, it was largely a

day of declines. The Dow was at its highest at the

opening and its lowest at the close. It was a day un-

heard of in stock market history.

Following large market movements, portfolio in-

surers must make rapid adjustments to their posi-

tions. Consider a portfolio insured with a specific

number of short positions in futures. If the market

makes a large downward move, the portfolio would

then require more short futures contracts. The portfo-

lio insurer then attempts to sell more futures con-

tracts, and these transactions must be executed

before another large move. If the portfolio insurer

needs to sell a large number of contracts, the market

could mistakenly infer that the portfolio insurer be-

lieves the market is going down further, a negative

but misleading signal. The transaction is not based

on a belief that the market is going down further.

Even if the portfolio insurer believes the market is go-

ing up, the same transaction—selling more futures

contracts—would be required. In addition, there is

the possibility that the large number of futures con-

tracts would strain the capacity of the market and li-

quidity would suffer. Prices would rapidly fall further.

Portfolio insurance models would then dictate further

selling, leading to an endless spiral. Of course if prices

rose rapidly, portfolio insurance models would dictate

rapid buying, but this was not the case that day. To

make matters worse, many markets were shut down

at various times, effectively prohibiting anyone from

getting in or out.

At the end of the day, portfolio insurance took con-

siderable blame for the bloodbath. In fact, the portfolio

insurance strategy and many portfolio insurance firms

would never be the same. This criticism was unjust.

While it is probably true that portfolio insurance strate-

gies were responsible for some of the decline, much of

the problem lay in the fact that the market panicked,

misinterpreted signals, and then shut itself down.

In fact portfolio insurance resulted in significant sav-

ings to investors who had it. It did not live up to its

promises, however, because it could not operate well

in rapidly moving markets. Clients were dissatisfied

and terminated their relationships with portfolio insur-

ance firms. Most (including LOR) did not survive. Since

that time, the market has developed a variety of alterna-

tive and successful derivative instruments and strate-

gies. For that, we can thank portfolio insurance and

companies like LOR. Financial products that succeed

could never be developed without knowing that pro-

ducts like portfolio insurance worked well in some cir-

cumstances and badly in others.
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The example is based on a stock price of 125.94, a time to expiration of 0.0959
(35 days/365), a risk-free rate of 4.46 percent continuously compounded, a volatility
of 83 percent, and 100 units of the break forward. The forward price of DCRB is
125.94e0.0446(0.0959)¼ 126.48. This value is the exercise price of the break forward. As noted
above, the break forward is equivalent to a loan and a call with exercise price of F, so we
need the price of a call expiring in 35 days with an exercise price of 126.48. Using the
Black-Scholes-Merton model, that call price would be 12.88. Next we need to know the
value of K. This will equal the forward price plus the compound future value of the call
price. This is 126.48� 12.88e0.0446(0.0959)¼ 139.41. Thus, the break forward will be worth
126.48� 139.41¼�12.93 if ST � 126.48 and ST� 139.41 if ST > 126.48. In the figure
all values are multiplied by $100.

Since the up-front cost is zero, the value at expiration is also the profit. While this
figure looks exactly like a call, it is important to remember that a break forward incurs
a payment if it expires out-of-the-money. This is the penalty for having to pay nothing
for it up front.

It should be apparent that a break forward is similar to a forward contract and a call
option. Like a forward contract, it requires no initial outlay but can have negative value
at expiration. Like a call, it has a limited loss. Due to the parity relationships that exist
between puts, calls, and forwards, a break forward can also be constructed by entering
into a long forward contract at the price F, borrowing the present value of K� F and
buying a put with an exercise price of F.

Like a forward contract or a swap, a break forward has a value of zero at the start.
Later during its life, the value will change to positive or negative. Thus, we need to
know how to determine its value during its life. This is a simple procedure. Since we
know that a break forward is like an ordinary call and a loan, we can value it by valuing

Figure 14.3 Break Forward
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the ordinary call and the loan. Thus, suppose we are at time t prior to expiration. The
call is worth Ce(St,T� t,F), and the loan is worth �(K� F)e�rcðT�tÞ. The latter is the
loan payoff, the amount that would be owed if the loan were repaid now. In the exam-
ple we worked here, suppose we are 15 days into the life of the break forward, and
DCRB is at 115.75. The other inputs are F¼ 126.48 (the exercise price), rc¼ 0.0446,
K¼ 139.41, σ¼ 0.83, T� t¼ 20/365¼ 0.0548. Using a spreadsheet for greater precision,
we obtain a Black-Scholes-Merton value for the call of 5.05. The loan value is �(139.41�
126.48)e�0.0446(0.0548)¼ 12.90. Thus, the value of the break forward is 5.05� 12.90¼�7.85.
Since the break forward can have a negative payoff at expiration, it can obviously have a
negative value during its life.

A more general version of a break forward is a pay-later option.
In this case, the buyer of the option simply borrows the premium.
Using a European call as an example, this is an ordinary call with a
premium of Ce(S0,T,X) that also includes a loan in the amount of
Ce(S0,T,X). At expiration, the borrower either exercises the call or
not but is required to pay back the amount Ce(S0,T,X)ercT. This instru-

ment is, in effect, an option in which the premium does not have to be paid until expira-
tion. With an option of this type, any exercise price can be chosen. A break forward is a
special case in which the exercise price is the forward price. Later in this chapter, we look at
an option in which the premium is not paid until expiration and is paid only if the option
expires in-the-money.

Equity Warrants
Warrants have been around much longer than exchange-listed options. A warrant is an
option written by a firm on its own stock and usually offered with a bond issue. Anyone
purchasing the bond receives one or more warrants, which give the bondholders the
right to buy the stock later. The original life of a warrant is usually three to ten years.
Warrants can be priced similarly to ordinary options except that their exercise dilutes
the value of the stock and this must be taken into account. Many warrants trade on stock
exchanges.

From time to time, warrants are written by a financial institution, offered for sale to
the public, and typically based on a stock index. Many of these warrants on foreign indi-
ces offer the interesting feature that even though the underlying index is stated in units
of the foreign currency, the payoff is fixed in U.S. dollars. For example, suppose there is
a call warrant on the Japanese index, the Nikkei 225 with a fixed exchange rate of ¥100
per dollar. Let the exercise price be ¥19,000. At expiration let the Nikkei be ¥19,950.
Thus, the call warrant expires in-the-money by ¥950.

Because the index value is based on prices quoted in yen, the warrant ends up worth
¥950. This figure is automatically converted to dollars at ¥100 per dollar, so the warrant
pays off $9.50. This type of fixed exchange rate derivative is called a quanto.

Quantos are particularly attractive because they permit investors to earn returns in
foreign markets without exchange rate risk.

Equity-Linked Debt
Equity-linked debt is a combination of a call option and a bond that guarantees a return
of principal and either no interest, a small amount of interest, or a guarantee of return-
ing a given fraction of the principal. In addition, it provides an extra payment based on

A pay-later option is an option in which the
premium is paid at expiration. It is essen-
tially an ordinary option in which the seller
lends the buyer the premium.
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how a stock or stock index performed. Instruments of this sort were first offered in 1987
in the form of bank certificates of deposit and were available to the general public. These
original market-indexed CDs did not prove to be very popular, and they were aban-
doned. In the last few years they have resurfaced with some alterations.

Suppose a bank or investment banking firm makes the following offer: Purchase a
one-year zero coupon bond paying 1 percent interest and receive 50 percent of any up-
side gain on the S&P 500. Each unit is sold with a principal amount of $10. Currently a
one-year zero coupon bond without the S&P feature would pay 5 percent compounded
annually. The S&P 500 is at 1500, its standard deviation is 12 percent, and its dividend
yield is 1.5 percent. Is this a good deal?

If you invest $10, you are guaranteed to receive $10(1.01)¼ $10.10. Since the oppor-
tunity cost is 5 percent, the present value of this amount is $10.10/1.05¼ $9.62. This
means that you are implicitly paying $10.00� $9.62¼ $0.38 for 50 percent of the S&P
500 upside gain. Obviously the upside gain feature is like a call option. We can easily
determine its value.

Since the option payoff cannot be earned early, it is a European
call and the Black-Scholes-Merton model applies with a slight twist.
The payoff is $10(0.5)Max(0,(ST� 1500)/1500) where ST is the S&P
500 at expiration. This can be written as (5/1500)Max(0,ST� 1500),
making it equivalent to 5/1500th of an at-the-money call. The option
value will, therefore, be 5/1500th of the Black-Scholes-Merton value.
The inputs to the Black-Scholes-Merton calculation are S¼ 1500,

X¼ 1500, r¼ ln(1.05)¼ 0.0488, T¼ 1, σ¼ 0.12, and δ¼ 0.015. Plugging into the
Black-Scholes-Merton model gives C¼ $96.81. Thus, the option value to the holder of
this security is (5/1500)($96.81)¼ $0.32. This is slightly less than the implied cost of
the option of $0.38, which is not surprising given that the firm offering the deal must
cover its costs and make a profit.

These equity-linked securities sometimes have other features. Some pay off based on
the average price over the last 10 days or so before expiration. Others pay no interest or
even implicitly a negative interest rate by promising to return a given percentage but less
than 100 percent of the amount invested. The holder then gets a greater percentage of
the gain in the S&P 500. Some of the securities make their minimum interest payments
quarterly or semiannually. Others pay off based on any depreciation in the index, which
makes the option feature like a put.

These securities have at times been created by stock and options exchanges but mostly
trade on the over-the-counter market.

ADVANCED INTEREST RATE DERIVATIVES
In Chapter 12 we covered interest rate swaps. In Chapter 13 we encountered some other
derivatives on interest rates. These consisted of forward rate agreements, options, and
swaptions. In this section we look at some other widely used interest rate instruments
that are not technically derivatives but are generally considered as such.

Structured Notes
Corporations routinely issue debt obligations with maturities in the range of 2�10 years.
These instruments are usually called notes. Sometimes the notes carry fixed rates. Other
times the notes have variable rates, such as those tied to LIBOR. In the early 1990s many
corporations began issuing notes with derivative transactions attached so as to change

Equity-linked debt offers a guaranteed re-
turn of a fraction of the principal, the full
principal, or the principal and a below-
market interest rate, plus a percentage of
the return on a market index.
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the return pattern from the standard fixed or LIBOR-floating type. These instruments
have come to be known as structured notes.

Most structured notes are issued by corporations of extremely
high credit quality. Consequently, there is very little credit risk. The
notes are typically designed with a specific user in mind. The user
wants a particular exposure and normally plans to hold the notes
until maturity. Thus, these tend to be fairly illiquid instruments.

Some of these notes have coupons indexed to the CMT rate. Recall
that we discussed the CMT or constant maturity treasury rate in
Chapter 12. It is the rate on a government security of a fixed matu-
rity. If there is no government bond outstanding with the desired

maturity, the CMT rate is obtained by interpolating the rates on bonds with surrounding
maturities. For example, the coupon could be the CMT rate plus 50 basis points. Some
structured notes have leveraged coupons, meaning that, for example, the coupon might
be 1.5 times the CMT rate. Let us say the CMT rate was currently 5.5 percent. Then the
coupon would be 5.5(1.5)¼ 8.25 percent. Suppose that the CMT rate went up 100 basis
points to 6.5. Then the structured note coupon would go up to 6.5(1.5)¼ 9.75, a 150-
basis-point increase.

One interesting type of structured note is the range floater. This instrument pays in-
terest only if a specified interest rate, such as LIBOR, stays within a given range. The
ranges are sometimes different for each year of the note’s life. As an example, consider a
two-year note in which the coupon is LIBORþ 3 percent provided that:

For the first year, LIBOR is between 0 and 6 percent, and

For the second year, LIBOR is between 0 and 7 percent.

In other words, if LIBOR is outside the specified range, the coupon
is zero. Otherwise, the coupon is LIBORþ 3 percent, which would be
considered above normal for a two-year note. You can see that this is
a bet on LIBOR staying within a range. To the investor this transaction
would be like a standard floating-rate note and the sale of an interest

rate cap. If rates rise above a certain threshold, the investor gives up all the interest.
A popular and controversial type of structured note is the inverse floater, sometimes

called the reverse floater. Whereas a standard floating-rate note pays interest at a rate
that changes directly with interest rates in the market, an inverse floater pays interest
that changes in an opposite manner to rates in the market. In other words, as interest
rates go up, the coupon on an inverse floater goes down. This is usually established by
setting the coupon at a formula like Y� LIBOR, where Y is a specified fixed rate. Some-
times it is simply a multiple of the fixed rate on a plain vanilla swap.

Suppose Y is 12 percent and LIBOR is currently 5.5 percent. Then the coupon will be
6.5 percent. If LIBOR moves up to 7 percent, the coupon will be 5 percent. If LIBOR
moves down to 3 percent, the coupon will be 9 percent. It should be obvious that if
LIBOR exceeds 12 percent, the coupon is negative, meaning that the lender rather than
the borrower would pay the interest! In practice, however, most inverse floaters specify
that the minimum interest rate will be zero or perhaps a very small positive rate.

The issuer of an inverse floater could hedge its position with a
plain vanilla swap paying LIBOR and receiving a fixed rate. For the
case of LIBOR < 12 percent, the issuer’s payment would be 12 minus
LIBOR on the structured note andþ LIBOR minus the fixed rate on
the swap for a total payment of 12 minus the fixed rate. The issuer

A structured note is an intermediate-term
debt security issued by a corporation with a
good credit rating and tailored to a partic-
ular investor’s needs. The coupon is altered
by the use of a derivative transaction to
provide an exposure not found in most
other securities with similar characteristics.

A range floater is a type of structured note
in which a higher coupon is paid but only if
a particular interest rate is within a speci-
fied range of rates.

An inverse floating-rate note is an
intermediate-term security in which the
coupon moves opposite to market interest
rates.
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would have created a synthetic fixed-rate loan at this rate. If LIBOR exceeds 12 percent,
the issuer’s payment would be the same as a pay floating-receive fixed swap. If the issuer
does not want such a position, it might wish to buy a cap with a strike rate of 12, which
would pay it LIBOR minus 12 if LIBOR exceeds 12 percent. In that case, for LIBOR of
more than 12, the issuer’s total payment would be �(LIBOR �12) from the cap and
LIBOR minus the fixed rate on the swap for a total payment of 12 minus the fixed
rate. In cases where the inverse floater payment is twice the fixed rate minus LIBOR,
the net payment of the issuer after the swap will be twice the fixed rate minus the fixed
rate or simply once the fixed rate. In that case, the issuer has offered an inverse floater
but effectively pays only the fixed rate.

Some inverse floaters are leveraged with formulas such as three times the fixed-rate
minus twice LIBOR. Many inverse floaters have caps on the maximum rate. Some are
de-levered by using formulas like Y� 0.75LIBOR, where the floating coupon moves less
than the movement in LIBOR.

There are many variations found in structured notes. Some have coupons determined
by the difference between two interest rates, such as the TED spread, and others have
coupons tied to foreign interest rates but with payments made in the domestic currency.
Structured notes have also been based on complex formulas reflecting differences in rates
and bond prices at different ends of the term structure.

The success of structured notes is attributed to the fact that they offer return possibil-
ities tailored to specific investors. Unfortunately, structured notes have also been aggres-
sively marketed in some cases to investors who were not well suited for them. Large
interest rate changes coupled with high leverage resulted in large losses for investors
who were not aware they had so much exposure.

Mortgage-Backed Securities
The fixed-rate home mortgage is the primary means by which individuals purchase houses.
Most homeowners pay off their mortgages over a period of 15 to 30 years with fixed and
equal monthly payments, consisting of interest on the remaining balance and a contribution
to the principal. Nearly every mortgage also provides the homeowner the right to prepay
the mortgage, which will frequently be done if interest rates decline sufficiently to cover
the transaction cost of refinancing. A certain number of prepayments occur due to demo-
graphic factors, such as a family moving to another city. Mortgage lenders are primarily
banks, savings and loan associations, and mortgage companies. These financial institutions
that originate mortgage loans are exposed to the risk of interest rate changes. If interest
rates increase, the value of a mortgage decreases. If interest rates decrease, the value of a
mortgage increases but the increase is limited by the fact that lower interest rates encourage
homeowners to refinance. If that happens, the mortgage holder receives the principal early
and is forced to reinvest it at a lower rate. This is referred to as prepayment risk.

Many mortgages are combined into portfolios; claims on the port-
folio are sold to investors in the form of mortgage-backed securities.
The process of combining loans into portfolios and selling claims on
the portfolio is called securitization. Not all securitized portfolios are
mortgages. Credit card receipts and other types of loans are also se-
curitized, but the mortgage securitization market is one of the largest

and most complex. The process of securitization provides depth to the market because
lenders know that they can sell the loans they hold and receive immediate cash. This
increases the number of willing lenders and provides individual and institutional inves-
tors access to investment opportunities in markets that would otherwise be accessible
only to financial institutions. Securitized mortgages are nearly always guaranteed against

A mortgage-backed security is a security
issued by a party who makes payments
based on the payments it receives from a
portfolio of underlying mortgages.
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default by the purchase of credit insurance, often from a federal agency such as the Gov-
ernment National Mortgage Association (GNMA).

Securities that are issued based on mortgage portfolios are generally considered to be
derivatives because they derive their values from the values of the underlying mortgages.
They are, however, somewhat different from traditional derivatives. Though most mort-
gages have imbedded prepayment options, mortgage securities are more like mutual
funds. They are investments in a security that represents holdings of another security.
Nonetheless, we shall cover them here because it is important to know something about
them and in practice, nearly everyone, rightly or wrongly, thinks of them as derivatives.

Mortgage Pass-Throughs and Strips Portfolios of mortgages on
which claims are sold are called mortgage pass-throughs. An inves-
tor who purchases a mortgage pass-through receives a monthly check
consisting of a proportional share of interest and principal on the
portfolio of mortgages, less a servicing fee. Mortgage pass-throughs,
however, are still subject to the risk of interest rate changes, which, as

we noted above, result in changes to the values of the securities and affect the frequency
with which homeowners refinance their mortgages. Consequently, mortgage pass-
through values can change dramatically with changes in interest rates.

Some mortgage pass-throughs are decomposed into mortgage
strips, each consisting of an interest or principal stream, which are
sold separately. An investor can purchase either or both strips. The
interest-only strip, called an IO, provides the investor with the in-
terest payments on the portfolio of underlying mortgages. The
principal-only strip, called a PO, provides the investor with the prin-
cipal payments on the portfolio of underlying mortgages. If interest

rates decrease and prepayments accelerate, the holder of an IO will find the value of his
position decreasing, perhaps quite dramatically. Thus, it sounds as if the holder of an IO
would prefer for interest rates to increase. That will be the case to a limited extent. Be-
yond a point, however, increases in interest rates will reduce the present value of the
interest-only stream.

Understanding the mechanics of mortgage-backed securities is difficult. At this intro-
ductory level, our objective is to just grasp the fundamentals. We shall do this by looking
at a simple mortgage portfolio, one consisting of a single mortgage. Let that mortgage be
a $100,000 loan at 9.75 percent for 30 years. Although most mortgages have monthly
payments, we shall use annual payments in this example. This enables us to show the
entire amortization schedule, which is in Table 14.3.

First let us determine the annual payment, a simple problem in the mathematics of
compound interest. The payment will equal the loan amount divided by the discount
factor for an annuity:

Payment ¼ $100,000

ð1� ð1:0975Þ�30Þ=0:0975 ¼ $10,387:

Each payment consists of interest, which is 0.0975 times the balance owed, plus the con-
tribution to the principal, which is $10,387 minus the interest. For example, the 10th pay-
ment of $10,387 consists of interest of $91,436(0.0975)¼ $8,915 and the contribution to
principal of $1,472, which leaves a balance of $91,436� $1,472¼ $89,964.3

A mortgage pass-through is a mortgage-
backed security in which the holder re-
ceives the principal and interest payments
on a portfolio of mortgages, less a servicing
fee.

Interest-only (IO) and principal-only (PO)
strips are mortgage-backed securities en-
titling their holders to the interest and
principal payments, respectively, of a port-
folio of underlying mortgages.

3The figures in the table reflect more precise calculations so they occasionally differ slightly from manually cal-
culated figures.
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Now let us examine the values of IOs and POs. The value of the IO strip will be the
present value of the column of numbers representing the interest. The value of the PO
strip will be the present value of the column of numbers representing the principal.

To determine these values we need two pieces of information. One is the rate at
which to discount the cash flows. Assuming the payments are guaranteed by a federal
agency, we can discount these at a rate appropriate for a Treasury security. So at the
present, let us assume a rate of 7 percent. We also have to make an assumption about
when the loan will be paid off. Although it is a 30-year loan, it has a good chance of
being paid off early. We shall assume that it is paid off in its twelfth year, which is con-
sidered to be an average payoff date for 30-year mortgages.

TABLE 14.3 AMORTIZATION SCHEDULE FOR A 30-YEAR,

$100,000 MORTGAGE AT 9.75 PERCENT

Annual Payments

Payment
No.

Balance before
Payment Payment Interest Principal

Balance after
Payment

1 $100,000 $10,387 $9,750 $637 $99,363

2 99,363 10,387 9,688 699 98,663

3 98,663 10,387 9,620 768 97,896

4 97,896 10,387 9,545 843 97,053

5 97,053 10,387 9,463 925 96,128

6 96,128 10,387 9,373 1,015 95,113

7 95,113 10,387 9,274 1,114 94,000

8 94,000 10,387 9,165 1,222 92,777

9 92,777 10,387 9,046 1,342 91,436

10 91,436 10,387 8,915 1,472 89,963

11 89,963 10,387 8,771 1,616 88,348

12 88,348 10,387 8,614 1,773 86,574

13 86,574 10,387 8,441 1,946 84,628

14 84,628 10,387 8,251 2,136 82,492

15 82,494 10,387 8,043 2,344 80,147

16 80,147 10,387 7,814 2,573 77,574

17 77,574 10,387 7,563 2,824 74,750

18 74,750 10,387 7,288 3,099 71,651

19 71,651 10,387 6,986 3,401 68,250

20 68,250 10,387 6,654 3,733 64,517

21 64,517 10,387 6,290 4,097 60,420

22 60,420 10,387 5,891 4,496 55,924

23 55,924 10,387 5,453 4,935 50,989

24 50,989 10,387 4,971 5,416 45,573

25 45,573 10,387 4,443 5,944 39,629

26 39,629 10,387 3,864 6,524 33,105

27 33,105 10,387 3,228 7,160 25,946

28 25,946 10,387 2,530 7,858 18,088

29 18,088 10,387 1,764 8,624 9,465

30 9,465 10,387 923 9,465 0

Note: Annual payments are used as an approximation. Most mortgages have monthly payments.
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At the current interest rate of 7 percent with the mortgage prepaid in the twelfth year,
the value of the IO strip is found by discounting the 12 interest payments at 7 percent:

Value of IO strip at 7 percent interest and prepayment in year 12
¼ $9,750ð1:07Þ�1 þ $9,688ð1:07Þ�2 þ . . . þ $8,614ð1:07Þ�12 ¼ $74,254:

The value of the PO strip is found by discounting the 12 principal payments, taking into
account that the final principal payment will include the full payoff of $86,574:

Value of PO strip at 7 percent interest and prepayment in year 12
¼ $637ð1:07Þ�1 þ $699ð1:07Þ�2þ . . . þð$1,773þ $86,574Þð1:07Þ�12 ¼ $46,690:

The overall pass-through would be worth the sum of these two or

Value of pass-through ¼ $74,254þ $46,690 ¼ $120,944:

Now assume the interest rate falls to 6 percent and assume the homeowner prepays in
two years. Then we have

Value of IO strip at 6 percent interest and prepayment in year 2
¼ $9,750ð1:06Þ�1 þ $9,688ð1:06Þ�2 ¼ $17,820;

which is a loss of 76 percent.

Value of PO strip at 6 percent interest and prepayment in year 2
¼ $637ð1:06Þ�1 þ ð$699þ $98,663Þð1:06Þ�2 ¼ $89,034;

which is a gain of 91 percent. The overall pass-through is worth

Value of pass-through ¼ $17,820þ $89,034 ¼ $106,854;

a loss of almost 12 percent.
Assume that the interest rate is at 8 percent and prepayment still occurs in year 12.

Then we have:

Value of IO strip at 8 percent interest and prepayment in year 12
¼ $9,750ð1:08Þ�1 þ $9,688ð1:08Þ�2þ . . . þ $8,614ð1:08Þ�12 ¼ $70,532;

a loss of 5 percent.

Value of PO strip at 8 percent interest and prepayment in year 12
¼ $637ð1:08Þ�1 þ $699ð1:08Þ�2 þ . . . þ ð$1,773þ $86,574Þð1:08Þ�12 ¼ $42,128;

a loss of almost 10 percent. The overall pass-through is worth

Value of pass-through ¼ $70,532þ $42,128 ¼ $112,660;

a loss of almost 7 percent.
It would appear that IO holders lose either way, but that is not exactly how it works

in practice. IO and PO strips represent portfolios of mortgages. Each mortgage will not
prepay at the same time. Any increase in interest rates is likely to push the average
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prepayment date further out. If in our example, the interest rate change to 8 percent
pushes the prepayment to year 14, we have

Value of IO strip at 8 percent interest and prepayment in year 14
¼ $9,750ð1:08Þ�1 þ $9,688ð1:08Þ�2 þ . . . þ $8,251ð1:08Þ�14 ¼ $76,445;

which is a gain of about 3 percent.

Value of PO strip at 8 percent interest and prepayment in year 14
¼ $637ð1:08Þ�1 þ $699ð1:08Þ�2 þ . . . þ ð$2,136þ $82,492Þð1:08Þ�14 ¼ $37,276;

which is a loss of about 20 percent. The overall pass-through is worth

Value of pass-through ¼ $76,445þ $37,276 ¼ $113,721;

a loss of about 6 percent.
A mortgage pass-through decreases in value with increases in interest rates. When

rates decrease, however, the gains on the pass-through are limited because of the in-
creased prepayment rate. The pass-through is not as volatile as the IO or PO individually
but it can still be fairly volatile and has limited gains because of the prepayment risk.4

The main point from this demonstration is that mortgage securities are complex and
that POs and IOs can be extremely volatile. Not only are they affected by the discounting
effect of interest rates but they are extremely sensitive to the effect that interest rate
changes have on prepayments. As you might well imagine, it is difficult to predict pre-
payments, making it all the more difficult to get a firm grasp on the risk of these secu-
rities. This does not mean that investors should avoid them. They are priced fairly for
their risk.

Collateralized Mortgage Obligations (CMOs) Another type of mortgage security
is the collateralized mortgage obligation (CMO). CMOs, like mortgage pass-throughs,
are debt securities whose payoffs are based on a portfolio of mortgages. CMOs, however,
have risks and rewards that differ substantially from standard pass-throughs or IO and
PO strips. In fact, some CMOs have considerably more risk and others have considerably
less risk than pass-throughs or strips. This is accomplished by structuring the different
types of CMO securities, called tranches, to have different priorities on the payments
made on the underlying mortgages. In addition, some CMOs serve as equity, providing
support to the liabilities and being paid after all other tranches are paid. This is called
the residual tranche.

CMOs can be extremely complex securities, but we can understand the basics with a
few simple examples. In the mortgage pass-through described above, the combined
value of the IO and PO is $120,944. Suppose we hold this mortgage and issue debt
tranches with a total value of $100,000, leaving a residual or equity tranche of
$20,944, which has the lowest priority of claims on the underlying mortgages. There
are numerous variations of tranches in CMOs, distinguished by the different coupon
rates and prepayment provisions. One type of tranche, called a planned amortization
class or PAC, is characterized by a nearly fixed amortization schedule. In other words,
it is designed to not be subject to prepayment risk. If, however, prepayments are
dramatically above or below a specified reasonable range, some prepayments may be

4The limited downside gain is often referred to as the negative convexity, a concept also associated with call-
able bonds.
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applied to the PAC tranche. Nonetheless, its substantially reduced prepayment risk re-
sults in a lower coupon.

With the PAC tranche protected against prepayment risk, obvi-
ously other tranches must bear more of that risk. The other tranches
are arranged in priority according to which bears the greater prepay-
ment risk. The tranches with higher coupons will receive larger per-
centages of any prepayments. In some cases, the tranche bearing the
greatest prepayment risk must be fully paid off before the other
tranches begin receiving prepayments. All tranches generally accrue
interest, however, while higher-priority tranches are being paid off. In
that manner the tranches accrue interest and are retired sequentially.

Some tranches are called Z-bonds. They accrue interest at a given rate but no principal is
paid until all other tranches are paid off.

All tranches tend to gain in value as interest rates decrease but the tranches bearing
the greater prepayment risk gain less and the Z-bond gains more. It continues to accrue
interest while the other tranches start receiving more prepayments. When interest rates
increase, the securities bearing the greater prepayment risk do better because their pre-
payments are invested at higher rates. Though their values tend to fall, they fall less. The
Z-bond value will then fall more.

When all tranches are paid off, there may be value left over, which is paid to the
holders of the residual tranche. Any gain in value from the amount paid for the residual
tranche will result from unexpected changes in interest rates and their effect on devia-
tions in the prepayment rate from the assumptions built into the original structure.

Collateralized mortgage obligations are some of the most complicated and volatile
financial instruments. Like mortgage pass-throughs, they have been aggressively mar-
keted, sometimes to investors who had little understanding of the risks. Unfortunately,
considerable misunderstanding occurred because many mortgage-backed securities
were referred to as “government guaranteed.” Of course, the guarantee is only that
if a homeowner defaults, the payments will be made by the government agency, usually
GNMA. Thus, this is only a credit guarantee; it does not guarantee against losses
arising from interest rate changes and changes in the rate of prepayments. The
volatility and illiquidity often seen in the market for mortgage-backed securities suggests
that they be used only with caution and then only by investors who fully understand
them.

The concept of securitizing mortgages has been extended to securitizing many other
types of instruments, such as bonds and loans. In Chapter 15 we discuss credit deriva-
tives, which can be combined with some of these other securitized debt instruments to
create more opportunities for managing risk.

EXOTIC OPTIONS
In recent years, the proliferation of option products has led to a new class of options
called exotic options. Although it is difficult to identify exactly where ordinary options
end and exotic options begin, it is becoming common to refer to almost any option that
is not traded on an exchange or not essentially identical to one traded on an exchange as
an exotic option. In some cases these options are simple; in other cases, they are quite
complex. What distinguishes them from what we have previously covered, however, is
the fact that they offer different types of payoffs. What makes them like what we have
previously covered is that their final payoffs are determined by whether a value exceeds
or is less than an exercise price.

A collateralized mortgage obligation, or
CMO, is a mortgage-backed security in
which different types of CMOs, called
tranches, have different risks and returns
resulting from different priorities of claims
on the payments generated by the under-
lying mortgages.
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Digital and Chooser Options

Digital Options Digital options, which are sometimes called binary options, are ac-
tually very simple options and are of two types. An asset-or-nothing option pays the
holder the asset or its equivalent cash value if the asset price at expiration exceeds the
exercise price and nothing if the asset price at expiration is less than the exercise price.
A cash-or-nothing option pays the holder a fixed amount of cash at expiration if the asset
price at expiration exceeds the exercise price and nothing if the asset price at expiration is
less than the exercise price. These descriptions apply to call versions, but put versions also
exist. These options can be useful for hedging positions in standard European calls. In fact,
there is a simple relationship between digital options and a standard European option.

Table 14.4 illustrates the payoffs to the holder of an asset-or-nothing option who also
sells X cash-or-nothing options, each paying $1 if ST > X. Notice that the payoffs are
ST� X if ST > X, and zero otherwise. Does this look familiar? It should because it is
the payoff of a standard European call. This gives us some insights into how to price
digital options. Recall that the Black-Scholes-Merton price is S0N(d1)� Xe�rcTNðd2Þ.
The first term is the price of the asset-or-nothing option. The second term, ignoring
the minus sign, is the price of X cash-or-nothing options that pay off $1 if they expire
in-the-money. In other words, an asset-or-nothing option price is given as

Oaon ¼ S0Nðd1Þ:

A standard cash-or-nothing option price is given as

Ocon ¼ e�rcTNðd2Þ,

so X cash-or-nothing options are worth Xe�rcTN(d2). As an example,
consider an asset-or-nothing option written on the S&P 500 Total
Return Index, which is at 1440. At expiration, the option pays the
full cash value of the S&P 500. The exercise price is 1,440. The risk-
free rate is 4.88 percent continuously compounded, the standard de-
viation is 11 percent, and the option expires in exactly one-half year.
Since the option is written on the Total Return Index, which includes
the dividends, we need not adjust for dividends when pricing the option.

Substituting these values into d1 for the Black-Scholes-Merton model gives d1¼ 0.3526.
Using Table 5.1, we have N(0.35)¼ 0.6368. Then the asset-or-nothing option is worth
1,440(0.6368)¼ 917.00. If this option had been 1,440 cash-or-nothing options with an
exercise price of 1,440, we would need d2, which would be 0.2748. The N(0.27)¼ 0.6064

TABLE 14.4 PAYOFFS TO A POSITION LONG AN

ASSET-OR-NOTHING OPTION AND SHORT

A CASH-OR-NOTHING OPTION

Payoffs from Portfol io
Given Asset Price at

Expiration

Payoff from ST � X ST > X

Long asset-or-nothing option 0 ST
Short X cash-or-nothing options 0 �X

Total 0 ST � X

Two types of digital options are an asset-
or-nothing option, which pays the asset
value if it expires in-the-money and nothing
otherwise, and a cash-or-nothing option,
which pays a fixed cash value if it expires
in-the-money and nothing otherwise.
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and the cash-or-nothing options would be worth 1440e�0.0488(0.5)(0.6064)¼ 852.17. The dif-
ference in these two values, 64.83, is the value of a standard European call.

Recall that earlier in the chapter we looked at pay-later options, in which the buyer of
the option pays the premium at expiration. This result is achieved by effectively borrow-
ing the option premium. Thus, the option premium is paid, not at the start, but at expi-
ration, where it is increased by the interest accrued over the life of the contract. A
variation of this type of contract is the contingent-pay option. In this type of option,
the premium is paid at expiration but only if the option expires in-the-money. To see
how this option is identical to instruments we already know, consider the following com-
bination. Buy an ordinary call expiring at T with exercise price X and sell Ccp cash-
or-nothing calls, each paying $1 at expiration. Of course we do not yet know the value
of Ccp, which represents the premium of the contingent-pay option, but we can deter-
mine it. Table 14.5 shows the payoff of this combination at expiration, using a stock as
the underlying.

We see that this combination of a long call and Ccp cash-or-nothing
calls each paying $1 at expiration replicates a contingent-pay option.
Therefore, the value of the contingent pay option should equal the
value of this combination at any time. We know, however, that at the
start the value of a contingent-pay option is zero, because there is no
payment up front. Recall that the value of a cash-or-nothing option
paying $1 at expiration is e�rcTN(d2). Therefore, let us set the value
of this combination at the start to zero:

CeðS0,T,XÞ � Ccpe
�rcTNðd2Þ ¼ 0,

and solve for Ccp:

Ccp ¼ CeðS0, T, XÞ
e�rcTNðd2Þ :

This is the premium of the contingent-pay option that would be paid at expiration but
only if the option expires in-the-money.

Let us work an example using the same digital option we looked at in the previous
section. This option was based on the S&P 500 Total Return Index. Recall that the index
is at 1,440 and the exercise price is also 1,440, the risk-free rate is 4.88 percent continu-
ously compounded, the standard deviation is 11 percent, and the option expires in one-
half year. We determined that the value of a standard European call is 64.83. The value
of N(d2) is 0.6064. The premium of the contingent-pay option would be

Ccp ¼ 64:83

e�ð0:0488Þð0:5Þ0:6064
¼ 109:55:

TABLE 14.5 PAYOFFS FROM CONTINGENT-PAY OPTION

Payoffs from Portfol io Given Stock
Price at Expirat ion

Instrument Current Value ST � X ST > X

Long call Ce(S0,T,X) 0 ST � X

Short Ccp cash-or-nothing
calls

�CcpOcon 0 �Ccp

Ce(S0,T,X) � CcpOcon 0 ST � X � Ccp

A contingent-pay option is an option in
which the holder pays the premium at ex-
piration and only if the option expires in-
the-money. It is equivalent to an ordinary
call and a specific number of cash-
or-nothing calls.
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Note that the contingent-pay premium is considerably higher than the premium of an or-
dinary European call. This is because the contingent-pay premium is deferred and could
possibly never have to be paid at all.

Like a forward contract and a swap, the contingent-pay option has zero value at the
start. During its life, however, its value changes and can be either positive or negative.
Thus, we need a formula to determine its value. Suppose we are at a time t during the
life of the option. Since the premium, Ccp, was set at the start, we know the payoff will
be either ST� X� Ccp or zero. We can then value the contingent-pay option as a com-
bination of an ordinary call and Ccp cash-or-nothing calls that pay $1 at expiration. In
other words, we simply value it the same as the portfolio we constructed to solve for Ccp.

For example, suppose that two months into the life of this contingent-pay option, the
index is at 1400. We using the following values for inputs: St¼ 1,400, X¼ 1,440, rc¼
0.0488, T� t¼ 0.333 (based on four months remaining), σ¼ 0.11, and Ccp¼ 109.55.
Using a spreadsheet for greater accuracy, we find that d1¼�0.1561, N(d1)¼ 0.4380, d2¼
�0.2195, N(d2)¼ 0.4131. The value of a standard European call would be 27.89. The value
of 109.55 cash-or-nothing calls that each pay $1 at expiration is 109.55e�0.0488(0.333)

(0.4131)¼ 44.53. Thus, the value of the contingent-pay call is 27.89� 44.53¼�16.64. As
we noted, this type of option can have a negative payoff; hence, it can clearly have a nega-
tive value prior to its expiration.

Chooser Options A chooser option permits the investor to decide
at a specific point during the life of the option whether it should be a
call or a put. For example, suppose an investor believes the market
will make a strong move but does not know which direction it will

go. As we studied in Chapter 7, an investor can purchase a straddle, which is a call and a
put. A cheaper alternative is to purchase a chooser option. The chooser allows the inves-
tor to decide at time t, which is prior to expiration, whether to make it a call or a put.
Chooser options are also called as-you-like-it options.

Suppose at time t, an investor decides to make it a call. Then at expiration, the call pays
off ST� X if ST > X and zero otherwise. If the investor had chosen the put, it pays off
X� ST if ST � X and zero otherwise. Note that unless ST¼ X, a straddle will always pay
off through either the call or the put, but it is possible that a chooser will not pay off at all.

Pricing a chooser option is quite simple. At time t, the investor will make it a call if
the value of the call exceeds the value of the put. At t the call price can be expressed as
C(St, T� t, X) and the put price can be expressed as P(St, T� t, X). A little algebra using
put-call parity shows that the call is worth more and would be chosen if St >

X(1þ r)�(T�t). The chooser can be replicated by simply holding an ordinary call expiring
at T with exercise price of X and a put expiring at t with exercise price of X(1þ r)�(T�t).
An end-of-chapter problem asks you to verify this statement.

Let us consider a chooser option on the DCRB stock. Recall that the stock price is
125.94, the exercise price is 125, the risk-free rate is 4.56 percent discrete (4.46 percent
continuous), the time to expiration is 0.0959 (35 days), and the volatility is 83 percent.
Let us assume the choice must be made in 20 days. First let us price an ordinary straddle.
From Chapter 5, we used the Black-Scholes-Merton model and found the call to be
worth 13.55 and the put to be worth 12.08. Therefore, the straddle would cost 25.63.
The chooser would be worth the value of an ordinary call (13.55) and the value of a
put expiring in 20 days (t¼ 20/365¼ 0.0548 so T� t¼ 0.0959� 0.0548¼ 0.0411) with
an exercise price of 125(1.0456)�0.0411¼ 124.77 and a volatility of 83 percent. Plugging
into the Black-Scholes-Merton model gives a put value of 7.80. Thus, the chooser would
cost 13.21þ 7.80¼ 21.01. The lower cost of the chooser over the straddle comes from
the fact that there is a possibility that the payoff at expiration will be zero.

A chooser option allows the holder to des-
ignate at a specific time prior to expiration
whether the option will be a call or a put.

504 Part III Advanced Topics



A chooser option that allows the holder to designate at any time before expiration
whether it will be a call or a put is called a complex chooser. It is much more difficult
to evaluate and we do not cover it here.

Path-Dependent Options
An important distinction among options is whether the path followed
by the underlying asset price matters to the price of the option. For
standard European options the path taken does not matter. They can
be exercised only at expiration so it does not matter how the asset
reached a certain price. Standard European options are said to be
path-independent. For some options, however, the path taken does mat-
ter. American options are a classic case in point. Certain paths lead to
early exercise. Though we did not refer to them this way in Chapters 4
and 5, we can certainly now call them path-dependent options.5

In recent years a family of new options, however, has become better known for its
property of path-dependency. Some of these options are based on the average price or
the maximum or minimum prices of the underlying asset during the option’s life. Others
have the property that they can expire worthless before expiration or can expire worth-
less even if they apparently are in-the-money at expiration. Today when one hears of
path-dependent options, the reference is nearly always to these types of options, although
these are certainly not all of the path-dependent types.

The binomial model provides a good framework within which to see how path-
dependent options work. Table 14.6 presents a simple three-period binomial model
where the current asset price is 50 and each period it can go up 25 percent or down
20 percent. The risk-free rate is 5 percent. We shall use an exercise price of 50. The table
shows the binomial tree with the asset moving from 50 at time 0 to either 97.66, 62.50,
40, or 25.60 at time 3.

Also shown in the table is a listing of each of the eight paths the asset could take. Notice
that it could go up-up-up, up-up-down, or any of six other possible paths. Recalling from
our binomial model material in Chapter 4, the probability factor, p, is (1þ r �d)/(u� d),
which the table shows is 0.556. The probability of a given path is p# of times price goes up

(1� p)# of times price goes down. For example, the probability of going up, down, and then up is
0.55220.4441¼ 0.137. Also, keep in mind that this is not the true probability but only the
risk neutral probability, as discussed in Chapter 4. It is important not to combine paths,
such as the fact that the stock can reach 62.50 at expiration three different ways. Each path
can lead to different values of path-dependent options, so we must keep the paths separate.

The table also shows the sequence of asset prices for each path: S0, S1, S2, and S3. The
eighth column shows the average price over the path, counting the original asset price.
Thus, for path 1, the average is (50.00þ 62.50þ 78.13þ 97.66)/4¼ 72.07. The next two
columns show the maximum and minimum prices attained over the given path.

The last two columns show the payoffs at expiration for standard European calls. The
value for a given path is Max(0, S3� 50) for calls and Max(0, 50� S3) for puts, which

Path-dependent options are those in which
the path followed by the asset during the
life of the option has an effect on the op-
tion’s price. Path-independent options are
those in which only the asset price at ex-
piration and not the path followed affects
the options’ values.

5The concept of path-independence versus path-dependence is illustrated by considering the following situa-
tion encountered in traveling. Suppose you are in Baltimore and need to fly to San Francisco. There are nu-
merous ways to get from Baltimore to San Francisco, including direct flights and many possible connecting
flights. If your objective is only to get from Baltimore to San Francisco, it does not matter what route you
take. This would be consistent with path independence. If your objective is to get from Baltimore to San
Francisco in the least amount of time and/or at the lowest cost, then certain routings, especially direct flights,
are preferred. This would be consistent with path dependence.
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reflects those options’ dependencies on only the final asset price, S3. To find the price of
those options, we simply multiply each option payoff by the probability of that payoff
occurring, sum the payoffs, and divide by (1.05)3, which is simply discounting the total
to the present. This is the same procedure we used in previous applications of the bino-
mial model in Chapter 4. The European call price is 11.50 and the European put price is
4.69.6 We now look at several types of path-dependent options.

Asian Options An Asian option is an option where the payoff is based on the aver-
age price attained by the underlying asset during the life of the option or over a specified
period of time, which does not have to correspond to the life of the option. An Asian
option can take the form of either a call or a put. The average price can be used in place
of either the expiration price of the asset or the exercise price. The former are called
average price options while the latter are called average strike options. For the three-
period case, the payoffs at expiration are as follows:

Average price call : Maxð0, Savg � XÞ
Average put price : Maxð0, X� SavgÞ
Average strike call : Maxð0, S3 � SavgÞ
Average strike put : Maxð0, Savg � S3Þ:

TABLE 14.6 PATH-DEPENDENT OPTIONS INFORMATION

Time 0 Time 1 Time 2 Time 3

S0: 50 S0 S1 S2 S3
u: 1.25 97.66

d 0.80 78.13

r: 0.05 62.50 62.50

X: 50 50.00 50.00

p: 0.5561 40.00 40.00

1 � p 0.444 32.00

25.60

Path
No. Path Probabil i ty2 S0 S1 S2 S3

Average
Price Smax Smin

European
Cal l

Payoffs
European

Put Payoffs

1 uuu 0.171 50.00 62.50 78.13 97.66 72.07 97.66 50.00 47.66 0.00

2 uud 0.137 50.00 62.50 78.13 62.50 63.28 78.13 50.00 12.50 0.00

3 udu 0.137 50.00 62.50 50.00 62.50 56.25 62.50 50.00 12.50 0.00

4 duu 0.137 50.00 40.00 50.00 62.50 50.63 62.50 40.00 12.50 0.00

5 udd 0.110 50.00 62.50 50.00 40.00 50.63 62.50 40.00 0.00 10.00

6 dud 0.110 50.00 40.00 50.00 40.00 45.00 50.00 40.00 0.00 10.00

7 ddu 0.110 50.00 40.00 32.00 40.00 40.50 50.00 32.00 0.00 10.00

8 ddd 0.088 50.00 40.00 32.00 25.60 36.90 50.00 25.60 0.00 24.40

European call price: 11.50
European put price: 4.69
1 Computed as (1 þ r � d)/(u � d).
2 Probability of a given path is p# of times price goes up (1 � p)# of times price goes down. For example, for path 5 (udd), the probability
is 0.5561 0.4442 ¼ 0.110.

6As an example, the call price is found as (0.171(47.66) þ 0.137(12.50) þ … þ 0.088(0))/(1.05)3 ¼ 11.50.
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Table 14.7 illustrates how to price an Asian option. Look at the
fifth column, which shows the payoffs for the average price call. For
path 1, at expiration the average price is 72.07, which makes the op-
tion be in-the-money by 22.07. The remaining payoff values are com-
puted similarly using the first formula above. Then the values in the

payoff column are multiplied by their respective probabilities (column 3). The sum of
these probability-weighted outcomes is then discounted over three periods to the present.
We see that both types of Asian options are considerably less valuable than their
European counterparts. There are several reasons for this, but the most obvious one is that
the volatility of an average of a series of numbers is less than the volatility of the series itself.

The lower prices of Asian options relative to European options make them useful for
situations in which the user wants to hedge or speculate on the price series but is unwilling
to spend the full price required by European options. In some cases a hedge of only an
average price is satisfactory. Asian options are also used in markets where prices are un-
usually volatile and may be susceptible to distortion or manipulation. The averaging pro-
cess results in the option payoff not being completely dependent on the price at expiration.

As we discussed in Chapter 4, the binomial model requires a large number of time
steps to give an accurate approximation to the Black-Scholes-Merton price for standard
European options. Unfortunately there is no formula like the Black-Scholes-Merton for
Asian options.7 The binomial model is useful for illustrative purposes, but applying it in
practice with a large number of time steps is impractical for Asian options. The computer
must keep track of 2n paths, where n is the number of time periods. For our three-period
model, the number of paths is 23¼ 8. For a realistic situation, we would require at least
50 time steps, in which case the computer must keep track of 1,125,900,000,000,000
paths! There are some Asian option approximation formulas used in practice, but a conve-
nient method of pricing Asian options is by Monte Carlo simulation. We illustrate the
Monte Carlo simulation procedure in Appendix 14.

TABLE 14.7 PRICING AN ASIAN OPTION

Path No. Path Probabil i ty
Average

Price (Savg)

Average
Price Cal l
Payoff1

Average
Price Put
Payoff2

Average
Strike Cal l
Payoff3

Average
Strike Put
Payoff4

1 uuu 0.171 72.07 22.07 0.00 25.59 0.00

2 uud 0.137 63.28 13.28 0.00 0.00 0.78

3 udu 0.137 56.25 6.25 0.00 6.25 0.00

4 duu 0.137 50.63 0.63 0.00 11.88 0.00

5 udd 0.110 50.63 0.63 0.00 0.00 10.63

6 dud 0.110 45.00 0.00 5.00 0.00 5.00

7 ddu 0.110 40.50 0.00 9.50 0.00 0.50

8 ddd 0.088 36.90 0.00 13.10 0.00 11.30

Value of
Option5

5.72 2.37 5.94 2.48

1Max(0, Savg � 50).
2Max(0, 50 � Savg).
3Max(0, S3 � Savg).
4Max(0, Savg � S3).
5 Value of Option is found as the sum of the product of the payoffs of the option (column 5, 6, 7, or 8) by the respective
probability of that payoff (column 3) discounted at the risk-free rate (i.e., divided by 1.053).

An Asian option is an option in which either
the final asset price or the exercise price is
replaced by the average price of the asset
over the option’s life.

7An exception is that if the average is a geometric average, then a formula does exist. Geometric average Asian
options, however, are rarely used in practice.
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Lookback Options Another interesting path-dependent option is the lookback option.
A lookback call allows you to buy the asset at the lowest price and a lookback put allows
you to sell it at the highest price attained during the life of the option. It is said that look-
back options allow you to “buy low, sell high.” Since you never have to miss in timing the
market, a lookback option is also called a no-regrets option.

For the three-period binomial example, the standard lookback option has payoffs at
expiration as follows:

Lookback call : Maxð0, S3 � SminÞ
Lookback put : Maxð0, Smax � S3Þ:

In other words, the lookback call sets the exercise price at the lowest price the asset attained
during the option’s life. A lookback put sets the exercise price at the highest price it
attained during the life of the option. In the worst case, a lookback option expires at-
the-money.

Another class of lookback options, which are sometimes called
modified lookback options, has the exercise price fixed but replaces
the terminal asset price with the maximum price for a call and mini-
mum price for a put. Thus, their payoffs are:

Fixed strike lookback call : Maxð0, Smax � XÞ
First strike lookback put : Maxð0, X� SminÞ:

Table 14.8 illustrates the pricing of lookback options. Consider the standard lookback
call, whose payoffs are listed in column 6. If path 1 occurs, the asset ends up at 97.66.
The minimum price along that path is 50. Thus, it expires in-the-money worth 47.66.
Notice particularly path 7. From Table 14.6, we see that the asset price ended up at 40
but it went as low as 32, so the call ends up worth 8. Similarly, the basic lookback put in
path 2 pays off 15.63 because the asset ended up at 62.50 but went as high as 78.13. The
remaining payoffs are determined in a similar manner using the appropriate formulas

TABLE 14.8 PRICING A LOOKBACK OPTION

Path
No. Path Probabi l i ty

Maximum
Price (Smax)

Minimum
Price (Smin)

Lookback
Call

Payoff1

Lookback
Put

Payoff2

Fixed Strike
Lookback

Cal l Payoff3

Fixed Str ike
Lookback

Put Payoff4

1 uuu 0.171 97.66 50.00 47.66 0.00 47.66 0.00

2 uud 0.137 78.13 50.00 12.50 15.63 28.13 0.00

3 udu 0.137 62.50 50.00 12.50 0.00 12.50 0.00

4 duu 0.137 62.50 40.00 22.50 0.00 12.50 10.00

5 udd 0.110 62.50 40.00 0.00 22.50 12.50 10.00

6 dud 0.110 50.00 40.00 0.00 10.00 0.00 10.00

7 ddu 0.110 50.00 32.00 8.00 10.00 0.00 18.00

8 ddd 0.088 50.00 25.60 0.00 24.40 0.00 24.40

Value of
Option5

13.45 7.73 14.54 6.64

1 Max(0, S3 � Smin).
2 Max(0, Smax � S3).
3 Max(0, Smax � 50).
4 Max(0, 50 � Smin).
5 Value of Option is found as the sum of the product of the payoffs of the option (column 6, 7, 8, or 9) multiplied by the
respective probability of that payoff (column 3) discounted at the risk-free rate (i.e., divided by 1.053).

Lookback options base their expiration
payoffs on the maximum or minimum price
reached by the asset during the option’s
life. They allow the user to buy at the low
price or sell at the high price.
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shown above. The value of each option is once again found by multiplying each option
payoff by the appropriate probability (column 3), summing these probability-weighted
payoffs, and discounting at 5 percent over three periods.

Because lookback options allow their holders to achieve higher payoffs for some out-
comes and positive payoffs for some outcomes where European options would have zero
payoffs, they are worth substantially more. Is the additional price worth it? That depends
on the investor. An investor who experiences anguish over failing to buy when the price
is low or sell when the price is high would probably find the extra cost worth it.

Formulas for the prices of most lookback options have been derived. Using these for-
mulas in practice, however, is complicated by the fact that many lookback options do not
provide for continuous monitoring of the asset price. Instead they consider only the clos-
ing price of the asset in determining the maximum or minimum. Because of the afore-
mentioned large number of paths that must be followed in the binomial model, Monte
Carlo methods are often used.

Barrier Options The final type of path-dependent option we examine is the barrier
option. While lookback options have positive payoffs for more outcomes than do stan-
dard European options, barrier options have fewer positive payoffs than European op-
tions. This makes them less expensive than standard European options. Investors who
want to save a little money and do not want to pay for outcomes they do not believe
are likely to occur will be attracted to barrier options.

In one type of barrier option the holder specifies a level of the asset price that, if
touched by the asset before the option expires, causes the option to terminate. In the
other type of barrier option, the holder specifies a level of the asset price that must be
hit by the asset to activate the option. If the asset never hits the barrier during the option’s
life, the option cannot be exercised even if it expires in-the-money at expiration. Options
that can terminate early are called out-options and sometimes knock-out options. Op-
tions that will be unexercisable if they fail to touch the barrier are called in-options or
sometimes knock-in options. Out-options, thus, can expire prematurely with no value if
the barrier is hit. In-options must be activated by hitting the barrier. If they are never acti-
vated, they automatically expire worthless. If the barrier is set above the current asset price,
both in- and out-options are referred to as up-options. If the barrier is set below the cur-
rent asset price, in- and out-options are referred to as down-options.

Table 14.9 illustrates the pricing of barrier options. The table shows the payoffs at ex-
piration of all eight types of barrier options. We first look at down-and-out and down-
and-in options. The bold zero values are outcomes in which out-options hit the barrier
and, thus, were knocked out with no value. The italicized values are outcomes in which
in-options failed to hit the barrier and, thus, were never activated.

Consider the down-and-out call illustrated in column 4 where the barrier is set at 45.
This means that if the asset ever hits 45, the option terminates with no value. This will
occur in paths 4, 6, 7, and 8 where in each path the asset hit 40 at time 1. In path 5 the
option hits the barrier but expires worthless anyway. Now move one column over to the
down-and-in call. This option will never activate if the asset does not fall to 45 during
the option’s life. This occurs in paths 1, 2, and 3.

The values of the options are shown in the bottom row of the table
and are computed the same way as in the previous examples. Notice a
very interesting result. If one combines the payoffs from the down-
and-out call with those of the down-and-in call, one obtains the same
payoffs of a standard European call. This should make sense. When
one holds both options, if the out-option knocks out, the in-option
immediately knocks in. Thus, the value of the two options combined

Barrier options are options that either ter-
minate early without value if the asset price
hits a pre-specified barrier or must be ac-
tivated by the asset price hitting a prespe-
cified barrier. The former are called out-
options and the latter are called in-options.
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is 10.02þ 1.48¼ 11.50, which is the price we previously obtained for the standard
European call. Likewise the down-and-out put and down-and-in put add up in value to
the value of the standard European put, subject to a round-off error. Similar results hold
for the up-options.

Some barrier options have an additional feature called a rebate. If a knock-out barrier
option provides for a rebate, the holder is paid a fixed sum of cash whenever the option
knocks out. If a knock-in option provides for a rebate, the holder is paid a fixed sum of
cash at expiration if the option never crosses the barrier. When a barrier option has a
rebate, the values of the complementary out- and in-options will add up to more than
the standard European option price.

As noted above, barrier options allow investors to avoid paying a price for states they
do not believe will occur. As an example of the use of a barrier option, consider a pro-
tective put. A standard European put would cost 4.69. To save a little money, an investor
might purchase an up-and-out protective put with a barrier of 55 for 3.75. This option
would knock out if the asset goes to 55. The holder would in effect be saying that if the
asset price rises quickly, he does not expect to need the insurance. Thus, his willingness
to terminate the insurance early allows him to save money. Note, however, that this does
not guarantee a better result. It simply eliminates the payoff in path 5. The knocked-out
put will not pay off if the asset goes up, down, and then down because it knocked out at
time 1, even though at expiration the asset price is below the exercise price. Similarly an
investor interested in holding a call might consider purchasing a down-and-out call. The
standard call will cost 11.50 while the down-and-out with the barrier at 45 will cost
10.02. The barrier option will not pay off in path 4 where the asset goes down, up, and
up whereas the standard call would pay off if that occurred.

There are many variations of path-dependent options, including some that are
American-style, that is, with early exercise. Barrier options in particular can have many
types of twists, including barriers both above and below the current price and requirements
that the barrier be hit more than once. Another type of barrier option allows the holder to
reset the exercise price if the barrier is hit. A more common and somewhat complicating

TABLE 14.9 PRICING A BARRIER OPTION

Down-and-Out and Down-and-In
Options (H ¼ barrier)

Up-and-Out and Up-and-In
Options (H ¼ barrier)

Path
No. Path Probabi l i ty

Out Cal l
Payoff

(H ¼ 45)

In Call
Payoff

(H ¼ 45)

Out Put
Payoff

(H ¼ 35)

In Put
Payoff

(H ¼ 35)

Out Cal l
Payoff

(H ¼ 70)

In Call
Payoff

(H ¼ 70)

Out Put
Payoff

(H ¼ 55)

In Put
Payoff

(H ¼ 55)

1 uuu 0.171 47.66 0.00 0.00 0.00 0.00 47.66 0.00 0.00

2 uud 0.137 12.50 0.00 0.00 0.00 0.00 12.50 0.00 0.00

3 udu 0.137 12.50 0.00 0.00 0.00 12.50 0.00 0.00 0.00

4 duu 0.137 0.00 12.50 0.00 0.00 12.50 0.00 0.00 0.00

5 udd 0.110 0.00 0.00 10.00 0.00 0.00 0.00 0.00 10.00

6 dud 0.110 0.00 0.00 10.00 0.00 0.00 0.00 10.00 0.00

7 ddu 0.110 0.00 0.00 0.00 10.00 0.00 0.00 10.00 0.00

8 ddd 0.088 0.00 0.00 0.00 24.40 0.00 0.00 24.40 0.00

Value of Option1 10.02 1.48 1.90 2.80 2.96 8.54 3.75 0.95

1 Value of Option is found as the sum of the product of the payoffs of the option (columns 4, 5, 6, 7, 8, 9, 10, or 11) by the
respective probability of that payoff (column 3) discounted at the risk-free rate (i.e., divided by 1.053).

Note: Bold values for out-options are outcomes in which the option hit the barrier and, thus, was knocked out. Italicized
values for in-options are outcomes in which the option failed to hit the barrier and, thus, was not exercisable at expiration.
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factor is that often only the closing price is considered when determining whether the bar-
rier was touched. This necessitates the use of the binomial model with a large number of
time steps and special care to position the barrier on the nodes. Monte Carlo methods, as
described in Appendix 14, are also required.

Other Exotic Options
Most of the exotic options described above are reasonably simple to understand. There
are many others that are quite complex and we will not attempt to tackle the pricing of
these instruments. It is useful to examine the basic characteristics of these instruments so
that you will be aware of them and perhaps recognize them when you encounter them in
the future.

Compound options are options on options. For example, you can buy a call option
that gives you the right to buy another call option. This is a call on a call. Likewise there
are calls on puts, puts on calls, and puts on puts. The latter two give you the right to sell
a call or a put. Compound options would be useful if an investor thought he might need
an option later and wanted to establish a price at which the option could be bought or
sold. A variation of the compound option is the installment option, which permits the
premium to be paid in equal installments over the life of the option. At each payment
date, the holder of the option decides whether it is worth paying the next installment.
This is equivalent to deciding whether it is worth exercising the compound option to
acquire another option.

Multi-asset options consist of a family of options whose payoffs depend on the prices
of more than one asset. A simple type of multi-asset option is the exchange option. This
option allows the holder to acquire one asset by giving up another. This kind of option is
actually a special case of an ordinary European call. In a European call, the call holder
has the right to give up one asset, cash, and acquire another asset, the stock. Exchange
options are not commonly traded in the over-the-counter market, but they have proven
to be useful in valuing many other types of options, such as the quality option in the
Treasury bond futures contract that we covered in Chapter 10.

Another type of multi-asset option is the min-max option. This is an option that
pays off according to the better or worse performing of two assets. For example, consider
a call on two assets, stocks X and Y, in which at expiration, we determine which asset
has the higher price and then calculate the payoff based on that asset. This is an option
on the maximum of two assets. In an option on the minimum of two assets, the payoff is
calculated based on the asset with the lower price at expiration. These options can be
puts or calls, and they are sometimes called rainbow options. A slight and more com-
mon variation determines the better or worse performing asset, not on the basis of how
high or low its price is, but according to the rate of return on the asset during the op-
tion’s life. This is also called an alternative option. Another variation of this is the out-
performance option, whose payoff is determined by the difference in the prices or rates
of return on two assets or indices relative to an exercise price or rate.

Shout options permit the holder at any time during the life of the option to establish
a minimum payoff that will occur at expiration. For example, suppose the stock price is
very high relative to the exercise price. The investor, holding such an option and fearing
that the stock price will fall, can establish the minimum payoff as the amount by which it
is currently in-the-money. A slight variation of this is a cliquet option, in which the ex-
ercise price can periodically increase as the stock price rises. Still another variation, the
lock-in option, permits establishment of the exact payoff, as opposed to just the mini-
mum, prior to expiration. A deferred strike option is one in which the exercise price is
not set until a specific date prior to expiration.
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Forward-start options are options whose lives do not begin until a later date. The
premium is paid up front and the purchaser specifies a desired degree of moneyness,
such as at-the-money, 5 percent out-of-the-money, and so forth. Once the option begins,
it is like an ordinary option. This type of option is similar to the types of executive and
employee stock option plans used by firms. The firm makes a commitment that will re-
sult in its awarding options at various future dates. When the options are structured so
that as one expires another begins, the combination is called a tandem option.

The exotic options described here are the primary ones that are used in today’s mar-
kets, but there are many more. A few years ago, most of these options did not exist. The
pace of creativity is quite rapid. As your career in the financial world evolves, you will
likely encounter new ones quite often.

SOME UNUSUAL DERIVATIVES
In most of this book we have examined derivatives based only on stocks, bonds, and
currencies. On occasion we have made reference to derivatives on certain commodities
such as metals and oil. In recent years, derivatives have emerged on some most unusual
underlyings. We take a look at two of these here.

MAK ING THE CONNECT I ON

Accumulator Contracts

Investors often search far and wide to find a good deal.

Many financial derivative contracts appear as a very

good deal on the surface, but once you read the fine

print, the deal is sometimes not as good as looks.

One example popular in Asia is known as an accumu-

lator contract.

The general idea of an accumulator contract is that

the contract buyer agrees to purchase a predetermined

number of shares of a particular common stock at a pre-

determined price on a series of future dates. Initially it

appears that the accumulator contract is really just a se-

ries of forward contracts, making it somewhat like an

equity swap, as we covered in Chapter 12. Assuming

no cash dividends and positive interest rates, we know

that due to carry arbitrage the forward price should be

above the current stock price. Often, however, the pre-

determined price is set below the current stock price,

making the accumulator contract appear to be a very

good deal indeed.

Accumulator contracts tend to be popular when

stock prices are believed to be in a prolonged upward

trend and the downside risk is diminished in the minds

of investors. Clearly, if you purchase accumulator con-

tracts at a discount to current stock prices, you could

still lose if the stock price falls dramatically and you are

obligated to purchase the stock at the higher predeter-

mined price. By now we know that we could hedge this

risk by short selling the stock and purchasing the accu-

mulator contract at a discount to lock in a profit, assum-

ing the securities lending fees did not completely offset

the discount.

Now enter the fine print. Accumulator contracts have

become known as “I kill you later” contracts in the

global market downturn of 2008. Many accumulator

contracts have a knockout provision that terminates

the contract if the stock rises by a pre-specified amount.

The knockout provision makes the simple short selling

hedge more difficult due to losses on the short position

when the accumulator is knocked out, resulting in no

gain on the accumulator contract. Also, many accumu-

lator contracts have a double down provision that re-

quires the buyer to purchase more shares at the

predetermined price if the stock price falls by a specified

amount. These contingency clauses in the fine print can

easily be overlooked.

None of these characteristics of accumulator con-

tracts should be taken to mean that they or other de-

rivatives are inherently bad instruments. As long as

these factors are explicitly stated in the contract, an in-

vestor is free to choose whether to buy or sell the con-

tract or not. But when scouring the globe for a good

investment deal, investors should always be sure to

read the contract carefully and consider the wide array

of risks associated with complex financial instruments.

512 Part III Advanced Topics



Electricity Derivatives
Most of the energy consumed on the earth derives from three pri-
mary sources: fossil fuels, nuclear reaction, and the sun. Fossil fuels
in the form of oil, coal, and natural gas are the primary sources of
energy. We have already mentioned derivatives on oil, and derivatives
on natural gas exist as well. Derivatives on coal have not, however,
developed to any great extent. These sources of energy are also con-
verted into other sources of energy, the primary one of which is elec-

tricity, which is obviously quite widely used in businesses and by consumers. Until recent
years, electricity was largely regulated by the various states in the U.S. and foreign coun-
tries, but these governments have begun to relax this regulation, thereby allowing electric-
ity prices to fluctuate and giving consumers the choice of where to buy their electricity.
In response to this new-found price volatility, the energy industry created spot and deriv-
ative markets on electricity. These markets have proven to be useful by large-volume
electricity users and public utilities for managing the volatility of electricity prices.

On the surface it would seem that one could use standard models for pricing for-
wards, futures, and options on electricity, but that is not the case. Electricity is quite un-
like any asset we have studied so far in that it cannot be stored. Stocks, bonds, currencies,
and most commodities can be purchased and held, but electricity is manufactured, sent
along lines to where it is needed, and almost immediately consumed. All of the models
we have learned are based on the idea that the underlying asset can be held for a finite
period of time. Hence, we have reason to believe that the cost of carry model and the
Black-Scholes-Merton model cannot be used to price electricity derivatives. Indeed the
industry generally does not use these models. Unfortunately there is little agreement on
a better alternative. These issues are quite advanced for this level of the subject, and we
are not covering them here. In spite of the lack of agreement on pricing electricity de-
rivatives, the market for electricity derivatives continues to grow. Confusion over pric-
ing clearly does not stop a market in which the product serves an important need. In
fact, confusion over pricing could even stimulate trading if some investors believe they
know the proper way to price these instruments before everyone else knows.

Weather Derivatives
All of the underlyings we have covered can be owned. Even electricity
can be owned, even though as we noted, it is consumed immediately.
But in general, the most important feature of an underlying is not that
it can be owned, but that it is a source of risk. One important source of
risk is the weather. There are few companies whose operations are
completely unaffected by the weather. Some entities’ fortunes are tied
almost completely to the weather. For example, the profitability and
survival of orange juice growers in central Florida are highly affected

by temperatures, primarily the potential for freezes. Farmers in general are highly exposed
to weather. But so are airlines, ski resorts, various tourist attractions, and recreational ser-
vices. Retail establishments and public utilities are likewise affected by the weather.

To manage these risks an array of options, forwards, futures, and swaps on the
weather have been created in recent years. Weather has many excellent properties that
make it appropriate for having derivatives created thereon. One important justification
for weather derivatives is that weather is highly measurable, and there is a long history
of data on the weather. There are three primary ways to measure the weather. One is by
temperature, one by precipitation, and the third by the financial damage caused by the
weather.

Derivatives on electricity can be used to
manage the risk of electricity prices, but
they are more difficult to price than most
derivatives because the underlying is not
storable.

Weather derivatives permit parties to man-
age the risk driven by uncertainty of the
weather. These derivatives can take the
form of derivatives where the underlying is
temperature or precipitation or where the
underlying is financial loss caused by the
weather.
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Information on temperature is widely available. The weather derivatives industry has cre-
ated a standard measure used in derivative contracts called the heating degree day and cool-
ing degree day. In the U.S., a benchmark of 65 degrees Fahrenheit is considered to be a
normal level of comfort. On a cool (<65 degrees) day, energy is considered to be consumed
in providing heat. A quantity of one heating degree day (HDD) is the difference between
65 degrees and the average temperature of that day. On a warm (>65 degrees) day, energy
is considered to be consumed in providing air conditioning. A quantity of one cooling
degree day (CDD) is the difference between the average temperature of that day and 65
degrees. Over a period of time, such as the life of a derivative contract, the number of heat-
ing degree days or cooling degree days is accumulated and compared to the exercise price of
an option, the price of a forward or futures contract, or the fixed price of a swap.

Another measure of the weather is the quantity of precipitation. Suppose, for exam-
ple, that a ski resort knows that unless it receives at least 10 feet of snow over the
December through March period, it will not achieve its target cash flow. It might buy a
put option on the amount of snowfall. The option pays off based on the difference be-
tween 10 feet and the actual amount of snow received. If the quantity of snow received
exceeds 10 feet, the option would expire out-of-the-money. Of course, the ski resort
could sell a forward contract, which would not require a payment up front, but would
require the resort to pay off based on the difference between the actual amount of snow-
fall and the benchmark amount, which would not necessarily be 10 feet.

A third measure of weather is the amount of financial loss incurred from weather
damage. Hurricanes, earthquakes, tornadoes, and floods are the primary forms of
weather damage. The insurance industry tabulates losses based on its claims. Derivative
contracts are based on these financial loss figures. The insurance industry itself is partic-
ularly attracted to these types of derivatives, because it gives the industry a means of
shedding some of its risk.

Pricing weather derivatives, like pricing electricity derivatives, is particularly challeng-
ing. Weather cannot be stored, but storable assets are influenced by the weather and the
effects of weather can be measured. Suppose that the aforementioned ski resort can pre-
dict with relative certainty the number of skiers it will have for a various amounts of
snow over the season. It might determine that if it receives only 10 feet of snow, it will
generate sufficient cash to earn a risk-free return. Thus, a forward contract priced at 10
would earn a risk-free return. This would form the basis for pricing the contract. A sim-
ilar, though slightly more complex analysis, would be used to price an option. Of course,
not all weather derivatives can be priced easily, but as noted, weather data are available
in large quantities over long periods of time, which facilitates measuring its effects on the
cash flows of a business.

The weather derivatives industry has grown slowly but steadily. Interestingly, it has
offered many new job opportunities to meteorologists. No longer are they primarily lim-
ited to employment at local television stations. Many of these weather experts now work
for financial institutions and commodity trading companies.

Summary

This chapter carried our treatment of derivatives one
step further by examining some advanced derivatives
and strategies. We learned how portfolio insurance
works and saw several different ways of implementing
it. We also examined various equity derivatives that
trade in the over-the-counter market, including for-
wards, break forwards, and equity-linked debt.

Picking up where we left off with our treatment of in-
terest rate derivatives in the previous chapter, we examined
two other types of interest-sensitive instruments, struc-
tured notes and mortgage-backed securities, that are not
strictly derivatives but, for better or for worse, are usually
viewed as such. We saw that these instruments can have
extremely volatile prices and require careful analysis.
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We also looked at several types of exotic options,
including digital options, chooser options, and path-
dependent options. In the latter category, we examined
Asian options, lookback options, and barrier options,
and observed how their prices are derived in a binomial
framework. All of the options classified as exotics have
payoffs structured quite differently from those of stan-
dard European and American options.

We also looked at derivatives in which the underly-
ing is electricity or weather. We saw that these deriva-
tives are far more complex because the underlying is
not a storable asset.

Nearly all of the standard derivative instruments can
be used with slight modifications in equity, currency,
commodity, and interest rate markets. Firms with

significant exposures to oil price risk are major users
of derivatives. Indeed derivatives are applicable to risk
management problems throughout an organization. In
fact, the widespread use of derivatives has spawned a
new profession, risk management.

In the first 14 chapters of this book, you have gained
exposure to a broad range of derivative contracts.
While the coverage here is only introductory, it sets
the stage for further study and eventual application of
these instruments to solving risk management prob-
lems. Accordingly, we devote the final two chapters to
gaining an understanding of the process of risk man-
agement, the problems that risk managers must ad-
dress, some techniques used by risk managers, and
the consequences of good and bad risk management.

Key Terms

Before continuing to Chapter 15, you should be able to give brief definitions of the following terms:

equity derivative, p. 483
baskets, p. 483
portfolio insurance, p. 485
upside capture, p. 486
fiduciary call, p. 486
dynamic hedging, p. 487
equity forward, p. 489
break forward, p. 490
pay-later option, p. 493
warrant, p. 493
quanto, p. 493
structured note, p. 495
range floater, p. 495
inverse floater/reverse floater,
p. 495

prepayment risk, p. 496
mortgage-backed security, p. 496
securitization, p. 496
mortgage pass-through, p. 497
mortgage strip, p. 497
interest-only strip (IO), p. 497

principal-only strip (PO), p. 497
collateralized mortgage obligation

(CMO), p. 500
tranches, p. 500
exotic options, p. 501
digital/binary options, p. 502
asset-or-nothing option, p. 502
cash-or-nothing option, p. 502
contingent-pay option, p. 503
chooser option/as-you-like-it

option, p. 504
path-dependent option, p. 505
Asian option, p. 506
average price option, p. 506
average strike option, p. 506
Monte Carlo simulation, p. 507
lookback option/no-regrets option,

p. 508
modified lookback option, p. 508
barrier option, p. 509
out-option/knock-out option, p. 509

in-option/knock-in option, p. 509
up-option, p. 509
down-option, p. 509
compound option, p. 511
installment option, p. 511
multi-asset option, p. 511
exchange option, p. 511
min-max option/rainbow option,

p. 511
alternative option, p. 511
outperformance option, p. 511
Shout option, p. 511
cliquet option, p. 511
lock-in option, p. 511
deferred strike option, p. 511
Forward-start option, p. 512
tandem option, p. 512
electricity derivative, p. 513
weather derivative, p. 513
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Concepts Checks

1. Explain the advantages and disadvantages of
implementing portfolio insurance using stock
and puts in comparison to using stock and
futures in a dynamic hedge strategy.

2. Explain how a portfolio manager might justify
the purchase of an inverse floating-rate note.

3. Explain why an interest-only (IO) mortgage strip
has a value that is extremely volatile with respect

to interest rates. What two factors determine its
value?

4. Explain the difference between path-dependent
options and path-independent options and give
examples of each.

5. Give an example of a situation in which someone
might wish to use a barrier option.

Questions and Problems

1. Explain the advantages and disadvantages of
implementing portfolio insurance using stock
and puts in comparison to using fiduciary call.

2. Contrast lookback options and barrier options
and explain the difference between in- and
out-options.

3. Demonstrate that the payoffs of a chooser option
with an exercise price of X and a time to expi-
ration of T that permits the user to designate it as
a call or a put at t, can be replicated with two
transactions. Specifically, by (1) buying a call
with an exercise price of X and time to expiration
of T and (2) buying a put with an exercise price
equal to X(1þ r)�(T � t) and time to expiration
of t. This proof will require that you consider two

possible outcomes at t (user designates it as a call
or user designates it as a put according to the rule
given in this chapter). For each outcome at t,
there are two possible outcomes at T, ST � X or
ST < X. Explain why a chooser option is less
expensive than a straddle.

4. Explain how weather derivatives could be used by
an electric utility to manage the risk associated
with power consumption as affected by the
weather.

5. In modern financial derivatives markets, there
are many exotic options. Briefly explain com-
pound options, multi-asset options, shout
options, and forward start options.
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6. On July 5 a market index is at 492.54. You hold a
portfolio that duplicates the index and is worth
20,500 times the index. You wish to insure the
portfolio at a particular value over the period
until September 20. You can buy risk-free debt
maturing on September 20 with a face value of
$100 for $98.78.
a. You plan to use puts, which are selling for

$23.72 and have an exercise price of 510.
Determine the appropriate number of puts
and shares to hold. What is the insured value
of the portfolio?

b. Determine the value of the portfolio if the
index on September 20 is at 507.35.

c. Determine the value of the portfolio if the index
on September 20 is at 515.75. Compute the
upside capture and the cost of the insurance.

7. Use the information in problem 9 to set up a
dynamic hedge using stock index futures. As-
sume a multiplier of 500. The futures price is
496.29. The volatility is 17.5 percent. The con-
tinuously compounded risk-free rate is 3.6
percent, and the call delta is 0.3826. Let the stock
price increase by $1, and show that the change in
the portfolio value is almost the same as it would
have been had a put been used.

For the next three problems, use a two-period
binomial model on a stock worth 100 that can go
up 20 percent or down 15 percent. The risk-free
rate is 6 percent each period.

8. Determine the price of an average price Asian
call option. Use an exercise price of 95. Count the
current price in determining the average. Com-
ment on whether you would expect a standard
European call to have a lower or higher price.

9. Determine the prices of lookback and modified
lookback calls and puts. For the modified look-
backs, use an exercise price of 95.

10. Determine the prices of the following barrier
options.
a. A down-and-out call with the barrier at 90

and the exercise price at 95
b. An up-and-out put with the barrier at 110

and the exercise price at 105
c. Select any other barrier option but base your

selection on the following instructions: Cal-
culate the value of your selected barrier op-
tion and use it with the results you obtained
in part a or b to determine the price of a
standard European call or put. Then calculate

the actual value of the European call or put
and compare that answer with your answer
obtained from the barrier options. Explain
why this result is obtained.

11. A portfolio manager is interested in purchasing
an instrument with a call option-like payoff but
does not want to have to pay money up front.
The manager learns from a banker that one can
do this by entering into a break forward contract.
The manager wants to learn if the banker is
quoting a fair price. The stock price is 437.55.
The contract expires in 270 days. The volatility is
18 percent and the continuously compounded
risk-free rate is 3.75 percent. The exercise price
will be set at the forward price of the stock.
a. Determine the exercise price.
b. The loan implicit in the break forward con-

tract will have a face value of 40.19. Deter-
mine if this is a fair amount by using your
answer in a and computing the value of K.

c. Regardless of whether the break forward is
found to be fairly priced, determine the value
of the position if the stock price ends up at 465
and at 425.

12. Consider a stock priced at 100 with a volatility of
25 percent. The continuously compounded risk-
free rate is 5 percent. Answer the following
questions about various options, all of which
have an original maturity of one year.
a. Find the premium on an at-the-money pay-

later call option. Then determine the market
value of the option nine months later if the
stock is at 110.

b. Find the value of F and K on a break forward
contract. Then determine the market value of
the break forward nine months later if the
stock is at 110.

c. Find the premium on an at-the-money
contingent-pay call option. Then determine
the market value of the option nine months
later if the stock is at 110.

13. A stock is priced at 125.37, the continuously
compounded risk-free rate is 4.4 percent, and the
volatility is 21 percent. There are no dividends.
Answer the following questions.
a. Determine a fair price for a two-year asset-

or-nothing option with exercise price of 120.
b. Assuming you purchased the asset-or-

nothing option at the price you determined
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in a, calculate your profit if the asset price at
expiration is (1) 138 and (2) 114.

c. Determine a fair price for a two-year cash-
or-nothing option with exercise price of 120
that pays 120 if it expires in-the-money.

d. Assuming you purchased the cash-or-nothing
option at the price you determined in c, cal-
culate your profit if the asset price at expira-
tion is (1) 138 or (2) 114.

14. Consider a 10-year, fixed-rate mortgage of
$500,000 that has an interest rate of 12 percent.
For simplification assume that payments are
made annually.
a. Determine the amortization schedule.
b. Using your answer in a, determine the value

of both IO and PO strips with a discount rate
of 10 percent under the assumption that the
mortgage will not be prepaid.

c. Now recompute the values of the IO and PO
under the assumption that interest rates im-
mediately fall to 8 percent and the mortgage
is prepaid in year 6.

d. Explain the risk characteristics of IO and PO
strips.

15. An investment manager expects a stock to be
quite volatile and is considering the purchase of
either a straddle or a chooser option. The stock is
priced at 44, the exercise price is 40, the contin-
uously compounded risk-free rate is 5.2 percent,
and the volatility is 51 percent. The options ex-
pire in 194 days. The chooser option must be
declared a call or a put exactly 90 days before
expiration.
a. Determine the prices of the straddle and the

chooser.
b. Suppose at 90 days before expiration, the

stock is at 28. Find the value of the chooser
option at expiration if the stock price ends up
at 50 and at 30.

c. Suppose at 90 days before expiration, the
stock is at 60. Find the value of the chooser
option at expiration if the stock price ends up
at 50 and at 30.

d. Compare your answers in c and d to the
performance of the straddle.

16. Suppose FRM, Inc. issued a zero-coupon, equity
index-linked note with a five-year maturity. The
par value is $1,000 and the coupon payment is
stated as 75% of the equity index return or as

zero. Calculate the cash flow at maturity assum-
ing the equity index appreciates by 30% over this
five-year period.

17. (Concept Problem) Suppose you are asked to
assist in the design of an equity-linked security.
The instrument is a five-year zero coupon bond
with a guaranteed return of 1 percent, com-
pounded annually. At the end of five years the
bond will pay an additional return based on any
appreciation of the Nikkei 300 stock index, a
measure of the performance of 300 Japanese
stocks. The risk-free rate is 5.5 percent, com-
pounded annually, and the volatility of the index
is 15 percent. In addition the index pays a divi-
dend of 1.7 percent continuously compounded.
Presently the index is at 315.55 and the addi-
tional return is based on appreciation above the
current level of the index. You expect to sell these
bonds in minimum increments of $100. Overall
you expect to sell $10 million of these securities.
Your firm has determined that it needs a margin
of $175,000 in cash today to cover costs and earn
a reasonable profit. Determine the percentage of
the Nikkei return that your firm should offer to
cover its costs. Your firm would then set the
percentage offered at less than this. If your firm
sells this security, comment on the risk it creates
for itself and suggest how it might deal with
that risk.

18. (Concept Problem) A convertible bond is a bond
that permits the holder to turn in the bond and
convert it into a certain number of shares of
stock. Conversion would, thus, occur only when
the stock does well. As a result of the option to
convert the bond to stock, the coupon rate on the
bond is lower than it otherwise would be. A new
type of financial instrument, the reverse con-
vertible, pays a higher-than-normal coupon, but
the principal payoff can be reduced if the stock
falls. Let us specify that the principal payoff of
the reverse convertible is FV, the face value, if
ST> S0 where S0 is the stock price when the bond
is issued. If ST ≤ S0, the principal payoff is FV(ST/
S0). Thus, for example, if the stock falls by
10 percent, ST/S0, the principal payoff, is 0.9FV.
Show that this payoff (FV if ST> S0, and FV(ST/
S0) if ST ≤ S0) is equivalent to a combination of
an ordinary bond and a certain number of
European puts with an exercise price of S0.
Determine how many puts you would need.
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APPENDIX 14
Monte Carlo Simulation
Simulation is a procedure in which random numbers are generated according to probabil-
ities assumed to be associated with a source of uncertainty, such as a new product’s sales
or, more appropriately for our purposes, stock prices, interest rates, exchange rates, or
commodity prices. Outcomes associated with these random drawings are then analyzed
to determine the likely results and the associated risk. Often this technique is called Monte
Carlo simulation, being named for the city of Monte Carlo, which is noted for its casinos.

The gambling analogy notwithstanding, Monte Carlo simulation is a legitimate and
widely used technique for dealing with uncertainty in many aspects of business operations.
For our purposes, it has been shown to be an accurate method of pricing options and par-
ticularly useful for path-dependent options and others for which no known formula exists.

To facilitate an understanding of the technique, we shall look at how Monte Carlo
simulation has been used to price standard European options. Of course, we know that
the Black-Scholes-Merton model is the correct method of pricing these options, so
Monte Carlo simulation is not really needed. It is useful, however, to conduct this exper-
iment because it demonstrates the accuracy of the technique for a simple option of
which the exact price is easily obtained from a known formula.

The assumptions of the Black-Scholes-Merton model imply that for a given stock
price at time t, simulated changes in the stock price at a future time can be generated
by the following formula:

ΔS ¼ SrcΔt þ Sσε
ffiffiffiffiffi
Δt

p
,

where S is the current stock price, S is the change in the stock price, rc is the continuously
compounded risk-free rate, σ is the volatility of the stock, and Δt is the length of the time
interval over which the stock price change occurs. The variable ε is a random number gen-
erated from a standard normal probability distribution. Remember from Chapter 5 that the
standard normal random variable has a mean of zero and a standard deviation of 1.0, and
occurs with a frequency corresponding to that associated with the famous bell-shaped curve.

Generating future stock prices according to the above formula is actually quite easy. A
standard normal random variable can be approximated with a slight adjustment to Microsoft
Excel’s Rand() function. The Rand() function produces a uniform random number between
0 and 1, meaning that it generates numbers between 0 and 1 with equal probability. A good
approximation for a standard normal variable is obtained by the Excel formula “¼ Rand()þ
Rand()þ Rand()þ Rand()þ Rand()þ Rand()þ Rand()þ Rand()þ Rand()þ Rand()þ
Rand()þ Rand()� 6.0,” or simply 12 uniform random numbers minus 6.0.* Alternatively,
a normal random number generator is available in Excel’s Data Analysis tool pack.

After generating one standard normal random variable, you then simply insert it into
the right-hand side of the above formula for ?S. This gives the price change over the life
of the option, which is then added to the current price to obtain the price of the asset at
expiration. You then compute the price of the option at expiration according to the stan-
dard formulas, Max(0, ST� X) for a call or Max(0, X� ST) for a put. This produces one
possible option value at expiration. You then repeat this procedure many thousands of
times, take the average value of the option at expiration, and discount that value at the

* This approximation is based on the fact that the distribution of the sum of 12 uniformly distributed random
numbers between 0 and 1 will have a mean of six and a standard deviation of 1. By subtracting 6.0, we adjust
the mean to zero without changing the standard deviation. What we obtain is technically not normally distrib-
uted but is symmetric with a mean of zero and a standard deviation of 1.0, which are three properties associ-
ated with the normal distribution. The procedure is widely accepted as a quick and reasonable approximation
but would not pass the most demanding tests for normality.
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risk-free rate. Some users compute the standard deviation of the call prices in order to
obtain a feel for the possible error in estimating the price.

Let us price the DCRB June 125 call that we first encountered in Chapter 3. The
DCRB stock price is 125.94, the exercise price is 125, the risk-free rate is 4.46 percent,
the volatility is 83 percent, and the time to expiration is 0.0959 years. Inserting the above
approximation formula for a standard normal random variable in any cell in an Excel
spreadsheet produces a random number. Suppose that number is 0.733449. Inserting into
the formula for ΔS gives 125.94(0.0446)(0.0959)þ 125.94(0.83)(0.733449)

ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959

p ¼
24.28. Thus, the simulated value of the stock at expiration is 125.94þ 24.28¼ 150.22. At
that price, the option will be worth Max(0, 150.22� 125)¼ 25.22 at expiration. We then
draw another random number. Suppose we get �0.18985. Inserting into the formula for
ΔS, we obtain 125.94(0.0446)(0.0959)þ 125.94(0.83)(�0.18985)

ffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0959

p ¼�5.61, which
gives us a stock price at expiration of 125.94� 5.61¼ 120.33, leading to an option price
of Max(0, 120.33� 125)¼ 0. We repeat this procedure several thousand times, after which
we take an average of the simulated option prices and then discount that average to the
present using the present value formula e−0.0446(0.0959).

Naturally every simulation is different because each set of random numbers is differ-
ent. A Monte Carlo procedure written in Excel’s Visual Basic produced the following va-
lues for this call, whose actual Black-Scholes-Merton price is 13.55:

It would appear that at least 100,000 random drawings are required for the simplest
case of a standard European option.

Applying the Monte Carlo technique to more complicated options such as path-
dependent options requires a partitioning of the option’s life into time periods, as in
the binomial model. For example, suppose you wanted to price an Asian call option in
which the average price would be computed by collecting the daily closing price over the
life of the option. Ignoring holidays and weekends, let us say that the option has a
90-day life. Then a run would consist of 90 random drawings, each used to simulate
the stock price at the end of each of the 90 days. The formula for each ΔS would be
based on the previous day’s closing price. The value of Δt would be 1/365. Then the av-
erage of the 90 stock prices would determine the call payoff at expiration as described in
this chapter. You would then need to repeat the procedure a large number of times.

This may seem like a formidable task but that is what computers are for. More than
likely computations such as these would be written in a fast and efficient language like
Cþþ. In addition, there is a considerable amount of research going on for ways to make
Monte Carlo simulations run more efficiently.

For your purposes here, the important thing is to gain an understanding of the prin-
ciples of option pricing with Monte Carlo simulation. For example, consider a Monte
Carlo simulation of a European option. Each run generates a possible outcome. Provided
enough runs are made, the outcomes will occur with the same relative frequency implied
by the probabilities assumed by the Black-Scholes-Merton model. The option price will
then become what we have so often described throughout this book—a probability-
weighted average of the expiration values of the option, discounted at the risk-free rate.
More complex options will naturally require modifications to the procedure.

Number of Random Drawings Cal l Price

1,000 12.64

10,000 13.73

50,000 13.69

100,000 13.67
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CHA P T E R 15
Financial Risk Management
Techniques and Applications

Financial risk management is not about avoiding risk. Rather, it is about
understanding and communicating risk, so that risk can be taken more
confidently and in a better way.

David R. Koenig

The Professional Risk Managers‘ Handbook, p. xxiv, 2004

In the first 14 chapters we studied the use of many different types of derivatives in a vari-
ety of situations. In the financial markets in recent years, derivatives have been playing a
major part in the decision-making process of corporations, financial institutions, and in-
vestment funds. Derivatives have been embraced not only as tools for hedging but as
means of controlling risk; that is, reducing risk when one wants to reduce risk and increas-
ing risk when one wants to increase it. The low transaction costs and the ease of using
derivatives have given firms flexibility to make adjustments to the risk of a firm or portfo-
lio. Corporations have been particularly avid users of derivatives for managing interest rate
and foreign exchange risks.

As we have seen throughout this book, derivatives generally carry a high degree of
leverage. When used improperly they can increase the risk dramatically, sometimes put-
ting the survival of a firm in jeopardy. In fact, in Chapter 16, we shall take a look at a
few stories of how derivatives were used improperly, and in some cases were fatal.

The critical importance of using derivatives properly has cre-
ated a whole new activity called risk management. Risk manage-
ment is the practice of defining the risk level a firm desires,
identifying the risk level a firm currently has, and using derivatives
or other financial instruments to adjust the actual level of risk to
the desired level of risk. Risk management has also spawned an
entirely new industry of financial institutions that offer to take

positions in derivatives opposite the end users, which are corporations or investment
funds. These financial institutions, which we have previously identified as dealers,
profit off of the spread between their buying and selling prices and generally hedge
the underlying risks of their portfolios of derivatives.

WHY PRACTICE RISK MANAGEMENT?
Impetus for Risk Management
Growth in the use of derivatives for managing risk did not occur simply because peo-
ple became enamored with them. In fact, there has always been a great deal of suspi-
cion, distrust, and outright fear of derivatives. Eventually, firms began to realize that

CHAPTER
OBJECT I V ES

• Understand the
concept and practice
of risk management

• Know the benefits of
risk management

• Know the difference
between market and
credit risks

• Understand how
market risk is
managed using delta,
gamma, and vega

• Understand how to
calculate and use
Value at Risk

• Understand how
credit risk is
determined and how
firms control credit
risk

• Introduce credit
derivatives

• Be aware of risks other
thanmarketandcredit
risk

Risk management is the practice of defining
the risk level a firm desires, identifying the
risk level it currently has, and using deriv-
ative or other financial instruments to adjust
the actual risk level to the desired risk level.
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derivatives were the best tool for coping with markets that had become increasingly
volatile and over which most businesses felt were beyond their means to forecast and
control.

The primary sources of these risks are interest rates, exchange rates, commodity
prices, and stock prices. These are risks over which most businesses have little expertise.
Obviously businesses must take some risks or there would be no reason to be in busi-
ness. Acceptable risks are those related to the industries and products in which a busi-
ness operates. These risks, which are often called strategic risks, are those in which a
business should have some expertise. Risks driven by factors external to an industry or
products, such as interest rates, exchanges rates, commodity prices, and stock prices are
those over which a typical business has little strategic advantage. It makes sense, there-
fore, for a business to manage and largely eliminate these risks.

For example, consider an airline. Its strategic expertise is in transporting people safely
from one destination to another. Yet, airlines assume a number of risks over which they
have little control or expertise. The cost of fuel, borrowing costs, and exchange rates ex-
ert an enormous influence on airlines’ performance. While some airlines merely accept
all of these risks as a part of doing business, others choose to actively manage these risks.
An increasing number of businesses have begun to recognize the benefits of this strategy
of accepting risks over which they have some control and expertise while actively man-
aging the other risks.

Another reason why many firms have begun to practice risk management is simply
that they have learned a lesson by watching other firms. Seeing other companies fail to
practice risk management, and watching them suffer painful and embarrassing lessons—
or hearing of another company that has successfully developed a risk management
system—can be a powerful motivator.

Naturally derivatives have emerged as a popular tool for managing risks, and compa-
nies have shown an increasing tendency to use derivatives. Financial institutions have
made this growth possible by creating an environment that is conducive to the efficient
use of derivatives. This environment depended heavily on the explosion in information
technology witnessed in the 1980s and 1990s. Without enormous developments in
computing power, it would not have been possible to do the numerous and complex
calculations necessary for pricing derivatives quickly and efficiently and for keeping track
of positions taken.1

Another factor that has fueled the growth of derivatives was the favorable regulatory
environment. In the U.S., the CFTC adopted a pro-market position in the early 1980s,
which paved the way for an increasing number of innovative futures contracts, such as
Eurodollars and stock index futures. These contracts established a momentum that led to
more innovation in the global exchange-listed and over-the-counter markets. Perhaps
one of the most important steps taken by the CFTC was a non-step: its decision not to
regulate over-the-counter derivatives transactions.

We should note that the derivatives industry has gone through a significant evolution in
what it calls itself. In its early stages, it was known as commodities. As exchange-listed op-
tions and financial futures were created, it began to call itself futures and options. When
over-the-counter products like swaps and forwards were added, it began to be known as
derivatives. Now the focus has shifted away from the instruments and toward the process,
leaving us with the term risk management and sometimes financial risk management.

1In fact, one could argue that the development of the personal computer was one of the single most important
events for derivatives.
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Benefits of Risk Management
In Chapter 11, we identified several reasons why firms hedge. At this point, however, we are
focusing not on the simple process of hedging, but on the more general process of managing
risk. Let us restate our Chapter 11 reasons for hedging in the context of risk management.

In the Modigliani-Miller world in which there are no taxes or transaction costs and
information is costless and available to everyone, financial decisions have no relevance
for shareholders. Financial decisions, such as how much debt a firm issues, how large a
dividend it pays, or how much risk it takes, merely determine how the pie is sliced. The
size of the pie, as determined by the quality of a firm’s investments in its assets, is what
determines shareholder value. Modigliani and Miller argue that shareholders can do
these financial transactions just as well by buying and selling stocks and bonds in their
personal portfolios. Risk management is also a financial decision. Thus, risk management
can, in theory, be practiced by shareholders by adjusting their personal portfolios; conse-
quently, there is no need for firms to practice risk management.

This argument ignores the fact that most firms can practice risk management more
effectively and at lower cost than shareholders. Their size and investment in information
systems give firms an advantage over their shareholders. Firms can also gain from man-
aging risk if their income fluctuates across numerous tax brackets. With a progressive tax
system, they will end up with lower taxes by stabilizing their income. Risk management
can also reduce the probability of bankruptcy, a costly process in which the legal system
becomes a partial claimant on the firm’s value. Risk management can also be done
because managers, whose wealth is heavily tied to the firm’s performance, are simply
managing their own risk.

Firms that are in a near-bankrupt state will find that they have
little incentive to invest in seemingly attractive projects that will
merely help their creditors by increasing the chance that the firm
will be able to pay off its debts. This is called the underinvestment
problem and is more thoroughly explored in corporate finance
books. Managing risk helps avoid getting into situations like that
and, as such, increases the chance that firms will always invest in

attractive projects, which is good for society as a whole. Risk management also allows
firms to generate the cash flow necessary to carry out their investment projects. If internal
funds are insufficient, they may have to look toward external funds. Some firms would
cut investment rather than raise new capital.

As described in an earlier section, when a firm goes into a particular line of business, it
knowingly accepts risks. Airlines, for example, accept the risks of competition in the mar-
ket for transporting people from one place to another. The risk associated with volatile oil
prices is an entirely different type of risk, one that they often prefer to eliminate. Hence
many airlines hedge oil prices, which allows them to concentrate on their main line of
business. On occasion, however, they may feel that oil prices are heading downward, sug-
gesting that they lift their hedges. Thus, they are not just hedging but rather practicing risk
management by setting the current level of risk to the desired level of risk.

Some firms use risk management as an excuse to speculate in areas where they have
less expertise than they think. As we shall see in Chapter 16, when a consumer products
company speculates on foreign interest rates, it is no longer just a consumer products
company. It becomes a financial trading company and it must be prepared to suffer the
consequences if its forecasts are wrong. Some firms practice risk management because
they truly believe that they can time movements in the underlying source of a risk.
When that source of risk is unrelated to the firm’s basic line of business, the conse-
quences of bad forecasting combined with highly leveraged derivatives can be dire.

Firms manage risk with derivatives to re-
duce taxes, lower bankruptcy costs, protect
their personal wealth, avoid underinvesting,
take speculative positions, earn arbitrage
profits, and lower borrowing costs.
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Other firms manage risk because they believe that arbitrage opportunities are possible.
For example, suppose a firm could borrow at a floating rate of LIBOR plus 110 basis
points or at a fixed rate of 10.5 percent. It can enter into a swap paying a fixed rate of
9.25 percent and receiving LIBOR. Simple arithmetic shows that it would get a lower rate
by issuing floating-rate debt and entering into a pay fixed-receive floating swap. The net
effect is to pay LIBOR plus 110 on the floating-rate debt, receive LIBOR, and pay 9.25 on
the swap, which adds up to a fixed rate of 9.25 þ 1.10 ¼ 10.35, or 15 basis points
cheaper than straight fixed-rate debt. Yet if the firm had simply issued fixed-rate debt at
10.5 percent, it would have assumed no credit risk. Now it assumes the credit risk of the
swap counterparty and is compensated to the tune of a 15 basis point reduction in the
interest rate. Is this worth it? In the early days of the market, the savings were probably
large enough to be worth it, but as the market has become more efficient, the savings
have decreased and are likely just fair compensation for the assumption of credit risk.
Nonetheless, the credit risk may be worth taking in order to lower borrowing costs.

It is important to emphasize that reducing risk is not in and of itself a sufficient rea-
son to hedge or manage risk. Firms that accept lower risks will in the long run earn
lower returns. Moreover, if their shareholders truly wanted lower risks, they could easily
realign their portfolios, substituting lower-risk securities for higher-risk securities. Man-
aging risk must create value for shareholders, giving them something they cannot get
themselves. To the extent that risk management reduces the costly process of bankruptcy,
saves taxes, and makes it easier for firms to take on profitable investment projects, value is
clearly created.

In the next section we take a close look at how to manage the most important type of
risk: market risk.

MANAGING MARKET RISK
Market risk is the uncertainty of a firm’s value or cash flow that is
associated with movements in an underlying source of risk. For ex-
ample, a firm might be concerned about movements in interest rates,
foreign exchange rates, stock prices, or commodity prices.

When considering interest rate risk, there is the risk of short-,
intermediate-, and long-term interest rates. Within short-term interest rate risk, there is
the risk of LIBOR changing, the risk of the Treasury bill rate changing, the risk of the
commercial paper rate changing, and numerous other risks associated with specific inter-
est rates. A risk manager responsible for positions in LIBOR-based instruments and
instruments tied to the commercial paper rate would have to take into account the extent
to which those rates are correlated. A long position in LIBOR and a short position in
commercial paper would be a partial hedge since LIBOR is correlated with the commer-
cial paper rate. Thus, the combined effects of all sources of risk must be considered.

The effects of changes in the underlying source of risk will show up in movements in
the values of spot and derivative positions. You should recall that in Chapter 5 we intro-
duced the concept of an option’s delta, which was the change in the option’s price di-
vided by the change in the underlying stock’s price. We noted that a delta-hedged
option would move perfectly with and be offset by an appropriately weighted position
in the stock. A delta-hedged portfolio would be neutral with respect to stock price move-
ments, but only for very small stock price changes. For large stock price changes, the
delta may move too quickly. We noted that the risk of the delta changing too quickly is
captured by the option’s gamma. We also saw that if the volatility of the underlying
stock changes, the option price can change quite significantly, even without a movement

Market risk is the uncertainty and potential
for loss associated with movements in in-
terest rates, foreign exchange rates, stock
prices, or commodity prices.
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in the stock price. This risk is captured by the option’s vega. These delta, gamma, and
vega risk measures are equally applicable to many instruments other than options and
stocks. They are some of the tools used by risk managers to control market risk.

Let us consider a situation in which, to accommodate a customer, a derivatives
dealer has taken a position in a $10 million notional principal four-year interest rate
swap that pays a fixed rate and receives a floating rate. In addition, the dealer has
sold a three-year $8 million notional principal interest rate call with an exercise rate
of 12 percent. We assume that for both instruments the underlying is LIBOR. To
keep things as simple as possible, we shall let the payments on the swap occur once a
year. The current term structure of LIBOR and the implied forward rates are shown at
the top of Table 15.1.

Let us first price the interest rate swap. Using the procedure we learned in Chapter 12,
we see in Table 15.1 that the rate is 11.85 percent. Now let us price the three-year inter-
est rate call. Table 15.1 uses the Black model we learned about in Chapter 13 and shows
that the premium on this option would be $73,745. Now let us look at how to delta
hedge this combination of a swap and an option.

Delta Hedging
In order to delta hedge, we must make the portfolio be unaffected by small movements
in interest rates. To do this we shall need the delta of the swap and the option. Either
can be obtained by taking the mathematical first derivative of the swap or option value
with respect to interest rates. In this example, however, we shall estimate the delta by
repricing both instruments when the one-period spot rate and the remaining forward

TABLE 15.1 CURRENT TERM STRUCTURE AND FORWARD RATES

Term (days) LIBOR Discount Factor

360 10.00% 0.9091

720 11.61% 0.8116

1080 13.00% 0.7195

1440 14.34% 0.6355

Determination of the rate on a four-year swap with annual payments:

1� 0:6355
0:9091þ 0:8116þ 0:7195þ 0:6355

¼ 0:1185:

Inputs for the Black model to price a three-year call option on the one-year forward rate:

Continuously compounded one-year forward rate three years ahead:

ln
1

ð0:6355=0:7195Þ
� �

¼ 0:1241:

Continuously compounded three-year risk-free rate:

ln 1
0:7195

� �
3

¼ 0:1098:

Other inputs: X ¼ 0.12, T ¼ 3, σ ¼ 0.147

Plugging into the Black model (using a spreadsheet) gives an option price of 0.01043587. Recall that we must discount this value
to reflect the delayed payoff. Discounting for one year at 12.41 percent gives 0.00921815. Multiplying by the notional principal of
$8 million gives a premium of $73,745.
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rates move up and down one basis point. Then we shall average the movement in the
derivative’s price, which will be a good approximation of the delta.2

If all forward rates move up one basis point, the new one-period spot rate will be 10.01
percent and the new forward rates will be 12.02 percent, 12.82 percent, and 13.22 percent.
This necessitates recalculating the spot rates, which will be 11.01 percent, 11.61 percent,
and 12.01 percent.3 Using the procedure we learned in Chapter 12, we determine that the
new market value of the swap, if rates increase by 0.0001, would be $2,130. If rates de-
crease by �0.0001, the swap market value will be �$2,131. Averaging these results gives
a swap delta of $2,130.5, which we round to $2,131. This result is shown in Table 15.2.

We also need to estimate the delta of the option. Recall that it is an $8 million no-
tional principal call with a strike rate of 12 percent. Although the Black model will give
us the delta, we shall recalculate the model price and estimate the delta based on the
average change from a one basis point move in either direction. Table 15.2 also provides
this information for the option. The original price was $73,745. The new price if LIBOR
moves up one basis point is $73,989, a gain of $244. If LIBOR moves down one basis
point, the option is worth $73,501, a loss of $244. The average is obviously $244.

Recall that we pay the fixed rate and receive the floating rate on the swap so that we are
long the swap. That means we have a positive delta of $2,131. We are short the option so
we have a delta of �$244. This makes the overall position delta $2,131 � $244 ¼ $1,887.
This means that if rates move up one basis point, we gain $1,887. If rates move down one
basis point, we lose $1,887. Because we wish to be hedged, we must find an instrument
that loses $1,887 if rates move up and gains $1,887 if rates move down.

Naturally we could hedge each derivative with a completely offsetting transaction in the
opposite direction. In other words, we could execute a four-year swap, paying floating and
receiving fixed, and buy a three-year call with a strike of 12 percent. That is not, however,
how dealers normally hedge. They would rarely have a customer wanting the exact opposite
transaction at that point in time and they would not be willing to take the risk of waiting

TABLE 15.2 ESTIMATION OF SWAP AND OPTION DELTAS

Derivative Instrument

4-Year Swap, Fixed Rate ¼ 0.1185
3-Year Cal l Option at Exercise

Rate of 0.12

LIBOR change þ0.0001 �0.0001 þ0.0001 �0.0001

New value $2,130 �$2,131 $73,989 $73,501

Gain or loss� same as new value ($73,989 �
$73,745) ¼

$244

($73,501 �
$73,745) ¼
�$244

Estimated delta [$2,130 � (�$2,131)]/2 ¼
$2,130.5. Round to $2,131.

[$244 � (�244)]/2 ¼ $244

�The original value of the swap is zero. The original value of the option is $73,745. For a swap, the gain or loss is the new value
because the old value of the swap was zero.

2The price change for a one basis point move up is slightly different from that for a one basis point move
down. This is why we take the average price change. This effect results from the convexity of the price curve
and plays a role in gamma hedging.
3It appears as if the new spot rates are just one basis point above the old spot rates. This is not precisely the
case, as would be indicated if we let the forward rates shift by a much larger amount or if we carried our re-
sults out to more significant digits.
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until their next customer calls. The most typical hedge transaction they would execute is
to trade Eurodollar futures. Recall that we studied these instruments in Chapters 8 through
11. The futures are based on a $1,000,000 Eurodollar deposit and their prices move
opposite to interest rates. The delta is �$25, which is based on the calculation
�$1,000,000(0.0001)(90/360) with 0.0001 representing a one basis point change. Note, how-

ever, that if rates move up, a long position loses, and if rates move
down, a long position gains. In other words, Eurodollar futures are like
bonds: Their values move opposite to interest rates. Eurodollar futures
are particularly attractive for dealers to hedge with, because they are
extremely liquid. Also, being futures contracts and not options, they
require that no cash be paid up front; their margin requirements are
very low.

To offset our risk, we need a position that will both gain $1,887 if rates move down,
and lose $1,887 if rates move up or, in other words, a delta of �$1,887. A long position
in Eurodollar futures could provide this delta. The number of contracts would be
�$1,887/(�$25) ¼ 75.48. Because fractional contracts are not allowed, we round to 75.
This would mean our overall delta would be

þ$2,131 ðfrom the swapÞ
�$244 ðfrom the optionÞ

75ð�$25Þ  ðfrom the futuresÞ
¼ $12:

This means that the portfolio value will go up $12 if rates move up one basis point.
This is basically a perfect hedge.

In practice, some minor technical problems would make this hedge less than precise.
The 90-day LIBOR that the futures is based on and the one-year LIBOR that the swap
and option are based on would not both be likely to move exactly one basis point. They
would, however, almost always move in the same direction at the same time and cer-
tainly be highly correlated. A few minor adjustments could take care of any risk in the
hedge resulting from differences in the magnitudes of their respective movements.

As we discussed in Chapter 5, a delta hedge takes care of small movements in the
underlying. Larger movements, however, can bring about additional risk. This is called
gamma risk. To deal with it requires a gamma hedge.

Gamma Hedging
Our estimates of the delta are based on a one basis point change. If rates move by a
much larger amount, there will be an additional risk caused by the fact that the values
of the derivatives do not move equally in both directions. For example, if rates move 50
basis points down, the swap value will change to �$107,914. A 50 basis point increase
will cause the swap value to move to $105,127. Recall that a one basis point move caused
the swap value to change by virtually the same amount. For the option, a one basis point
move in either direction caused a virtually equal value change. A 50 basis point move up
would cause the option value to move to $89,269, a loss of $15,524. A 50 basis point
decrease would cause the option value to move to $61,919, a gain of $11,826.4

As we learned in Chapter 5, the risk associated with larger price moves in which the
delta does not fully capture the risk is called gamma risk. It is the risk of the delta chang-
ing. To be fully hedged a dealer would have to be delta hedged at all times. If rates move

A delta-hedged position is one in which the
combined spot and derivatives positions
have a delta of zero. The portfolio would
then have no gain or loss in value from a
very small change in the underlying source
of risk.

4Recall that we are short the option so gains occur on rate decreases and losses occur on rate increases.
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sharply, the effective delta would not equal the actual delta until the dealer could put on
another transaction that would reset its delta to the appropriate value. This could be too
late. This risk can be hedged, however, by combining transactions so that the delta and
gamma are both zero. First, however, we must estimate the gamma. Table 15.3 illustrates
the calculation of the gammas of the swap and the option. The gammas are �$12,500 for
the swap and $5,000 for the option. This means that as LIBOR increases, the swap delta
decreases in value by $12,500(0.0001) ¼ $1.25 and the option delta increases in value by
$5,000(0.0001) ¼ $0.50. Because we are short the option, its gamma is actually �$5,000.
Thus, our overall gamma is �$17,500.

Assuming that we have delta hedged the swap and option with the Eurodollar futures,
our gamma will still be �$17,500 because the gamma of the futures is zero. We are delta
hedged but not gamma hedged. To become gamma hedged we will need another instru-
ment. Let us assume that the instrument chosen is a one-year call option with an exer-
cise rate of 11 percent whose delta is $43 and whose gamma is $2,500, both figures under
the assumption of a $1 million notional principal. The problem is to determine the

TABLE 15.3 ESTIMATION OF SWAP AND OPTION GAMMAS

Basis Point
Change

Swap
Value

Average
Change in

Swap Value1
Swap

Gamma2
Option
Value

Average
Change in

Option Value3
Option
Gamma4

−0.0002 −$4,263 $73,258

−0.0001 −2,131 $2,131.50 73,501 $243.50

0.0000 0 2,130.50 −$12,500 73,745 244.00 $5,000

+0.0001 2,130 2,129.00 73,989 244.50

+0.0002 4,258 74,234

1The average change in the swap value is estimated as follows:

From a basis point change of 0.0000:
ð0� ð�2,131ÞÞ þ ð2,130� 0Þ

2
¼ 2,130:50:

From a basis point change of 0.0001:
ð2,130� 0Þ þ ð4,258� 2,130Þ

2
¼ 2,129:00:

From a basis point change of �0.0001:
ð�2,131� ð�4,263ÞÞ þ ð0� ð2,131ÞÞ

2
¼ 2,131:50:

These calculations are the deltas at these points.

2The swap gamma is estimated as follows:
ð�2,130:50� 2,131:50Þ þ ð2,129:00� 2,130:50Þ

2
¼ �1:25:

A change in the delta of �1.25 for a one basis point move implies a gamma of �1.25/0.0001 ¼ �$12,500.

3The average change in the option value is estimated as follows:

From a basis point change of 0.0000:
ð73,745� 73,501Þ þ ð73,989� 73,745Þ

2
¼ 244:00:

From a basis point change of 0.0001:
ð73,989� 73,757Þ þ ð74,234� 73,989Þ

2
¼ 244:50:

From a basis point change of �0.0001:
ð73,501� 73,258Þ þ ð73,745� 73,501Þ

2
¼ 243:50:

4The option gamma is estimated as follows:
ð244:00� 243:50Þ þ ð244:50� 244:00Þ

2
¼ 0:50:

A change in the delta of 0.50 for a one basis point move is a gamma of 0.50/0.0001 ¼ $5,000.
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appropriate notional principal of this new option so that we will be delta hedged and
gamma hedged. This is a simple problem answered by solving simultaneous equations.

Let us assume that we take x1 Eurodollar futures, which have a delta of �$25 and a
gamma of zero; and x2 of the one-year calls, which have a delta of $43 and a gamma of
$2,500 per $1,000,000 notional principal. Our swap and other option have a delta of
$1,887 and a gamma of �$17,500. We eliminate the delta and gamma risk of the port-
folio by setting the delta to zero by the equation

$1,887þ x1ð�$25Þ þ x2ð$43Þ ¼ $0 ðDeltaÞ,
and the gamma to zero by the equation

�$17,500þ x1ð$0Þ þ x2ð$2,500Þ ¼ $0 ðGammaÞ.
These are simply two equations with two unknowns. The solution is
an exercise in basic algebra, but just to make sure you understand, we
shall work through it. Rewrite the equations as

x1ð�$25Þ þ x2ð$43Þ ¼ �$1,887
x2ð$2,500Þ ¼ $17,500:

Solve the second equation for x2 ¼ 7.00. Then insert 7.00 for x2 in
the first equation and solve for x1 to get x1 ¼ 87.52. This means we
need to go long 87.52 Eurodollar futures. Round to 88. The solution
x2 ¼ 7.00 means that we need to go long 7.00 times the notional

principal of $1,000,000 on which the new option’s delta and gamma were calculated.
In other words, we need $7,000,000 notional principal of the one-year option.
These transactions combine to set the delta and gamma of the overall position to approx-
imately zero.5

Unfortunately the use of options introduces a risk associated with possi-
ble changes in volatility. Let us take a look at how that risk arises and how
we can hedge it.

Vega Hedging
In Chapter 5 we learned that the change in the option price over the change in its vola-
tility is called its vega. A portfolio of derivatives that is both delta and gamma hedged
can incur a gain or loss even when there is no change in the underlying as a result of a
change in the volatility. Most options are highly sensitive to the volatility, which changes
often. Consequently it is important to try to hedge vega risk.

Swaps, futures, and FRAs do not have vegas because volatility is not a determinant of
their prices. In our example, we need consider only the vega of the three-year call option.
Although option pricing formulas can often give the vega in its exact mathematical form,
we shall estimate the vega by changing LIBOR by one basis point in each direction.
Recall that under the initial term structure, the option value is $73,745. If the volatility
increases from 0.147 to 0.1471, the new option value will be $73,787, a change of $42. If
volatility decreases from 0.147 to 0.1469, the new option value will be $73,703, a change
of �$42. This is an average change of $42. Since we are short this option, the vega of our
portfolio of the four-year swap and this three-year option is �$42.

A delta and gamma hedge is one in which
the combined spot and derivatives positions
have a delta of zero and a gamma of zero.
The portfolio would then have no gain or
loss in value from a small change in the
underlying source of risk. In addition, the
delta itself would be hedged, which pro-
vides protection against larger changes in
the source of risk.

5As a check, we see that the delta is 1,887 þ 88(�25) þ 7(43) ¼ �12.00 and the gamma is �17,500 þ
7(2,500) ¼ 0.

TECHNICAL NOTE
go to www.cengage.com/finance/

chance
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Now consider the one-year option that we introduced in the last section to use for
gamma hedging. It will also have a vega that must be taken into account. Its vega is esti-
mated to be $3.50 for every $1,000,000 notional principal. Our delta- and gamma-hedged
portfolio would have $7 million face value of this option, making the vega $24.50. That
would make our overall portfolio have a vega of $24.50 � $42, or �$17.50. Thus, we still
have a significant risk that volatility will increase, and each 0.0001 increase in volatility
will cost us $17.50.

In order to hedge delta, gamma, and vega we will need three hedging instruments. Be-
cause of the vega risk, at least one of the instruments has to be an option. Let us use an
option on a Eurodollar futures that trades at the Chicago Mercantile Exchange alongside
the Eurodollar futures. The option has a delta of �$12.75, a gamma of �$500, and a vega
of $2.50 per $1,000,000 notional principal. This leads to the following set of simultaneous
equations:

$1,887þ x1ð�$25Þ þ x2ð$43Þ þ x3ð�$12:75Þ ¼ 0 ðDeltaÞ
�$17,500þ x1ð$0Þ þ x2ð$2,500Þ þ x3ð�$500Þ ¼ 0 ðGammaÞ

�$42þ x1ð$0Þ þ x2ð$3:50Þ þ x3ð$2:50Þ ¼ 0 ðVegaÞ:
The first equation sets the portfolio delta to zero, the second sets the gamma to zero,

and the third sets the vega to zero. The coefficients x1, x2, and x3 represent quantities of
$1,000,000 notional principal that should be established with Eurodollar futures, the one-
year option, and the option on the Eurodollar futures. To solve these equations, we first
note that the second and third equations can be written as

x2ð$2,500Þ þ x3ð�$500Þ ¼ $17,500
x2ð$3:50Þ þ x3ð$2:50Þ ¼ $42,

which is simply two equations with two unknowns. Multiplying the second equation by 200
gives us $700x2 þ $500x3 ¼ $8,400. Then adding the two equations gives $3,200x2 ¼
$25,900, which gives x2 ¼ 8.09375. Inserting 8.09375 for x2 in either of these equations
gives x3 ¼ 5.46875. Thus, we need 8.09375($1,000,000) ¼ $8,093,750 notional principal
of the four-year option and 5.46875($1,000,000) ¼ $5,468,750 notional principal of
the Eurodollar futures option. We then insert 8.09375 and 5.46875 into the first equation for
x2 and x3, giving us x1(�$25) 18.09375($43) þ 5.46875(�$12.75) ¼ �$1,887. Solving for
x1 gives a value of 86.61. This means that we would buy 87 Eurodollar futures.6

It should be apparent by now that the dealer should not hedge by
setting the delta to zero and then attempting to hedge the gamma and
vega risk with other instruments. As these instruments are added to
eliminate gamma and vega risk, the delta hedge is destroyed. There
are two possible approaches to solving the problem, one being the
simultaneous equation approach that we followed here. It is guaranteed

to provide the correct solutions. Another approach would be to solve the gamma and vega
hedge simultaneously, which will set the gamma and vega to zero, but leave the overall
delta nonzero. Then the delta hedge can be set with Eurodollar futures, which have a delta
but no gamma or vega. Consequently, adding them to the position at the very end will not
change the gamma or vega neutrality.

6Because of rounding off to whole numbers of contracts, the overall position is not quite perfectly hedged. The
delta is $1,887 þ 87(�$25) þ 8.09375($43) þ 5(�$12.75) ¼ �$3.72. The gamma is �$17,500 þ 87($0) þ
8.09375($2,500) þ 5(�$500) ¼ $234.38. The vega is �$42 þ 8.09375($3.50) þ 5($2.50) ¼ �$1.17.

A vega-hedged portfolio is one in which the
portfolio value will not change as a result of
a change in the volatility of the underlying
source of risk.
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In spite of a dealer’s efforts at achieving a delta-gamma-vega neutral position, it is
really impossible to achieve an absolute perfect hedge. The vega hedge is accurate only
for extremely small changes in volatility. Large changes would require yet another
adjustment. In addition, all deltas, gammas, and vegas are valid only over the next
instant in time. Even if there were no changes in LIBOR or the volatility, the position
would become unhedged over time if no further adjustments were made. Eventually
the portfolio would become significantly unhedged, so some adjustments might be
made to realign the portfolio to a delta-gamma-vega neutral position, possibly as often
as once a day.

It is apt to remember a famous expression: The only perfect hedge is in a Japanese
garden. Any dealer accepts the fact that a small amount of risk will be assumed. To
date, however, no major derivatives dealer who has made the effort to be hedged has
suffered a significant loss and most have found market making in derivatives to be a
moderately profitable activity with very low risk. This is a testament to the excellent
risk management practiced by the major derivatives dealers.

On the other side of the transaction is the end user, the party who approaches the
dealer about entering into a derivatives transaction. Most end users are corporations at-
tempting to hedge their interest rate, currency, equity, or commodity price risk. Some
will speculate from time to time. Most, however, already have a transaction in place
that has a certain amount of risk. They contract with the dealer to lay off that risk.
Rarely will the end user engage in the type of dynamic hedging illustrated above. That
is because the end user is not typically a financial institution like the dealer. Financial
institutions can nearly always execute transactions at lower cost and can generally
afford the investment in expensive personnel, equipment, and software necessary to do
dynamic hedging. Most end users enter into derivatives transactions that require little or
no adjustments. You have, of course, seen many such examples throughout this book.
Some end users have, however, suffered losses from being unhedged at the wrong time
or from outright speculating. Yet, most end users could have obtained a better under-
standing about the magnitude of their risk and the potential for large losses had they
applied the technique called Value at Risk or VAR.

Value at Risk (VAR)
Value at Risk, or VAR, is a dollar measure of the minimum loss that would be expected
over a period of time with a given probability. For example, a VAR of $1 million for one
day at a 5 percent probability means that the firm would expect to lose at least $1 mil-
lion in one day 5 percent of the time. Some prefer to express such a VAR as a 95 percent
probability that a loss will not exceed $1 million. In this manner, the VAR becomes a
maximum loss with a given confidence level. The significance of a million dollar loss de-
pends on the size of the firm and its aversion to risk. But one thing is clear from this
probability statement: a loss of at least $1 million would be expected to occur once every
20 trading days, which is about once per month.

VAR is widely used by dealers, even though their hedging programs nearly always
leave them with little exposure to the market. If dealers feel that it is important to use
VAR, that should be a good enough reason for end users to employ it, and surveys
show that an increasing number of end users are doing so.

The basic idea behind VAR is to determine the probability distribution of the under-
lying source of risk and to isolate the worst given percentage of outcomes. Using 5 per-
cent as the critical percentage, VAR will determine the 5 percent of outcomes that are
the worst. The performance at the 5 percent mark is the VAR.
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Table 15.4 provides a simple illustration with a discrete classifica-
tion of the change in the value of a hypothetical portfolio. Note that
each range has a probability and a cumulative probability associated
with it. Starting with the class with the worst outcome, VAR is found
by examining the cumulative probability until the specified percent-

age is reached. In this case, VAR for 5 percent is $3,000,000. This would be interpreted as
follows: There is a 5 percent probability that over the given time period, the portfolio will
lose at least $3 million. Of course VAR can be expressed with respect to any chosen
probability. Such statements as “There is a 15 percent probability that over the given
time period, the portfolio will lose at least $2 million” and “There is a 50 percent proba-
bility that over the given time period, the portfolio will incur a loss” are both legitimate
statements of the portfolio’s VAR.

Figure 15.1 illustrates the principle behind VAR when the distribution of the portfolio
change in value is continuous. The familiar normal or bell-shaped curve is widely used

TABLE 15.4 PROBABILITY DISTRIBUTION OF CHANGE IN

PORTFOLIO VALUE

Change in Portfol io Value Probabi l i ty Cumulative Probabi l i ty

−$3,000,000 and lower 0.05 0.05

−$2,000,000 to −$2,999,999 0.10 0.15

−$1,000,000 to −$1,999,999 0.15 0.30

$0 to −$999,999 0.20 0.50

$0 to $999,999 0.20 0.70

$1,000,000 to $1,999,999 0.15 0.85

$2,000,000 to $2,999,999 0.10 0.95

$3,000,000 and higher 0.05 1.00

Figure 15.1 Value at Risk for Normally Distributed Change in Portfolio Value with Zero Expected Change

Change in Portfolio Value ($) 

$0

5%
Probability

1.65 standard
deviations

$VAR

Value at Risk or VAR is the minimum amount
of money that would be lost in a portfolio with
a given probability over a specific period of
time.
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though not necessarily appropriate in many cases. Accepting it as
legitimate for our purposes, we see where the 5 percent VAR is
noted, which is 1.65 standard deviations from the expected change
in portfolio value, which in this example the expected change is
zero. Of course, not all portfolios have an expected change of zero.
In any case, the rule for determining VAR when applying normal

probability theory is to move 1.65 standard deviations below the expected value. Beyond
that point, 5 percent of the population of possible outcomes is found. For a VAR of
1 percent, you would move 2.33 standard deviations below the expected value.

Calculating VAR in practice is not quite this simple. The basic problem is to deter-
mine the probability distribution associated with the portfolio value. This necessitates
estimating the expected values, standard deviations, and correlations among the financial
instruments. The mechanics of determining the portfolio probability distribution are
relatively easy once the appropriate inputs are obtained. The process is the same as the
one you might already have encountered when studying investments. Let us take that
process a little bit further here.

Assume you have two assets whose expected returns are E(R1) and E(R2) and whose
standard deviations are σ1 and σ2, and where the correlation between their returns is ρ. The
portfolio’s expected return is a weighted average of the expected returns of assets 1 and 2,

EðRpÞ ¼ w1EðR1Þ þ w2EðR2Þ,
where w1 and w2 are the percentages of the investor’s wealth that are allocated to assets
1 and 2, respectively. The portfolio standard deviation is a more complicated weighted
average of the variances of assets 1 and 2 and their covariance,

σp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
1σ

2
1 þw2

2σ
2
2 þ 2w1w2σ1σ2ρ

q
,

where the expression σ1σ2ρ is recognized as the covariance between assets 1 and 2.
There are three methods of estimating VAR.

Analytical Method The analytical method, also called the variance-covariance
method, makes use of knowledge of the input values and any necessary pricing models
along with an assumption of a normal distribution.

We illustrate the analytical method with two examples. Suppose a
portfolio manager holds two distinct classes of stocks. The first class,
worth $20 million, is identical to the S&P 500. It has an expected
return of 12 percent and a standard deviation of 15 percent. The
second class is identical to the Nikkei 300, an index of Japanese

stocks, and is valued at $12 million. We shall assume the currency risk is hedged. The
expected return is 10.5 percent and the standard deviation is 18 percent.

The correlation between the Nikkei 300 and the S&P 500 is 0.55. All figures are an-
nualized. With this information we can calculate the portfolio expected return and stan-
dard deviation as

EðRpÞ ¼  ð20=32Þ0:12 þ  ð12=32Þ0:105  ¼  0:1144

σp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð20=32Þ2ð0:15Þ2 þ ð12=32Þ2ð0:18Þ2 þ 2ð20=32Þð12=32Þð0:15Þð0:18Þð0:55Þ

q
¼ 0:1425:

Now let us calculate this portfolio’s VAR at a 5 percent level for one week. First
we must convert the annualized expected return and standard deviation to weekly

In a normal distribution, a 5 percent VAR
occurs 1.65 standard deviations from the
expected value. A 1 percent VAR occurs
2.33 standard deviations from the expected
value.

The analytical method assumes a normal dis-
tribution and uses the expected value and
variance to obtain the VAR.
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equivalents. This is done by dividing the expected return by 52 (for the number of
weeks in a year) and dividing the standard deviation by the square root of 52, which is
7.21. This gives us 0.1144/52 ¼ 0.0022 and 0.1425/7.21 ¼ 0.0198. Under the assump-
tion of a normal distribution, the return that is 1.65 standard deviations below the ex-
pected return is

0:0022 � 1:65ð0:0198Þ ¼ �0:0305:

The portfolio would be expected to lose at least 3.05 percent 5 percent of the time. VAR
is always expressed in dollars, so the VAR is $32,000,000(0.0305) ¼ $976,000. In other
words, the portfolio would be expected to lose at least $976,000 in one week 5 percent of
the time or one out of twenty weeks.

Let us now calculate VAR for a portfolio containing options. In fact, let us make it an
extremely risky portfolio, one consisting of a short call on a stock index. We assume that
the call has one month to go before expiring, the index is at 720, the exercise price is
720, the risk-free rate is 5.8 percent, and the volatility of the index is 15 percent. We
shall ignore dividends. Inserting these figures into the Black-Scholes-Merton model tells
us that the call should be priced at $14.21. Assume that the index option contract has
a multiplier of 500, so the total cost is 500($14.21) ¼ $7,105. We shall assume that the
investor sells 200 contracts, resulting in the receipt up front of 200($7,105) ¼ $1,421,000.
The worst outcome for an uncovered call is for the stock to increase. Let us look at the 5
percent worst outcomes, which occur on the upside. Using the same information on the
index from the previous example, we must first convert to monthly data. The expected return
on the index is 0.1144/12 ¼ 0.0095 and 0.1425/3.46 (the square root of 12) ¼ 0.0412. On
the upside the 5 percent tail of the distribution is 0.0095 þ 1.65(0.0412) ¼ 0.0775.
That would leave the index at 720(1.0775) ¼ 775.80 or higher. If the option expires with
the index at 775.80, it will have a value of 775.80 � 720 ¼ 55.80. Thus, our net loss will
be 55.80 � 14.21 ¼ 41.59 per option. The total loss will be 200(500)(41.59) ¼ $4,159,000.
Thus, the VAR for this short call is $4,159,000 and we can, therefore, say that the portfolio
will lose at least $4,159,000 in one month 5 percent of the time. This would be once every 20
months.

Although we calculated an expected value in these examples, it is fairly common to
assume a zero expected value. This is because one day is a common period over which
to calculate a VAR and the expected daily return is very small. A typical VAR calculation
is much more highly influenced by the volatility than by the expected return.

The analytical method uses knowledge of the parameters of the probability distribu-
tion of the underlying sources of risk at the portfolio level. Since the expected value and
variance are the only two parameters used, the method implicitly is based on the as-
sumption of a normal distribution. If the portfolio contains options, the assumption of
a normal distribution is no longer valid. Option returns are highly skewed and the ex-
pected return and variance of an option position will not accurately produce the desired
result, the return that is exceeded, say, 5 percent of the time. One approach is the one
used here: We identified the critical outcome of the underlying and then determined
the option outcome that corresponds to it.

Another commonly used alternative employs the delta, rather than the precise option
pricing model, to determine the option outcome. In fact, the analytical or variance-
covariance method is also sometimes called the delta normal method. Although this
method is only approximate, it has some advantages. The delta is a linear adjustment
of the underlying price change to the option price change and linearity is a desirable
and simplifying property. When the outcome of a normal distribution is adjusted in a
linear manner, the result remains normally distributed. Thus, the delta normal approach
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linearizes the option distribution; in other words, it converts the option’s distribution to
a normal distribution. This can be useful, particularly when a large portfolio is con-
cerned. For longer periods, such as the one-month period used here, the delta adjust-
ment is sometimes supplemented with a gamma adjustment.

Another important concern in using the analytical method is that large portfolios can
be very complicated to work with. In these examples, we identified only a single source
of risk. For large institutions, there are literally thousands of sources of risk. The volati-
lities and correlations of these diverse sources of risk must be captured and consolidated
into a single volatility for the portfolio. This requires massive amounts of information.
Fortunately, this information is readily available. The RiskMetrics Corporation, http://
www.riskmetrics.com, a spin-off of the noted Wall Street firm J. P. Morgan, has provided
downloadable data sets, which are updated daily, on the Internet. This information is based
on recent historical price behavior and is smoothed via a weighting of current and past
volatility.

The primary advantage and disadvantage of the analytical method is its reliance on
the assumption of a normal distribution. The following method gets around that
assumption.

Historical Method The historical method estimates the distribution of the portfolio’s
performance by collecting data on the past performance of the portfolio and using it to
estimate the future probability distribution. Obviously it assumes that the past distribu-
tion is a good estimate of the future distribution.

Figure 15.2 presents an example of the information obtained from
a historical sample of daily portfolio returns over approximately one
year, 254 trading days in this case. The information is presented in
the form of a histogram. The person doing the analysis would choose
the most appropriate intervals. In this case, the 13 worst outcomes,

which is about 10 percent of the total possible, are shaded. This means that the critical
portfolio VAR is a loss of 10 percent. If the portfolio size is $15 million, then the VAR is
$15,000,000(0.10) ¼ $1,500,000. Thus, we can say that the portfolio would be expected to
lose at least $1.5 million in one day about 5 percent of the time, which is about once per
month.

The historical method obviously produces a VAR that is consistent with the VAR of
the chosen historical period. Whether this is an accurate method depends on several
factors. Obviously it matters greatly whether the probability distribution of the past is
repeated in the future. Also, the portfolio held in the future might differ in some way
from the portfolio held in the past. For example, the S&P/Nikkei portfolio, which is cur-
rently $20 million in the S&P and $12 million in the Nikkei, could be reallocated. In fact,
unless each asset performs identically, the portfolio is automatically reallocated. One
asset grows in value at a greater rate than the other and this changes the portfolio’s
expected return and standard deviation. This problem, however, can be accommodated
by using the historical returns but applying new weights to each asset in accordance with
the current weights rather than the historical weights.

Another limitation of the historical method is that it requires the choice of a sample
period. The outcome can be greatly affected by how large a sample one selects. Normally,
the larger a sample, the more reliable the estimates obtained from it, but the larger the
sample, the older are some of the data and the less reliable they become.

Another problem with the historical method is that the historical period may be badly
representative of the future. For example, suppose the historical period included the
stock market crash of October 1987, a day in which the market lost over 20 percent of
its value in one day. Is this extreme outcome an accurate reflection of the VAR? Such an

The historical method uses actual data from
a recent historical period to determine the
VAR.
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outcome would tremendously bias the volatility. Yet days like that are the very outcomes
that risk managers should be worrying about.

The final method combines many of the best properties of the previous two methods.

Monte Carlo Simulation Method The Monte Carlo simulation
method is based on the idea that portfolio returns can be fairly easily
simulated. Simulation requires inputs on the expected returns, stan-
dard deviations, and correlations for each financial instrument. In

Appendix 14 we examined one procedure for simulating stock prices called the Monte
Carlo method. Essentially the same procedure is used when calculating VAR except that
it is necessary to ensure that the portfolio’s returns properly account for the correlations
among the financial instruments. This means that one cannot simply independently gen-
erate returns for, say, the S&P 500 and Treasury bonds. One set of returns can be gener-
ated but the other set of returns must reflect any correlation between the two sets of
returns. This is done by making an assumption about the process in which asset returns
are generated.

Monte Carlo simulation is probably the most widely used method by sophisticated
firms. It is the most flexible method, because it permits the user to assume any known
probability distribution and can handle relatively complex portfolios; however, the more
complex the portfolio, the more computational time required. Indeed Monte Carlo sim-
ulation is the most demanding method in terms of computer requirements. Nonetheless,
the vast improvements in computing power in recent years have brought Monte Carlo to
the forefront in risk management techniques.

Figure 15.2 Histogram of Portfolio Returns for 254 Days
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To obtain the VAR, Monte Carlo simulation
generates random outcomes based on an
assumed probability distribution.
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A Comprehensive Calculation of VAR
Let us illustrate the three methods of calculating VAR by using a comprehensive exam-
ple. Suppose we hold a very simple portfolio consisting of $25 million invested in the
S&P 500. We would like to estimate VAR at 5 percent for one day using each of
the three methods. First, we collect a sample of the daily returns on the S&P 500 for
the past year. This gives us 253 returns. We obtain the following information, which
will be useful in some of the VAR calculations:

Average daily return: 0.0457%

Daily standard deviation: 1.3327%

These numbers equate to an annual return of 0.0457(253) ¼ 11.56 percent and a
standard deviation of 1.3327

ffiffiffiffiffiffiffi
253

p ¼ 21.20 percent.
First we estimate VAR using the analytical method. Remember that we are assuming

a normal distribution. Based on the above parameters, we obtain the following:

0:0457% � ð1:65Þ1:3327% ¼ �2:1533%:

Thus, our VAR is

0:021533ð$25,000,000Þ ¼ $538,325:

We might, however, believe that the parameters obtained from the historical data are not
realistic. Indeed a 21 percent standard deviation is somewhat high for the S&P 500. Let
us use a more realistic number of 15 percent. This equates to a daily standard deviation
of 15/

ffiffiffiffiffiffiffi
253

p ¼ 0.9430 percent. Let us use an expected return of 12 percent, which is a
daily expected return of 12/253 ¼ 0.0474 percent. Then

0:0474%� ð1:65Þ0:9430% ¼ �1:5086%:

Thus, the VAR is

0:015086ð$25,000,000Þ ¼ $377,150:

Which is more correct? That depends on which input seems more reasonable.
Remember that the analytical method is based on the assumption of a normal distri-

bution. Is this a reasonable assumption? Figure 15.3 shows the distribution of returns for
the S&P 500 that was used in this example. We see that the distribution does indeed bear
some resemblance to the normal, but it probably does not completely adhere to the nor-
mal distribution.

Now let us calculate VAR based on the historical method. This method simply
requires that we rank the returns from worst to best. For 253 returns, we have
0.05(253) ¼ 12.65, telling us that the VAR is the twelfth or thirteenth worst outcome.
Let us use the thirteenth worst outcome. If we lined up the returns from worst to best,
we would find that the thirteenth worst return would be �2.0969 percent. Thus, the
VAR would be

0:020969ð$25,000,000Þ ¼ $524,225:

Now let us try a Monte Carlo simulation, where we have considerable flexibility. We
must assume a probability distribution to generate the returns and we must choose the
input values. Although one advantage of the Monte Carlo simulation is that we do not
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need to adhere to the normal distribution, we shall do so here for convenience and
because it is the probability distribution that you are most likely to be very familiar
with. In using the normal distribution we must input an expected value and volatility.
Let us use the same 12 percent for the former and 15 percent for the latter that we
used in the analytical method. We also have to decide on a time period, which we choose
to be one day. In addition we must decide on the number of outcomes. Normally many
thousands are used, but here we shall use 253, which is about one year and is the num-
ber of days over which we collected data. There is no particular reason why we should
generate one year’s worth of outcomes and, in practice, we would definitely want many
more outcomes.

As noted earlier, the exact procedure for a Monte Carlo simulation with a normal
distribution was described in the appendix to Chapter 14. Basically we generate a daily
return according to the formula

Return ¼ðExpected ReturnÞð1=253Þ þ ðStandard DeviationÞ � ε
ffiffiffiffiffiffiffiffiffiffiffiffi
1=253

p
,

where ε is a random number drawn from a standard normal distribution with a mean of
zero and a standard deviation of 1.0. Microsoft Excel® will generate such numbers with
its Analysis ToolPak. Alternatively, a good approximation can be obtained as the sum of
twelve random numbers minus 6.0 (rand() þ rand() þ · · · �6.0).

We do this 253 times, thereby obtaining 253 random returns. Once again, we
simply sort them from worst to best and obtain the thirteenth worst return. Here, this
is �1.3942 percent. Thus, the VAR is

0:013942 ð$25,000,000Þ ¼ $348;550:

Of course, different values will be obtained from one simulation to another.

Figure 15.3 Historical Returns on S&P 500 for One Year
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We now have a number of candidates for our VAR:

$538,325 (Analytical Method), or

$377,150 (Adjusted Analytical Method), or

$524,225 (Historical Method), or

$348,550 (Monte Carlo Simulation Method).

Which is correct? We simply do not know. The methods are so different and the inputs
are so critical that this is a common result. In fact, even more variation could be ob-
tained if we collected our data over different time periods or, for example, if we used
weekly or monthly data instead of daily data. Or we could run more simulations or per-
haps use a nonnormal distribution. The possibilities are almost endless. Moreover, the
range of numbers shown here is actually quite small compared to what is frequently
found in practice. Most real-world portfolios are far more complicated than this. They
usually contain options, which tend to cause larger discrepancies. In short, VAR is a
number that is quite sensitive to how it is calculated. That does not mean it is useless
or unreliable. Knowing the potential range of VAR is itself useful. Moreover, one should
always follow up the calculation with an ex post evaluation. If we settle on a VAR of, say,
$400,000 in this example, we should expect that this value will be exceeded no more than
5 percent of the time. If it is exceeded far more or far less than 5 percent of the time, we
know that $400,000 was not a good estimate of the VAR.

Assessing the accuracy of VAR systems is an important component of maintaining a
quality enterprise risk system. Presently there are many different procedures for making
this assessment, although they are quite technical.7

Benefits and Criticisms of VAR
Although widely criticized, VAR has been embraced by the risk management industry.
VAR, or some variation thereof, is used by nearly every major derivatives dealer and an
increasing number of end users. VAR is perhaps most beneficial in communicating in-
formation to nontechnical personnel. To tell a CEO that a firm is expected to lose at
least $400,000 in a day 5 percent of the time, meaning about once every month, conveys
a lot of useful information that the CEO can easily grasp. The trade-off, however, is that
if the number is inaccurate, the CEO will have less confidence in the number and in the
person giving him or her the number. Accurate estimation with continuing ex post
follow-up is critical in using VAR.

VAR is also widely used in banking regulation. The objective of banking regulators is
to ensure that the banking system does not fail and that consumers and savers are pro-
tected. Most banking regulators use VAR as a measure of the risk of a bank. A common
specification for VAR in this context is 10 days with a 1 percent probability.

Likewise, banks and corporations who are engaged in significant trading activities
commonly use VAR as a measure to allocate capital. In other words, they set aside a
certain amount of capital to protect against losses. The amount of capital set aside is of-
ten the VAR.

VAR is also used in the evaluation of the performance of investment managers
and traders. The modern approach to performance evaluation is to adjust the return

7See, for example, Joe H. Sullivan, Zachary G. Stoumbos, and Robert Brooks, “Real-time assessment of value-
at-risk and volatility accuracy,” Nonlinear Analysis: Real World Applications, 2007.
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performance for a measure of the risk taken in achieving that performance. VAR is often
used in this context as a measure of risk.

Thus, we see that VAR has a variety of practical applications. Nonetheless, VAR must
be used carefully. We have barely scratched the surface of VAR, but we have encoun-
tered enough to get you started in understanding it. There is much written on VAR; in
fact, it is probably one of the most written-about topics of recent years. You will not be
able to operate in the risk management world without encountering something written
about it.

Extensions of VAR
In addition to estimating VAR, a risk manager will often subject the
portfolio to a stress test, which determines how badly the portfolio
will perform under some of the worst and most unusual circum-
stances. Consider the portfolio we discussed earlier that consisted of

$20 million invested in the S&P 500 and $12 million invested in the Nikkei 300. Let us
presume that in a given week both markets perform terribly, with the Nikkei losing 30
percent of its value and the S&P 500 losing 25 percent of its value. Then the Nikkei would
lose $3.6 million and the S&P 500 would lose $5 million for a total loss of $8.6 million,
which is 26.9 percent of the total value of the portfolio. Although such an outcome is
extremely unlikely, a risk manager might test the portfolio’s tolerance for such a remote
possibility. If the performance is tolerable, then the portfolio risk is assumed to be accept-
able. Stress testing can be quite valuable as a supplement to VAR and other techniques of
risk management. Yet, stress testing has its own criticisms, including the fact that it places
a tremendous emphasis on highly unlikely events.

The most important point to remember about VAR and stress testing, as well as any
financial statistic, is that these are just estimates and cannot be expected to provide the
full picture. Hence, some variations of VAR are widely used as a supplemental source of
risk management information. Some risk managers focus on the expected loss beyond
the VAR. For example, consider the VAR calculation we did for the S&P 500. Using
the historical method, we ranked the outcomes and found that the VAR was 2.0969 per-
cent, or $524,225. If we averaged all of the outcomes worse than �2.0969 percent, we
would obtain an average loss of �2.8778 percent or $719,450. This figure can be inter-
preted as the expected loss, given that the loss incurred exceeds the VAR. This figure is
also sometimes known as the Conditional Value at Risk, because it reflects the expected
loss conditional on the loss exceeding the VAR.

Value at Risk is a reasonable technique for use by firms that have assets whose values
can be measured fairly easily. A financial institution would be one of those types of
firms. Many corporations, however, have assets that generate cash flows but whose
values cannot be easily determined. Consider for example, a company whose primary
business is copper mining. Expenses are incurred in the mining process, and cash is gen-
erated to cover those expenses when the copper is sold. Of course in theory a copper
mine has a market value, which would presumably come from discounting the stream
of cash flows expected over the life of the mine. In practice, determining that value is
difficult. The firm could put the mine on the market for sale, and a buyer would have
to determine the value in order to make an offer. But the company could not reasonably
expect to put the mine up for sale on a regular basis just to determine its market value.
Thus, it would be very difficult to generate a VAR for a copper mine. As an alternative,
the firm could use a technique called Cash Flow at Risk, or CAR (also sometimes
known as CFAR). CAR would be defined in terms of an expected cash shortfall. For
example, suppose that the copper mine was expected to generate a cash flow of $10 million

Stress testing means to estimate how a port-
folio will perform if extremely rare events
occur.
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per year with a standard deviation of $2 million a year. The CAR at a probability of
5 percent would be 1.65($2 million) ¼ $3.3 million. This means that

Prob½10 million� $3:3 million > Actual Cash Flow� ¼ 0:05:

In other words, the probability that $10 million � $3.3 million ¼ $6.7 million will ex-
ceed the actual cash flow is 5 percent. That is, the probability that the actual cash flow
will be less than $6.7 million is 5 percent. Note that CAR is calculated in a slightly dif-
ferent manner than VAR. It is expressed in terms of a shortfall from the expected cash
flow. Since deviations from the expected value are on average equal to zero, we calculate
the CAR without adjusting for the expected cash flow. In other words, the CAR is simply
based on the standard deviation times 1.65 (assuming a desired probability level of 5 per-
cent), because the average deviation from the expected value is zero.

Although CAR can be more applicable to certain types of compa-
nies, most of the same issues and problems associated with VAR
apply equally to CAR.

Another alternative to VAR and CAR is the concept of Earnings
at Risk, or EAR. For companies that are concerned about shortfalls
in earnings per share, EAR can be used to measure the risk. Of
course, we know that value and cash flow are far more important

than earnings, because the earnings are a reflection of assumptions about accounting
methods, and they do not take risk or the time value of money into account.

Regardless of whether one uses VAR, CAR, or EAR, a good risk manager will collect
data over the risky time period and evaluate after the fact whether the measure was a
good one. For example, if the VAR is $1 million for one day at 5 percent, then the risk
manager can expect to see a loss of at least $1 million about one day in a month. Over a
period of many months, perhaps even many years, the risk manager can determine
whether $1 million is a reasonable reflection of the true risk.

We have now completed our examination of market risk. We next turn to the other
major type of risk: credit risk.

MANAGING CREDIT RISK
Earlier in this chapter, we mentioned a party that could borrow at a fixed rate of 10 1/2
percent or at a floating rate of LIBOR plus 1.1 percent. That party issues floating-rate
debt and enters into a swap in which it pays a fixed rate of 9 1/4 percent and receives
a floating rate of LIBOR, for a net fixed rate of 10.35 percent, a savings of 15 basis points
over issuing fixed rate directly.

If the firm had borrowed at a fixed rate, it would have assumed no credit risk. A
lender cannot default. If it borrows at a floating rate and swaps it into a synthetic
fixed-rate loan, it faces the risk that the swap dealer will default, leaving it owing the
floating rate of LIBOR. Perhaps the 15 basis point saving is simply compensation for
bearing the risk that the dealer will default.

The risk of default is faced by any party that may receive obliga-
tory payments from another party. This risk, called credit risk or
default risk, is faced by any lender. We have mentioned it many
times earlier in the book, especially in conjunction with over-
the-counter derivatives. Because banks are used to making loans,

their derivatives business is not taking on a different kind of risk than one they already
have years of experience with. Since the notional principal on a derivative is not at risk,
however, the credit risk of derivatives is typically much lower than the credit risk of loans.

Cash Flow at Risk (CAR) and Earnings at
Risk (EAR) are alternatives to VAR that
measure expected shortfalls in cash flow
and earnings and could be more appropri-
ate than VAR for some types of companies.

Credit risk is the uncertainty and potential
for loss due to a failure to pay on the part of
a counterparty.
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Nonbank end users typically do not make loans. When they become users of swaps,
however, they become creditors.

Earlier in the book we commented on credit risk whenever we discussed over-
the-counter instruments. Futures and exchange-listed options are insured against credit
risk by the clearinghouse. Since there has never been a default by the clearinghouse,
these contracts can be considered credit-risk free. Over-the-counter contracts are subject
to credit risk that varies from party to party, from type of contract to type of contract,
and from one point in time to another point in time.

In the bond market, credit risk is typically assessed by examining the credit ratings of
issuers. Credit ratings are provided by several firms, most notably Standard & Poor’s,
Moody’s, and Fitch’s. Although each agency has its own labels, terms like “Triple-A” and
“B-double AA” are used, with the more A’s the better. Thus, you would see ratings like
AAA, AA, A, BAA, BBB, BB, B, and so on down to D. Analysts for these companies base
their ratings on a variety of factors, most notably the financial health of the issuer, and
also the states of the economy and the issuer’s industry.

To gain a better understanding of what credit risk really involves, let us take a look at
the issues underlying credit and default. Interestingly, much of what we know about this
subject comes from option pricing theory.

Credit Risk as an Option
Let us consider a very simple firm that has assets with a market value of A0 and a single zero
coupon debt issued with a face value of F. That is, the amount F is due when the bonds
mature at time T. The debt has a market value of B0. Thus, the market value of the stock is

S0 ¼ A0 � B0:

When the debt matures, the firm will have assets worth AT and will owe the amount F. If
AT > F, the firm will pay off the debt, leaving the amount AT � F for the stockholders.
Thus, the value of their claim at T is ST ¼ AT � F. If the value of the assets is not
adequate to pay off the debt, the creditors will receive the assets worth AT and the value
of the stockholders’ claim is zero. In other words, the firm’s assets are fully paid out either
in the form of partially repaying the creditors or paying the creditors in full, leaving the
remainder for the stockholders. Table 15.5 illustrates these results.

Notice that the payoff to the stockholders is like a call option. In fact, we could write
it as follows

ST ¼ Maxð0,AT � FÞ,

which should look like a call option worth ST at expiration, in which the underlying is an
asset worth AT at expiration, and F is the exercise price. Ignoring the difference between
the symbols we use here and those used in Part I, it should be easy to see that stock is

TABLE 15.5 PAYOFFS TO THE SUPPLIERS OF CAPITAL

TO THE FIRM

Payoffs of Bonds and Stock

Source of Capital Market Value at Time 0 AT < F AT � F

Bonds B0 AT F

Stock S0 0 AT−F

Total B0 + S0 AT AT
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indeed a call option and could be priced using the Black-Scholes-Merton model. But
before we do that, let us take a further look at the nature of these claims.

If stock is indeed a call option, then we should be able to use put-call parity to relate
it to some type of put option. Recall from Chapter 3, that put-call parity for standard
options is Pe(S0,T,X) ¼ Ce(S0,T,X) � S0 þ X(1 þ r)�T. In the present situation, we shall
use the notation S0 for the current value of the call, F for the exercise price, and A0 for
the asset price, which is the underlying. Thus, put-call parity would look as follows:

P0 ¼ S0 � A0 þ Fð1þ rÞ�T:

But what exactly is the put? In general, a put is the right to sell the underlying at the
exercise price. It is not apparent what the put represents when the stockholders claim is
viewed as a call option. Let us rearrange put-call parity:

S0 ¼ A0 þ P0 � Fð1þ rÞ�T:

By definition, the value of the assets is the market value of the stock plus the market
value of the bonds: A0 ¼ S0 þ B0. This means that

S0 ¼ A0 � B0:

Using the previous two equations, we see that

B0 ¼ Fð1þ rÞ�T� P0:

Thus, the market value of the bonds, which are subject to default, is the market value of
a risk-free bond and a short put. The bondholders have, in effect, written an implicit put
option to the stockholders. So the stockholders’ claim is a claim on the assets, minus a
risk-free bond, plus a long put.

The implicit put written by the bondholders to the stockholders is really just a way to
specify the limited liability feature that characterizes the nature of corporate ownership. A
corporation can borrow money, promising to pay a given amount. If the corporation is
unable to pay this amount, it can discharge its obligation in full by turning over (selling)
the assets to the bondholders. The personal assets of the owners are not at risk. Thus, their
claims are limited to a value of zero. The right held by the stockholders to default without
putting their personal assets at risk is regarded in legal circles as limited liability. In eco-
nomic terms, this right is a put option written by the bondholders to the stockholders.

Because equity is a call option, it can be valued using the Black-Scholes-Merton
model. We insert the asset value as the underlying, and the bond face value as the exer-
cise price. The risk-free rate and time to expiration are obvious. The volatility is the vol-
atility of the log return on the assets. The Black-Scholes-Merton model for S0 is, thus,

S0 ¼ A0Nðd1Þ � Fe�rcTNðd2Þ:
The Black-Scholes-Merton model can also be used to value the risky bond. Recall that
B0 ¼ A0 � S0. Thus, the market value of the bond can be found as

B0 ¼ A0 �
	
A0Nðd1Þ � Fe�rcTNðd2Þ


 ¼ Fe�rcTNðd2Þ þ A0
	
1� Nðd1Þ



:

We see that the value of the bondholders’ claim is equivalent to the value of a partial
claim on a risk-free bond paying F at maturity plus a partial claim on the assets. This
should make sense in that there is some probability that the bondholder will receive the
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full face value and some probability that the bondholder will receive some of the assets,
which will be less than the face value.

Let us now turn to the question of how credit risk arises in derivatives.

Credit Risk of Derivatives
There are two types of credit risk in derivatives. Current credit risk is the risk to one
party that the other party is unable to make payments that are currently due. Current
credit risk is faced by only one party in a derivatives transaction, the party who holds
the contract as an asset. In other words, the amount due to that party is positive so it
is subject to the possibility that the other party will default. The other party currently
owes more than is owed to it, so it faces no current risk of default. Potential credit
risk is the risk that the counterparty will default in the future.

Both current and potential credit risk of over-the-counter
options are faced by the buyer only. Since the buyer pays the pre-
mium to the seller and does not have to do anything else, the seller
faces no credit risk. The buyer, however, may eventually choose to
exercise the option, by which time the seller may be bankrupt. FRAs
and swaps have two-way credit risk. Each party is obligated to do
something for the other. Holding other things constant, the credit
risk of an FRA or interest rate swap is determined by the credit

quality of the counterparty, the terms of the contract, and the shape of the term
structure. Consider, for example, a five-year plain vanilla interest rate swap. With an
upward-sloping term structure, the implied forward rates are rising. These rates can
be equated to the floating rates and will equal the eventual floating rates if there is
no shift in interest rates during the life of the swap. When the swap is first estab-
lished, the party paying the fixed rate and receiving the floating rate will initially pay
more than it receives, but later the floating receipts will begin to overtake the fixed
payments. At any given time current credit risk is faced by one party only, which is
the party to whom the contract has positive value. Potential credit risk will reflect
the combined effects of the risk of changes in interest rates and the risk of the
counterparty’s assets over the remaining life of the contract. Both parties face poten-
tial credit risk.

In the case of interest rate swaps, the potential credit risk is largest during the middle
of the swap’s life. Potential credit risk is low at the beginning of the swap’s life because it
is assumed that the swap would not be entered into if there were any significant prob-
lems on the near horizon. Potential credit risk is high during the middle part of the
swap’s life because the counterparty has had time to have its financial condition deterio-
rate. Potential credit risk is low during the latter part of the swap’s life because there are
fewer payments remaining.

Recall that interest rate swaps do not involve the exchange of principal but currency
swaps often do. This also keeps the credit risk low at the end of the life of the interest
rate swap but raises it somewhat for the currency swap.

The explicit prices of derivative transactions do not necessarily differ according to the
credit risk of the transaction. Many derivatives dealers and end users will transact only
with customers of a minimum acceptable credit quality. Thus, counterparties who barely
pass the hurdle pay the same as counterparties who are essentially risk free. Assessment
of a counterparty’s credit risk is done much the same way as when extending credit.
Financial statements and ratings are used along with simulations and other statistical
techniques. VAR can even be adapted to accommodate credit risk, though it is much

Current credit risk is the risk that the party
owing more than the other in a derivatives
transaction will default right now. Potential
credit risk is the risk that either party will
default at any time during the life of the
contract.

544 Part III Advanced Topics



more difficult to do. Stress testing is commonly used to assess credit risk by assuming
that extreme economic conditions occur and estimating the likelihood of default.

Although qualifying parties pay the same explicit rate on a derivatives transaction,
there are some implicit methods of differentiating among parties with different credit
risks.

The primary method used to manage credit risk is to limit the
amount of exposure to a given party. The higher the credit quality
of the counterparty, the greater the amount of business that can be
done with it. This is similar to the principle of diversification. A party
spreads out its transactions with numerous end users or dealers. An
extreme case of this method is to do no business whatsoever with a
counterparty whose credit quality is below a minimum level.

Collateral is commonly used in lending and is becoming increas-
ingly used in derivatives transactions. The two parties might agree that each post collat-
eral by depositing cash or securities with a bank or by providing a letter of credit from
another bank. The parties may agree that on any settlement date, the party to whom the
derivative value is negative will post collateral equal to a given percentage of the notional
principal or the value of the contract. Another type of arrangement is for neither party to
post collateral but if either party’s credit is downgraded by one of the rating agencies, that
party will post a specific amount of collateral. Some transactions are structured so that a
ratings downgrade gives the other party the right to terminate the contract at that point,
meaning that the value of the swap is due and payable at that time.

We discussed marking to market extensively when we studied futures markets. Mark-
ing to market is designed to reduce credit risk by forcing losing parties to pay winning
parties before losses accumulate to a large amount. Some derivative contracts are struc-
tured to have marking to market on a periodic basis. For example, a swap that settles
semiannually might stipulate that the contracts are marked to market every two months.
When the contract is marked to market, the market value is calculated. The party to
whom the value is negative owes that full amount in cash to the other party. The fixed
rate is then reset to the current market fixed rate. The actual settlement, meaning the
exchange of interest payments, proceeds at the regularly scheduled dates though with a
new fixed rate. This procedure forces the party on the losing side to pay up before the
accumulated loss is potentially much greater.

One should not always assume that the party with the weaker credit is the dealer.
Many dealers are banks whose credit ratings are held down by the possibility of loan
losses in their domestic and global banking business. In response to the concerns of
some end users, a number of dealers have set up separate subsidiaries who do exclusively
swap and derivatives transactions with end users. These subsidiaries are provided a large
capital cushion and are not responsible for the debts of the parent company. Conse-
quently, the subsidiary would have a higher credit rating than the parent company and
most of these subsidiaries are rated AAA. These types of firms are called enhanced de-
rivatives products companies and sometimes special purpose vehicles (also known as
special purpose entities). When these firms were first created several years ago, they
were greeted with much enthusiasm. The amount of business they have generated, how-
ever, has been surprisingly small. In fact, many parent companies also maintain deriva-
tive groups within the parent company as well as the subsidiary. Most end users were
content to do business with the parent company as long as its rating was reasonably
high, though not necessarily AAA.

Another procedure widely used to reduce default risk is netting. Because it is used so
much and it is so important, we shall devote a special section to it.

The primary methods of managing deriva-
tives credit risk are limiting exposure to a
given party, collateral, marking to market,
netting, credit derivatives, and, for some
dealers, separately capitalized derivatives
subsidiaries.
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Netting
Netting is a term to describe several similar processes that are used to reduce the
amount of cash paid from one party to the other by deducting any cash owed by the
latter party to the former party. Netting between two parties is called bilateral netting
while netting across several parties is called multilateral netting. Multilateral netting is
effectively what happens when there is a clearinghouse, such as the options or futures
clearinghouses we discussed in Chapters 2 and 8.

There are several forms of netting. We have already seen payment netting, in
which two parties who owe each other money on a given day agree to simply determine
the net amount owed and have one party pay the other. As you should remember,
this is a fairly standard procedure in interest rate swaps. If party A owes $1,250,000 to

MAK ING THE CONNECT ION

What Derivatives Tell Us About Bonds

Here in our treatment of credit risk, we learned that

the stock of a firm that has issued debt is like a call

option on the assets of the firm. We saw that a bond

subject to credit risk can be viewed as a risk-free

bond and a short put option on the assets. In other

words, the bondholders have implicitly written a put

option to the stockholders. In legal terms, this put op-

tion is the principle of limited liability: the claims of

the bondholders cannot be met with the personal as-

sets of the stockholders. The bondholders must ac-

cept either the amount owed to them or the value of

the assets of the firm. Thus, the stockholders can dis-

charge their liability by effectively selling the firm to

the bondholders.

As we saw in this chapter, we can determine the

market value of the bonds. Let us work an example.

Consider a company that has assets worth 1,000. It

has one issue of zero coupon bonds outstanding,

which matures in two years. The bonds have a face

value of 800. The volatility of the assets is 25 percent,

and the risk-free rate is 4 percent. Let us use the

Black-Scholes-Merton model to determine the market

value of the stock, treating it as a call option on

the assets. The following shows how this is done,

with calculations obtained using the spreadsheet

BSMbin8e.xls.

Black-Scholes-

Merton

Variable

Variable in

Credit

Risk Model Value

S0 A0 1000

X F 800

rc rc 0.04

� � 0.25

T T 2

C0(S0,T,X) S0 294.17

Plugging in to the Black-Scholes-Merton model, we

would obtain a value as indicated above of 294.17.

Thus, the market value of the bonds would be

B0 ¼ A0 � S0 ¼ 1,000� 294:17 ¼ 705:83:

Let us now determine the yield on the bonds. The

bonds have a current value of 705.83 and pay off 800

in two years. The continuously compounded yield, y,

can be found using the following relationship:

705:83 ¼ 800e�y2:

Solving for y gives

y ¼
ln

800

705:83

� �
2

¼ 0:0626:

Note that this bond offers a risk premium of 2.26

percent over the risk-free rate. This value is typically

called the yield spread. The size of the yield spread

reflects the credit risk assumed by the lender.
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party B who owes $890,000 to party A, then party A simply makes a payment of
$360,000 to party B. This eliminates the possibility of party B defaulting, at least on this
payment.

In cross product netting, payments for one type of transaction are netted against
payments for another type of transaction. Suppose, for example, that on the date on
which party A owes $260,000 to party B, party B also owes A $175,000 as the interest
on a loan. If the two parties had agreed to cross product netting, then A would owe B
only $260,000 � $175,000 ¼ $85,000. Of course, the two parties might seldom have
transactions with payments due on the same day. Consequently, cross product netting
usually comes into play in bankruptcy or in a takeover involving two parties, each owing
the other various amounts arising from different transactions.

By varying the inputs we can observe how the yield

spread changes. In the table below, we see how the

yield spread varies with the maturity of the bond, hold-

ing everything else constant.

Maturity

Value

of

Stock

Value

of

Bonds

Bond

Yield

(%)

Yield

Spread

(%)

1 247.79 752.21 6.16 2.16

2 294.17 705.83 6.26 2.26

3 334.29 665.71 6.13 2.13

4 369.98 630.02 5.97 1.97

5 402.34 597.66 5.83 1.83

The relationship between a bond’s yield (or yield

spread) and maturity is often called the credit risk

structure of interest rates. In this case the credit risk

structure is increasing out to two years, but then it be-

gins to decrease. This pattern means that over the near

horizon, the debt is somewhat riskier. The risk over the

longer horizon, however, is smaller, because the firm

has more time to improve its financial condition.

The table below shows how the yield spread

changes if the amount of the debt increases. In other

words, we see below how the yield spread changes if

the company has more debt.

Face

Value

of Debt

Value

of

Stock

Value

of

Bonds

Bond

Yield

(%)

Yield

Spread

(%)

400 630.91 369.09 4.02 0.02

600 451.23 548.77 4.46 0.46

800 294.17 705.83 6.26 2.26

1000 176.77 823.23 9.73 5.73

1200 100.08 899.92 14.39 10.39

Naturally the more debt the company carries, the

larger the yield spread. Note, however, that the firm

could carry debt with a face value of $1,200, which

exceeds the value of the assets of $1,000, and not be

bankrupt. The debt would have a value, as indicated

above, of about $900, reflecting the fact that the debt is

not due for two more years and that the company could

easily be in better financial condition by that time.

In the table below, we examine how the yield

spread changes if the volatility of the assets changes.

Volati l ity

Value

of

Stock

Value

of

Bonds

Bond

Yield

(%)

Yield

Spread

(%)

0.05 261.51 738.49 4.00 0.00

0.15 267.75 732.25 4.42 0.42

0.25 294.17 705.83 6.26 2.26

0.35 330.66 669.34 8.92 4.92

0.45 370.91 629.09 12.02 8.02

Note that the more volatile the assets, the riskier

the debt, as we might expect.

The Black-Scholes-Merton model can be very useful

for evaluating credit risk. In fact, one well-known com-

pany, the KMV Corporation of San Francisco, has a ser-

vice that provides credit risk information based on the

application of the Black-Scholes-Merton model in the

manner shown here.
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If the parties agree to netting by novation, the net value of their mutual obligations is
replaced by a single new transaction. In our example above, if A owes B $85,000, then
the transactions that have an aggregate value of $85,000 to B are replaced by a new
transaction with a value of $85,000. Netting by novation is used more often in the for-
eign exchange markets.

Closeout netting is the stipulation that if default occurs, only the net amount is owed.
This greatly reduces the credit risk by reducing the amount of cash owed by a defaulting
party by the amount owed to it. Consider the following example:

Company XYZ and dealer FinSwaps are engaged in four transactions with each other.
From the dealer’s perspective, the market values are as follows:

Swap 1 �$1,179,580

Swap 2 þ$1,055,662

Option 1 þ$1,495,255

FRA 1 �$ 892,530

+$ 478,807

XYZ defaults with no closeout netting:
Suppose XYZ demands payments on swap 1 and FRA 1 and refuses to pay on swap 2
and option 1. FinSwaps owes XYZ $2,072,110, the sum of the values of swap 1 and
FRA 1. This process is commonly called cherry picking because the bankrupt party
selects the attractive transactions and walks away from the others.

XYZ defaults but closeout netting is used:
XYZ owes FinSwaps $478,807.

Today, there is hardly an issue over the use of closeout netting. It
is standard in virtually every swap in most countries, and most coun-
tries’ bankruptcy laws have been revised to recognize the legitimacy
of closeout netting.

In the presence of netting, the credit risk of swaps is clearly limited
to the net payments, which is less than the present value of the inter-
est payments on a loan of equivalent notional principal. Because of
this and the fact that the over-the-counter derivatives market has im-

posed strict requirements to reduce the credit risk, its record in the matter of defaults is
excellent. The default of the London borough Hammersmith and Fulham in 1988 was the
result of a legal ruling that permitted it to walk away from losing transactions and ac-
counted for about half of all defaults in the over-the-counter market until that time. The
record since that time has been quite good as well. In fact, the derivatives market has
established a much better record on the matter of default than has the commercial loan
market. Clearly the concerns expressed by some over the large size of the market (as
exemplified by the notional principal outstanding) overstate the real risk.

Credit Derivatives
In the early 1990s a major innovation in credit risk management appeared on the scene:
the credit derivative. A credit derivative is an instrument designed to separate market
risk from credit risk and to allow the separate trading of the latter. Specifically it is a
derivative or derivative-like instrument with a payoff determined by whether a third
party makes a promised payment on a debt obligation. Credit derivatives permit a
more efficient allocation and pricing of credit risk. Parties who wish to rid themselves
of credit risk can engage in credit derivative transactions to pass the credit risk on to
another party who is willing to accept it. Ultimately, this transferal of risk greatly benefits

Netting is the process of reducing credit
risk in which amounts owed from one party
to the other are netted against amounts
owed from the latter to the former to arrive
at an overall amount owed by one party to
the other.

548 Part III Advanced Topics



those who borrow and lend, as well as those who transact in derivatives that are subject
to default, for it helps assure them that the premiums associated with the risk of default
are appropriate for that level of risk. Banks, in particular, use credit derivatives both as
buyers and sellers. Banks must limit the amount of exposure to a particular borrower, to
a particular geographic area, or to a particular industry. They can often provide a loan,
thereby servicing the borrower, but can then sell the credit risk using a credit derivative.

Of course, for any party that eliminates credit risk, there must be a party that accepts
it. Purchasing credit risk that is unrelated to the risks already in a portfolio can help di-
versify the portfolio. In addition, speculators could be willing to accept the credit risk,
believing that it is less than what is priced into the contract. The primary parties who
accept the credit risk transferred through credit derivatives are other banks, insurance
companies, and hedge funds.

A credit derivative transaction involves three parties. One is the credit derivatives buyer,
which is a party that holds credit risk that it wishes to eliminate. The second party is the
credit derivatives seller, which is the party that is willing to acquire the credit risk. The third
party is the party on whose credit the transaction is based. This party is called the reference
entity. For example, suppose Bank A has made a loan to Company C. Now Bank A has too
much exposure to the credit of Company C and wishes to sell the credit risk. It finds
another company willing to take on the risk, which happens to be a hedge fund called
Fund B. Bank A is the credit derivative buyer, Fund B is the credit derivative seller, and
Company C is the reference entity. The reference entity is involved in the credit derivative
in name only. In fact, it may well be unaware that it is the reference entity in a credit de-
rivatives transaction. It is the right of the party exposed to the credit risk of the reference
entity to sell that risk to another party without involvement of the reference entity.

Credit derivatives are somewhat more complex than other deriva-
tives for a variety of reasons. Credit risk is more difficult to measure,
and losses from credit events are less frequent than losses from
movements in, say, interest rates or exchange rates. Hence, it is
more difficult to build historical models of credit losses. Credit de-
rivatives are also less liquid instruments than ordinary derivatives, and
they involve complex legal issues related to contract terms and docu-
mentation as well as to definitions of what constitutes a credit loss.

For example, there are numerous types of events that might be
specified as a credit loss in the contract. These include not making

an interest or scheduled principal payment following a reasonable grace period, declara-
tion of bankruptcy, repudiation of a liability, restructuring of the borrower’s other debts,
or acceleration of payment of another liability. The latter could be caused by a provision
in another liability that permits another creditor to require premature payment of a debt.
These possible events must be spelled out in the contract.

We should also remember that a credit derivative is itself subject to credit risk. If the
party promising to pay in the event of a credit loss is unable to pay, there is a credit loss
on a credit derivative. The potential for a default by both the reference entity and the
seller is, however, usually very small.

Nonetheless, the credit derivatives market is large and growing rapidly. The Bank for
International Settlements surveys that we have previously cited have only recently begun
documenting the size of the credit derivatives market. Its surveys, however, are limited to
only one type of credit derivative (credit default swaps, which we will cover later). As of
December 2007, the notional principal of these instruments is estimated at $57.9 trillion,
but keep in mind the misleading nature of notional principal as a measure of risk. In
the case of credit derivatives, this figure represents the aggregate face value of bonds
and loans covered by credit derivatives. The market value of these credit derivatives is

A credit derivative is an instrument whose
payoff is largely determined by the credit of
another party. Credit derivatives are used to
separate market risk from credit risk and
permits the separate trading of credit risk.
Each transaction involves three parties: the
credit buyer, the credit seller, and the ref-
erence entity.
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estimated at $2.0 trillion. Some other information is available from the United States Of-
fice of the Comptroller of the Currency, which regulates federally chartered banks in the
United States. Its surveys, obtainable from its Web site, http://www.occ.treas.gov, indicate
that the notional principal of credit derivatives at these large U.S. banks was $15.8 tril-
lion at the end of December 2007.

Now let us take a look at the various types of credit derivatives. In the discussions
that follow, we will use the term buyer to refer to the credit derivatives buyer who is
the party who wants to eliminate the credit risk, and seller to refer to the credit deriva-
tives seller who is the party willing to accept the credit risk.

Total Return Swaps Perhaps the simplest credit derivative is the
total return swap, which is a swap transaction in which the buyer
agrees to pay the total return on a particular reference asset, such as a
specific bond issued by the reference entity, to the seller. The seller, in
turn, agrees to pay the buyer a rate such as LIBOR plus a spread. As in
any swap, these payments are made on a regular schedule, usually quar-
terly or semiannually. The total return includes any interest payments
as well as unrealized capital gains. If the bond incurs a capital loss, the
buyer then receives a payment from the seller. The buyer is, in effect,
promising to pay the seller the bond’s total return and to correspond-

ingly receive an interest payment, thereby ridding itself of the risk of price changes caused by
factors unrelated to interest rate movements. Presumably such price changes would occur
primarily from changes in the reference entity’s credit risk. The structure of a total return
swap is illustrated in Figure 15.4. Note that unrealized capital gains and losses are non-cash
amounts, but the swap requires cash payment for unrealized capital gains and losses.

The total return swap maintains the bond in the possession of the buyer. The seller
is seeking the return on the bond without buying the bond. Note that market risk due
to interest rate movements is not completely eliminated since those movements are
reflected in the LIBOR payment. Incidentally, the LIBOR payment can, alternatively,
be a fixed rate or it can be converted from LIBOR to a fixed rate with a plain vanilla
swap. Note that the total return swap is much like an ordinary swap, but the interest
payment corresponds to that on a specific bond and the unrealized capital gains and
losses are paid.

Figure 15.4 Total Return Swap

Credit
Derivatives
Buyer

Reference
Entity

Credit
Derivatives
Seller

Interest  (cash) + unrealized
capital gains/losses (cash)

Interest
(cash) +
unrealized
capital
gains/losses
(non-cash)

LIBOR + spread

A total return swap is a type of credit de-
rivative similar to an ordinary swap. The
credit derivative buyer pays the credit de-
rivative seller the total return on a bond of
the reference entity, while the seller makes
interest payments to the buyer. In this way,
credit losses on the bond are passed on
from buyer to seller.
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Total return swaps are practical only for reasonably liquid bonds and not for ordi-
nary loans. This is because the parties must be able to identify the total return over the
settlement period in order to determine how much the buyer owes the seller. Conse-
quently, there must be a reliable measure of the market value of the bond, which can
occur only if there is an actively traded market for the bond or a dealer willing to quote
a price for the bond.

Credit Default Swaps A second type of derivative is the credit
default swap, sometimes called a credit swap. The buyer holds a
bond or loan issued by the reference entity and enters into the credit
default swap, which obligates it to make a series of periodic payments
to the seller. If a credit event occurs to the reference entity, the seller
compensates the buyer for the loss. This compensation can take one
of two primary forms. In a cash settlement, the seller pays the buyer
the difference between the amount defaulted less any amount recov-

ered. In physical delivery, the buyer simply delivers the reference instrument to the seller.
Of course, in earlier chapters we discussed the use of cash settlement and physical deliv-
ery for other derivative contracts. One other type of settlement, called fixed settlement, is
also used, though infrequently. In a fixed settlement, the seller pays the buyer a fixed
amount regardless of the amount of the loss.

Although a credit default swap is called a swap, it is easy to see why it is essentially an
insurance policy.8 The buyer pays the seller a periodic fee, which is similar to an insur-
ance premium. The seller then compensates the buyer in the event that a credit loss oc-
curs. Credit swaps can be written on a reference entity’s bonds or loans. A credit default
swap is illustrated in Figure 15.5.

Credit default swaps are probably the most widely used credit derivative, and there
are many variants. One of the primary differentiating features is how the reference entity

Figure 15.5 Credit Default Swap

Credit
Derivatives
Buyer

Credit
Derivatives
Seller

Periodic fee

Interest plus
principal

Principal – recovery if default occurs

Reference
Entity

A credit default swap is a type of credit
derivative in which the credit derivative
buyer makes periodic payments to the
credit derivative seller, who pays the buyer
if and when a credit loss is incurred on the
reference entity.

8In the United States, insurance is regulated at the state level. Hence, any product called insurance requires
regulatory approval from all fifty states before it can be generally offered. Credit derivatives serve much of the
same purpose as credit insurance but are private contracts and are not directly regulated by the federal or state
governments.
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is specified. The type of credit default swap we have been describing is on a single refer-
ence entity. There are other credit default swaps in which the reference entity is actually
a portfolio of loans or bonds of various reference entities. This portfolio is usually re-
ferred to as a basket. For a credit default swap on a basket, the swap is specified to pay
off when the nth party-to-default actually defaults, where n is a contractually specified
number. That is, a first-to-default credit default swap will pay off when the first entity
in the basket defaults. A second-to-default credit default swap does not pay off until the
second default occurs. The payoff is based only on the second default and does not cover
losses from the first default. Therefore, n can be any number up to the total number of
reference entities in the basket.

Credit Spread Options Bonds that could potentially default have
yields that are in excess of the yield on otherwise comparable
default-free bonds, such as U.S. Treasury bonds of the same matu-
rity. The difference in the yield of the potentially defaultable bond
and the Treasury bond is called the yield spread. It fluctuates as
credit risk changes. When investors perceive that the potentially de-
faultable bond has greater credit risk, that bond becomes less attrac-
tive than the Treasury bond and its price declines, causing the
spread to widen. Hence, the yield spread is a good indication of
the credit risk of the bond. A credit spread option is an option in

which the underlying is the yield spread. It fluctuates with investors’ perceptions of the
credit risk. Suppose the credit risk of the reference entity currently dictates that it
should pay 50 basis points in yield over a U.S. Treasury note of comparable maturity.
The buyer might buy a credit spread option with an exercise rate of 60 basis points. At
expiration, or early if the option is American style, the option is in-the-money if the
credit spread exceeds 60 basis points. Of course, this will occur only if the market per-
ceives that the credit risk has increased. For this right, the buyer pays the seller a pre-
mium up front. Thus, this instrument is like an ordinary option, but the underlying is
the spread of the bond over the otherwise comparable U.S. Treasury security. This type
of credit derivative also requires that the underlying bond be sufficiently liquid such
that a reliable assessment of its credit spread can be obtained. An illustration of a credit
spread option is shown in Figure 15.6.

Figure 15.6 Credit Spread Option

Credit
Derivatives
Buyer

Bond of
Reference
Entity

Interest (cash) +
unrealized capital
gains/losses
(non-cash)

Option payoff: Max(0,Spread – Exercise Rate)

Option premium paid up front

Credit
Derivatives
Seller

A credit spread option is a type of credit
derivative that is an option on the yield
spread of a bond. The option buyer pays a
premium to the seller and receives an
option. When this option is exercised, the
option buyer will receive the difference in
the yield spread on the bond and the
exercise rate, a specified yield spread.
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Credit Linked Security Another type of credit derivative is the
credit linked security. This type of instrument appears to be an ordi-
nary bond or note, paying interest and principal. Underlying the note,
however, is the credit quality of the reference entity. If the reference
entity defaults on some other specified instrument or obligation, the
credit linked security pays back less than its full principal. For example,

let us say party A buys a credit linked note from party B. Party B in turn is holding a note
issued by party C. If party C fails to pay party B, the latter is then able to reduce its
obligation to party A. In this manner, party A assumes some of the credit risk of
both parties B and C. Party B, often a bank, is, thus, able to lay off some unwanted
credit risk. Of course, party A receives a higher interest rate on the note as compensa-
tion for acceptance of this risk. An illustration of a credit linked security is shown in
Figure 15.7.

Synthetic CDOs In Chapter 14, we discussed asset-backed securi-
ties. We illustrated how mortgages are combined into portfolios, and
how claims on the interest and principal from the mortgages are sold
in the form of pass-throughs and collateralized mortgage obligations,
or CMOs. Recall that in a CMO, claims on the underlying portfolio
are divided into prioritized securities called tranches. When the

underlying securities are bonds or loans instead of mortgages, this instrument is called
a collateralized debt obligation or CDO. When the underlying securities are bonds, the
instrument is sometimes called a collateralized bond obligation or CBO. When the
underlying securities are loans, the instrument is sometimes called a collateralized loan
obligation or CLO.

These types of instruments have played an important role in the development of credit
derivatives. Specifically, credit derivatives themselves are sometimes combined into a port-
folio, and claims on that portfolio are sold through credit default swaps. This type of
instrument is known as a synthetic CDO.9 In a strict sense, it is not a unique credit

Figure 15.7 Credit Linked Security

Interest + scheduled principal payments, less
any amount defaulted on by reference entityBond or Loan

of Reference
Entity

Interest + scheduled
principal payments,
less any amount
defaulted on by
reference entity

Credit
Derivatives
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Credit
Derivatives
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A credit linked security is a type of credit
derivative in which a party issues a note or
bond in which the principal repayment can
be reduced by any credit loss incurred on a
reference note or bond.

A synthetic collateralized debt obligation or
synthetic CDO is a securitized instrument in
the form of tranches that represent priori-
tized claims on a portfolio of credit default
swaps.

9CDOs wherein the underlying is a portfolio of securities are now sometimes called cash CDOs to distinguish
them from synthetic CDOs, wherein the underlying is a portfolio of credit derivatives.
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derivative, being only a combination and repackaging of existing credit derivatives. But
CDOs are so widely used that it is well worthwhile to treat them as a distinct instrument.

With a synthetic CDO, the issuer enters a portfolio of credit default swaps on various
reference entities, thereby assuming the credit risk of all of the reference entities. Let us
refer to this portfolio as the underlying credit portfolio. The issuer then eliminates the
credit risk by issuing a combination of credit default swap tranches with other parties.
Recall from Chapter 14 that a tranche is a piece of a portfolio that has been ordered
with respect to a specified priority in which the portfolio experiences claims or bears
losses. In a synthetic CDO these tranches assume, in a specified order of priority, the
credit losses from the underlying credit portfolio. The highest priority tranche bears
credit losses last, with each tranche below it bearing credit losses successively earlier. At
least one tranche will probably bear little credit risk because all of the other tranches will
assume any losses ahead of it. The lowest priority tranche will bear the most credit risk,
because it will have to assume the first credit losses from the underlying credit portfolio.
Other tranches lying in between the two extremes bear various degrees of credit risk.
Figure 15.8 illustrates a synthetic CDO.

The credit risk assumed is, of course, a major determinant of the pricing of these
tranches. Parties purchasing the riskier tranches pay less and have higher expected re-
turns because of the risk. The pricing of credit derivatives is quite complex. The basic
idea stems from the notion of default as an option, as discussed earlier, but while the
theory is sound, implementing it is difficult. Moreover, the pricing of credit derivatives
is complicated by the fact that the payoffs are often contingent on the credit risk of mul-
tiple entities. Hence, the correlations between the respective credit risks of the various
entities are important and quite difficult to evaluate.

MAK ING THE CONNECT I ON

Unfunded Synthetic CDOs

A cash collateralized debt obligation is fully funded,

meaning that the tranche purchasers have no obliga-

tion to make further cash investments even if credit

defaults are widespread. If there is a 100 percent

loss on all underlying debts within the CDO, the

CDO investors will have lost only their original

investment.

A funded synthetic CDO requires investors to pro-

vide the equivalent amount of capital to fully fund the

potential credit default losses within the synthetic

CDO. A fully funded synthetic CDO, however, does

not offer the same return potential as a partially

funded or unfunded synthetic CDO.

An unfunded synthetic CDO does not require inves-

tors to provide capital at the start. Rather, the investors

must agree to provide funding as credit losses occur.

The unfunded synthetic CDO investor is like an insur-

ance company, receiving periodic premiums in return

for guaranteeing losses if they occur.

Clearly unfunded synthetic CDOs expose investors

to future potential payments during a time of financial

crisis. Often, during such times, investors are scram-

bling to find sources of cash to provide for their own

funding mandates, such as endowments and pension

funds. The unfunded synthetic CDO, although offering

considerably higher expected returns, has the un-

timely consequence of requiring cash payments at

the very time many investors are particularly strained

for cash.

Therefore, prudent investors in unfunded synthetic

CDOs will establish highly liquid, low credit risk invest-

ments to provide the potential future required payments

should they be demanded from their unfunded synthetic

CDO investments. Also, prudent investors in unfunded

synthetic CDOs will limit their overall exposure to these

types of investments so as to avoid experiencing cata-

strophic losses at the very time many of their other

investments are performing poorly.
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In spite of the complexities of credit derivatives, the market is, as noted earlier, grow-
ing rapidly. In fact, credit derivatives have become such a popular instrument that a
number of organizations have created indices of the performance of credit derivatives.
These indices are useful measures of the general level of credit risk in the economy. In
addition, it is possible to buy and sell the indices as one would an ordinary security.
Thus, in addition to engaging in direct transactions in credit derivatives, market partici-
pants can buy and sell credit risk as though it were a mutual fund.

OTHER TYPES OF RISKS
Although market risk and credit risk comprise the two primary risks, they are by no
means exhaustive. The unforeseen circumstances that can occur touch on almost all as-
pects of running a business.

Operational risk is the risk of a breakdown in the operations of the derivatives pro-
gram or risk management system. This could include such events as power failures, com-
puter problems such as viruses and software bugs, the failure of staff personnel to
monitor and record transactions properly, the failure of staff personnel to have the nec-
essary knowledge of potentially complex transactions, the failure to have proper docu-
mentation, and fraud perpetrated by traders or staff personnel. These risks are present
in virtually any type of business operation, but because derivatives transactions are gen-
erally somewhat complex and usually involve large amounts of money, the need to avoid
these problems is critical.

Perhaps the most important part of operational risk is the effectiveness of proper con-
trols. For example, if certain persons are authorized to engage in derivatives transactions,
then it is imperative that their activities be monitored by personnel who report to per-
sons higher in the organization. Anyone authorized to trade must be restricted in what
contracts and how much that person can trade. Controls must be in place to make sure
that these policies are followed. As obvious as that seems, some firms have not done a
good job of ensuring that well-established policies and procedures are actually followed.
In fact, it is safe to say that many derivatives losses can be traced in part to operational
risks. In many cases, unauthorized trades took place. An individual in a company made
trades that were inappropriate or exposed the firm to excessive risks that clearly were
risks the firm had not authorized its traders to take. Such an individual is often called a
rogue trader, trading within the firm but outside its control parameters.

Figure 15.8 Synthetic CDO
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Operational risk is receiving a great deal of attention today. Unfortunately it is one of
the most difficult risks to manage. First, it is difficult to identify and even define it. Sec-
ond, it does not easily lend itself to analysis. Operational risk losses, fortunately, do not
occur often. Yet when they do occur, they can lead to tremendous losses. The infre-
quency of their occurrence leads to two major problems. One is that they are not ame-
nable to analysis by standard statistical techniques. A normal distribution or even other
common statistical distributions do not fit the unusual profiles of operational risk losses.
Another problem is that little data exists on operational risk losses. When companies in-
cur such losses, they do their best to not reveal this information, for it tends to be em-
barrassing and suggests sloppiness in their internal systems. The infrequency of past
problems and lack of data make it difficult to predict when and where such losses will
occur. The risk management industry, however, is beginning to recognize this problem
and some efforts to share data among firms have begun.

Operational risks are more along the lines of risks that are addressed by traditional in-
surance policies. When an insurance firm provides protection against a singer’s voice dur-
ing a concert tour, it is insuring against an infrequent event of an operational risk nature.
When an insurer provides protection against employee fraud, it is insuring against opera-
tional risk. It is not surprising, therefore, that insurance companies have begun to look at
marketing products for insuring against operational risk in the financial industry and, in
particular, in connection with derivatives-related transactions. While there are no deriva-
tive contracts that protect against operational risk, some discussion has begun toward
creating operational risk derivatives, and they will surely exist in the near future.

Model risk is the risk that in pricing a financial instrument, such as a derivative, the
firm will use an inappropriate model or a model containing errors (including program-
ming bugs and errors), or use incorrect inputs. This is a critical issue for dealers, because
offering derivatives at attractive prices and then managing the risk is their business. It
can also be critical for end users, because they are less likely to have the personnel and
knowledge to properly price the instruments.

We have learned enough in this book to take a quick look at model risk. Suppose a
customer wants to buy a three-year American put option on the S&P 500. Let the index
be at 1,450, the exercise price be at 1,450, the risk-free rate be 6 percent, the volatility be 18
percent, the dividend yield be 1.5 percent, and, of course, the time to expiration be three
years. Because this is an American option, we should use a binomial tree to properly reflect
the early exercise feature. It is tempting, nonetheless, to use the Black-Scholes-Merton
model, so that is what we mistakenly do. Using your spreadsheet BSMbin8e.xls, we obtain
a value for the call of 88.05. Let us get the correct value, however, using the binomial
model. Using 200 time steps, we obtain 111.82. This is an error of over 20 percent. If the
customer wanted $1,000,000 of notional principal of this option, we would be losing over
$200,000 just in selling the option. Further losses would undoubtedly be incurred in trying
to manage the risk by delta, gamma, and vega hedging.

Here is another variation of model risk. Suppose we used the correct model, sold the op-
tion at 111.82, and then hedged away the risk with other transactions. Now suppose one year
later we needed to assign a value to the option. With two years to go and the same S&P value,
the put would be worth 99.56. But suppose we used a volatility of 22 percent. The put would
have a value of 122.68. This is a significant difference. Yet volatility variations from, for ex-
ample, 18 percent to 22 percent are common. One might be tempted not to view this as a
form of model risk, but any time the inputs are unknown, model risk exists. With an input
as critical as the volatility is to an option, the model risk can be tremendous.

Some major financial institutions have discovered embarrassing errors, even in simple
valuation problems such as forward contracts, that have led to significant losses. The best
insurance against model risk is knowledge: knowledge of the theories and models.
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Liquidity risk is the risk that a firm will need to enter into a derivatives transaction
and find that the market for that transaction is so thin that the price includes a signifi-
cant discount or premium for that liquidity. Anyone making a market in an illiquid in-
strument will bear significant risk and would charge wide bid-ask spreads or even be
unwilling to trade. Most plain vanilla derivatives have little such risk but exotic transac-
tions can have significant liquidity risk. Liquidity risk is hardly confined to derivatives,
however, as was evidenced in the August-September 1998 period when the famous hedge
fund Long-Term Capital Management (LTCM) found itself holding positions in very il-
liquid bonds from around the world. LTCM had sophisticated risk management systems
and some of the smartest people in the business, but it misestimated the effects of illi-
quidity during a global financial crisis where markets around the world were falling in
unison. LTCM suffered severe losses that led to a bailout by a consortium of banks that
was orchestrated by the U.S. Federal Reserve.

A great deal of research is going on to model liquidity risk or, at the minimum, to
think about its effects when managing other types of risks. Some discussion has begun
on the creation of liquidity risk derivatives, which would allow parties to buy and sell
liquidity risk just like any other form of risk.

Accounting risk is the uncertainty over the proper accounting treatment of a derivatives
transaction. Accounting for derivatives has been a significant source of controversy and risk
for many years. Users of derivatives have lived with an ongoing concern that the manner in
which they account for derivatives will be declared inappropriate after the fact and that they
will be required to restate certain transactions with the potential to lower past earnings fig-
ures. The significance, timeliness, and critical importance of proper accounting for deriva-
tives is a reason why we examine this subject in more detail in the next chapter.

Legal risk is the risk that the legal system will fail to enforce a contract. For example,
suppose a dealer enters into a swap with a counterparty who, upon incurring a loss, then
refuses to pay the dealer, arguing that the dealer misled it or that the counterparty had
no legal authority to enter into the swap. These arguments have been successfully used in
the legal system, particularly by local governments. The risk of contracts not being en-
forced is a serious one for dealers.10 This risk can effectively turn a swap or an FRA into
an option, because the counterparty simply walks away without paying if the market
moves against it. Not too surprisingly, no counterparty has ever claimed that it was mis-
led or had no authority to do derivatives after making money on them. Efforts to control
legal risk largely arise from having good documentation of all transactions. The industry,
through its trade association ISDA (International Swaps and Derivatives Association),
has established standards of documentation for various derivative transactions, including
contract templates, formal definitions of key terms, and specific provisions that are
widely used in over-the-counter derivatives transactions. ISDA has also been instrumen-
tal lobbying and seeking legal opinions before issues become tied up in litigation.

Tax risk is the risk that taxes or the interpretation of tax laws will
change unexpectedly. A good example of this was described in
Appendix 11 where the tax status of hedging, which had been estab-
lished almost a half century prior, was called into question. For a
period of time, the possibility existed that certain hedging transac-
tions would be taxed in a different manner, rendering them much
less attractive. Moreover, the threat that completed transactions will

have to be re-taxed always looms. Tax risk has managed to completely eliminate the use
of certain transactions, such as the American Stock Exchange’s PRIMES and SCORES,

10The aforementioned Hammersmith and Fulham case illustrates the dangers of legal risk to the dealer. The
case was supported on the doctrine of ultra vires, which means to have no legal authority.

In addition to market and credit risks, risk
managers must consider operational risk,
model risk, liquidity risk, accounting risk,
legal risk, tax risk, regulatory risk, and set-
tlement risk.
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which were precursors to the equity-linked debt we covered in Chapter 14. As another
example of tax risk, the U.S. Congress has been considering for many years levying a tax
on each futures transaction to pay the cost of regulating the futures markets.

Regulatory risk is the risk that regulations or regulatory philosophy will change.
Because regulators are appointed by the political party in control, it is easy for a regula-
tory agency to go from a free-market, light-regulation approach to a more direct and
heavy-headed approach. Regulatory risk means that certain existing or contemplated
transactions can become illegal or regulated.

Settlement risk is commonly faced in international transactions. Let us say that a
bank in country A engages in a financial transaction with a corporation in country B
in which both the bank and the corporation will be required to pay each other rather
than net their payments.11 The bank and the corporation are twelve hours apart with
the bank’s day beginning first. On settlement day the bank wires its funds to the cor-
poration under the assumption that when the markets open the corporation will wire
its funds to the bank. When the corporation’s markets open, however, the corporation
announces that it is bankrupt and will suspend all payments. Thus, the bank will be
out the money and will have to get in line with the corporation’s other creditors.
This risk is sometimes called Herstatt risk, named for the German bank that in 1974
failed under similar circumstances. Settlement risk can arise out of bankruptcy, insol-
vency, or fraud.

This enumeration of risks does not necessarily cover every possible contingency.
Foreign currency transactions, for example, are subject to political risk, meaning that
the government of a country may take over the financial system and declare certain
transactions null and void or refuse to allow currency to leave the country. The
Chicago Board of Trade was forced to suspend operations one day due to a flood in
downtown Chicago. Risk managers needing to trade CBOT products had to look
for substitutes in other markets. It would be impossible to have every contingency
covered, but risk managers need to be aware of as many problems as possible that
could occur.

There is one final source of risk that is of considerable concern to
many people, especially regulators. There is a belief that when one
company defaults, it could trigger the default of one of its creditors,
which could trigger further defaults. These effects could ripple
through the entire financial system, leading to widespread panic and
a meltdown of the whole system. This is called systemic risk. In

modern times, the closest the world’s economy has come to such a breakdown was dur-
ing the stock market crash of October 1987. On a lesser scale, another example is the
global financial crisis that occurred in September 1998. As it turned out, while there
was a great deal of panic and enormous losses, the markets did not even come close to
a total breakdown. Regulators worry, however, that the volume of derivatives transac-
tions, particularly over-the-counter derivatives, is much greater now. While this might
be a legitimate concern in an economy in which most financial institutions do not prac-
tice risk management, there is little cause for concern today. Nearly every major financial
institution in the world practices risk management and most maintain a relatively hedged
position in derivatives. There have been numerous shocks to the financial system in the
1990s but none has come remotely close to causing a systemic breakdown.

11For example, a currency swap is usually done without netting because the payments are occurring in two dif-
ferent currencies.

Systemic risk is the risk that failure of one
or more financial institutions will trigger
more failures, ultimately leading to a
breakdown of the financial system.
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Summary

In this chapter we have looked at the concept of risk
management; that is, the process of determining a
firm’s desired level of risk, determining the level of
risk a firm currently has, and then taking action to
ensure that the former is equal to the latter. We looked
at some techniques for managing market risk, includ-
ing delta, gamma, and vega hedging. We also examined
the concept of Value at Risk (VAR), which measures
the minimum loss expected over a period of time with
a given probability. VAR is becoming widely used in
the financial world today. We examined some varia-
tions of VAR including Cash Flow at Risk and Earnings
at Risk, and extensions such as stress testing. We also
looked at credit risk, noting how credit risk entails ele-
ments of option pricing theory. We learned how cur-
rent credit risk differs from potential credit risk, and we
examined some procedures for reducing credit risk, in-
cluding the netting of payments owed by parties to

each other, and the use of credit derivatives to separate
and trade credit risk. We looked at various other types
of risks, including operational risk, model risk, liquidity
risk, accounting risk, legal risk, tax risk, regulatory risk,
and settlement risk. From a broader perspective, we
discussed systemic risk, which is the risk of a meltdown
of the entire financial system.

Virtually all of what we have learned so far has been
of an analytical or quantitative nature. But we should
recognize that there is a great deal to know about risk
management that is not analytical. Risk management is
effective only if people and organizations implement
these techniques in an appropriate manner and if the
organizational infrastructure is conducive to the prac-
tice of risk management. In Chapter 16 we conclude
this book with a look at the organizational aspects of
risk management.

Key Terms

You should be able to give brief definitions of the following terms:

risk management, p. 521
Financial risk management, p. 522
market risk, p. 524
Value at Risk (VAR), p. 531
analytical method, p. 533
variance-covariance method, p. 533
delta normal method, p. 534
historical method, p. 535
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p. 536

stress test, p. 540
Conditional Value at Risk, p. 540
Cash Flow at Risk (CAR), p. 540
Earnings at Risk (EAR), p. 541
credit/default risk, p. 541
current credit risk, p. 544

potential credit risk, p. 544
enhanced derivatives products
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Netting, p. 546
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netting, p. 546
cross product netting, p. 547
netting by novation, p. 548
closeout netting, p. 548
credit derivative, p. 548
reference entity, p. 549
total return swap, p. 550
credit default swap, p. 551
credit swap, p. 551
credit spread option, p. 552

credit linked security, p. 553
collateralized debt obligation

(CDO), p. 553
synthetic CDO, p. 553
operational risk, p. 555
model risk, p. 556
liquidity risk, p. 557
accounting risk, p. 557
legal risk, p. 557
tax risk, p. 557
regulatory risk, p. 558
settlement risk, p. 558
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Concepts Checks

1. How is the practice of risk management similar
to hedging and how is it different?

2. Identify why risk management can be beneficial
to stockholders.

3. Explain the difference between market risk
and credit risk. Are techniques for managing
market risk appropriate for managing credit
risk?

4. Identify the three parties involved in any credit
derivatives transaction and describe how they
differ in their roles and responsibilities with
regard to the transaction.

5. If a portfolio of derivatives is delta hedged by
adding a position in Eurodollar futures, what
other forms of market risk might remain? How
can these risks be eliminated?

Questions and Problems

1. Identify and explain the primary methods
of managing credit risk for derivatives
dealers.

2. Identify and explain four forms of netting.
3. Interpret the following statements about Value at

Risk so that they would be easily understood by a
nontechnical corporate executive:
a. VAR of $1.5 million, one week, probability ¼

0.01
b. VAR of $3.75 million, one year, probability ¼

0.05

4. Critique each of the three methods of calculating
Value at Risk, giving one advantage and one
disadvantage of each.

5. Comment on the current credit risk assumed for
each of the following positions. Treat them sep-
arately; that is, not combined with any other
instruments.
a. You are short an out-of-the-money interest

rate call option.
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b. You entered into a pay fixed-receive floating
interest rate swap a year ago. Since that time,
interest rates have increased.

c. You are long an in-the-money currency put
option.

d. You are long a forward contract. During the
life of the contract the price of the underlying
asset has decreased below the contract price.

6. Explain how closeout netting reduces the credit
risk for two firms engaged in several derivatives
contracts.

7. How does the legal system impose risk on a
derivatives dealer?

8. Consider a firm that has assets that generate cash
but which cannot be easily valued on a regular basis.
What are the difficulties faced by this firm when
using VAR and what alternatives would it have?

9. How is liquidity a source of risk?
10. Explain how the stockholders of a company hold

an implicit put option written by the creditors.
11. Identify the five types of credit derivatives and

briefly describe how each works.
12. Suppose your firm is a derivatives dealer and has

recently created a new product. In addition to
market and credit risk, what additional risks does it
face that are associated more with new products?

13. Consider a portfolio consisting of $10 million
invested in the S&P 500, and $7.5 million in-
vested in U.S. Treasury bonds. The S&P 500 has
an expected return of 14 percent and a standard
deviation of 16 percent. The Treasury bonds have
an expected return of 9 percent and a standard
deviation of 8 percent. The correlation between
the S&P 500 and the bonds is 0.35. All figures are
stated on an annual basis.
a. Find the VAR for one year at a probability of

0.05. Identify and use the most appropriate
method given the information you have.

b. Using the information you obtained in part a,
find the VAR for one day.

14. Calculate the VAR for the following situations:
a. Use the analytical method and determine the

VAR at a probability of 0.05 for a portfolio
in which the standard deviation of annual
returns is $2.5 million. Assume an expected
return of $0.0.

b. Use the historical method and the following
information for the last 120 days of returns to

calculate an approximate VAR for a portfolio
of $20 million using a probability of 0.05:

Less than �0% 5

�10% to �5% 18

�5% to 0% 42

0% to 5% 36

5% to 10% 15

Greater than 10% 4

15. The following table lists three financial instru-
ments and their deltas, gammas, and vegas for
each $1 million notional principal under the
assumption of a long position. (Long in a swap
or FRA means to pay fixed and receive floating.)
Assume that you hold a $12 million notional
principal long position in the three-year call
option, an $8 million notional principal short
position in the three-year swap, and an $11
million notional principal long position in the
FRA. Each derivative is based on the 90-day
LIBOR.

Instrument Delta Gamma Vega

3-year call option with
exercise rate of 0.12

$40 $1,343 $5.02

3-year swap with fixed
rate of 0.1125

$152 �$678 $0

2-year FRA with fixed
rate of 0.11

$72 �$390 $0

a. As described above, you have three instru-
ments currently in your portfolio. Deter-
mine your current portfolio delta, gamma,
and vega. Describe in words the risk prop-
erties of your portfolio based on your
calculations.

b. Assume that you have to maintain your
current position in the call option but are
free to increase or decrease your positions
in the swap and FRA and you can add a
position in a one-year call with a delta of
$62, a gamma of $2,680, and a vega of
$2.41. Find the combination of notional
principals that would make your overall
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position be delta hedged, gamma hedged,
and vega hedged.

16. Suppose you own 50,000 shares of stock valued at
$35.50 per share. You are interested in protecting
it with a put that would have a delta of �0.62.
Assume, however, that the put is not available or
is unfairly priced. Illustrate how to construct a
dynamic hedge using a risk-free debt instrument
that would replicate the position of having the
put. Ignore the cost of the puts. Show how the
hedge works by explaining what happens if
the stock falls by one dollar.

17. Company CPN and dealer SwapFin are engaged
in three transactions with each other. From
SwapFin’s perspective, the market values are as
follows:

Swap 1 �$2,000,000

Forward 1 þ$1,500,000

Option 1 �$ 500,000

�$1,000,000

Explain the consequences to SwapFin if CPN
defaults with and without closeout netting.
Within your answer, explain what is meant
by cherry picking.

18. (Concept Problem) Suppose you enter into a bet
with someone in which you pay $5 up front and
are allowed to throw a pair of dice. You receive a
payoff equal to the total in dollars of the numbers
on the two dice. In other words, if you roll a
1 and a 2, your payoff is $3 and your profit is
$3 � $5 ¼ �$2. Determine the probability
associated with a Value at Risk of $0.

19. (Concept Problem) A company has assets with a
market value of $100. It has one outstanding
bond issue, a zero coupon bond maturing in two
years with a face value of $75. The risk-free rate
is 5 percent. The volatility of the asset is 0.30.
Determine the market value of the equity and the
continuously compounded yield on the bond.
(Use the spreadsheet BSMbin8e.xls for
calculations.)
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CHA P T E R 16
Managing Risk in an
Organization

I think ‘risk manager’ is a misnomer. I don’t manage the risks—it’s up to the
businesses to manage the risks. What we’re here to do is to provide assurance
that risks are being monitored and managed.

Kate Boothroyd

Treasury and Risk Management, November 2004, p. 55

In the first 15 chapters, we studied the use of many types of derivatives to manage risk in a
variety of situations. We learned what types of contracts are available and the situations
for which each is most appropriate. We also learned that derivatives are powerful instru-
ments that have high degrees of leverage. Moreover, some of these instruments are quite
complex. Because of these attendant factors, there is another important component of the
process of using derivatives for managing risk: effective risk management requires an
effective organizational structure. The use of derivatives for managing risk can be dangerous
in the absence of proper personnel, teamwork, controls, and organization. Up to now, we
have largely focused on the quantitative aspects of risk management. The concerns of this
chapter are mostly qualitative. It is easy to neglect these more subjective factors that lead
to good risk management, but they are critically important. In fact, all of the quantitative
models for and analytical knowledge about risk management would be wasted if an orga-
nization could not implement sound risk management policies.

To understand how risk management is best practiced, we must start with a perspec-
tive on the risk management industry and the profession of risk management itself. We
need to understand the types of organizations that operate in the risk management
industry. Then we shall take a look at how the practice of risk management fits into a
typical organizational structure. We shall next turn to the very important requirement
of properly accounting for risk management. Then we shall take a look at the accepted
recommendations for how risk management should be practiced. Knowing that we can
learn as much about how to do things well by studying how to do things badly, we shall
conclude by looking at what happens when an organization does not practice good risk
management.

THE STRUCTURE OF THE RISK
MANAGEMENT INDUSTRY
The risk management industry is made up of end users, dealers, and other firms, includ-
ing consultants and specialized software companies.

CHAPTER
OBJECT I V ES

• Understand the
differences in the
practice of risk
management by
dealers and by end
users

• Know the principles
that lead toaneffective
risk management
organizational
structure

• Understand the basic
principles of deriva-
tives accounting as set
forth in FAS 133

• Examine some of the
incidents in which
companies have
suffered losses using
derivatives

• Learn the important
points related to the
responsibilities of
senior management
for a company’s
derivatives and risk
management function
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End Users
End users are generally thought of as firms that wish to engage in derivatives transac-
tions to manage their risk. Needing to execute a derivatives transaction, end users
contact derivatives dealers, whom we shall discuss in the next section. The end user
could be thought of as the party who is purchasing a service while the dealer is the
supplier of the service.

The end user community primarily consists of nonfinancial corporations. Other end
users include investment firms, which include pension plans and mutual funds. In addi-
tion, some financial institutions that are not in the business of being derivatives dealers
will still use derivatives to manage their risks. At times even a dealer, managing its own
risk, will take the position of an end user opposite another dealer. Many foreign govern-
ments use derivatives. In the United States, state and local governments use derivatives,
though somewhat less than corporations. With the exception of certain agencies, such as
the postal service, however, the U.S. federal government does not use derivatives. Many
private organizations, such as charities, endowments, and universities, use derivatives.

Obviously there are minimum firm sizes necessary to justify certain
derivatives activities, but risks of as little as a few million dollars can
justify over-the-counter derivatives, and even smaller sizes can be man-
aged with exchange-traded derivatives. As one might expect, larger
firms use derivatives more and have more organized and sophisticated
risk management operations.

In a typical corporation the treasury department has responsibility
for managing the firm’s cash. It operates in the financial markets on a regular basis,
borrowing cash, repaying loans, and wiring funds to and from domestic and foreign of-
fices. If the firm engages in derivatives transactions to manage financial risk, these trans-
actions are typically executed and managed by the treasury department. Normally a
treasury department is a cost center and not a profit center, meaning that its job is to
perform a function at the lowest possible cost and not to try to earn a profit. In recent
years, however, many corporate treasurers, sometimes responding to pressure placed on
them by senior management, have begun using derivatives to speculate and turn a profit.
Unfortunately, this has put pressure on some companies to speculate in markets they
know little about and has led to some excellent examples of bad risk management.

Some derivatives activities are conducted outside of the treasury. For example, a firm
might have a commodity purchasing manager who hedges its exposure to commodity
prices. Some firms run highly decentralized derivatives activities. They may have numer-
ous subsidiaries, each of which engages in its own hedging. We shall discuss these types
of organizational issues later in this chapter.

End users have shown a preference for particular types of derivative instruments for a
given type of risk. Forward contracts are preferred for foreign exchange risk, with swaps
being the primary instrument for managing interest rate risk, and futures being preferred
for commodity price risk. Stock market risk is primarily managed with options, both
over-the-counter and exchange-listed.

Dealers
Dealers, as previously noted, are financial institutions making markets in derivatives.
These institutions include banks and numerous investment banking/brokerage firms.
They quote prices indicating their willingness to take either side of derivatives transac-
tions. These prices, as we have noted previously, are stated in terms of a bid price and
an ask price, with the price they are asking being higher than the price they are bidding.
Dealers will not naturally have offsetting positions. Any risk that remains is usually

An end user is a corporation, investment
firm, financial institution, government, or
private organization that engages in de-
rivatives transactions with a derivatives
dealer.

564 Part III Advanced Topics



hedged by taking on new and offsetting derivatives, which may be in
the form of exchange-traded or over-the-counter contracts. Thus, the
dealer is not exposed to market movements and earns a profit off of
the spread between its buying and selling prices.

Most dealer firms have highly sophisticated derivatives opera-
tions. They employ individuals with training in finance, economics,
mathematics, physics, computer science, and engineering. Many of

their technically trained personnel design new derivatives and risk management strate-
gies and determine how to price them. Dealers also employ sales personnel who call on
potential end users, examine their risk management needs, and try to convince the end
users to engage in transactions with the dealers. Dealers generally make large invest-
ments in computer hardware and software for managing their derivatives positions.
Derivatives activities have been a tremendous source of profits for many dealers.

Other Participants in the Risk Management Industry
The growth in risk management has created an industry of firms providing consulting
and software services. Consulting services include general risk management consulting,
legal and accounting/auditing, and personnel search. The specialized knowledge required
to program computers, understand the emerging derivatives law, provide proper ac-
counting and auditing functions, and search for specialized technical personnel has led
to profitable opportunities for individuals and firms with these skills.

ORGANIZING THE RISK MANAGEMENT
FUNCTION IN A COMPANY
The quality of an organization always starts at the top. This means that senior manage-
ment and the board of directors must take the initiative for being knowledgeable and
aware of the derivatives activities the firm engages in. This does not mean that they
must be experts in derivatives, but they should be able to define each of the instruments
used by the firm and should know why the firm uses them. Most importantly, they must
establish written policies and procedures governing the use of derivatives. These policies
must specify a rationale for the use of derivatives, define the circumstances under which
derivatives can be used, authorize the appropriate personnel to execute transactions, de-
fine trading limits, establish control procedures to ensure that all policies are followed,
and address the issue of how the performance of a derivatives/risk management opera-
tion will be evaluated.

Senior management is particularly responsible for ensuring that competent personnel
with sufficient technical knowledge are employed by the firm when such skills are
needed. They must also authorize the expenditure of funds for the necessary hardware
and software.

But in order to do these things well, an organization must have a structure conducive
to the proper practice of risk management. Risk management can be practiced differently
depending on whether the organization is a dealer or end user.

A dealer organization, which is in the derivatives business to earn a profit, will engage
in numerous transactions and naturally should practice risk management at the central-
ized firmwide level. If there are relationships between movements in interest rates, stock
prices, and foreign exchange rates, and there nearly always are, it would be unwise to
have separate risk managers monitoring the performance of the bond department, the
equities department, and the various international operations. Rather, most dealers have

A derivatives dealer is a firm that is in the
business of offering to take either side of a
derivatives transaction with an end user.
The dealer usually hedges its risk and earns
a profit from the difference in the prices it
bids and offers.
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opted for a single risk manager, who often reports to the chief executive officer. The risk
manager should have access to all of the necessary financial and statistical information
and should have the authority to stop traders from trading and/or force them to unwind
positions. It should not be possible for traders or derivatives sales personnel to influence
the risk manager. Some dealers use a risk management committee but, in either case, the
risk manager’s or the committee’s responsibility is usually to senior management. In any
case, independent risk management is probably the most important requirement for an
effective risk management system.

A corporate or end user risk management function can be surpris-
ingly decentralized. Some firms may have purchasing departments
that hedge purchases of raw materials. Many firms will have foreign
subsidiaries who hedge their subsidiary operations. Most corpora-
tions delegate domestic interest rate hedging to the treasury depart-
ment. The treasury’s normal responsibility is managing cash and
bank loans. In recent years, many corporations have begun to cen-
tralize their risk management activities, focusing on risk management
of the firm as a whole. This enables the firm to allow certain natural
hedges to work. For example, a firm might be exposed long to

MAK ING THE CONNECT I ON

Professional Organizations in Risk Management: GARP and PRMIA

Financial risk management is an excellent career

choice, but a difficult career to get into. As usual, expe-

rience is important, because few people can go right

into a financial risk management position out of school.

There are a number of schools with graduate programs

in financial risk management or related aspects of finan-

cial risk management. The most important requirements,

however, are a keen analytical mind, a willingness to

work long hours, and a solid understanding of how

financial markets work. Financial risk management jobs

are found in virtually every medium-to-large bank, many

large corporations, and even some nonprofit organiza-

tions and government agencies.

Practitioners of financial risk management have

formed two professional organizations, the Global As-

sociation of Risk Professionals, known as GARP, and

the Professional Risk Managers’ International Associa-

tion, known as PRMIA.

As of this writing GARP (http://www.garp.com) has

about 85,000 members from around 150 countries

around the world. Its objective is stated as follows:

GARP’s aim is to encourage and enhance communi-

cations between risk professionals, practitioners and

regulators worldwide. Through its events, publications,

website and certification examination (FRM), GARP

works on expanding views and increasing recognition

of the global risk management community.

GARP is governed by a group of about 20 trustees

and an executive committee of eight. GARP has over

70 regional chapters in about 35 countries, with each

chapter having a director. The chapters conduct meet-

ings that typically include outside speakers. GARP also

holds national and international meetings and conven-

tions. There are several levels of membership, each pro-

viding different privileges and having different levels of

dues. The highest level of membership costs $150. A

student membership is $50. GARP’s primary focus is

its professional certification program, the Financial

Risk Manager (FRM) exam, a single examination offered

in over 70 cities around the world in mid-November.

The exam consists of 140 to 150 multiple choice ques-

tions given in two 2 1/2 hour sessions. Its content is as

follows:

Quantitative Analysis (10%)

Market Risk Measurement and Management (30%)

Credit Risk Measurement and Management (25%)

Operational and Integrated Risk Management, Legal

and Ethics (25%)

Risk Management in Investment Management

(10%)

One of the most important organizational
considerations in risk management is to
have an independent risk management
function, meaning that the risk manager has
access to necessary information, the au-
thority to take corrective action, and im-
munity from the influence of traders and
sales personnel.

566 Part III Advanced Topics

http://www.garp.com


German interest rates in one division and short in another. If each division hedges sepa-
rately, unnecessary transactions are done. A centralized risk management function would
determine that the risks of two divisions are at least partially offsetting.

Many corporations unfortunately do not provide for an independent risk manage-
ment function. As previously noted, they sometimes operate their treasury department
as a profit center. Instead of attempting to simply manage the firm’s cash and bank loans
efficiently, treasurers sometimes start trading in the derivatives markets with the objec-
tive of earning a profit. It is not reasonable to expect that they can do this effectively
over the long run and, unfortunately, for some firms, the long run came early in the
form of large derivatives losses.

Derivatives dealers have two distinct groups of derivatives specialists. One group is
the sales personnel, who call on clients, analyze the clients’ risks, and offer the dealer’s
products and services for the purpose of managing the clients’ risks. The other group is
made up of traders who execute derivatives transactions for the dealer. Most dealers also
have research departments, normally made up of technically trained personnel who con-
duct research, design and price new products, and provide support for sales personnel
and traders. Most corporations do not have research departments but may have a few
individuals on the staff with trading experience and a high degree of technical expertise.

The examwas taken by over 10,000 candidates in 2007,

with pass rate of about 44 percent. The exam is taken in

booklet form, and results are provided about two months

later. Early registration costs $550, with costs increasing

to a maximum late registration charge of $950. GARP

provides a list of study materials and sample exams.

The second organization, PRMIA (http://www.prmia.

org), consists of over 55,000 members from around 182

countries as of November 2008. PRMIA’s objectives are

stated as follows:

The PRMIA Mission is to provide a free and open

forum for the promotion of sound risk management

standards and practices globally.

To accomplish our mission, we will always be:

• a leader of industry opinion and a proponent for

the risk management profession

• driving the integration of practice and theory and

certifying the credentials of those in our profession

• connecting practitioners, researchers, students

and others interested in the field of risk

management

• global in our focus, promoting cross-cultural ethi-

cal standards, serving emerging as well as more

developed markets

• transparent, nonprofit, independent, member-

focused and member-driven

• working with other professional associations in

furtherance of the PRMIA mission

PRMIA is governed by a nine-person board of direc-

tors, an advisory panel, and various other committees.

PRMIA has about 70 regional chapters. Like GARP,

PRMIA conducts meetings, conferences, and conven-

tions. PRMIA currently assesses no dues, receiving

support from sponsoring organizations. PRMIA also

conducts its own certification exam called the Profes-

sional Risk Manager (PRM) exam. This exam consists

of four parts, and any or all of the parts can be taken on

any business day. The four parts are:

Finance Theory, Financial Instruments, and Markets

(120 minutes)

Mathematical Foundations of Risk Measurement

(120 minutes)

Risk Management Practices (90 minutes)

Case Studies, PRMIA Standards of Best Practice,

Conduct and Ethics (60 minutes)

The test is computerized, so results are known im-

mediately. PRMIA has arranged with various testing

companies that the exam can be taken in over 4,000 cit-

ies worldwide. PRMIA quotes the recent pass rate as

just over 50 percent. The cost is $195 for each exam,

but discounts are available if more than one exam is

taken on a given day. The maximum cost is $500 if the

candidate takes all four exams in one sitting. PRMIA

provides a recommended reading list and sample

questions.

There are no clear advantages to one organization or

exam over another. Anyone pursuing a career should

be a member of one, if not both, organizations. Student

membership is highly encouraged.
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The derivatives operations of dealers are typically segregated into
what are called the front office and back office. Some firms have an
additional layer in between the front office and back office, which is
naturally called the middle office. The front office consists of the tra-
ders and their assistants. The back office personnel are the clerks and
operations officers whose job is to process the paperwork and gener-
ate the necessary reports. It is considered critical by nearly every

dealer that these two functions be separate. If they are not, as we shall see later in this
chapter in the example of the failure of Barings Bank, the proverbial “fox is guarding the
chicken coop.” In some firms, the back office may be the only control mechanism. While
this is not the optimal structure, at the very least the back office should not have to report
to the front office or feel any pressure from it.

All firms should also have a legal department or have access to external legal counsel.
The attorneys are responsible for ensuring that all contracts are properly documented
and conform to appropriate laws.

Within most firms there is an individual called a compliance officer who is responsi-
ble for assuring that all internal and external regulations are followed.

The accounting function is an important one in all organizations. Although an ac-
counting system is not the same as a risk management system, the two must not be in-
consistent. An accounting system also provides for periodic auditing, but does not
substitute for risk management. Auditing simply determines whether the financial rec-
ords have been kept in conformance with the policies established by the accounting pro-
fession and the firm. Auditing is a periodic process. Risk management is a continuous
process requiring far more than checking financial entries.

Any firm that engages in derivatives and risk management activities should provide
for regular evaluation of its performance. It should define its objectives and establish a
system that will provide timely and unbiased assessments of the quality of its activities.
This is not a simple task since objective performance evaluation is quite difficult to do,
but this issue must be addressed, nonetheless.

Although there are many effective variations, Figures 16.1 and 16.2 illustrate examples
of a derivatives/risk management operation for a dealer and for a corporate end user.

Figure 16.1 Example of a Derivatives/Risk Management Operation for a Dealer

Market Risk
Management

Credit Risk
Management

Risk
Management

Chief Financial
Officer

Chief Executive
Officer

Board of
Directors

Legal
Department

Derivatives
Sales

Derivatives
Trading

Back Office
Operations

Accounting,
Auditing, Tax

A typical dealership operation is divided
into two groups: the front office, meaning
the trading function, and the back office,
meaning the clerical, record-keeping func-
tion. Effective risk management requires
that these two functions be separated.
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The dealer operation is centralized with an independent risk manager reporting to the
chief executive officer. The corporate structure shown here is a little less centralized
with derivatives activities undertaken by both a purchasing officer and the treasurer.
This firm has established a risk management function that reports to the treasury. It is
unlikely, however, that the risk manager has sufficient information to monitor the pur-
chasing officer’s hedging transactions or the authority to do much about it if policies are
not followed or problems occur.

A new trend in organizing the risk management function within a company is the
principle of enterprise risk management. Enterprise risk management, sometimes
known as firmwide risk management, is a process in which risk is not only managed in
a centralized manner, but in which all risks are integrated into a single function. As an
example, many companies integrate their interest rate and currency risk management so
that these functions are in the same area of responsibility. A firm still faces other finan-
cial risks, which might include exposure to commodity prices and even exposure to eq-
uity prices, the latter primarily in its pension fund. An integrated risk management
function would bring the management of these risks under control of a single risk man-
agement function.

A true enterprise risk management system, however, would con-
solidate the management of other types of risks. For example, most
firms spend a considerable amount of money on insurance, but the
management of risks covered by traditional insurance policies is typ-
ically done in a separate function. Many risks are managed internally
by efforts to avoid the exposure. For example, the risk of fire and
dangerous factory work are minimized by using safety precautions.
A true enterprise risk management function would bring the manage-
ment of all types of risks under the same area of responsibility. In
fact, the insurance industry is moving into offering financial risk

Figure 16.2 Example of a Derivatives/Risk Management Operation for a Corporate End User

Authorized Traders
(foreign currency and

 interest rate derivatives) 

Chief Financial
Officer

Chief Executive
Officer

Board of
Directors

Chief Operations
Officer

Legal
Department

Treasurer Risk Manager Accounting,
Auditing, Tax

Purchasing Officer
(commodity derivatives hedging)

Enterprise risk management is a process in
which a firm controls all of its risks in a
centralized, integrated manner. These risks
include not only its traditional financial
risks, such as interest rate and foreign
currency risks, but also risks traditionally
managed by the use of insurance policies
and other means.
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management products. In some cases, financial derivatives are combined with insurance
contracts to truly integrate the management of these diverse and seemingly unrelated
risks.

RISK MANAGEMENT ACCOUNTING
One of the most controversial issues in the risk management world is the proper ac-
counting treatment of derivatives transactions. Because of the unusual characteristics of
many derivatives and the relative newness of many of these instruments, the accounting
profession has not, until recent years, begun to catch up with the derivatives world. For
many years derivatives were off-balance-sheet items, meaning that it was difficult, if not
impossible, to determine from traditional financial statements what types of derivatives
were being used and the effects of those derivative transactions on earnings. Much of the
problem stems from the fact that the most widely used and accepted application of de-
rivatives, hedging, leads to considerable complications in accounting. Hedges often gener-
ate cash losses and gains while the transactions they are designed to hedge generate only
paper gains and losses. If derivative gains and losses are realized and reflected in income
statements while gains and losses on the transactions they are designed to hedge are not
realized until later, a hedge, which is designed to reduce volatility, will give the appear-
ance through accounting statements of an increase in volatility.

One solution to the problem is to use hedge accounting. Hedge
accounting permits the firm to defer the gains and losses on the de-
rivative until later when the hedge is completed. For example, a firm
that holds a stock and hedges its future sale with a derivative would
not recognize the derivative gains and losses until the security is ac-
tually sold. Unfortunately, hedge accounting can lead to abuses that
mislead users of financial statements. For example, suppose a firm

plans to borrow money at a later date. It enters into a derivative to hedge any increase
in interest rates. Suppose it incurs a gain on the derivative resulting from an increase in
interest rates. Then suppose it ultimately decides not to borrow the money. It records a
profit on the derivative and does not take out the loan. Had it incurred a loss on the
derivative, it might well have gone ahead and borrowed, imbedding the derivatives loss
in the higher interest rate on the loan. Was this even a hedge? Probably not because there
was clearly no firm commitment to borrow. Yet hedge accounting was used.

Swaps, forwards, and futures pose an interesting issue in derivatives accounting. They
have a zero value at the start and yet gain and lose value as the underlying moves. As the
derivative gains value, it effectively becomes an asset; as it loses value, it effectively be-
comes a liability. Should that asset/liability be shown on the balance sheet? The practice
of good accounting suggests that it should. But how?

In the United States the appropriate methods for accounting are established by the
Financial Accounting Standards Board (FASB). A worldwide organization, the Interna-
tional Accounting Standards Board (IASB) attempts to coordinate and standardize ac-
counting principles across countries. Neither of these bodies has any legal authority.
They simply represent efforts on the part of the accounting profession to establish ac-
ceptable norms. Auditors’ reports must indicate whether established accounting norms
have been followed. For publicly traded companies, the securities regulators, such as the
Securities and Exchange Commission in the United States, require certain standards and
prohibit misleading information in accounting statements. Thus, while accounting stan-
dards technically carry no legal weight, they effectively constitute a rule of law.

In 1996 the FASB undertook a project to study and establish standards for accounting
for derivatives. This culminated in the release in 1998 of Financial Accounting Standard

Hedge accounting is a method of account-
ing for derivatives transactions such that
gains and losses on the derivatives are tied
to gains and losses on the instruments
being hedged.
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133, called FAS 133, Accounting for Derivative Instruments and Hedging Activities. This
controversial document has undergone much scrutiny and criticism but has survived and
appears to be the norm to which derivatives accounting will conform. Here we shall look
at the important elements of FAS 133, which went into effect for most firms in June
2000. FAS 133 has been amended several times with FAS 137, 138, 149, 155, and 161.
The International Accounting Standards Board adopted a similar document, IAS 39,
which is somewhat broader in that it applies to all financial assets and liabilities while
FAS 133 applies only to derivatives. IAS 39 was adopted in 2001 and implemented in
January 2005.

FAS 133 basically takes the position that all derivatives transactions must be marked
to market, meaning that the gains and losses incurred from derivatives transactions over
the accounting period are determined, regardless of whether the derivative transaction
has been terminated, and reported in financial statements. In addition, derivatives must
appear on the balance sheet as assets and liabilities. But first, FAS 133 had to define what
a derivative is.

Under FAS 133 a derivative has one or more underlyings and one or
more notional amounts, which combine to determine the settlement or
payoff. It must require either no initial outlay or an outlay that is
smaller than would be required for other contracts with similar pay-
offs. In addition it requires a net settlement or physical delivery of the
underlying.

FAS 133 permits some exceptions to the rule. For example, purchases of assets on
time are not derivatives. The purchase of assets with payment to occur very shortly are
not derivatives. Insurance is not a derivative. Options used in executive compensation
are not derivatives, at least not with respect to the regulations prescribed by FAS 133;
these instruments do, however, have their own accounting requirements. Certain embed-
ded derivatives may or may not be derivatives. For example, interest-only and principal-
only strips are not generally derivatives, but options imbedded in certain floating-rate
securities may be considered derivatives and, therefore, may have to be separated and
conform to FAS 133.

FAS 133 classifies all derivatives transactions into one of four categories: fair value
hedges, cash flow hedges, net investment in foreign currency operations, and speculation.

Fair Value Hedges
A fair value hedge is a transaction in which a firm hedges the market value of a position
in an asset or a liability. The gain or loss on the derivative is recorded and reflected in
current earnings. In addition, the asset or liability is marked to market and its gain or
loss is also reflected in current earnings.

For example, a firm holds a security and enters into a derivative
transaction to hedge the future sale of the security. At the end of the
quarter the firm is preparing its financial statements and the hedge is
still in place. Let us say that there is a loss in value of the security of
$100,000. Its derivative, however, incurs a gain of $96,000. It records
the following accounting entries:

Debit Derivative (for example, swap, futures, and so forth) $96,000
Credit Unrealized Gain on Derivative $96,000

Debit Unrealized Loss on Security $100,000
Credit Security $100,000

FAS 133 is the policy of the U.S. Financial
Accounting Standards Board that specifies
appropriate procedures for accounting for
derivatives.

A fair value hedge is one in which the de-
rivative and the instrument being hedged
are both marked to market and gains and
losses on both are recorded in current
income.
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Remember that debits increase and credits decrease assets, and debits decrease and credits
increase liabilities and capital. Credits increase and debits decrease income. Thus, in the first
entry, an asset account (the derivative) is increased and income (the unrealized gain) is
increased. In the second entry, income is decreased (the unrealized loss) and an asset (the
security) is decreased. The net effect is that both income and assets are decreased by $4,000.

If the hedge is effective, it will have little effect on income and, therefore, on earnings.
Otherwise, earnings will fluctuate. Hence, effective and ineffective hedging will be prop-
erly reflected in earnings.

To qualify for fair value accounting, firms must maintain proper documentation of
every transaction and the hedge must be expected to be effective. The sale of options,
however, is ordinarily not eligible for fair value accounting. In addition, bonds that are
expected to be held to maturity are not eligible for hedge accounting. Certain anticipated
transactions, however, can be eligible for hedge accounting, though many of these will
fall under the following category.

Cash Flow Hedges
In a cash flow hedge, the risk of a future cash flow is hedged with a derivative. A classic
example is a firm planning to take out a loan. It might sell Eurodollar futures or buy an
FRA to hedge the risk of an increase in interest rates. Cash flow hedging is somewhat
more complicated than fair value hedging and must meet a more stringent requirement.

In a cash flow hedge, the firm marks the derivative to market, thereby recognizing the
gain or loss in its value. The derivative will then show up on the balance sheet at its
current market value. The firm then records that gain or loss in a separate category
called Other Comprehensive Income or OCI. OCI is not an ordinary income account;
it is actually a temporary capital account and appears next to equity in the balance sheet.
Thus, gains and losses on derivatives go into capital. Then, at the hedge termination
date, the underlying transaction, such as the firm taking out a loan, is completed. Then
the derivative is removed from the books and the amount recorded to OCI is moved
from OCI; this amount is then used to adjust the value of the underlying transactions
as well as the earnings. Thus, derivatives gains and losses do not affect income while
the hedge is in place but instead show up in this temporary holding account, OCI, that
appears as a part of capital. Ultimately, the transaction the derivative is designed to
hedge is undertaken, and the derivatives gain or loss is moved to income as well as to
the underlying transaction. In addition, cash flow hedge accounting requires a separation
of a hedge’s results into “effective” and “ineffective” components. Most hedging instru-
ments do not exactly match the risk exposure; hence, some portion of the derivative
hedge will not match the risk exposure. This slippage is designated ineffective and can
be required to be treated as speculation if it is outside a reasonable range, a point we
discuss later.

Let us consider an example of a loan that the firm anticipates. Suppose that six
months from now the firm plans to issue a $1,000,000 one-year zero coupon note. It
buys an FRA to hedge against rising interest rates. While the hedge is in place interest
rates go down and the FRA incurs a loss of $10,000. Later, the FRA expires with a loss of
$12,000 and the note is issued. The firm issues the note at 7 percent for one year, thereby
generating an initial cash inflow of (1 − 0.07)$1,000,000 = $930,000. With cash flow
hedging, there would be an interim transaction of

Debit Other Comprehensive Income $10,000
Credit FRA $10,000
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with the FRA showing up as a liability. When the loan is taken out, the transactions are

The first entry reflects the fact that a note was issued for $930,000 and cash was re-
ceived. In the second entry, the FRA is removed from the books as a liability and a fur-
ther $2,000 loss is recorded in Other Comprehensive Income. Cash of $12,000 is
expended to cover the payout on the FRA. In the third entry, Other Comprehensive In-
come is closed out and the note balance is reduced from $930,000 to $918,000. In other
words, we have now effectively borrowed $918,000 and will later owe $1 million.

Suppose, however, that this were not a perfect hedge. Assume that at the interim pe-
riod, the loss was $11,000 but the effective part of the loss was $10,000. Thus, there is an
ineffective part of the hedge that resulted in a loss of $1,000. We would record the fol-
lowing entry:

At expiration, let us say the cumulative loss on the FRA is $15,000 and of that
amount, $12,000 is effective and $3,000 is ineffective. The first entry above for the
$930,000 note is the same. The next two entries become:

The first entry above removes the FRA from liabilities and removes all but $1,000 of
the Other Comprehensive Income account. The third entry closes out Other Compre-
hensive Income and reduces Current Income by $2,000. Notes Payable will go from
$930,000 to $918,000, reflecting the loss of $12,000 as the effective part of the hedge.
The ineffective part is $2,000, which goes into Current Income and combines with the
$1,000 previously added to Current Income in the earlier entry to reflect a $3,000 loss
for the ineffective part of the hedge.

As noted, cash flow hedging requires a separation of the effective and ineffective parts
of hedging. The effective part is deferred and carried in the equity account whereas the
ineffective part must be recorded immediately into income. The FASB has not prescribed

Debit Cash $930,000
Credit Notes Payable $930,000

Debit FRA $10,000
Debit Other Comprehensive Income $2,000
Credit Cash $12,000

Debit Notes Payable $12,000
Credit Other Comprehensive Income $12,000

Debit Current Income $1,000
Debit Other Comprehensive Income $10,000
Credit FRA $11,000

Debit FRA $11,000
Credit Other Comprehensive Income $11,000

Debit Current Income $2,000
Debit Other Comprehensive Income $1,000
Debit Notes Payable $12,000
Credit Cash $15,000
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precisely how the effective and ineffective components are to be sep-
arated. Rough rules of thumb have emerged suggesting that an effec-
tive hedge is one in which 80 to 125 percent of the gain or loss on
the hedged instrument is matched with a gain or loss on the deriva-
tive. Nonetheless, the rules are still murky here and cash flow ac-
counting remains somewhat more difficult to use, even though a
firm may have no choice in whether it has to use it. In particular,
futures, where maturities do not line up perfectly with hedge termi-

nation dates, are more likely to be ineffective hedges—at least by FASB rules—and,
therefore, could lead to more volatile earnings.

As with fair value hedges, cash flow hedges must be well documented at the start and
must be expected to be effective, and firms must specify how they will determine the
hedge’s effectiveness. Anticipated transactions must be highly likely to occur and the de-
tails of the transaction must be spelled out quite specifically. Generally, written options
do not qualify.

Foreign Investment Hedges
Foreign currency hedging had already been treated in Statement of Financial Accounting
Standard 52 (SFAS 52), a document released a number of years prior to the release of
FAS 133. The primary rules in SFAS 52 were retained. Firms often hedge anticipated
currency transactions as well as currency translations of their foreign operations. Cur-
rency translation of their foreign operations are an accounting entry to reflect the influ-
ence of changes in foreign exchange rates on foreign subsidiaries. These hedges are
permitted and qualify for hedge accounting if certain conditions are met. Those condi-
tions are similar to those we have previously identified. The hedges must be documented
and expected to be effective. Measurement criteria for effectiveness must be clearly spec-
ified. Foreign currency hedges not designed to hedge translation can still qualify for fair
value or cash flow accounting under the criteria listed above.

Speculation
Trades that do not qualify for fair value, cash flow, or foreign currency hedge accounting
must be considered speculation. Derivatives are marked to market, and gains and losses
are recorded in current income with no offsetting adjustments to any other accounts.

Some Problems in the Application of FAS 133
FAS 133 made substantial progress in clearing up a great deal of confusion over the
proper accounting for derivatives. Nonetheless, it left some problems unresolved and
generated some lingering concerns.

For example, FAS 133 does not prescribe what constitutes effective hedging. Thus,
there is some fear that restatements of earnings will be required if later it is determined
that the effectiveness test used by a firm is not acceptable. FAS 133 also requires that
some embedded derivatives be stripped out and valued. This can be extremely complex
and is subject to a wide margin of error. FAS 133 does not permit hedge accounting for
bonds designed to be held to maturity. It reflects the all-too-common and naive view
that as long as a bond is to be held to maturity, any losses in value are ultimately re-
couped. This ruling overlooks the opportunity cost of holding a bond in an environment
of higher interest rates. It reflects, not surprisingly, an accounting view of a transaction
rather than an economic view. Under FAS 133, valuation of derivative instruments and

A cash flow hedge is one in which a future
cash flow is hedged. Derivatives are
marked to market and gains and losses are
recorded to a temporary capital account
until the hedge is completed. Hedging gains
and losses must be separated into effective
and ineffective components.
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the corresponding hedged instrument is critical. Although we have placed a great deal of
emphasis on valuation in this book, it is not a simple task for a firm to obtain a reliable
value for a derivative or for the hedged instrument. Nonetheless, if FAS 133 forces firms
to pay more attention to the market values of their derivatives and their hedged instru-
ments, it probably serves a good purpose.

FAS 133 does not permit macro hedges. In a macro hedge, a firm takes all of its posi-
tions into account and hedges the net exposure. For example, a firm could have expo-
sures to a variety of asset classes. Due to correlations among those asset classes, there
may be considerable risk reduction. The firm may then choose to hedge only the remain-
ing risk. Yet, such hedges will now no longer qualify for hedge accounting. Hedges must
be transaction specific.

Disclosure
Closely related to the issue of accounting for derivatives is the matter
of how much information about a firm’s use of derivatives is dis-
closed in annual reports and 10-Ks. In 1997 the U.S. Securities and
Exchange Commission ordered that large firms and banks would be
required to provide more disclosure of their accounting policies with
respect to derivatives; more quantitative and qualitative information
about their market risk; and more information about instruments

used, positions taken, commitments, and expected transactions. Companies must catego-
rize their derivatives into one of two categories: trading, meaning essentially speculative,
and non-trading, meaning essentially hedging.

For their quantitative disclosure, companies must present either (1) tabular informa-
tion on the market values of their derivatives and relevant contract terms categorized by
expiration date, (2) sensitivity analysis of potential losses, or (3) the Value at Risk. For
their qualitative disclosure, companies must identify their primary exposures and how
they manage those exposures.

The SEC’s disclosure requirements have been controversial, requiring that firms reveal
information that could be useful to competitors. Moreover, the requirement that firms
reveal their financial risks and how they manage them overlooks the fact that firms face
a variety of nonfinancial risks, which they are not required to disclose. For example, an
airline faces the risk of a crash, resulting in catastrophic human and financial loss. Yet, it
is not required to disclose how it manages that risk or what the effect of a crash would
be on its VAR. Such rules have the potential for penalizing users who are prudently
managing their financial risks.

Avoiding Derivatives Losses
As we have seen throughout this book, derivatives are highly efficient instruments that
can be used to manage risk. Nonetheless, part of the price we pay for such instruments
is that they are highly leveraged and can be easily misused. Since every derivative gener-
ates a gain that is matched by a loss on the other side of the transaction, someone must
lose money. In some cases, those losses have been large and surprising to those who in-
curred the losses. Large losses also tend to make for good headlines, and, consequently,
many firms have found themselves embarrassingly portrayed on the front pages of news-
papers. The losses have ranged from small amounts to almost unbelievably large sums of
money. The types of organizations and derivatives used have run the gamut. Fortunately,
the incidence of losses, which seemed to peak around 1994, has decreased in recent

The U.S. Securities and Exchange Com-
mission requires that publicly traded firms
provide qualitative and quantitative disclo-
sures of their derivatives and risk manage-
ment activities.
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years. We now take a look in more detail at four of the most celebrated stories of deri-
vatives losses.

Metallgesellschaft: To Hedge or Not to Hedge?
Our proposed risk management program not only protects the pump profit
margins with a minimum amount of risk from the spot market, but also offers us
an opportunity for extraordinary upside profit with no additional risk.

Metallgesellschaft’s Business Plan
Quoted in Antonio S. Mello and John E. Parsons

“Maturity Structure of a Hedge Matters:
Lessons from the Metallgesellschaft Debacle,”

Working Paper, February 1995, Columbia University

The industrial firm Metallgesellschaft A.G. (MG) was the fourteenth largest corporation
in Germany in 1993. Founded in 1883, it employed 58,000 people, had 251 subsidiaries
worldwide, and was engaged in a variety of businesses primarily related to mining,
metals, and energy products. In late 1993 and early 1994, it incurred losses in futures
trading totaling about $1.3 billion, which was approximately one-half of its capital at
that time. The losses were all the more remarkable for the fact that MG had traded
futures successfully for many years. Although the firm was saved by a $1.9 billion bailout
by a consortium of banks, the affair has raised concerns on several counts. If an
extremely experienced firm can be nearly bankrupted trading derivatives, how can less-
experienced firms expect to use them successfully? And, if losses of that size can be gen-
erated trading on the highly regulated exchange-listed futures markets, how dangerous
can the unregulated over-the-counter markets be? MG’s loss was all the more remarkable
for the fact that it was designed to be a hedge. Or was it?

The troubles were caused by a U.S. subsidiary of MG called MG Refining and Mar-
keting (MGRM). In 1992, MGRM developed a marketing strategy whereby it would offer
to U.S. firms long-term fixed-price purchase contracts on gasoline, heating oil, and diesel
fuel. MGRM’s customers were able to lock in their purchase prices for up to ten years
provided they agreed to buy from MGRM. These transactions were forward contracts
at prices $3 to $5 per barrel lower than the spot prices at that time. Since MGRM was
committed to delivering the products at expiration, it was short in the forward markets
for these various energy products.

To hedge its risk MGRM entered into long futures contracts on the New York Mer-
cantile Exchange. Its futures hedges accounted for about 40 percent of its commitment
while over-the-counter derivatives contracts covered about 60 percent. Recognizing the
illiquidity of all but the shortest futures contracts, MGRM hedged its position primarily
in the shortest-term futures contracts for unleaded gasoline, heating oil, and crude oil. Its
over-the-counter contracts were also short-term. MGRM also entered into a contract
with a partially owned U.S. firm, Castle Energy, to purchase all of Castle’s output at fixed
margins for up to 10 years.

By late 1993, MGRM was long futures contracts for 55 million barrels of various en-
ergy products and had swaps in place to purchase at least another 100 million barrels.
These quantities were almost precisely the amount of its forward commitments to its
customers. In other words, MGRM used what we described in Chapter 10 as “a naive
hedge ratio” of one-to-one.

As we have learned, however, a one-to-one hedge ratio is rarely appropriate. If the
hedged instrument moves more or less than the hedging instrument, the position may
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be underhedged or overhedged. Also since the hedging instruments, futures, had a short
maturity, they had to be rolled over as each contract expired. MGRM simply settled up
expiring contracts and purchased the next shortest maturity contract. This strategy,
called a stack hedge or stack-and-roll hedge, works successfully provided that the mar-
kets were in backwardation, meaning, as we covered in Chapter 9, the more distant
futures price was lower than the spot or nearby futures price. Energy markets are often
in backwardation, a result of the convenience yield, a concept we also previously covered.
We emphasize that while energy markets are often in backwardation, they can convert to
contango without much notice and that is precisely what they did.

In late 1993, energy prices began falling and over the course of that year fell by almost
a third. MGRM’s long futures positions began incurring losses, resulting in large margin
calls. While the firm was theoretically gaining on its fixed supply contracts, those gains
would not be realized until the oil was delivered. As we noted, the delivery commitments
were spread out up to ten years in the future. The company’s realized losses drained its
cash and its paper gains produced no cash to offset. Soon the company was staggering
under the weight of these huge losses. The parent company had to make a decision about
unwinding its position or continuing to fund the account. It chose to unwind. In retro-
spect that was the worst thing it could have done. In less than six months energy prices
recovered all of their lost ground, meaning that MGRM’s now unhedged short forward
delivery contracts incurred further losses.

As we noted in the first paragraph of this story, the parent company was bailed out by
a consortium of banks, some of which were on its own board of directors. The chairman
of MG and the head of MGRM’s U.S. oil trading operation were both fired and filed
suits for conspiracy and defamation against their former employers. MG ultimately re-
ported a loss of over $1.7 billion for its fiscal year ending September 30, 1994.

It is not clear exactly why MGRM’s hedge was so poorly balanced. Some experts suggest
that MGRM was speculating and knew exactly what it was doing. Others say that MGRM
had an effective hedge in place and could have produced the cash to meet its margin calls
without liquidating its futures contracts, which, in hindsight, would have recouped their
losses less than a year later. The CFTC, exercising a rarely used and somewhat controver-
sial authority, fined MGRM $2.2 million for failing to exercise adequate internal controls
and ordered it to demonstrate in the future that such controls were in place.

Orange County, California: Playing the Odds
I am one of the largest investors in America. I know these things.

Robert Citron
Quoted in Philippe Jorion

Big Bets Gone Bad, Academic Press, 1996

Due to my inexperience, I placed a great deal of reliance on the advice of market
professionals…. I wish I had more training in complex government securities.

Robert Citron
Testimony before Senate Special Committee

on Local Government Investments, January 17, 1995
Quoted in Risk, March, 1995

Orange County, California, is one of the wealthiest communities in the United States.
Home to Disneyland, the California Angels, and the John Wayne airport, it reported a
loss of $1.6 billion in its investment account in 1994 and declared the largest municipal
bankruptcy in U.S. history. How this could have happened is not at all a mystery. Orange
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County’s treasurer, Robert Citron, was engaged in a clever investment scheme that turned
a low-risk essentially money market fund into a turbo-charged investment account.

The 69-year-old Citron, with 24 years’ experience as the county treasurer, operated a
fund that invested in short-term, fixed-income securities. The fund not only invested Or-
ange County funds but also accepted the funds of almost 200 other municipal govern-
ments in California. How it did this is not surprising. The Orange County fund had
been earning 300 to 400 basis points above the returns earned on a similar fund operated
by the state of California. The Orange County fund’s market value was almost $7.5 bil-
lion. In June 1994, Citron was reelected county treasurer in spite of warnings by his
opponent that the portfolio was excessively leveraged.

By late 1994, a series of sharp increases in interest rates, triggered by the Federal Re-
serve’s efforts to control inflation, brought the value of the fund down by a staggering
$2 billion. Orange County was forced to declare bankruptcy. Citron and his chief invest-
ment officer were arrested. Citron declared that he had been tricked by his brokerage
firm, Merrill Lynch, into making these investments, about which he now stated that he
knew little. Orange County went into reorganization, cut services drastically, laid off em-
ployees, and filed a $3 billion lawsuit against Merrill Lynch.

It did not take long to determine what had gone wrong. Citron had used leverage to
purchase additional government securities through reverse repurchase agreements. Recall
from Chapter 9 that we introduced the concept of a repurchase agreement. Let us say
that another municipality gives Mr. Citron $100 million to invest. Citron purchases
intermediate-term U.S. Treasury notes, which have an average maturity of about 4 years
and a duration of about 3.5 years. Citron then executes a reverse repurchase agreement
with a securities dealer or bank, pledging the $100 million of securities for a loan of al-
most $100 million, let us say $90 million. He then uses the $90 million to purchase addi-
tional similar securities. This can be done several times with the same money. Ultimately
Citron had leveraged the county about threefold, bringing its total invested funds to
about $20 billion while its total equity was only about $7 billion. This tripled its duration.
Thus, what should have been a fairly low-risk, short- to intermediate-term fund had the
risk of a fund of long-term bonds. When bankruptcy was declared and Citron’s strategy
was revealed, it should have come as no surprise. The Wall Street Journal had reported as
early as April 1994 that Citron had leveraged the portfolio almost threefold. It was noted
that one municipality withdrew about $4 million at that time because it considered the
fund too risky. This probably proved to be the best decision of that treasurer’s career.

As in any leveraged bond investment, the results are quite good when interest rates
are falling. When the 1994 interest rate increases caused the fund to have a series of
huge margin calls from their broker, Orange County began dipping into its cash reserves.
When it could no longer generate enough cash to meet its margin calls, its lenders began
selling the collateral, which amounted to about $10 billion. This sent shock waves into
the bond market and prices tumbled.

It should be noted that the word derivatives has not been mentioned in conjunction
with this Orange County story. Although there were some derivatives in the portfolio,
mostly in the form of structured notes, the damage had little to do with derivatives. Citron
had simply used U.S. government intermediate-term notes, combined with the leveraging
power of repurchase agreements, to destroy almost 20 percent of the fund’s value.

To say that Orange County invested unwisely and did not practice risk management
is probably an understatement. There was no risk management whatsoever. Citron was
supposed to be monitored by the elected county board but little monitoring was done.
The board trusted the veteran treasurer and let him do what he wanted.

Orange County offered to repay the municipalities and other agencies whose funds it
had invested about three-fourths of their money, plus other securities that would be
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repayable over a long period of time, but most of the payments were contingent on win-
ning the lawsuit against Merrill Lynch. Almost 2,000 of the 15,000 county employees lost
their jobs. The county sold nearly $100 million of its assets and proposed a sales tax in-
crease but the voters overwhelmingly turned it down. The county even tried to sell the
John Wayne airport but found that the sale was not permitted by federal law. In 1996,
Citron pled guilty to six felony counts and was sentenced to a year in jail and fined
$100,000. Orange County was able to issue new debt and to defer repayment of old
debt, and by mid-1996 had emerged from bankruptcy. Eventually it settled its lawsuit
with Merrill Lynch.

Barings PLC: How One Man Blew Up a Bank
Nick Leeson, whom most of you know and all of you have heard of, runs our
operation in Singapore, which I want you to emulate.

Ron Baker, Head, Financial Products Group, Barings
Quoted in Rogue Trader by Nick Leeson, 1996, p. 143

Barings PLC was a British investment bank that had been founded in 1763. It had played
a major role in British history, financing the Napoleonic Wars, and included Queen
Elizabeth II among its many well-heeled clients. One weekend in February 1995 Barings
was forced to declare bankruptcy, a result of losses of about $1.2 billion or nearly twice
its capital. The losses were attributed to futures trading in its Singapore office by a 28-
year-old former clerk named Nick Leeson. Barings was rescued by the Dutch banking
concern Internationale Nederlanden Groep (ING), which purchased its assets (approxi-
mately $900 million) and assumed most of its liabilities for about $1.61.1 ING immedi-
ately injected about $1 billion in capital. Some of Barings’ liabilities, however, were not
assumed and those bondholders suffered big losses.

Leeson had joined the bank in July 1989, having previously worked in London for the
American bank Morgan Stanley. As a clerk handling the settling of transactions, he
proved to be exceptionally well organized and his work in Barings’ back office impressed
his superiors. In March 1992 he requested and received a transfer to the Singapore office,
which was actively involved in futures trading in Tokyo and Osaka, Japan, and at the
Singapore International Monetary Exchange (SIMEX). Again Leeson proved to be excel-
lent at organizing the back office. All the while, Leeson was learning the ropes of trading
futures. Soon he was executing arbitrage transactions, buying Japanese stock index fu-
tures in Singapore and simultaneously selling the same contract in Osaka, capturing dif-
ferences in the prices of the same contract on the two exchanges.

Transactions of this sort should be low risk. One position will gain and the other will
lose a similar amount. The net should be a small profit resulting from slight differences in
the prices of the contract on the two exchanges. As Leeson relates the story in his book,
Rogue Trader, in 1992 he began hiding his losses in a special account. Soon it began ap-
pearing that Leeson was generating huge profits. Because Leeson was responsible for the
back office and his employees were loyal to him, he was able to keep the losses tucked
safely away whenever reports were required or auditors showed up. In 1994, he reported
profits of about £28 million but had hidden losses of £180 million. From January 1, 1995,
to February 24, Barings’ last day, Leeson produced profits of almost £19 million and
losses of over £600 million and it was getting increasingly difficult to cover his trail.

Recall from Chapter 7 that we discussed the straddle, a strategy involving long posi-
tions in puts and calls with the same exercise price. Leeson was generating more funds

1Yes, that is one dollar and 61 cents, which at that time was equivalent to approximately one British pound.
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by entering into short straddles, a total of almost 20,000 contracts. This meant that Lee-
son profited as long as the market stayed fairly stable. With high volatility he would lose
big. In late January 1995, Leeson held over 3,000 contracts long of the Japanese Nikkei
225 stock index futures at the Osaka exchange. On January 17, an earthquake struck the
Japanese city of Kobe and the index fell about 13 percent over the next five weeks. Lee-
son was generating large losses but increased his bets that the market would turn around.
Ultimately Leeson held a $7 billion position that would gain if the market moved up and
lose if it moved down. He held about 17,000 contracts in Osaka and over 40,000 in Sin-
gapore. He also held huge positions in Japanese government bonds and Euroyen.

The evidence suggests that Barings’ executives in London had been warned about Lee-
son’s trading as early as 1992. In 1994, an audit concluded that while Leeson had done
nothing wrong, though in fact he had, the potential for wrongdoing was there. It noted
that Leeson was running both the front office and back office, though generating large
profits with little risk.

Thursday, February 23, was Leeson’s last day of work at Barings’ Singapore office. He
and his wife secretly fled Singapore the next day. They went to several Asian countries
before eventually flying to Frankfurt, Germany, where he was arrested by German police
a week after fleeing Singapore. Singapore sought extradition while Leeson’s British law-
yers worked toward having him charged and extradited by England. British authorities
were unable to determine that he had violated any of their laws and in October 1995 a
German court agreed to turn him over to Singapore. Leeson returned to Singapore and
plea bargained a potential 14-year prison sentence down to 6 1/2 years for fraud.

The Barings story shocked the financial world. There were concerns that the SIMEX
clearinghouse might fail or use customer funds to cover its losses. The Bank of England,
which had rescued Barings once in 1890, considered doing so again, but it quickly be-
came apparent that only investors and not customers would lose money over the Barings
failure. While the financial system suffered a shock, it showed no threat of widespread
failure, the systemic risk that we previously mentioned. When ING purchased Barings
about a week after the failure, the market settled down quickly and no further shocks
were felt.

Barings is a classic story in bad risk management. It violates virtually every rule. Lee-
son was in control of both the back and front offices and, hence, had the ability to hide
losses for an extremely long time. Barings’ risk management system was nothing more
than auditing and regular reports from Leeson showing his positions and performance.
The reports were falsified and the auditors’ examinations were not sufficient to identify
the problem, though they did warn of the potential for fraud. It hardly mattered because
they were ignored. The London office was under the impression that this 28-year-old
clerk with no college degree was earning large profits arbitraging price differences in
two markets. It never questioned how unlikely these profits really were.

Barings was a wake-up call to the rest of the financial world. Risk management be-
came of paramount importance.

Procter & Gamble: Going Up in Suds
I’ve seen things in the market where I scratch my head and can’t imagine why
people did it. For example, when P&G lost all that money, I couldn’t fathom what
anyone at that company was thinking when they looked at that formula of the
swap and said, ‘Yes, that’s exactly what I want to put on.’

Anonymous
“Confessions of a Structured Note Salesman,”

Derivatives Strategy, November 11, 1995
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The Procter & Gamble Corporation (P&G) is one of America’s best-known companies. It
is also a large multinational corporation with extensive foreign operations and significant
interest rate and foreign exchange risk. In late October 1993, P&G entered into an exotic
swap with its dealer, Banker’s Trust (BT). The payment on the swap was determined by
a complex formula relating short-term interest rates to long-term interest rates. In early
1994, P&G entered into another exotic swap, this one linked to the exchange rate on the
German mark. This transaction was similar to the range floaters that we discussed earlier.
Both parties paid floating rates tied to German interest rates. P&G was betting on
Deutsche mark swap rates staying between 4.05 percent and 6.10 percent. Both of its
positions were essentially bets that U.S. and German interest rates would not increase sig-
nificantly. If P&G was correct, it would be locking in an attractive below-market borrowing
rate of 40 basis points below the commercial paper rate. If it were wrong, P&G would suf-
fer large losses by being forced to borrow at substantially above market rates. The transac-
tions also contained option features that allowed P&G to lock in a cumulative gain or loss.

In April 1994, P&G disclosed that it had taken a $157 million pretax charge as a re-
sult of those transactions. Effectively P&G ended up borrowing at 1,412 basis points
more than the commercial paper rate. Though the amount lowered its earnings per share
only 15 cents, it became a public relations nightmare. P&G’s treasurer Norman Mains
was reassigned. Later in 1994, P&G filed suit against BT for $130 million under four
counts: fraud, negligent misrepresentation, breach of fiduciary duties, and negligence.
P&G also pursued charges against BT under the federal RICO (Racketeering Influenced
and Corrupt Organizations) Act, a law designed to punish organized crime. The RICO
Act had been applied successfully in cases not involving organized crime and it permit-
ted punishment of up to treble damages.

BT argued that P&G ran a sophisticated derivatives operation and was highly experi-
enced in currency and interest rate derivatives. On that point, BT was certainly correct.
P&G had many years of successful experience with these types of instruments, some of
them being quite leveraged and exotic. So what was P&G’s basis for arguing that BT had
defrauded it? BT routinely tape recorded all its conversations with its derivatives clients.
P&G got a court order to obtain the tapes and found that BT derivatives personnel had
made statements to the effect that P&G had no idea it was being taken advantage of.
P&G argued that BT was its advisor and that it had, therefore, relied on BT’s advice
and that it was fraudulent for BT to have led it into these transactions.

In the summer of 1996, BT’s newly appointed chairman, though confident of a vic-
tory in court, elected to put the matter behind them by settling with P&G. BT ended
up paying about $80 million to P&G. BT had also settled a number of other cases out
of court. Regulators fined it and forced it to agree to take various actions to change its
derivatives sales and operating procedures.

In response, a number of leading derivatives dealers organized an informal working
group to develop self-regulatory procedures. Though these procedures are nonbinding,
they represent an effort by the industry to develop standards of practice in derivatives
sales and trading. Of particular note was the fact that, unless made specific, all transac-
tions are at arm’s length, meaning that the dealer is not an advisor to the end user.

RISK MANAGEMENT INDUSTRY STANDARDS
The experience of many organizations such as those discussed in the previous section has
undoubtedly taught several lessons that have saved other organizations from loss and
embarrassment. Recognizing these concerns, the risk management industry has made
several efforts to identify practices that are consistent with effective risk management.
Organizations such as PRMIA and GARP promote professionalism and high standards
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in the practice of risk management. A number of other organizations have established
formal standards, which are called best practices. The purpose of such industry standards
is to facilitate quality risk management, with the main objective being to help firms in
avoiding unnecessary financial distress. Ultimately, it is vital that senior management un-
derstand the wide array of financial risks posed by their current exposures as well as
contemplated future exposures. Hopefully, this understanding will provide improved fi-
nancial decision making that reduces potential future loss.

The first set of standards was identified by the G-30, or Group of 30, a private inter-
national organization of economic and financial experts who study and evaluate issues
facing the international financial community. Its 1993 report listed 24 standards for
best practices by dealers and end users, along with recommendations for legislators, reg-
ulations, and supervisors. The report is available only by purchase from the G-30, but the
standards can be found at the Web site of the Risk Institute, http://riskinstitute.ch/
136160.htm. The report emphasizes the importance of senior management’s involvement
in the process of risk management and the necessity for having an effective and indepen-
dent risk management system. It explicitly recommends the use of such concepts as
netting, VAR, delta, gamma, and vega, and the need for market and credit risk manage-
ment. Although some of this report is outdated, it still remains the gold standard for risk
management.

The Risk Standards Working Group is an informal committee of consultants and
practitioners from the institutional investment industry, which largely consists of pen-
sion funds and endowments. This group’s efforts are directed toward improving risk
management in the investment management industry. Its 20 recommendations are avail-
able at http://www.cmra.com/risk_standards_working_group.php. These recommenda-
tions are similar to that of the G-30 Report but are more adapted to the investment
management industry.

RESPONSIBILITIES OF SENIOR MANAGEMENT
A company in which management fails to act in the shareholders’ interests and the
Board of Directors fails to adequately monitor management is a fertile ground for cor-
ruption and exploitation of shareholders. Such companies are said to have poor corpo-
rate governance. In 2001–2002, there were a number of financial scandals that, while
largely unrelated to derivatives use, nonetheless brought to attention the problems of
poor corporate governance. Several high-profile firms, such as Tyco, Enron, Adelphia,
HealthSouth, and WorldCom became more associated with reckless management and
exploitation of shareholders than with the products and services they provided. As a con-
sequence of these scandals, in 2002, the United States Congress passed the Sarbanes-
Oxley Act, known as SOX, which among other things emphasized the responsibilities of
senior management to properly oversee all operations of the firm.

Although improving risk management is not the explicit intent of SOX, any reason-
able interpretation of the Act leads to the conclusion that senior management will be
held liable for poor risk management regardless of how low in the organizational struc-
ture problems occur. SOX and the growing emphasis on good corporate governance are
consistent with risk management industry practices, which in fact predated the problems
of poor corporate governance that gave rise to the law. SOX, however, made it a legal
mandate that senior management ensure that a firm engage in practices that are benefi-
cial to the shareholders and avoid practices that hurt shareholders. Good risk manage-
ment is clearly consistent with SOX. But until SOX, good risk management was clearly
a desirable objective. After SOX, it has become effectively the law and imposes severe
penalties upon senior management if it fails to carry out its responsibilities. In order to
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do so, senior management must establish an organizational structure and procedures
that ensure that the risk management function will be effectively carried out. Of course,
senior management is not expected to have detailed hands-on knowledge of risk man-
agement. It must, however, provide that responsible personnel are in control of a firm’s
risk management practices. In this section we conclude by looking at a few general
guidelines that senior management should follow to ensure that the risk management
function is under control.

• Establish written policies.
A company should establish in writing its policies with respect to how risk will be
managed within the company. These policies should identify the risks to which the
company is exposed, and discuss its tolerance for risk and its willingness and capac-
ity to bear risk. These policies should identify the objectives of the company’s risk
management program and define its expectations. They should define how and
why derivatives can be used to manage risk. Finally, these policies should provide
for and discuss how the policies will be reviewed and possibly adjusted over time.

• Define roles and responsibilities.
As we have previously mentioned, the company should have an independent risk
monitoring system with clear lines of authority. Senior management must know
who within the organization is taking risks. The organization must choose a struc-
ture that is clearly centralized or decentralized. The firm must determine whether
the risk management system will be an integrative, firm-wide, enterprise risk man-
agement system, as opposed to a system in which risks are managed separately.
Finally, the company must establish checks and balances.

• Identify acceptable strategies.
The organization must identify which risks should be acquired, which risks should
be managed, and which risks should be mitigated. It should define the scope of
allowable derivatives activities. It should establish trading limits that apply at the
overall firm level; the level of a division, group, or portfolio; and also the level of an
individual.

• Ensure that personnel are qualified.
Senior management is always responsible for ensuring that personnel have the
knowledge, ability, training, and resources to carry out their duties. Senior manage-
ment will ordinarily focus primarily on senior-level officers and employers, who in
turn are responsible for junior-level employees.

• Ensure that control systems are in place.
Senior management is responsible for ensuring that valuation and
monitoring software, hardware, and personnel are in place. Again,
this system must provide for independent risk monitoring, mean-
ing that the risk manager must be responsible to senior manage-
ment and not to traders. Control systems must specify limits and
restrictions on trading, must be enforceable, must identify how
exceptions to the rules can be handled, and must ensure that mod-
ern risk management techniques are used. Backup systems and
periodic review of the control function must be provided. Senior
management must also ensure that performance is evaluated on a
risk-adjusted basis and that risk takers are compensated in a man-
ner that does not encourage excessive risk taking.

In summary, we see that senior management is as responsible for the risk manage-
ment function of an organization as it is responsible for the quality and safety of the

In carrying out its risk management
responsibilities, senior management must
establish written policies, define roles and
responsibilities, identify acceptable strate-
gies, ensure that personnel are qualified,
and ensure that control systems are in
place. Senior management is not neces-
sarily directly involved in the day-to-day risk
management activities but ultimately bears
responsibility.
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products and services a firm provides. Senior management does not have to be involved
in the day-to-day risk management activities, but it must ensure that capable individuals
are. In short, senior management is ultimately responsible. If anything goes wrong,
senior management is, and should be, blamed.

Summary

This chapter has taken a different look at risk man-
agement from what we saw in the first 15 chapters.
Until now, we have primarily focused on quantitative
analysis of risk management tools such as options,
futures, forwards, and swaps. But quantitative analy-
sis is not all there is to know about managing risk.
There are many qualitative factors that are just as
important.

In this chapter we looked at the risk management
industry and saw how it consists of dealers, end users,
and a number of other firms providing advice in the
areas of law, accounting, software, and general consult-
ing. We examined how an organization structures its
derivatives function, noting that some organizations
have centralized risk management and some have de-
centralized risk management. In some cases, companies
integrate the management of all the risks within an
organization into a single process, called enterprise risk
management.

We also looked at the basic principles underlying the
practice of accounting for derivatives and risk manage-
ment. We saw that derivatives are typically accounted for
using a process called fair value accounting or cash flow
accounting. Derivative transactions that qualify as hedges
are accounted for jointly with the underlying on which
the hedge is based. We looked at how some firms have
suffered tremendous losses using derivatives, and how
these losses have led to the establishment of industry
standards for best practices in risk management. Finally,
we looked at the responsibilities of senior management in
ensuring that the risk management function is effective.

This book has brought you on a tour of the world of
derivatives and risk management. As you no doubt feel,
the subject is a complex one, but you now have the tools
to move on to further study of this fascinating subject.
When the time comes that you execute your first deri-
vatives trade, we hope that you will ask yourself one
simple question: Am I practicing risk management?
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Capital Management and the Legends Behind It.
Chichester, UK: Wiley, 2000.

Fay, S. The Collapse of Barings. New York: W. W.
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Concepts Checks

1. Explain why end users, who conduct their risk
management operations in the treasury depart-
ment, should not require the treasury department
to be a profit center.

2. Distinguish the typical objectives of a dealer en-
gaging in a derivatives transaction from those of
an end user.

3. Identify the two primary types of derivatives
specialists within a dealer organization.

4. Discuss the advantages and disadvantages of a
centralized versus a decentralized risk manage-
ment operation of an end user firm.

5. Explain the difference between centralized and
enterprise risk management.

Questions and Problems

1. Distinguish between the front office and the back
office of a derivatives dealer. Explain why it is im-
portant to keep the front and back offices separate.

2. Explain why the traditional auditing function
cannot serve as the risk management function.

3. Why is hedge accounting used and how can it be
misused?

4. Explain how an organization determines whether
a hedge is sufficiently effective to justify hedge
accounting.

5. Describe the primary differences between ac-
counting for fair value hedges and accounting for
cash flow hedges.

6. Identify the three ways in which U.S. companies
can satisfy the SEC requirement that they dis-
close how they use derivatives to manage risk.

7. Summarize in one sentence how each of the fol-
lowing organizations failed to practice risk
management:
a. Metallgesellschaft
b. Orange County

c. Barings
d. Proctor and Gamble

8. What is the purpose of risk management indus-
try standards?

9. What responsibilities does senior management
assume in a risk management system?

10. What is the most important component of an
effective risk management system?

11. Briefly explain how speculative derivatives
transactions are treated from an accounting
perspective.

12. One responsibility of senior management is to
identify acceptable risk management strategies.
Identify three categories of risk, focusing on
broad classifications and not on specific types of
risks.

13. Identify and discuss five problems with regard to
the application of FAS 133.

14. Suppose that a firm engages in a derivative
transaction that qualifies for fair value hedging.
The firm holds a security and hedges it by selling
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a derivative. During the course of the hedge, the
security increases in value by $20,000, while the
derivative decreases in value by $22,000. Explain
what accounting entries would be done and how
the firm’s earnings and balance sheet would be
affected.

15. Suppose that a firm plans to purchase an asset at
a future date. The forward price of the asset is
$200,000. It hedges that purchase by buying a
forward contract at a price of $205,000. During
the hedging period, the forward contract incurs a
paper loss of $15,000. At the end of the hedge,

the forward contract has lost an accumulated
value of $20,000 and the asset is $20,000 cheaper.
Explain what accounting entries would be done
and how the firm’s earnings and balance sheet
would be affected. What would be different if it
were not an effective hedge?

16. Explain the advantages for senior management
having detailed, written policies for financial risk
management.

17. Define and explain what is meant by indepen-
dent risk monitoring. How can senior manage-
ment improve independent risk monitoring?
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This industry has reinvented itself in the last 30 years more than Madonna.
Richard Sandor
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List of Formulas

Intrinsic Value of American Call

CaðS0,T,XÞ � Maxð0,S0 � XÞ
Maximum Spread of European Calls

ðX2 � X1Þð1þ rÞ�T � CeðS0,T,X1Þ � CeðS0,T,X2Þ
Maximum Spread of American Calls

X2 � X1 � CaðS0,T,X1Þ � CaðS0,T,X2Þ
Lower Bound of European Call

CeðS0,T,X � Max½0,S0 � Xð1þ rÞ�T�
Intrinsic Value of American Put

PaðS0,T,XÞ � Maxð0,X� S0Þ
Maximum Spread of European Puts

ðX2 � X1Þð1þ rÞ�T � PeðS0,T,X2Þ � PeðS0,T,X1Þ
Maximum Spread of American Puts

X2 � X1 � PaðS0,T,X2Þ � PaðS0,T,X1Þ
Lower Bound of European Put

PeðS0,T,XÞ � Max½0,Xð1þ rÞ�T � S0�
Put-Call Parity for American Options

CaðS00,T,XÞ þ Xþ
XN
j¼1

Djð1þ rÞ�tj � S0 þ PaðS00,T,XÞ �

CaðS00,T,XÞ þ Xð1þ rÞ�T

Put-Call Parity for European Options

S0 þ PeðS0,T,XÞ ¼ CeðS0,T,XÞ þ Xð1 þ  rÞ�T

Lower Bound of European Foreign Currency Call

CeðS0,T,XÞ � Max½0,S0ð1þ �Þ�T � Xð1þ rÞ�T�

Lower Bound of European Foreign Currency Put

PeðS0,T,XÞ � Max½0,Xð1þ rÞ�T � S0ð1þ �Þ�T�
Put-Call Parity of Foreign Currency Options

S0ð1þ �Þ�T þ PeðS0,T,XÞ ¼ CeðS0,T,XÞ þ Xð1þ rÞ�T

Stock Prices in Binomial Model

Su  ¼  uS
Sd  ¼  dS
Su2   ¼  u2S
Sd2   ¼  d2S
Sud  ¼  udS

Call Prices in One-Period Binomial Model

Cu  ¼  Max ½0, uS� X�
Cd  ¼  Max ½0, dS� X�
C  ¼  

pCu þ ð1� pÞCd

1þ r

Call Prices in Two-Period Binomial Model

Cu2 ¼ Max ½0, u2S� X�
Cud ¼ Max ½0, udS� X�
Cd2 ¼ Max ½0, d2S� X�

Cu ¼ pCu2 � ð1� pÞCud

1þ r

Cd ¼ pCud þ ð1� pÞCd2

1þ r

C ¼ pCu þ ð1� pÞCd

1þ r

¼ p2Cu2 þ 2pð1� pÞCud þ ð1� pÞ2Cd2

ð1þ rÞ2
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Value of p in Binomial Model

p ¼ 1þ r� d
u� d

Call Prices in n-Period Binomial Model

C ¼
Pn
j¼0

n!
!jðn� jÞ! p

jð1� pÞn�jMax½0, ujdn�jS� X�

ð1þ rÞn

Binomial Probabilities

u ¼ e�
ffiffiffiffiffiffi
T=n

p
, d ¼ 1=u when p ¼ ð1þ r� dÞ=ðu� dÞ

or
u ¼ eðlnð1þrÞ��2=2ÞðT=nÞþ�

ffiffiffiffiffiffi
T=n

p
,

d ¼ eðlnð1þrÞ��2=2ÞðT=nÞ��
ffiffiffiffiffiffi
T=n

p

when p ¼ e�
2ðT=nÞ=2 � e��

ffiffiffiffiffiffi
T=n

p

e�
ffiffiffiffiffiffi
T=n

p
� e��

ffiffiffiffiffiffi
T=n

p

Per Period Risk-Free Rate in Binomial Model

ð1þ rÞT=n � 1

Hedge Ratios in Binomial Model

h ¼ Cu � Cd

uS� dS

hu ¼ Cu2 � Cud

u2S� udS

hd ¼ Cud � Cd2

duS� d2S

Sequence of Hedge Portfolio Values in Binomial Model

V ¼ hS� C
Vu ¼ huS� Cu

Vd ¼ hdS� Cd

Black-Scholes-Merton Call Option Pricing Model

C ¼ S0Nðd1Þ � Xe�rcTNðd2Þ

d1 ¼ lnðS0=XÞ þ ðrc þ �2=2ÞT
�
ffiffiffi
T

p

d2 ¼ d1 � �
ffiffiffi
T

p

Black-Scholes-Merton Put Option Pricing Model

P  ¼  Xe�rcT½1� Nðd2Þ� � S0½1� Nðd1Þ�
Call Delta

Call Delta ¼ Nðd1Þ
Call Gamma

Call Gamma ¼ e�d21=2

S0�
ffiffiffiffiffiffiffiffi
2�T

p

Call Rho

Call Rho ¼ TXe�rcTNðd2Þ
Call Vega

Call Vega ¼ S0
ffiffiffi
T

p
e�d21=2ffiffiffiffiffi
2�

p

Call Theta

Call Theta ¼ � S0�e�d21=2

2
ffiffiffiffiffiffiffiffi
2�T

p � rcXe
�rcTNðd2Þ

Put Delta

Put Delta ¼ Nðd1Þ � 1

Put Gamma

Put Gamma ¼ e�d21=2

S0�
ffiffiffiffiffiffiffiffi
2�T

p

Put Rho

Put Rho ¼ �TXe�rcT½1� Nðd2Þ�
Put Vega

Put Vega ¼ S0
ffiffiffi
T

p
e�d21=2ffiffiffiffiffi
2�

p   

Put Theta

Put Theta ¼ � S0�e�d21=2

2
ffiffiffiffiffiffiffiffi
2�T

p þ rcXe
�rcTð1� Nðd2ÞÞ

Present Value of a Series of Discrete Dividends

XT
j¼1

Djð1þ rÞ�tj

Stock Price Minus Present Value of Dividends

S00 ¼ S0 � Dte
�rct

S00 ¼ S0e
��ct

Sample Estimate of Mean of Continuously Com-
pounded Return

r̄c  ¼
XJ
t¼1

rct=J

Sample Estimate of Variance of Continuously Com-
pounded Return

�2¼
PJ
t¼1

ðrct � r̄cÞ2

J� 1
¼
PJ
t¼1

ðrct Þ2 �
� PJ

t¼1
ðrct Þ
�2
=J

J� 1
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Implied Volatility of At-the-Money Call

^� ≈
C

ð0:398ÞS0
ffiffiffi
T

p

Profit from Call Transaction Held to Expiration

� ¼ NC½Maxð0,ST � XÞ � C�
Profit from Call Transaction Terminated at T1

� ¼ NC½CðST1 ,T� T1,XÞ � C�
Profit from Put Transaction Held to Expiration

� ¼ NP½Maxð0,X� STÞ � P�
Profit from Put Transaction Terminated at T1

� ¼ NP½PðST1 ,T� T1,XÞ � P�
Profit from Stock Transaction

� ¼ NSðST � S0Þ
Ratio of Calls in Riskless Spread

N1

N2
¼ ��2

�1

Price of a Forward/Futures Contract

f tðTÞ ¼ Fð0,TÞ ¼ S0ð1þ rÞT

Value of a Forward Contract

Vtð0,TÞ ¼ St � Fð0,TÞð1þ rÞ�ðT�tÞ

Price of a Futures Contract on Dividend Paying
Asset

f 0ðTÞ ¼ S0ð1þ rÞT � DT ðDiscreteÞ
f 0ðTÞ ¼ S0eðrc��cÞT ðContinuousÞ

Value of a Futures Contract on Dividend Paying
Asset

Vtð0,TÞ ¼ St � Dt,T � Fð0,TÞð1þ rÞ�ðT�tÞ  ðDiscreteÞ
Vtð0,TÞ ¼ Ste��cðT�tÞ � Fð0,TÞe�rcðT�tÞ ðContinuousÞ
Price of a Forward/Futures on Foreign Exchange

Fð0,TÞ ¼ f 0ðTÞ ¼ S0ð1þ rÞT=ð1þ �ÞT

Value of a Forward on Foreign Exchange

Vtð0,TÞ ¼ Stð1þ �Þ�ðT�tÞ � Fð0,TÞð1þ rÞ�ðT�tÞ

Price of a Forward/Futures on Commodity

Fð0,TÞ ¼ f 0ðTÞ ¼ S0ð1þ rÞT þ s

Spot Price under Uncertainty and Risk Neutrality

S0 ¼ EðSTÞ � s� iS0

Spot Price under Uncertainty and Risk Aversion

S0 ¼ EðSTÞ � s� iS0 � Eð�Þ
Cost of Carry Futures Pricing Model

f 0ðTÞ ¼ S0 þ θ

Cost of Carry Futures Pricing Model with Convenience
Yield

f0ðTÞ ¼ S0 þ θ� �

Forward/Futures Put-Call Parity

PeðS0,T,XÞ ¼ CeðS0,T,XÞ þ ðX� f 0ðTÞÞð1þ rÞ�T

Intrinsic Value of American Call on Futures Contract

Caðf 0ðTÞ,T,XÞ � Maxð0,f 0ðTÞ � XÞ
Intrinsic Value of American Put on Futures Contract

Paðf 0ðTÞ,T,XÞ � Maxð0,X� f 0ðTÞÞ
Lower Bound of European Call on Futures Contract

Ceðf 0ðTÞ,T,XÞ � Max½0,ðf0ðTÞ � XÞð1þ rÞ�T�
Lower Bound of European Put on Futures Contract

Peðf 0ðTÞ,T,XÞ � Max½0,ðX� f 0ðTÞÞð1þ rÞ�T�
Black Call Option on Futures Pricing Model

C  ¼  e�rcT½f 0ðTÞNðd1Þ � XNðd2Þ�

d1 ¼ lnðf 0ðTÞ=Xþ ð�2=2ÞT
�
ffiffiffi
T

p

d2 ¼ d1 � �
ffiffiffi
T

p

Black Put Options on Futures Pricing Model

P ¼ Xe�rcT½1� Nðd2Þ� � f 0ðTÞ e�rcT½1� Nðd1Þ�
Implied Repo Rate

^r ¼ f 0ðtÞ
S0

� �1=t

� 1

Invoice Price on U.S. Treasury Futures Contract

Invoice price ¼ ðSettlement price on position dayÞ
ðConversion factorÞ þ Accrued interest

Spot Price for Justifying Exercise of Wild Card Option

B5 < f 3ðCFÞ
Implied Repo on T-Bond or T-Note

^r  ¼ ðCFÞðf 0ðTÞÞ þ AIT þ CI0,T
B0 þ AI0

� �ð1=TÞ
� 1
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Implied Repo Rate on T-Bond or T-Note Spread

^r ¼ ðCFðTÞÞf 0ðTÞ þ AIT þ CIt,T
ðCFðtÞÞf 0ðtÞ þ AIt

� �1=ðT�tÞ
� 1

Implied Repo Rate on Stock Index Futures

^rc ¼ lnðf 0ðTÞ=S0Þ
T

þ �c

Profit on Short Hedge Held to Expiration

� ðshort hedgeÞ ¼ ðST � S0Þ þ ðf 0 � fTÞ
Profit on Long Hedge Held to Expiration

� ðlong hedgeÞ ¼ ðS0 � STÞ þ ðfT � f 0Þ
Basis Today

b0 ¼ S0 � f 0

Basis at Time t

bt ¼ St � f t

Profit on Short Hedge Closed Out Prior to Expiration

� ðshort hedgeÞ ¼ ðSt � S0Þ þ ðf 0 � f tÞ ¼ bt � b0

Profit on Long Hedge Closed Out Prior to Expiration

� ðlong hedgeÞ ¼ ðS0 � StÞ þ ðf t � f 0Þ ¼ b0 � bt

Variance of Profit from Hedge

�2� ¼ �2�S þ �2�fN
2
f þ 2Cov�S �fNf

Minimum Variance Hedge Ratio

Nf ¼ ���s�f

�2�f

¼ ���s,�f
��s

��f

Hedging Effectiveness

e� ¼ �2
�s � �2

Π

�2�s

¼ N�2
f �2�f

�2
�s

¼ �2�s,�f

Modified Duration of Bond

MDB ¼ DURB

1þ yB
� ��B=B

�yB

Modified Duration of Futures Contract

MDf � ��f=f
�yf

Price Sensitivity Hedge Ratio

N�
f ¼ � MDB

MDf

� �
B
f

� �
�y

Stock Index Futures Hedge Ratio

Nf ¼ � �S

�f

� �
S
f

� �

Profit on Intramarket Futures Spread Trade

� ¼ ½ f tð2Þ � f 0ð2Þ� � ½f tð1Þ � f 0ð1Þ�
¼ ½�t,2 � �0,2� � ½ �t,1 � �0,1� ¼ ½�t,2 � �t,1� � ½�0,2 � �0,1�

Profit on Intermarket Futures Spread Trade

� ¼ ½f tðC2Þ � f 0ðC2Þ� � ½f tðC1Þ � f 0ðC1Þ�
¼ ½St,C2 þ �t,C2 � S0,C2 � �0,C2�
�½St,C1 þ �t,C1 � St,C1 � �0,C1�

¼ {½St,C2 � St,C1� � ½S0,C2 � S0,C1�}
þ{½�t,C2 � �t,C1� � ½�0,C2 � �0,C1�}

Futures Contracts Required to Achieve Target
Duration

Nf ¼ MDT �MDB

MDf

� �
B
f

� �

Futures Contracts Required to Achieve Target Beta

Nf ¼ ð�T � �SÞ
S
f

� �

Cash Flow to Floating Rate Receiver in Plain Vanilla
Swap

ðNotion PrincipalÞðLIBOR � fixed rateÞ Days
360 or 365

� �

Price of Eurodollar Zero Coupon Bond

B0ðtiÞ ¼
1

1þ L0ðtiÞ
ti
360

� �
Value at Fixed Rate Bond

VFXRB ¼
Xn
i¼1

R
ti � ti�1

360

� �
 B0ðtiÞ þ B0ðtnÞ

Value of Floating Rate Bond

VFLRB ¼ 1 ðat time 0 or payment dateÞ

¼ 1þ L0ðt1Þðt1=360Þ 
1þ Ltðt1 � tÞðt1 � tÞ=360  ðbetween payment dates 0 and 11Þ

Value of Swap

VS ¼ VFLRB � VFXRB
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Fixed Rate on Interest Rate or Equity Swap

 R ¼ 1
q

� �
1� B0ðtnÞPn
i¼1

B0ðtiÞ

0
B@

1
CA

Payoff of Equity Swap to Receive Fixed, Pay Equity

ðNotional PrincipalÞððFixed rateÞq
�Return on stock over settlement periodÞ

Payoff of Equity Swap to Receive One Stock Index, Pay
Another

ðNotional PrincipalÞðReturn on one stock index
�Return on other stock indexÞ

Value of Equity Swap to Receive Equity, Pay Fixed

St
S0

� �
� BtðtnÞ � Rq Pn

i¼1
ΒtðtiÞ

Payoff to Holder of Long FRA

ðNotion PrincipalÞðLIBOR � agreed upon rateÞ  m
360

� �
Payoff on Long (Receive Floating) FRA (Advanced Set,
Advanced Settle)

ðNotion PrincipalÞ
ðLIBOR � Agreed upon rateÞ m

360
 

1þ LIBOR
m
360

0
B@

1
CA

Fixed rate on FRA

F ¼
1þ L0ðhþmÞ hþm

360

� �

1þ L0ðhÞ h
360

� � � 1

0
BB@

1
CCA 360

m

� �

Value of FRA

VFRA ¼ 1

1þ Lgðh� gÞ ðh� gÞ
360

� �
0
BB@

1
CCA

�
1þ F

m
360

� �
1þ Lgðhþm� gÞ hþm� g

360

� �
0
BB@

1
CCA

VFRA ¼
ðFg � F0Þ m

360

� �
1þ Lgðhþm� gÞ hþm� g

360

� �

Payoff from Interest Rate Call

ðNotion PrincipalÞ  Maxð0,LIBOR � XÞ  m
360

� �� �
Payoff from Interest Rate Put

ðNotion PrincipalÞ  Maxð0,X� LIBORÞ  m
360

� �� �
Interest Rate Option Price (C denotes Black Option
Pricing Model)

Interest rate option price ¼ e�Fðm=365ÞC

Interest Rate Option Contract Price

Contract premium

¼ðNotional PrincipalÞ  days
360

� �
ðInterest rate options priceÞ

Value of Payer Swaption at Expiration

ðNotion PrincipalÞ Maxð0,R � XÞ days
360

� �Xn
i¼1

Β0ðtiÞ

Value of Receiver Swaption at Expiration

ðNotion PrincipalÞMaxð0,X� RÞ days
360

� �Xn
i¼1

Β0ðtiÞ

Number of Shares and Puts to Insure Portfolio

N ¼ V
S0 þ P

Minimum Value of Insured Portfolio

Vmin ¼ XV
S0 þ P

Number of Treasury Bills to Insure Portfolio with Calls
and Treasury Bills

 NB ¼ Vmin

BT

Number of Calls to Insure Portfolio with Calls and
Treasury Bills

NC ¼ ðV� NBBÞ
C

¼ V
S0 þ P

Number of Futures in Dynamic Hedge with Stock
Index Futures

Nf ¼ Vmin

X

� �
Nðd1Þ �

V
S0

� �� �
e�rct

Number of Treasury Bills in Dynamic Hedge

NB ¼ V� NSS0
B
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Number of Shares of Stock in Dynamic Hedge with
Treasury Bills

Nf ¼ Vmin

X

� �
Nðd1Þ

Value of Asset-or-Nothing Option

Oaon ¼ S0Nðd1Þ
Value of Cash-or-Nothing Option

Ocon ¼ e�rcTNðd2Þ
Value of Contingent-Pay Call

Ccp ¼ CeðS0,T,XÞ
e�rcTNðd2Þ

Payoff of Average Price Call

Maxð0,Savg � XÞ
Payoff of Average Price Put

Maxð0,X� SavgÞ
Payoff of 3-Period Average Strike Call

Maxð0,S3 � SavgÞ

Payoff of 3-Period Average Strike Put

Maxð0,Savg � S3Þ
Payoff of 3-Period Lookback Call

Maxð0,S3 � SminÞ
Payoff of 3-Period Lookback Put

Maxð0,Smax � S3Þ
Payoff of 3-Period Fixed-Strike Lookback Call

Maxð0,Smax � XÞ
Payoff of 3-Period Fixed-Strike Lookback Put

Maxð0,X� SminÞ
Value of Equity as Option on Asset

S0 ¼ A0Nðd1Þ � Fe�rcTNðd2Þ
Value of Debt Based on Equity as Option on Asset

B0¼ A0 � ðA0Nðd1Þ � Fe�rcTNðd2ÞÞ
¼ Fe�rcTNðd2Þ þ A0ð1� Nðd1ÞÞ
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A P P END I X C
Solutions to Concept Checks

Chapter 1

1. (Introduction) Business risk is the risk associated
with a particular line of business, whereas finan-
cial risk is the risk associated with stock prices,
exchange rates, interest rates, and commodity
prices. An example would be that a firm might
be in the business of manufacturing furniture.
Business risk would reflect the uncertainty of the
furniture market, whereas financial risk would re-
flect the risk associated with the interest rates that
would impact their borrowing costs. In addition, a
business might also be affected by exchange rates.
Some of the financial risks can also be business
risks. The business risk of a bank, for example, is
highly affected by interest rate and exchange rate
risk.

2. (Introduction) Real assets consist of the tangible
assets of the economy; however, for our purposes
we also define them to include such intangible
assets as management talent, ideas, brand names,
etc. They are distinguished from financial assets,
which are securities. These securities represent
claims on business firms, which own the real as-
sets, or on governments.

3. (Risk Preference) An investor who is risk averse
does not like risk and will not take on additional
risk without the expectation of higher return. Such
an individual will try to get the highest return for
a given amount of risk or the lowest risk for a
given amount of return. An individual who is
risk neutral will simply seek the highest return
without regard to risk.

4. (Return and Risk) Financial markets distinguish
the qualities of stocks and bonds by their prices.

The markets set the price so that the return ex-
pected by investors is appropriate for the level of
risk. In competitive and efficient markets, the ex-
pected return will vary directly with the level of risk.
If one wishes to earn a higher return, it is necessary to
assume more risk. This is the risk-return trade-off.
Investors trade off risk against return.

The risk-return trade-off will also hold in de-
rivative markets. The risk-return trade-off is a
fundamental result of the nature of competition
in the marketplace. Attractive, low-risk invest-
ments will have their prices driven up and this
will lower the expected returns. High-risk invest-
ments will have their prices driven down and this
will result in higher expected returns.

5. (Return and Risk) The expected return consists
of the risk-free rate and a risk premium. The
risk-free rate is the return one expects from in-
vesting money today and, thereby, foregoing the
consumption that could be obtained. A risk pre-
mium is the additional return that one expects to
receive by virtue of assuming risk.

Chapter 2

1. (Options)
a. Homeowners insurance is a put option. In

the event of a loss, the insurance company
pays you a portion of the value of the house.
The rest is like a deductible. The premium
on the put is the insurance premium.

b. The guaranteed tuition arrangement is a call
option granted to you by the school. If you
enroll now, you can “purchase” the education
at a fixed price up through the next four
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years. The premium on the option is the fact
that you have to enroll in this particular
school for your freshman year. Of course you
do not have to exercise the option by con-
tinuing to enroll thereafter.

c. This is not an option because no one has
the opportunity to forego exercise. It is actu-
ally a forward contract. If the lease were
cancelable over the period during which the
rental rate was fixed, it would be a call option.

2. (Exercising an Option) An American option can
be exercised at any time up through the expiration
date. A European option can be exercised only on
the expiration date. An American option is equiv-
alent to a European option with the additional
feature that it can be exercised early.

3. (Listing Requirements) All options of a particular
type—call or put—on a given stock are referred to
as an option class. For example, the Apple calls
are one option class and the Apple puts are an-
other. An option series is all the options of a given
class with the same exercise price and expiration.
For example, the Apple September 175 calls are a
particular series, as are the Apple October 180
puts. In recent years many options have been
listed on more than one exchange. An options ex-
change determines whether options of a particular
stock will be listed on its exchange. The company
itself does not make this decision.

4. (Exercise Prices) The goal when establishing the
exercise prices is to provide options that will
attract trading volume. Most option trading is
concentrated within options in which the stock
price is close to the exercise price. Accordingly,
exchange officials tend to list options in which
the exercise prices surround but are close to the
current stock price. They must use their judgment
as to whether an exercise price is too far above
or below the stock price to generate sufficient
trading volume. If the stock price moves up or
down, new exercise prices close to the stock price
are added.

5. (Market Maker) Market makers use a variety of
techniques to trade options intelligently and prof-
itably. Many look at fundamentals, such as inter-
est rates, economic conditions, and company
performance. Others rely on technical analysis,
which purports to find signals of the direction of
future stock prices in the behavior of past stock
prices. Still others rely simply on intuition and

experience. In addition, market makers tend to
employ different trading styles. Some are scalpers,
who try to buy at the bid and sell at the ask before
the price moves downward or after the price
moves just slightly upward. Scalpers seldom hold
positions for more than a few minutes. In con-
trast, position traders have somewhat longer hold-
ing periods. Many option traders, including some
scalpers and position traders, are also spreaders,
who buy one option and sell another in the hope
of earning small profits at low risk.

Chapter 3

1. (Maximum Value of Call) A call option with zero
exercise price guarantees that at the expiration
date, you will get the stock. Thus, you have the
same claim on the value of the stock at the option
expiration as would a person who already owned
the stock, so the call is equivalent to owning
the stock. Note, however, that we must exclude
the possibility of dividends, because the owner of
the stock would get the dividends during the op-
tion life, while the call option holder would not.

2. (General Arbitrage) The coin tosses are clearly
independent. Thus, in some cases, the first coin
will come up heads and the second tails, resulting
in your earning $10 and paying $5. In some cases,
the first coin will come up tails and the second
heads, resulting your earning $5 and paying $9.
You could make this an arbitrage only be linking
the outcomes so that the $10 and $9 payoffs and
the two $5 payoffs occur on the same outcome.
An obvious way would be to toss a single coin
but that might not be practical. You could possi-
bly link the payoffs to some type of event with two
outcomes, such as whether the stock market goes
up or down in a given period of time. Of course,
you would still have to find two parties who
would accept the odds and payoffs.

3. (Principles of Call Option Pricing) European
call: We know that its price cannot exceed S0 but
must exceed Max(0, S0 � X(1þr)�T). With an
infinite time to expiration, the present value of X
is zero so the lower bound is S0 and, since the
upper bound is S0, the call price must be S0.

American call: We know that its price cannot
exceed S0 but it must be at least as valuable as a
European call. Thus its value must also be S0.
Note that if exercised early it would be worth
only S0 � X so it will never be exercised early.
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4. (Effect of Time to Expiration) Ordinarily the op-
tion with the longer time to expiration would sell
for more. If both options were deep out-of-the-
money, however, they could both sell for essen-
tially nothing. The market would be expecting
that both the shorter- and longer-lived options
will expire out-of-the-money.

5. (Effect of Exercise Price) If both options were
deep out-of-the-money, they might have prices
of zero. As in the previous question, the two op-
tions are expected to expire out-of-the-money.

6. (Entire Chapter) An in-the-money call would
then have a fixed, guaranteed payoff at expiration
and, thus, would be equivalent to a risk-free bond
with that payoff at maturity. An out-of-the-money
call would have no chance of expiring in-the-
money and would, thus, be essentially dead. An
in-the-money put would likewise now have a
fixed, guaranteed payoff at expiration and would
become equivalent to a risk-free bond, and an out-
of-the-money put would have no chance of ex-
piring in-the-money so it would be essentially
dead.

7. (Entire Chapter) This tutorial provides a review
of the entire chapter.

Chapter 4

1. (One-Period Binomial Model) When we price an
option according to its boundary conditions, we
do not find an exact price for the option. We pro-
vide only limits on the maximum and minimum
price of an option or group of options. In the case
of options differing by exercise prices or in the
case of put-call parity, we can price only the rela-
tionship or difference between the option prices.
We cannot price each option individually without
an option pricing model; however, an option pric-
ing model must provide prices that conform to
the boundary conditions. Because boundary con-
dition rules require fewer assumptions, we can say
that they are more generally applicable and are
more likely to hold in practice. They are incom-
plete, however, in the sense that they do not tell us
exactly what the option price should be, which is
what an option pricing model does tell us.

2. (One-Period Binomial Model) A binomial option
pricing model enables us to see the relationship
between the stock price and the call price. The
model shows, in a simple framework, how to con-
struct a riskless portfolio by appropriately weighting

the stock against the option. By noting that the
riskless portfolio should return the risk-free rate,
we can see what the call price must be. We can
also understand the forces that bring the call
option price in line if it is not priced according
to the model. In addition, the model illustrates the
importance of revising the hedge ratio. Finally,
the model is probably the best way to handle the
problem of pricing an American option.

3. (Hedge Portfolio) For a call, a hedge portfolio
will consist of n shares of stock and one short
call. The shares of stock, n, will be a long position
that will reflect the next two possible values of the
call and stock. The call is short because the call
and stock move opposite each other, so a short
position in the call is needed to offset a long posi-
tion in the stock. If the option is a put, a long
position in n shares will be hedged by a long po-
sition in one put. The number of shares, n, is also
a reflection of the next two possible option and
stock values. The put is long because it already
moves opposite to the stock.

4. (Underpriced Call) This means that the option is
trading in the market for a price that is lower than
its theoretical fair value. Consequently, the option
is underpriced. An underpriced option should be
bought. To hedge the position, one should sell n
shares of stock, where n is the hedge ratio as de-
fined in the chapter.

5. (American Puts and Early Exercise) At each
point in the binomial tree, the option price is
computed based on the next two possible prices,
weighted by the appropriate probability values
and discounted back one period. If the option
can be exercised early, we determine its intrinsic
value, i.e., the value it would have if it were exer-
cised at that point. If the intrinsic value is greater,
it replaces the computed value. This is done at all
nodes. Note that it is quite possible that the option
will be exercised at many different nodes.

Chapter 5

1. (BSM Model as the Limit of the Binomial
Model) In a discrete time model, the stock price
can make a jump to only one of two possible val-
ues. The length of time over which the move can
be made is finite. In a continuous time model, the
stock price can jump to an infinite number of
possibilities. The length of time over which the
move can be made is infinitesimal (very, very
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small). The difference between the two models is
perhaps best described as in the text as the differ-
ence between still photos and a movie.

2. (Stock Prices Behave Randomly and Evolve Ac-
cording to a Lognormal Distribution) The fa-
miliar normal or bell-shaped distribution is a
symmetric probability distribution that depends
only on the mean and variance. A lognormal dis-
tribution is skewed, having more extreme right
values. A lognormal distribution, however, is nor-
mal in the logarithm. Thus, if x is lognormally
distributed, its logarithm, lnx, is normally distrib-
uted. With respect to stock prices, the logarithm is
of the rate of return. That is, let (S1 � S0)/S0 be
defined as the return over period 0 to period 1.
Then if it is lognormally distributed, ln(S1/S0) is
normally distributed. Note what appears to be
slight inconsistency: (S1 � S0)/S0 is a percentage
return whereas S1/S0 is 1.0 plus the percentage
return. That does not matter as we can always
shift a normal distribution by adding a constant
such as 1.0 and it does not affect the fact that it is
normally distributed. It just slides it over.

3. (Stock Pays No Dividends) The Black-Scholes-
Merton model assumes no dividends, but actually
this was just for convenience to allow us to start at
the simplest level. If the dividends are appropri-
ately modeled, the Black-Scholes-Merton model
handles stocks with dividends with only the minor
adjustment that we must remove the present value
of the dividends from the stock price before using
it in the model. We can do this by subtracting the
present value of the stream of discrete dividends
over the life of the model or by discounting the
stock price by the dividend yield rate over the life
of the model.

4. (A Nobel Formula) The variables in the binomial
model are S0 (the stock price), X (the exercise
price), r (the discrete risk-free rate), u (one plus
the return on the stock if it goes up), d (one plus
the return on the stock if it goes down) and n, the
number of time periods. The variables in the
Black-Scholes-Merton model are S0 (the stock
price), X (the exercise price), rc (the continuously
compounded risk-free rate), σ (the standard devi-
ation of the continuously compounded return on
the stock) and T (the time to expiration). The
variables S0 and X are the same in both models.
In the binomial model, r is the discrete interest
rate per period. In the Black-Scholes-Merton
model, the interest rate must be expressed in

continuously compounded form. The annual dis-
crete interest rate (r) is related to the annual con-
tinuously compounded rate (rc) by the formula,
rc ¼ ln(1 þ r). Then the binomial rate per period
is found as (1 þ r)T/n � 1. The up and down
factors in the binomial model are directly related
to σ in the Black-Scholes-Merton model by the
formula u ¼ eσ

ffiffiffiffiffiffi
T=n

p
� 1 and d ¼ (1/(1 þ u)) � 1.

The time to expiration (T) in the Black-Scholes-
Merton model is related to the length of each
binomial period by the relationship T/n where n is
the number of periods. Thus, all of the Black-
Scholes-Merton variables are either equal to or
directly convertible to binomial variables.

5. (Volatility or Standard Deviation) The variance
or standard deviation, sometimes called the vola-
tility, is the most critical variable for two reasons:
(1) it is the only variable that is not directly
observable and, thus, it must be estimated, and
(2) the model is particularly sensitive to the esti-
mate of volatility.

Chapter 6

1. (Different Holding Periods) When a call is pur-
chased, the buyer pays for both the time value and
the intrinsic value of the option. As the call gets
closer and closer to expiration, it will lose its time
value. At expiration of the call, the holder collects
only the intrinsic value. By selling the call prior to
expiration, the holder is able to recover some of
the time value previously purchased. For a given
stock price, this increases the profit or decreases the
loss; however, the shorter the holding period, the less
time the stock price has to move upward. The trade-
off in deciding whether to sell an option early is be-
tween cutting the loss of time value and giving the
stock enough time to make a substantial move.

2. (Buy a Call) The call with a higher exercise price
will be far more speculative, because the stock
price must go higher in order to break even; how-
ever, the premium on such a call will be lower. A
call with a lower exercise price will have a greater
chance of expiring in-the-money; however, the
premium will be higher. The tradeoff is between
taking a gamble on the call with a higher exercise
price at the cost of a small premium or buying the
safer call with a lower exercise price at the cost of
a larger premium.

3. (Puts and Stock: The Protective Put) A protec-
tive put establishes a minimum price at which a
stock can be sold. In a bear market, the stock will
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lose value that can be recovered by exercising the
put. This makes the put like an insurance policy
that pays off in the event of a loss. The premium
on the put is like the premium on the insurance
policy. If the price of the stock goes up, the insur-
ance is not needed, so the put is allowed to expire.

4. (Puts and Stock: The Protective Put) The higher
the exercise price, the higher the price at which
the stock can be sold. This reduces the overall
loss in a bear market, but, of course, will require
a higher premium. It is, therefore, like taking a
lower deductible in an insurance policy. By forc-
ing the insurer (the put writer) to assume more of
the potential loss, the cost of the insurance (the
put premium) rises.

5. (Call (Put) Option Transactions) Both strategies
are indeed bullish. Buying a call gives you the op-
tion to buy the stock at a favorable price. Writing
a put, on the other hand, gives you the obligation
to buy the stock at what might be an unfavorable
price. Both the call buyer and put writer will profit
in a bull market, but the call buyer will do better
in a strong bull market because the profit will be
higher the higher the stock price. The put writer’s
profit is limited to the original premium received.
In a bear market, the call buyer will have limited
losses while the put writer will lose more the
lower the stock price. All of this makes it sound
as though the call buyer does better than the
put writer, but this is not necessarily so. The call
buyer is paying a premium while the put writer
is receiving a premium. The put writer earns
interest on the premium while the call buyer
forgoes interest.

Chapter 7

1. (Option Spreads: Basic Concepts) Simple long or
short positions expose the trader to considerable
risk. This is especially true for short positions. By
taking an opposite position in another option, i.e.,
executing a spread, the trader is able to keep the
risk to a more manageable level. Combined posi-
tions of options and stocks do the same thing—the
option serves as a hedge for the stock or the stock
serves as a hedge for the option. A position in
both options and stocks, however, is harder to ex-
ecute since the options and stock trade in different
markets. This results in time delays in getting the
trades executed. On the other hand, a spread can
be executed much faster, with both transactions
done almost simultaneously in the same market.

2. (Bull Spreads) Since the stock price is closer to
the higher exercise price than to the lower exercise
price, the short call at the higher exercise price has
the greater time value. Therefore, holding the
position longer could result in a greater time value
decay on the short call than on the long call. This
will occur only, however, if the stock price does
not move down. The cross-over point indicated
in Figure 7.2 in the chapter is a critical stock price
below which the shorter holding period is pre-
ferred. If it appears as if the stock price will fall
below the cross-over stock price, the position
should be closed as soon as possible, but only if
the stock price is not expected to turn back
around before the options expire.

3. (Spreads) Both a straddle and a time spread can
be used in this situation. A straddle consisting of
the purchase of a put and a call with identical
exercise prices and expirations would profit if
the stock price moved substantially in either di-
rection. A time spread consisting of the sale of a
longer-term option and the purchase of a shorter-
term option would also profit if the stock price
moved significantly in either direction. This is be-
cause a large stock price move will allow repur-
chase of the longer-term option when it has little
time value remaining. Note that this example is
the opposite of the one discussed in the text.
Also, a butterfly spread that is short the high
and low exercise prices and long two of the mid-
dle exercise price could be used in this situation,
but it would have limited gains if the stock price
moved substantially.

4. (Collar) A protective put provides insurance
against a drop in the stock price below the put
exercise price. The put has a cost that can be offset
by selling a call. The call exercise price will be
above the put exercise price. This forces the inves-
tor to be willing to give up gains in the stock be-
yond the call exercise price. Thus, the stock
effectively has a lower limit on its value, which is
the exercise price of the put, and an upper limit
on its value, which is the exercise price of the call
effectively creating a collar.

5. (Straddle) First, note that the graph for a short
straddle held to expiration is an inverted V. If
closed out prior to expiration, a short straddle
(which involves the sale of both a put and a call)
will require the repurchase of both options. This
means that prior to expiration, there will be time
values on both the put and the call that will have

612 Appendix C Solutions to Concept Checks



to be repurchased. These time values are highest if
the stock price is close to the exercise price. So the
profit if the stock price is near the exercise price is
lower the shorter the holding period. The longer
the investor can hold the position, the less time
value that remains on the options; however, this
also gives the stock more time to move substan-
tially and potentially generate a large loss.

Chapter 8

1. (Introduction) A forward contract obligates the
holder of the long position to purchase the com-
modity at a future date. A call option grants the
holder of the call the right but not the obligation
to purchase the commodity at a future date. A put
option grants the holder of the put the right but
not the obligation to sell the commodity at a fu-
ture date. A call is more like a forward contract
than a put because long positions in the two con-
tracts are bullish. The holder of the forward con-
tract, however, is obligated to buy the good at the
future date. The holder of the call can simply let
the option expire if the market price of the com-
modity is less than the exercise price. A call holder
pays a premium for the right to not exercise. The
holder of a long forward contract does not pay a
premium and gives up the right to not exercise.

2. (Organized Futures Trading) While both for-
ward and futures contracts are agreements to pur-
chase a good at a future date, a futures contract
provides liquidity by having a central marketplace
and standardized contract terms. This allows
holders of futures contracts to sell them in the
market at any time prior to expiration. Futures
trading is governed by the formal regulations of
the futures exchange. Most important, the losses
incurred by futures traders are guaranteed by the
clearinghouse, which requires the daily settlement
of gains and losses. That is, the holders of profit-
able contracts do not have to worry about whether
their gains will be paid by the holders of losing
contracts. Forward contracts, however, are subject
to default risk. Forward contracts can be tailored
to the unique needs of firms. For example, a firm
may need to execute a hedge in which the expira-
tion is a specific date. Futures contracts expire
only on certain dates, which may not fit the needs
of the firm.

3. (Development of Options on Futures Markets)
In an option on a futures contract, the underlying
is a futures contract. Thus, if the holder exercises

a call option on a futures it creates a long position
in an futures contract, and if the holder exercises a
put option on a futures it creates a short position
in a futures contract. As in options on assets,
an option on a futures requires that the buyer
pay the premium up front. There are two expira-
tions, the expiration of the option and the expira-
tion of the underlying futures, though for some
contracts, these expirations are the same. In that
case, exercise of the option on the futures creates
a futures contract that immediately expires,
thereby turning into the spot asset and making
the option on the futures the same as an option
on the asset.

4. (Daily Settlement) A: 1,000 OL: 4,200 S: �5,200

A OL S Change in Open
Interest

(a) 500 4,700 �5,200 none

(b) 1,700 3,500 �5,200 none

(c) 1,200 4,200 �5,400 increase by 200

(d) 200 4,200 4,400 decrease by 800

If A trades with OL, one or the other is merely
offsetting and, thus, open interest does not
change. If A trades with the shorts, both are re-
ducing or increasing their positions so open inter-
est changes. In other words, if traders trade with
others who hold the same positions, open interest
will not change. If they trade with those holding
opposite positions, open interest will change.

5. (Organized Futures Trading)
a. A centralized trading facility. The exchange is a

formal market place for trading the contracts.
b. Standardized terms. This establishes that

certain contracts are identical and, thus, are
perfect substitutes for each other.

c. Rules. The exchange establishes rules and
regulations that permit trading to transpire in
an orderly manner.

d. Clearinghouse. The clearinghouse associated
with the exchange provides a guarantee that
each party to the contract will perform as
expected. The clearinghouse also provides
the bookkeeping system that keeps track of
the transactions and the margin deposits.

e. Contract development. The exchange contin-
uously monitors economic conditions and
develops new contracts designed to meet the
changing needs of hedgers and speculators.

Appendix C Solutions to Concept Checks 613



Chapter 9

1. (Value of a Forward/Futures Contract) Other
than the insignificant margin requirement, a fu-
tures contract requires no initial outlay of funds.
Immediately after buying the contract and before
the price changes, the holder of the contract can-
not receive anything for selling it. Since you can-
not receive anything for it, it has no value. The
spot commodity, however, requires payment and
it can be resold immediately for cash. Thus, it has
value equal to whatever price it will fetch in the
market, the current spot price. This result applies
equally to a forward contract.

2. (Concept of Price Versus Value) The spot price
is affected by the cost of carry and the risk pre-
mium. The cost of carry is the cost of storing an
asset plus the interest forgone by investing funds
in the asset. The storage costs include the actual
direct physical costs of storage. The risk premium
is the amount by which the expected future price
is discounted to compensate the person holding
the asset for assuming the risk.

3. (Forward/Futures Pricing Revisited) When there
is a negative cost of carry, we usually find an ex-
planation in the form of a convenience yield. The
idea behind it is that spot prices are unusually
high, owing to a greater shortage of the good
now than is expected in the future. Thus, there
is a “premium” paid to owners of the good, which
is called the convenience yield. It is simply an un-
usually high spot price that rewards holders of the
good and discourages storage. Convenience yields
are likely to exist on goods with harvests that pro-
duce random output and goods that are con-
sumed. In addition, the goods should be storable.
They are unlikely to be found on stocks and bonds
because their future supplies are fairly well known
and they are not really “consumed,” though in a
minor sense bonds are.

4. (Forward/Futures Pricing Revisited) Contango is
a market in which the futures price exceeds the
spot price. The cost of carry is the difference be-
tween the futures price and the spot price. It is
positive in a contango market. In contrast, back-
wardation is a market in which the futures price is
less than the spot price. In that case, the cost of
carry is negative. A negative cost of carry is usu-
ally explained by justifying a convenience yield. In
such a market, the spot price is abnormally high
as a result of a shortage of the good. The negative
cost of carry is a disincentive to store the good.

The convenience yield refers to the premium in
the spot price that reflects the attractiveness of
owning the commodity at a time when it is in
short supply.

5. (Commodities and Storage Costs) The futures
price is the expected spot price of wheat in De-
cember. Therefore, traders expect the spot price of
wheat in December to be $3.64.

Chapter 10

1. (Carry Arbitrage and the Implied Repo Rate) A
repurchase agreement (repo) is a type of loan in
which the borrower sells a security such as a T-bill
with the agreement to buy the security back at a
later date. The security serves as a form of collat-
eral. The difference between the price at which the
investor purchases the security and the price at
which the investor sells it reflects the rate of inter-
est. Most repurchase agreements are short term,
frequently for an overnight period; however,
some repos are for as long as two weeks. In pric-
ing futures, the repo represents the cost of financ-
ing the spot position. The repo rate implied by the
relationship between the futures and spot prices is
the implied repo rate. If the implied repo rate ex-
ceeds the actual rate on repo financing, the cash-
and-carry transaction should be done. Otherwise
the reverse transaction should be done. Of course,
transaction costs must be covered.

2. (Stock Index Arbitrage) There are several factors
that make stock index futures arbitrage difficult.
Transaction costs always interfere with the oppor-
tunity to earn an arbitrage profit, and since frac-
tional contracts cannot be traded, the arbitrage is
only approximate. By far, however, the most diffi-
cult part of the transaction is simultaneously buy-
ing or selling all of the stocks in the index and the
futures contract. Also, at expiration, the arbitra-
geur must simultaneously reverse the original
transaction by selling or buying the stocks in the
index.

3. (Stock Index Arbitrage) Program trading is the
rapid execution of a large number of stock transac-
tions, usually in connection with a transaction
such as index arbitrage. All of the shares must
be bought or sold simultaneously. It is controver-
sial because if many large investors execute similar
program trades at the same time, the prices of the
securities could move quite substantially. Thus,
many people believe that program trading can
increase volatility. The opposing view, however, is
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that such trading makes the market more efficient
by bringing prices rapidly to their true values.

4. (Carry Arbitrage and the Implied Repo Rate)
Based on carry arbitrage, the futures-spot price
relationship is

f0(T) ¼ S0 þ θ.

Assuming no significant storage cost; the cost of
carry, θ, is strictly the interest, iS0. Now the im-
plicit interest cost is

θ ¼ f0(T) � S0.

Thus, θ is the implied cost of financing expressed
in dollars, iS0. Suppose we express it as a percent-
age of the spot price, θ/S0, results in just i. We
denote this implied i as r^ for the purpose of com-
paring it to the actual riskless interest rate. There-
fore, r^ is the implied repo rate. If the cost of
financing the position—the actual repo rate—is
less than the implied repo rate, the arbitrage will
be profitable.

5. (Determining the Cheapest-to-Deliver Bond on
the Treasury Bond Futures Contract) The Trea-
sury bond contract is based on the assumption
that the underlying bond has a 6 percent coupon
rate and a maturity or call date of not less than
15 years. Since the contract assumes delivery of a
bond with a 6 percent coupon, the delivery of
a bond with coupon other than 6 percent would
have a different market value. Therefore, an ad-
justment is necessary in the invoice price. The ad-
justment is based on the CBOT’s conversion factor
system. The conversion factor is defined for each
eligible bond for a given contract. The conversion
factor is the price of a bond with a face value of $1,
coupon and maturity equal to that of the deliver-
able bond, and yield of 6 percent. The maturity is
defined as the maturity of the bond on the first
day of the futures contract delivery month.

Chapter 11

1. (Short Hedge and Long Hedge) The terms short
and long refer to the position taken in the futures
contract. A short (long) hedge means that you are
short (long) futures. Since a hedge implies oppo-
site positions in the spot and futures markets, a
short (long) hedge means that you are long (short)
in the spot market.

2. (The Basis)
a. The basis is defined as the difference between

the spot price and the futures price.

b. At expiration, the spot price must equal the
futures price, give or take a small differential
for transaction costs. Therefore, over the life
of the contract, the spot and futures prices
will converge and the basis will go to zero
at expiration.

c. The basis is the difference between the spot
price and the futures price. If the basis is
positive and strengthens, the spot price
increases more or decreases less than the fu-
tures price (or the spot price goes up and the
futures price goes down). Since a short hedge
is long the spot and short the futures, this
is beneficial. Since the long hedge is long
the futures and short the spot, this hurts
the long hedge.

3. (Contract Choice) The most important factor
is to have a strong correlation between the spot
and futures prices. It is also important that the
futures contract have sufficient liquidity. If the
contract is not very liquid, then the hedger
may be unable to close the position at the ap-
propriate time without making a significant price
concession. This weakens the effectiveness of the
hedge by making the futures price less dependent
on the spot market and the normal cost-of-carry
relationship between the two markets. In addi-
tion, the contract should be correctly priced or
at least priced in favor of the hedger. For exam-
ple, a short (long) hedger would not want to sell
(buy) a futures contract that was underpriced
(overpriced) as this would reduce the hedging
effectiveness.

4. (Contract Choice) The rule of thumb is that the
contract chosen should expire as soon as possible
after the hedge termination date but not during
the month of the hedge termination date. This is
because there is sometimes unusual price behavior
in the expiration month resulting from a possible
shortage of the deliverable good. If the contract
expires before the hedge is terminated, the hedger
will have to roll the contract into the next expira-
tion. This would incur additional transaction
costs. The appropriate expirations are
a. September
b. March of the next year
c. March of the current year
d. September

5. (Why Hedge?) One reason firms hedge is because
they can do it more effectively than their share-
holders. They are better able to assess the risks,
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and they have lower transaction costs. Of course,
this does not address the question of why the
shareholders would want to hedge in the first
place, but this may be because they want to find
a more acceptable combination of risk and return.
Firms also hedge for tax advantages, to reduce the
probability of bankruptcy (which has many costs
associated with it), and also because the managers
are hedging to protect their own wealth, which is
tied so closely to that of the firm.

Chapter 12

1. (Introduction) Interest rate swaps are more
widely used than currency and equity swaps, be-
cause nearly all businesses face some form of in-
terest rate risk. Interest rate swaps are the primary
means of managing that risk. Some businesses
face currency risk and a few face equity risk, but
there is virtually no business that does not assume
some form of interest rate risk.

2. (Structure of a Typical Currency Swap) Notional
principal is often exchanged in a currency swap,
because the amounts are in different currencies.
These amounts are equivalent at the start of the
swap but not likely to be equivalent at the end of
the swap. In an interest rate or equity swap, the
notional principal is in the same currency, so it
would serve no purpose to exchange it. It would
be an exchange of equal amounts at the beginning
and end of the swap.

3. (Pricing and Valuation of Interest Rate Swaps)
a. In an interest rate swap, the party paying fixed

and receiving floating has a position equiva-
lent to issuing a fixed-rate bond (and, thus,
paying interest at a fixed rate) and using the
proceeds to buy a floating-rate bond (and,
thus, receiving interest at a floating rate). A
similar but opposite argument can be used for
the counterparty.

(Pricing and Valuation of Currency Rate Swaps)
b. In a currency swap, the party making

payments in currency A and receiving pay-
ments in currency B has a position equivalent
to issuing a bond in currency A and using the
proceeds to buy a bond in currency B. A
similar but opposite argument can be used
for the counterparty.

4. (Pricing and Valuation of Interest Rate Swaps)
Swaps are similar to forward contracts in that they
involve the commitment to make a fixed payment
and receive a floating payment at a future date.

While a forward contract is a single payment, a
swap is a series of payments. Thus, a swap is like
a series of forward contracts. Both swaps and for-
ward contracts require no up-front payments, and
both are subject to default risk. There are some
differences, however, in that in a swap both sides
of the first payment are known. Also, for a swap,
all of the fixed payments are the same, whereas in
a series of forward contracts, each contract would
be priced separately and would have different
fixed rates.

5. (Some Final Words about Swaps) There are sev-
eral ways to terminate a swap. A party can go
back to the counterparty and ask for an offsetting
swap. The parties effectively create the opposite
swap. They then hold opposite positions to each
other. They can keep the two swaps in place with
each making their series of payments, but there
will be credit risk. Alternatively, the parties can
cancel the two swaps, with the party owing the
greater amount making a cash payment of the
net amount owed on the two swaps to the other
party. If this method is used, the parties simply
agree to accept whatever terms exist in the market
at the time the opposite swap is put in place.
Another means of canceling the swap is for one
party to have already entered into either a forward
contract or an option on a swap of the opposite
position. This arrangement permits establishment
of the terms of the offsetting swap before that
swap is needed.

Chapter 13

1. (Structure and Use of a Typical FRA) Most in-
terest rate derivatives, specifically swaps and op-
tions, pay off later than the expiration or
settlement date. For example, at the expiration of
an interest rate option, the underlying interest rate
is compared to the exercise rate. If the option is
in-the-money, it pays off but at a later date. If
the underlying rate is, for example, the rate on a
90-day Eurodollar, the payoff will typically occur
ninety days later. This arrangement is in keeping
with the fact that on a given day, the 90-day Eu-
rodollar rate as of that date implies an interest
payment that will be made ninety days later. A
similar procedure occurs on the settlement dates
of a swap. On an FRA, however, the payoff typi-
cally occurs on the expiration date. The amount
paid, however, is then discounted to reflect the
deferred payment.
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2. (Structure and Use of a Typical FRA) FRAs are
essentially (plain vanilla interest rate) swaps with
a single payment. Most swaps have multiple pay-
ments. The first floating payment in a swap is
known, however, whereas in an FRA the first
floating payment is not known. It will be deter-
mined on the expiration date.

3. (Interest Rate Option Strategies) An interest rate
option requires that you pay a premium up front.
Take an interest rate call, for example. When the
option expires, you decide whether to exercise it.
In effect, you have the right to receive a floating
interest rate and pay a fixed interest rate. You
would choose to do that if the floating interest
rate were higher. The actual payment you receive
occurs at a later date. With an FRA you pay noth-
ing up front, but agree that on the expiration date
you will make an interest payment at a predeter-
mined fixed interest rate and receive an interest
payment at a floating rate. A financial manager
might want to buy an interest rate call or FRA
to protect against a future interest rate increase.
In the case of the interest rate call, the manager
can still benefit if rates go down, but that comes at
the expense of having to pay a premium up front.
With an FRA, the manager will gain if rates go up
and lose if rates go down, but pays no up-front
premium. So the manager saves the up-front pre-
mium by giving up the right to gain if rates fall.

4. (Interest Rate Option Strategies) First, let us
consider only a single call option in the cap and
put option in the floor. A long interest rate call
and short interest rate put can be equivalent to a
single payment in swap to pay fixed and receive
floating. The long call pays off Max(0,LIBOR � X)
and the short put pays off �Max(0,X � LIBOR).
This means that the combination will pay off
LIBOR � X in all cases (i.e., LIBOR � X on the
call and 0 on the put if LIBOR > X or 0 on the
call and �(X � LIBOR) on the put if LIBOR �
X). If the exercise rate, X, is chosen to be the swap
rate, then this combination pays off the same as a
single payment in a swap. To replicate the series
of payments in a swap, one would need a cap,
which is made up of a series of interest rate calls,
and a floor, which is made up of a series of inter-
est rate puts.

5. (Interest Rate Caps, Floors, and Collars) An in-
terest rate cap provides protection against in-
creases in the interest rate over the exercise rate
at the expense of having to pay cash up front.
By combining a short position in an interest rate

floor, you obtain an interest rate collar, which will
provide the same protection, but the firm can pay
for it in a different way. When a party buys an
interest rate floor, it obtains protection if rates
fall below the floor exercise rate. By selling a floor,
a firm receives a premium up front as compensa-
tion for the possibility that it will have to make
payments to the floor holder if rates fall below
the floor exercise rate. Thus, if the buyer of a
cap sells a floor with a lower exercise rate, the
payment received up front from the floor can off-
set the payment made for the cap. The disadvan-
tage of a collar is that the gains from falling
interest rates below the lower strike are forgone.
Typically, the exercise rate on the floor is set such
that the floor premium precisely offsets the cap
premium.

Chapter 14

1. (Portfolio Insurance) Insuring a portfolio using
stock and puts is the ideal approach. You simply
buy the appropriate put and hold the position un-
til the put expiration. The put will protect against
a drop in the price below the exercise price. An
equivalent result can be achieved by replicating
the put through dynamic trading of stock index
futures. This type of transaction will only work,
however, if the stock price changes are small and
the position is revised often. Thus, it is easier to
do the transaction with a put—no adjustments to
the position are needed. In practice, however, puts
are seldom available with the terms and condi-
tions needed or the puts that are available are
not sufficiently liquid.

2. (Structured Notes) Most structured notes are tai-
lored, i.e., structured, to the specific needs of an
investor. A portfolio manager whose portfolio is
exposed to loss from falling interest rates over
the holding period might purchase an inverse
floating-rate note as a type of hedge. If interest
rates decrease, the inverse floater will gain, thereby
offsetting some or all of the loss on the rest of the
portfolio. Of course, the inverse floater will lose if
rates rise, thereby offsetting some or all of the gain
on the rest of the portfolio.

3. (Mortgage-Backed Securities) In an interest-only
mortgage strip, as in any instrument, the value of
the instrument will be related to interest rates. The
strip is a claim on a series of future fixed interest
payments. Consequently, its value will fluctuate as
interest rates fluctuate, decreasing with rising in-
terest rates and increasing with falling interest
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rates. The magnitude of the stream of interest
payments will vary, however, as homeowners
choose to pay off their mortgages early. This typi-
cally occurs with falling interest rates. Conse-
quently, the gains from the effects of falling rates
are partially offset by the fact that the stream of
future payments can abruptly cease. This makes
the value of the strip quite volatile; prepayments
can terminate the stream. In the example in the
book, we looked at only a single underlying mort-
gage. In practice, mortgage strips are based on
portfolios of underlying mortgages, not all of
which prepay at the same time but all of which
have the tendency to prepay faster as rates fall.
Thus, there are two factors that determine the
value of IO strips: one is the effect of discounting
and the other is the prepayment effect.

4. (Path-Dependent Options) A path-independent
option is one in which the value is determined
only by the value of the underlying at the option’s
expiration. This contrasts to the path-dependent
option, in which the value of the option can be
affected by how the underlying arrived at its value
at the option expiration. An American option,
which can be exercised early, is a path-dependent
option, whereas a European option, which pays
off based only on the expiration value of the asset,
is a path-independent option. Other examples of
path-dependent options include Asian options,
which pay off based on the average underlying
price on its way to expiration, lookback options,
which pay off based on the high or low price of
the underlying during the option’s life, and barrier
options, which can terminate or activate based on
the underlying price hitting a specific level during
the option’s life.

5. (Path-Dependent Options) There are a variety of
possible situations. Barrier options do not pay off
in some states in which ordinary options pay off.
Thus, any situation in which an investor thinks a
particular state highly unlikely is a candidate for
using a barrier option. Another good example is
an up-and-out put. An investor might buy a put
for downside protection. If the asset price rises,
the investor may feel the put is no longer needed.
An ordinary put could be sold, but it would be
cheaper to have simply bought an up-and-out
put in the first place. The investor runs the risk
that the asset, having risen sharply, then falls
sharply. The investor would then be stuck without
the put protection, but the willingness to bear that
risk is what makes the up-and-out put cheaper

than the ordinary put. Similarly, a down-and-out
call will terminate if the underlying asset price
falls to the barrier. An investor using such an op-
tion would be saying that he/she is willing to bear
the risk of the asset price falling, the call knocking
out, and then the asset price rising and missing
out on a potentially positive payoff at expiration.
This makes the down-and-out call cheaper in the
first place. Numerous other examples could be
constructed, but all should be based on the notion
that a barrier option will not pay off in some
states in which an ordinary option would pay
off. If investors are willing to bear the risk of those
states occurring, then the barrier option will be
more appropriate.

Chapter 15

1. (Benefits of Risk Management) Hedging is a
strategy designed to reduce risk. Risk management
encompasses hedging, but goes beyond. It consists
of identifying the appropriate level of risk that a
firm should have, determining the level of risk
that a firm currently has, and adjusting the actual
level of risk to the desired level of risk. Obviously,
in some situations, this will involve increasing the
firm’s risk. Risk management is also an ongoing
process in which monitoring a firm’s risk and
making appropriate adjustments continually keep
the firm at its desired level of risk.

2. (Benefits of Risk Management) Risk manage-
ment can be beneficial to shareholders because
firms can adjust risk levels better than their share-
holders, tax advantages can accrue because of the
progressive tax structure, bankruptcy costs can be
avoided, the underinvestment problem (wherein
firms in near-bankruptcy avoid taking on value-
creating projects because the benefits go to the
bondholders) can be avoided, and risk manage-
ment can help firms be sure that sufficient cash
is available to fund investments.

3. (Managing Market Risk) Market risk is associ-
ated with movements in interest rates, exchange
rates, commodity prices and stock prices. Credit
risk is the risk associated with having a counter-
party fail to pay off. Market risk and credit risk are
typically managed separately and require different
techniques. Market risk is managed by looking at
deltas, gammas, vegas, VAR, etc. Credit risk is
typically managed by monitoring the extent of
activity with a given party and by using credit
enhancements like collateral and marking-
to-market. Market risk and credit risk can be
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related, such as when your counterparty to a swap
is in financial trouble but you owe it more than it
owes you, in which case you have no credit risk.

4. (Credit Derivatives) The three participants are the
credit derivative buyer, the credit derivative seller,
and the reference entity. The buyer starts with some
type of credit exposure to the reference entity. That
is, the buyer might be a bank or investor who has
extended credit to the reference entity through a
loan or bond. To eliminate the credit risk, it engages
in a credit derivatives transaction with the credit
derivatives seller. The seller thereby assumes the
credit risk of the reference entity and compensates
the buyer if a credit loss occurs. In return the seller
receives compensation, which differs depending on
the type of credit derivative.

5. (Delta Hedging) The portfolio might contain
gamma and vega risk, the former being the risk
of delta changing and the latter being the risk of
the volatility changing. Eurodollar futures do not
have gammas or vegas, so the addition of them in
order to delta hedge does nothing to the gamma
or vega. These risks can be hedged only by adding
offsetting positions in instruments that have gam-
mas and vegas.

In addition, the portfolio might have credit
risk. Eurodollar futures do not have credit risk,
but they also do not assist in managing credit risk.

Chapter 16

1. (End Users) Treasury departments typically man-
age the cash of a company. They borrow and invest
money and generally ensure that the company has
the cash it needs in the right place at the right time,
but that it does not let its cash sit idle. Treasury
departments often use derivatives to manage the
risk associated with this activity. Normally, the
treasury department is a cost center, generally in-
curring costs but not attempting to generate reven-
ues that cover its costs. It simply provides support
services. If a treasury is operated as a profit center, it
would probably have to speculate in the financial
markets, and that would entail trading derivatives
to attempt to earn a profit. So the treasury depart-
ment would probably need to speculate by trading
derivatives with the objective of making a profit,
rather than managing risk.

2. (Dealers) The objective of a derivatives dealer is
to provide liquidity services to end users. A dealer
stands ready to take either side of a transaction
(buying or selling). It then hedges the risk it

assumes by engaging in other transactions that
pass the risk on to other parties. An end user typ-
ically faces some type of risk and seeks out a
dealer with whom it can trade to pass on that
risk. Neither party wants to assume the risk, but
dealers stand ready to take either side of a trans-
action, while an end user has a specific transaction
it needs to do to eliminate the risk.

3. (Dealers) Within a derivatives dealer operation,
the two primary types of specialists are traders
and sales personnel. The former engage in the de-
rivatives transactions that provide risk manage-
ment services to customers and lay off the
dealer’s risks. The latter call on customers to sell
the company’s risk management services.

4. (End Users) In a decentralized risk management
operation, risk is managed at the micro level. A
particular department, group, or division that faces
some risk will manage that risk within its own area.
In a centralized risk management system, all of the
risk of an organization is managed within a single
risk management department, group, or division
typically located near the top of the organization.
A decentralized system has the advantage of hav-
ing the risk managed at the level at which it is in-
curred, which can result in more effective risk
management, because the individuals have more
expertise about the risk. But decentralized risk
management results in duplication of efforts. In
addition, some risks within a company might off-
set if managed at a consolidated level. A centralized
system can result in significant savings and also
provides for the use of risk management special-
ists. It also has the benefit that the company can get
a single, overall look at its risk.

5. (Organizing the Risk Management Function in
a Company) Typically, a centralized risk manage-
ment system manages only a limited number of
risks, usually those associated with financial mar-
kets. But a company faces many types of risks. Its
products may fail, its reputation may be tarnished,
its employees may be injured. These risks are nor-
mally managed by insurance and by efforts to
avoid the loss (e.g., safety programs for employ-
ees) or loss minimization efforts (e.g., sprinkler
systems to reduce fire losses). An enterprise risk
management system brings the management of
these risks under the same area as the manage-
ment of financial risks. As a result, there can be
significant savings and the benefit of being able to
get a better overall picture of the company’s risk.
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Glossary

Accounting risk (15) The risk associated with im-
proper accounting treatment for a transaction, which
may arise when accounting procedures and rulings
change or have not yet been established.

Accreting swap A swap in which the notional principal
increases through time. See also Index amortizing swap.

Accrued interest The amount of interest accumu-
lated on a bond since its last coupon payment date.

Against actuals (8) See Exchange for physicals.

All or none order (2) An order to purchase or sell a
security or derivative in which the broker is instructed
to fill the entire order or not fill any of the order.

All or none, same price order (2) An order to pur-
chase or sell a security or derivative in which the broker
is instructed to fill the entire order at the same price or
not fill any of the order.

Alternative currency option An option in which the
payoff is a function of the performance of two or more
currencies. The holder has the right to decide which
currency will be compared with the exercise price to
determine the payoff.

Alternative option (14) An option involving more
than one underlying asset whose payoff is determined
by either the better performing (max) of the two assets
or the worse performing (min) of the two assets. The
rate of return of the better or worse performing of the
two assets is compared to the exercise rate.

American option An option that can be exercised on
any day during its life.

Amortizing swap See Index amortizing swap.

Analytical method (15) A method for estimating
the Value at Risk in which knowledge of the input
values and a pricing model are used with an
assumption about the type of probability distribution
associated with the risk. Also known as Variance/
covariance method and Delta normal method.

Anticipatory hedge (11) A transaction in which a
hedger expects to make a transaction in the spot market
at a future date and is attempting to protect against a
change in the spot price by trading a derivative.

Arbitrage (1) A transaction based on the observation
of the same asset or derivative selling at two different
prices. The transaction involves buying the asset or
derivative at the lower price and selling it at the higher
price.

Arbitrage pricing theory A theory of asset pricing
in which the expected return is a function of the
asset’s sensitivity to one or more underlying economic
factors.

Arbitrageur (8) An individual who engages in an
arbitrage transaction.

Arrears swap A fixed-for-floating rate swap in which
the payment is made on the same day that the floating
interest rate is determined. See also Delayed settlement
swap.

Asian option (14) An option in which the final
payoff is determined by the average price of the asset
during the option’s life. See also Average price option
and Average strike option.

The number in parentheses indicates the first chapter where the term is noted as a key term. Note that not all
terms are key terms; hence, such terms will not have a number.
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Ask price (2) The price at which a market maker
offers to sell a security or derivative.

Asset allocation How an investment portfolio is al-
located across asset classes.

Asset-backed security A security providing the
holder returns based on the payments from a portfolio
of underlying securities.

Asset-or-nothing option (14) An option which, if it
expires in-the-money, pays the holder the underlying
asset while the holder does not have to pay the exercise
price.

Asset pricing theory The study of the economic
processes through which prices and expected returns
on securities are formulated.

Assigned (2) The chosen writer of an exercised
option.

Assignment The procedure in which the holder of a
short position in an option is instructed to buy or sell
the underlying asset or futures from or to the holder of
the long position.

Associated person (AP) (8) An individual affiliated
with a firm engaged in any line of futures-related
business but excluding individuals who execute trades,
manage portfolios or pools, give advice, or perform
clerical duties.

As-you-like-it option (14) See Chooser option.

At-the-money (2) An option in which the price of the
underlying stock or futures equals the exercise price.

Average price option (14) An Asian option in which
the average price of the asset over the life of the option
replaces the price of the asset at expiration in deter-
mining the option’s payoff.

Average strike option (14) An Asian option in which
the average price of the asset over the life of the option
replaces the exercise price at expiration in determining
the option’s payoff.

Back office (16) The clerical, record-keeping func-
tion in a derivatives/risk management system.

Backwardation (9) A condition in financial markets
in which the forward or futures price is less than the
spot price. Also known as an inverted market.

Barrier option (14) An option that either does not
begin or terminates early if the underlying asset price

hits a certain level called the barrier. If the option does
not begin or terminates early, the holder might be
paid a rebate. See also In-option and Out-option.

Basis (11) The difference between the spot price and
the futures or forward price or the difference between a
nearby futures or forward price and a deferred futures
or forward price.

Basis point A measure commonly applied to interest
rates or yields equal to 1/100 of 1 percent.

Basis risk (11) The uncertainty of the basis over the
hedge period.

Basis swap (12) A swap in which both parties make
payments at different floating rates.

Baskets (14) Single options written on a specified
combination of securities or currencies.

Bear (6) A person who expects the market to go
down. Sometimes referred to as bearish.

Bear market A market in which prices are falling.

Bear spread (7) An option spread designed to profit
in a bear market. Also known as a bearish spread.

Beta A measure of the responsiveness of a security or
portfolio to the market as a whole.

Biased expectations A condition in which investor’s
expectations of a rate, a security price, or a return
systematically differ from the subsequent long-run av-
erage rate, price, or return.

Bid price (2) The price at which a market maker
offers to buy a security or derivative.

Bid-ask spread (2) The difference between the ask
price or rate and the bid price or rate.

Bilateral netting (15) Netting between two parties.
See also Netting and Multilateral netting.

Binary option (14) See Asset-or-nothing option and
Cash-or-nothing option.

Binomial (4) Allows the stock price to go either up
or down, possibly at different rates.

Binomial model (4) An option pricing model based
on the assumption that at any point in time the price of
the underlying can change to one of only two possible
values.

Binomial option pricing model (4) See Binomial
model.
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Black model (9) A pricing model for an option on a
forward or futures contract.

Black-Scholes-Merton model (5) A widely used
pricing model for an option on an asset.

Black-Scholes-Merton option pricing model (5) See
Black-Scholes-Merton model.

Block trade The sale of at least 10,000 shares of stock
normally conducted with considerable care so as to
minimize the impact on the stock price.

Board broker (2) See Order book official.

Bond option An option to buy or sell a bond.

Boundary condition A statement specifying the
maximum or minimum price or some other limitation
on the price of an option.

Box spread (7) A risk-free combination of a call
money spread and a put money spread.

Breakeven stock price (6) The underlying asset price
at which a strategy has a zero profit.

Break forward (14) A forward contract with an up-
side payoff like a call, but which has a possible negative
value at expiration so as to compensate for the fact that
it has no initial value.

Broker A person who arranges a financial transac-
tion by bringing a buyer and seller together and usually
earns a commission.

Bull (6) A person who expects the market to go up.
Sometimes referred to as bullish.

Bull market A market in which prices are rising.

Bull spread (7) An option spread designed to profit
in a bull market. Also known as a bullish spread.

Business risk (1) The risk associated with a particu-
lar line of business.

Butterfly spread (7) An option transaction consist-
ing of one long call at a particular exercise price, an-
other otherwise identical long call at a different exercise
price, and two otherwise identical short calls at an
exercise price between the other two.

Buy-back A method of terminating a swap in which
a party makes or receives a cash payment to or from
the counterparty in the amount of the value of the
swap. Also called a Close-out.

Buying the spread (7) See Debit spread.

Calendar spread (7) An option transaction consist-
ing of the purchase of an option with a given expiration
and the sale of an otherwise identical option with a
different expiration.

Call (1) An option to buy an asset, currency, or fu-
tures. Also refers to the early retirement of a bond.

Call date The earliest date at which a bond can be
called.

Callability A feature associated with many bonds in
which the issuer is permitted to pay off the bond prior
to its scheduled maturity date.

Callable bond A bond that the issuer can retire prior
to its maturity date.

Call option (2) See Call.

Cap An option transaction in which a party
borrowing at a floating rate pays a premium to
another party, which reimburses the borrower in
the event that the borrower’s interest costs exceed
a certain level, thus making the effective interest paid
on a floating rate loan have a cap or maximum
amount. Can also be used in other cases where the
underlying is an asset price, commodity price, or ex-
change rate.

Capital Asset Pricing Model A model that gives the
equilibrium expected return on an asset as a function
of the risk-free rate, the expected return on the market,
and the asset’s beta or systematic risk.

Capital market The financial market in which long-
term securities such as stocks and long-term bonds are
traded.

Caplet (13) One of the component options of a cap.

Carry (9) The difference between the cash received
from holding an asset and the interest forgone or other
costs associated with holding it.

Carry arbitrage (10) A theoretically riskless transac-
tion consisting of a long position in the spot asset
(hence you are “carrying” it), and a short position in
the futures contract (hence you do not have market risk
so it is arbitrage).

Carry arbitrage model (9) A model for pricing
futures and forward contracts in which the futures or
forward price is determined by executing a strategy of
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buying the asset and selling the futures or forward and
which assures that no arbitrage profits will be earned.

Cash Flow at Risk (CFAR) (15) A measure of the
expected cash shortfall from a critical level.

Cash and carry arbitrage (10) See Carry arbitrage.

Cash flow hedge (16) A type of hedge in which a
future cash flow from an asset or liability is being
hedged and which may qualify for hedge accounting.
See also Hedge accounting.

Cash market (1) See Spot market.

Cash-or-nothing option (14) An option which, if it
expires in-the-money, pays the holder the exercise
price.

Cash settlement (2) The feature of certain derivatives
that allows delivery or exercise to be conducted with an
exchange of cash rather than the physical transfer of
assets.

CFTC-SEC accord (2) See Johnson-Shad Agreement.

Cheapest-to-deliver (10) Often futures contracts
permit the seller the ability to deliver from a variety of
instruments; hence, the seller will deliver the lowest
cost instrument. See Cheapest-to-deliver bond.

Cheapest-to-deliver bond (CTD) The bond that
if delivered on the Chicago Board of Trade’s
Treasury bond or note contract provides the largest
difference between the invoice price and the cost of the
bond.

Chooser option (14) An option in which the holder
decides at a specific time during the option’s life
whether it will be a put or a call. Sometimes called an
as-you-like-it option.

Circuit breaker (8) See Trading halt.

Class All of the options of a particular type (call or
put) on a given stock, index, currency, or futures
commodity.

Clearing firm (2) A company that is a member of a
futures or options clearinghouse.

Clearinghouse (2) An institution associated with an
options or futures exchange that guarantees the
performance of both parties to the contract, collects
margins, and maintains records of the parties to all
transactions.

Cliquet option (14) An option that allows an upward
resetting of the exercise price as the asset price crosses a
series of thresholds.

Closeout netting (15) Netting in which at the ter-
mination of a transaction only the net amount is owed.

CMO See Collateralized mortgage obligation.

CMT rate (12) Constant Maturity Treasury rate, the
rate on a Treasury security of a given maturity. Often
used as a floating rate in a Constant maturity swap.

Collar (7) An option strategy in which a position in
an asset is hedged by buying a put with an exercise
price typically lower than the current asset price with
the cost of the put partially covered by the premium
from selling a call at a higher exercise price. For interest
rate options designed to protect a loan, the put is a
floor and the call is a cap. See also Zero cost collar.

Collateral Any type of cash or security set aside as
protection for the lender in a loan. Also, used as a
credit enhancement in a derivative transaction.

Collateralized debt obligations (15) A type of secu-
rity in which a portfolio of debt obligations are divided
into tranches with different payment characteristics,
different priorities, and different risks and are passed
through, less a service fee, to holders.

Collateralized mortgage obligation (14) A type of
mortgage-backed security in which mortgage payments
are divided into tranches with different payment char-
acteristics, different priorities, and different risks and
are passed through, less a service fee, to holders.

Combination An option strategy involving positions
in a put and a call. Sometimes used to refer to any
option strategy involving more than one option.

Commercial paper A short-term promissory note
issued by a large, creditworthy corporation.

Commission A fee paid by the parties in a transac-
tion to a broker for arranging the transaction.

Commission broker A trader on the floor of a fu-
tures exchange who executes transactions for off-
the-floor customers.

Commodity Any asset, but more frequently used to
refer to an agricultural product or sometimes a metal
or natural resource.

Commodity fund (8) See Futures fund.
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Commodity futures Any futures contract, but pri-
marily a futures on an agricultural product or some-
times a metal or natural resource.

Commodity Futures Trading Commission The
federal agency that regulates the futures markets.

Commodity option (8) An option on a commodity,
but more often an option on a futures contract.

Commodity pool (8) A private investment
arrangement in which individuals combine their funds
and the total amount of funds is used to trade futures
contracts, with a cash reserve set aside to meet margin
calls.

Commodity pool operator (CPO) (8) The organizer
or manager of a commodity pool.

Commodity swap (12) A swap in which two parties
agree to make payments to each other with at least one
party’s payments calculated according to the price of a
commodity. The other party’s payments can be calcu-
lated according to any formula.

Commodity trading advisor (CTA) (8) An individ-
ual who specializes in offering advice regarding the
trading of futures contracts.

Comparative statics An examination of the effects
on a model of changes in the variables that influence
the model.

Compound option (14) An option to buy or sell
another option.

Conditional Value at Risk (15) A measure of the
expected loss of an organization, given that a loss
occurs.

Constant maturity swap (12) A swap where one side
pays a rate associated with an instrument of constant
maturity, which is usually greater than the settlement
period of the swap. See also CMT rate.

Contango (9) A condition in financial markets in
which the forward or futures price is greater than the
spot price.

Contingent-pay option (14) An option in which the
premium is paid at expiration and only if the option
expires in-the-money.

Contingent premium option An option in which
the premium is paid at expiration and only if the op-
tion is in-the-money. See also Pay-later option.

Continuous time (5) A characteristic describing a
class of option pricing models in which time moves in
extremely small (infinitesimal) units. The Black-
Scholes-Merton model is a continuous time model.
Contrast with Discrete time.

Continuously compounded rate A rate of return in
which the asset value grows continuously.

Convenience yield (9) A premium imbedded in the
spot price that provides an extra return for those
holding the commodity and is usually observed during
shortages of the commodity.

Conversion (6) An arbitrage transaction consisting
of the sale of a call and the purchase of a synthetic call.

Conversion factor (10) An adjustment factor
applied to the settlement price of the Chicago Board of
Trade’s Treasury bond and note contracts that gives
the holder of the short position a choice of several
different bonds or notes to deliver.

Convertible bond A bond in which the holder can
convert into a specified number of shares of stock.

Convexity A mathematical relationship between the
change in a bond price and the change in its yield,
beyond that explained by its duration. Knowledge and
use of convexity is helpful in obtaining effective hedge
results.

Cost of carry (9) The cost involved in holding or
storing an asset that consists of storage costs and in-
terest lost on funds tied up.

Cost of carry model (9) See Carry arbitrage model.

Coupon The interest paid on a bond.

Covariance A measure of the association between
two random variables.

Covered call (6) A combination of a long position in
an asset, futures, or currency and a short position in a
call on the same.

Covered interest arbitrage When the combined ef-
fects of numerous arbitrageurs pushes the spot rate up
and/or the forward rate down until the spot and for-
ward rates are properly aligned with the relative inter-
est rates in two countries.

Credit default swap (15) See Credit swap.

Credit derivative (15) A derivative contract based on
the credit risk of a particular party. See also Total
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return swap, Credit swap, Credit spread option, Credit
linked security.

Credit enhancements Any of several means used to
reduce the credit risk on a swap or other derivative
transaction.

Credit event The occurrence of an event related to
the credit risk of a party, such as failure to make a
scheduled payment, declaration of bankruptcy, repu-
diation of a liability, or acceleration of payment of
another liability.

Credit linked security (15) A security that pays off
less than its face value in the event of a default by a
third party on a separate obligation.

Credit risk (15) The risk that a party to an over-
the-counter derivative contract will not pay off as re-
quired. Also known as default risk.

Credit spread (7) An option spread in which the
amount paid for the purchased option is less than the
amount received from the sold option.

Credit spread option (15) An option in which the
underlying is the spread on a credit-risky security over
an otherwise comparable Treasury security.

Credit swap (15) A type of credit derivative in the
form of a swap in which one party makes periodic
payments to the other and the other party makes pay-
ments to the first if a particular credit-related event,
such as a default or downgrade, occurs.

Cross hedge (11) Involves an additional source of
basis risk due to the difference between the asset being
hedged and the asset underlying the futures.

Cross product netting (15) Netting in which pay-
ments owed for one transaction are netted against
payments owed for another type of transaction. Thus,
parties could net one type of derivative against another,
as well as against loans.

Cross-rate relationship The association among the
exchange rates of three currencies.

Currency hedge See Foreign investment hedge.

Currency swap (12) A transaction in which two
parties agree to make a series of payments to each other
in different currencies.

Currency option See Foreign currency option.

Currency warrants Options on various foreign cur-
rencies underwritten by investment banking firms and
often trades on the American Stock Exchange.

Current credit risk (15) The risk that a party to a
transaction will be unable to make payments that are
currently due.

Daily price limits The maximum and minimum
prices at which a futures contract can trade. These are
established by the clearinghouse and are expressed in
relation to the previous day’s settlement price.

Daily settlement (8) The process in a futures market
in which the daily price changes are paid by the parties
incurring losses to the parties making profits. Also
known as marking to market.

Day order (2) An order to purchase or sell a security
or derivative that is canceled if unfilled by the end of
the day.

Day trader (8) A derivatives trader who closes out all
positions by the end of the trading session.

Dealer (16) A person or firm engaged in the business
of buying and selling securities or derivatives for profit.
A dealer stands ready to buy or sell at any time.

Debit spread (7) An option spread in which the
amount paid for the purchased option exceeds the
amount received from the sold option.

Deductible A concept in insurance representing the
amount by which an insurance payoff is reduced as a
result of the insured assuming some of the risk.

Deep in-the-money (3) An option that is in-the-money
by a significant, though unspecific, amount.

Deep out-of-the-money (3) An option that is out-
of-the-money by a significant, though unspecific,
amount.

Default risk (15) See Credit risk.

Deferred strike option (14) An option in which the
exercise price is not set until a later time during the
option’s life but prior to expiration.

Delayed settlement swap The standard procedure in
an interest rate swap in which the floating interest rate
is observed at the beginning of the settlement period
and the interest is paid at the end. See also Arrears
swap.
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Delivery The process in which a futures or forward
contract can be terminated at expiration through the
sale of the asset by the short to the long.

Delivery day (8) The day on which an asset is
delivered to terminate a futures or forward contract.

Delivery option (10) Any special right or option
inherent in a futures contract, held by the holder of the
short position and granting flexibility with regard to
the item delivered or the timing of delivery. See also
Timing option, Quality option, End-of-month option,
Switching option.

Delta (5) The ratio of the change in a derivative’s
price to a given change in the price of the underlying
asset or futures.

Delta hedge (5) A transaction in which an asset or
derivative is hedged with another asset or derivative in
such a manner that the hedge is adjusted so that the
effect of small changes in the underlying is removed
and the hedge provides a risk-free return.

Delta neutral (5) The condition in which an inves-
tor’s portfolio is delta hedged and, therefore, unaffected
by small changes in the value of the underlying.

Delta normal method (15) See Analytical method.

Derivative (1) A contract between two parties pro-
viding for a payoff from one party to the other deter-
mined by the price of an asset, an exchange rate, a
commodity price, or an interest rate.

Diagonal spread An option spread in which the op-
tions differ by both time to expiration and exercise
price.

Diff swap (12) A swap in which one party’s interest
payments are denominated in one currency while the
notional principal is stated in another currency.

Diffs Futures contracts based on the difference be-
tween two prices, exchange rates, or interest rates.

Digital option (14) See Asset-or-nothing option and
Cash-or-nothing option. Same as Binary option.

Discrete time (5) A characteristic describing a class
of option pricing models in which time moves in dis-
tinct (finite) units. The binomial model is in discrete
time. Contrast with Continuous time.

Diversification An investment strategy in which
funds are allocated across numerous different assets.

Dividend protection A feature associated with the
original over-the-counter options market in which the
exercise price was adjusted by the amount of any div-
idend paid on the underlying stock.

Dividend yield The ratio of the dividend to the stock
price.

Dollar return (1) A measure of investment perfor-
mance, the total dollar profit or loss.

DOT An acronym for Designated Order Turn-
around, the New York Stock Exchange’s system for
expediting stock transactions that is used frequently in
program trading.

Down-and-in option An in barrier option in which
the premium is paid but the option does not actually be-
gin unless the asset price falls to a specified barrier.

Down-and-out option An out barrier option in
which the premium is paid but the option terminates
early if the asset price falls to a specified barrier.

Down-option (14) A type of barrier option in which
the barrier is below the current level of the underlying.

Dual trading (8) The practice of a floor trader on
a derivatives exchange trading for his or her own
account as well as for a customer.

Duration (11) A measure of the size and timing of a
bond’s cash flows. It also reflects the weighted average
maturity of the bond and indicates the sensitivity of the
bond’s price to a change in its yield.

Dynamic hedging (14) An investment strategy, often
associated with portfolio insurance, in which a stock is
hedged by selling futures or buying Treasury bills in
such a manner that the position is adjusted frequently
and simulates a protective put.

Dynamic trading (5) Establishing and maintaining a
hedge portfolio by constantly adjusting the relative
proportions of stock and options.

Early exercise Exercise of an American option before
its expiration date.

Earnings at Risk (EAR) (15) A measure of the ex-
pected shortfall in earnings from a critical level.

EDPC See Enhanced derivatives products company.

Efficient market A market in which the price of an
asset reflects its true economic value.
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Electricity derivative (14) A derivative in which the
underlying is the price of electricity.

Electronic trading A system of trading derivatives or
securities in which bids and offers are posted to an
electronic medium, such as a computer system or the
Internet, and which transactions then take place by
executing orders through place by executing orders
through the system. See also Open outcry.

Empirical test A procedure in which data are sub-
jected to various statistical measures to determine if a
theory, model, or hypothesis is correct.

End-of-month option (10) Either the right to defer
delivery on the Chicago Board of Trade’s Treasury
bond futures contract until the final business days of
the month during which the contract does not trade or
any similar right inherent in a futures contract. Can
also refer to exchange-listed options whose expirations
are on the last business day of the month.

End user (16) A firm that enters into derivative
transactions with a dealer for the purpose of managing
its risk.

Enhanced derivatives products company (15) A
subsidiary established by a bank or swap dealer for the
execution of swaps and designed so as to have a higher
credit rating than the parent company itself.

Enterprise Risk Management (16) An approach to
managing risk in which all risks in an organization are
managed jointly in an integrated manner.

Equity basket A combination of equity securities,
otherwise known as a portfolio, but upon which a de-
rivative contract is created.

Equity collar See Collar.

Equity derivative (14) Any type of derivative contract
in which the payoff is based on a stock or stock index.

Equity forward (14) A forward contract in which the
payoff is based on a stock or stock index.

Equity-linked debt A security that promises a mini-
mum return plus a given percentage of any change in
the market above a certain level.

Equity option (2) An option on a common stock.

Equity swap (12) A swap in which two parties
agree to make payments to each other with at least
one party’s payments calculated according to the

performance of a stock or index. The other party’s
payments can be calculated according to any formula.

Euro The new currency used in Belgium, Germany,
France, Spain, Ireland, Italy, Luxembourg, Netherlands,
Austria, Portugal, and Finland, which was created as a
composite of the currencies of those countries.

Eurodollar A dollar deposited in a European bank or
a European branch of an American bank.

Eurolibor/Euribor An interest rate paid on deposits
of euros. Eurolibor is based on deposits in London
while Euribor is based on deposits elsewhere in Europe.
See also Euro.

European Monetary Unit The single unit of cur-
rency planned to replace all currencies of participating
countries upon completion of the European
unification.

European option An option that can be exercised
only when it expires.

Exchange for physicals (8) A method of delivery on
a futures contract in which the long and short agree to
delivery terms different from those specified in the
futures contract.

Exchange-listed derivative An option or futures that
trades on an exchange.

Exchange option (14) An option granting the right
to acquire one asset by giving up another asset.

Exchange rate The rate at which a given amount of
one currency converts to another currency.

Ex-dividend date A day designated four business
days prior to the holder-of-record date after which an
investor purchasing a stock does not receive the up-
coming dividend.

Exercise (2) The process by which a call option is
used to purchase or a put option is used to sell the
underlying security, futures, or currency or convert to
its cash value.

Exercise limit (2) The maximum number of option
contracts that any one investor can exercise over a
specific time period.

Exercise price (2) The price at which an option per-
mits its owner to buy or sell the underlying security,
futures, or currency.
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Exercise rate (13) The fixed rate in an interest rate
option, cap, or floor.

Exercise value (3) See Intrinsic value.

Exotics (2) Financial derivatives that are out of the
ordinary, such as an option that expires if the stock
price falls to a certain level.

Exotic options (14) A family of options with payoff
features different from those of standard European and
American options.

Expiration date (2) The date after which a derivative
contract no longer exists. Also known as the expiration.

Extendible bond A bond in which the holder can
choose prior to or at maturity to extend thematurity date.

Face value The principal amount borrowed on a
loan.

FAS 133 (16) A ruling established by the U.S.
Financial Accounting Standards Board that specifies
the appropriate manner for accounting for derivatives
transactions.

Fair value hedge (16) A type of hedge in which the
market value of an asset or liability is being hedged and
may qualify for hedge accounting. See also Hedge
accounting.

Fiduciary call (14) A form of portfolio insurance in
which funds are allocated to calls and Treasury bills such
that the transaction is equivalent to a protective put.

Financial asset (1) An asset representing a claim of
one party on another.

Financial engineering (1) The process of developing,
designing, and implementing creative financial con-
tracts, frequently involving derivatives, for the purpose
of solving specific risk management problems.

Financial futures (8) Futures on securities, some-
times including futures on foreign currencies.

Financial risk (1) The risk associated with changes in
such factors as interest rates, stock prices, commodity
prices, and exchange rates.

Financial risk management (15) See Risk
management.

Fixed-for-floating rate swap An interest rate swap
involving the exchange of fixed interest payments for
floating interest payments.

FLEX options Options traded at the Chicago Board
Options Exchange that allow the user to specify the
strike price, expiration date, and other contract terms
in contrast to ordinary CBOE options in which the
terms are standardized.

Floating-floating swap See Basis swap.

Floating rate bond A bond in which the interest
payments are adjusted periodically to be consistent
with current market interest rates. Also in the form of a
loan or note.

Floor An option transaction in which a party lending
at a floating rate pays a premium to another party,
which reimburses the lender in the event that the
lender’s interest revenues are below a certain level, thus
making the interest received on a floating rate loan
have a floor or minimum value. It can also be used in
other cases where the payoff is tied to an asset price,
commodity price, or exchange rate.

Floor broker (2) A trader on the floor of the options
exchange who executes trades for others who are off
the floor.

Floorlet (13) One of the component options of a
floor.

Foreign currency futures A futures contract provid-
ing for the purchase of a foreign currency.

Foreign currency option An option providing for
the purchase or sale of a foreign currency.

Foreign investment hedge A type of hedge related to
transactions in foreign currencies and which may
qualify for hedge accounting. See also Hedge
accounting.

Forward commitment (8) See Forward contract.

Forward contract (8) An agreement between two
parties, a buyer and a seller, to buy an asset or currency
at a later date at a fixed price.

Forward discount The relationship between the spot
and forward exchange rates of a foreign currency in
which the forward rate of a currency is less than the
spot rate.

Forward price (9) The contractually agreed price
stated in the forward contract.

Forward value (9) The current market value of an
existing forward contract.
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Forward market A market in which forward con-
tracts are constructed.

Forward premium The relationship between the spot
and forward exchange rates of a foreign currency in
which the forward rate of a currency is greater than the
spot rate.

Forward rate The rate agreed upon in a forward
contract for a loan or implied by the relationship
between short- and long-term interest rates.

Forward rate agreement (FRA) (13) A transaction,
similar to a forward contract, in which one party agrees
to make a future interest payment based on an agreed-
upon fixed rate of interest and receives a future interest
payment based on a floating rate, such as LIBOR.

Forward-start option (14) An option in which the
premium is paid today but the option’s life does not
begin until later.

Forward swap (13) A forward contract obligating the
two parties to enter into a swap at a future date.

FRA (13) See Forward rate agreement.

Free market A market characterized by a high degree
of efficiency and little or no regulatory influence.

Front office (16) The trading function in a deriva-
tives/risk management system.

Full carry A condition associated with a futures
contract in which the futures price exceeds the spot
price by no less than the cost of carry.

Futures commission merchant (8) A firm in the
business of executing futures transactions for the
public.

Futures contract (8) An agreement between two
parties, a buyer and a seller, to purchase an asset or
currency at a later date at a fixed price and that trades
on a futures exchange and is subject to a daily settle-
ment procedure to guarantee to each party that claims
against the other party will be paid.

Futures exchange (8) An organized facility for trad-
ing futures, which is governed by a corporate charter
with rules and regulations. It may utilize a trading floor
or may be an electronic exchange. See also Electronic
trading.

Futures fund (8) A mutual fund that specializes in
trading futures contracts.

Futures market (1) An organized exchange for
trading futures, which are subject to a daily settlement
procedure.

Futures option (8) An option on a futures contract.

Futures price (9) The quoted price on a futures
contract to deliver some underlying in the future.

Futures spread Strategy involving a long or short
position in one futures contract and an opposite posi-
tion in another.

Futures value (9) The current market value of a fu-
tures contract, zero once the position is mark-to-market
at the end of each day.

FX swap A strategy of going long a currency forward
contract of one expiration and short a contract with a
different expiration.

Gamma (5) The rate of change of a derivative’s delta
with respect to a change in the price of the underlying
asset or derivative.

Gamma hedge (5) A hedged position, usually com-
bined with a delta hedge, in which changes in the delta
will be unaffected by large movements in the
underlying.

Garman-Kohlhagen model A model for pricing Eu-
ropean foreign currency options.

Generic swap See Fixed-for-floating rate swap.

Geometric Brownian motion A statistical model
based on random movements often used to describe
changes in asset prices from which derivative prices can
often be obtained.

GLOBEX2 A system of automated trading operated
by the Chicago Mercantile Exchange in which bids and
offers are entered into a computer and executed
electronically.

Good-till-canceled order (2) An order that is in ef-
fect until canceled and is used most often with stop
orders and limit orders that may take some time to
execute.

Grade A measure of a commodity’s relative quality.

Greeks A group of measures that provide an ap-
proximation of the movement in an option price for a
movement in some other variable, such as the under-
lying or volatility.
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Group of Thirty An organization of bankers and
economists who conduct studies on various issues
important to the efficient operation of international
financial markets and systems.

Hedge A transaction in which an investor seeks
to protect a position or anticipated position in the
spot market by using an opposite position in
derivatives.

Hedge accounting (16) A form of accounting for
derivatives transactions in which certain transactions,
qualifying as hedges, are accounted for in such a
manner that the gains or losses from hedges are, to an
extent, limited by specified rules, combined with gains
and losses from transactions they are designed to
hedge, so as to minimize the to hedge, so as to
minimize the impact on reported earnings.

Hedge fund A type of mutual fund in which posi-
tions are potentially taken in a broad variety of in-
struments, often including short positions, and often
but not always associated with highly speculative
trading.

Hedge portfolio (4) A portfolio being hedged, often
used in the context of a long stock–short call or long
stock–long put in which the hedge ratio is adjusted
through time to produce a risk-free portfolio.

Hedge ratio (4) The ratio of derivatives to a spot
position (or vice versa) that achieves an objective such
as minimizing or eliminating risk.

Hedger (1) An investor who executes a hedge
transaction.

Hedging effectiveness (11) A statistical measure of
how well a particular hedging strategy works, specifi-
cally, the percentage of the risk reduced, usually the
correlation coefficient squared.

Herstatt risk (15) See Settlement risk.

Historical method (15) A method for estimating
Value at Risk that uses historical information on the
portfolio’s recent performance to estimate its future
probability distribution.

Historical volatility (5) The standard deviation of a
security, futures, or currency obtained by estimating it
from historical data over a recent time period.

Holder-of-record date The day on which all current
shareholders are entitled to receive the upcoming
dividend.

Holding period The time period over which an in-
vestment is held.

Horizontal spread (7) See Calendar spread.

Hybrid (1) An instrument or contract that possesses
some of the characteristics of a derivative.

IMM Index The method of quoting the price of a
Treasury bill or Eurodollar futures contract on the In-
ternational Monetary Market in which the price is
stated in terms of a discount from par of 100.

Immunization A bond portfolio strategy in which
the return is protected against changes in interest rates
and is obtained when the duration equals the holding
period.

Implied modified duration (11) The duration of the
bond underlying a futures contract that is implied by
using the futures price as though it were the price of
the bond.

Implied repo rate (10) The cost of financing a cash
and carry transaction that is implied by the relationship
between the spot and futures price.

Implied volatility (5) The standard deviation ob-
tained when the market price of an option equals the
price given by a particular option pricing model.

Implied yield (11) The yield on the bond underlying
a futures contract that is implied by using the futures
price as though it were the price of the bond.

In-arrears swap See Arrears swap.

Index amortizing swap (12) A swap in which the
notional principal is reduced according to a schedule
that may call for an accelerated reduction the lower
interest rates fall.

Index arbitrage The purchase (sale) of a portfolio of
stocks representing an index and the sale (purchase) of
the corresponding futures contract. The trade is de-
signed to profit from mispricing in the relationship
between the spot and futures prices.

Index option (2) An option on an index of securities.

Index swap A swap in which one party’s payments
are based on an index, such as an equity index. See also
Equity swap.

Initial margin (8) The minimum amount of money
that must be in an investment account on the day
of a transaction. On futures accounts, the initial
margin must be met on any day in which the opening
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balance starts off below the maintenance margin
requirement.

In-option (14) A type of barrier option in which the
premium is paid but the option does not actually begin
unless the asset price crosses a specified barrier. See
also Down-and-in option and Up-and-in option.

Installment option (14) An option in which the
premium is paid in equal installments. At each pay-
ment date, the holder decides whether to continue
paying the premium or let the option expire.

Institutional investor A term used to refer to a firm
or organization as an investor as opposed to an indi-
vidual investor.

Interbank market (8) An informal organization of
banks that execute spot and forward transactions in
foreign currency.

Intercommodity spread A futures transaction in-
volving a long position in a futures on one commodity
and a short position in a futures on another commodity.

Interest-only strip A type of mortgage-backed secu-
rity in which mortgage interest payments are passed
through, less a service fee, to holders. See also
Principal-only strip.

Interest rate call (13) The right to make a known
interest payment.

Interest rate cap (13) A cap in which the payoff is
determined by a floating interest rate.

Interest rate collar (13) A collar in which the payoff
is determined by a floating interest rate.

Interest rate derivative (13) An option, forward, fu-
tures, swap, or other derivative instrument in which the
underlying instrument is an interest rate. In some uses,
the underlying instrument can be a bond.

Interest rate floor (13) A floor in which the payoff is
determined by a floating interest rate.

Interest rate futures A futures contract on a fixed-
income security.

Interest rate option (13) An option on an interest
rate rather than on a security, commodity, or futures
price. Exercise is determined by whether the interest
rate is above or below the strike.

Interest rate parity (9) The relationship between the
spot and forward exchange rates and the interest rates
in two countries.

Interest rate put (13) The right to receive a known
interest payment.

Interest rate swap (12) A transaction between two
parties who agree to make interest payments to each
other according to different formulas.

Interest-only strip (14) A financial instrument pro-
viding investors with the interest payments on the
portfolio of underlying debt securities, often mortgages.

Intermarket spread (11) Transactions in which two
futures contracts are on different underlying instru-
ments. Also called Intercommodity spread.

Internal rate of return (IRR) The discount rate on
an investment that equates the present value of the
future cash flows with the price.

International Swaps and Derivatives Association
An organization of derivatives dealers, a major activity
of which is the simplification and promotion of stan-
dardized low cost derivatives procedures.

In-the-money (2) A call (put) option in which the
price of the asset or futures or the currency exchange
rate exceeds (is less than) the exercise price.

Intracommodity spread See Intramarket spread.

Intramarket spread (11) Transactions in which two
futures contracts are on the same underlying instru-
ments. Also called Intracommodity spread.

Intrinsic value (3) For a call (put) option, the greater
of zero or the difference between the stock (exercise)
price and the exercise (stock) price. Also called Parity
value.

Introducing broker (IB) (8) A broker who arranges
futures transactions for customers but contracts with
another firm or individual for the execution of the trade.

Inverse floater (14) A type of floating rate structured
note that pays more interest as interest rates fall and
less as interest rates rise.

Inverted market (9) See Backwardation.

IO See Interest-only strip.

ISDA See International Swaps and Derivatives
Association.

Johnson-Shad Agreement (2) The 1982 agreement
between CFTC chairman Phillip McBryde Johnson and
SEC chairman John Shad that established the lines of
regulatory authority over options.
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Kappa (5) See Vega.

Knock-in option (14) See In-option.

Knock-out option (5) See Out-option.

Lambda (5) See Vega.

Law of one price (1) The principle that two identical
assets or portfolios cannot sell for different prices.

LEAPS Long-term Equity Anticipation Securities.
Exchange-listed options on individual stocks and in-
dices with expirations of more than one year.

Legal risk (15) The risk that the legal system will fail
to enforce a contract. Legal risk is primarily faced by
dealers and may arise when an end user loses money in
a transaction and claims that the dealer misled it, or
that the end user had no legal authority to enter into
the transaction and that the dealer should have in-
formed it of such.

Less than full carry (9) When the commodity has a
convenience yield and the futures price is less than the
spot price plus the cost of carry.

Leverage The use of debt to magnify investment
returns.

Limit down (8) An occurrence in which the futures
price moves down to the lower daily price limit.

Limit move (8) An occurrence in which a futures
price hits the upper or lower daily price limit.

Limit order (2) A request to purchase or sell a
security or derivative that specifies the maximum price
to pay or minimum price to accept.

Limit up (8) An occurrence in which the futures
price moves up to the upper daily price limit.

Liquidity A feature of a market in which transactions
can be quickly executed with little impact on prices.

Liquidity risk (15) The risk associated with a thin
market for a transaction, as manifested by few dealers
and wide bid-ask spreads.

Listing The offering of a security, option, or futures
for public trading on an exchange.

Local (8) A trader on the floor of the futures ex-
change who executes trades for his or her personal
account.

Lock-in option (14) An option which, when the
underlying asset reaches a certain level, allows the

holder to set the final payout as the current intrinsic
value.

Lognormal distribution (5) A probability distribu-
tion of asset returns that is often used to develop
option pricing models. An important feature is that
the asset price cannot be zero or negative.

London Interbank Offer Rate (LIBOR) The interest
rate on certain Eurodollar deposits involving London
banks.

Long (8) A position involving the purchase of a
security or derivative. It also refers to the party holding
the long position.

Long hedge (11) A hedge involving a short position
in the spot market and a long position in the futures
market.

Lookback option (14) An option granting the right
to either buy the underlying asset at its lowest price
during the option’s life or sell the asset at its highest
price during the option’s life. Also called a No-regrets
option.

Lower bound A value established as the lowest pos-
sible price of an option.

Macaulay duration (11) A version of duration that
measures the timing and size of a bond’s cash flows, a
present-value weighted measure of cash flows.

Maintenance margin (8) The minimum amount of
money that must be kept in a margin account on any
day other than the day of a transaction.

Managed funds (8) An arrangement in which com-
modity trading advisors are allocated funds for the
purpose of trading futures contracts for a client.
Structured as private arrangements, futures funds, and
commodity pools.

Margin (2) Funds kept in a margin account for the
purpose of covering losses.

Market efficiency (1) A concept referring to a market
in which prices reflect the true economic values of the
underlying assets.

Market maker (2) A trader in a market who is re-
sponsible for buying and selling to the public.

Market-on-close order An order to purchase or sell
securities or derivatives that requests the broker to ex-
ecute the transaction at a price as close as possible to
the closing price.
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Market order (2) A request to purchase or sell a
security or derivative in which the broker is
instructed to execute the transaction at the current
market price.

Market portfolio The portfolio consisting of all as-
sets in the market.

Market risk (15) The risk that a firm’s value or cash
flows will be affected by movements in interest rates,
exchange rates, stock prices, rates, exchange rates, stock
prices, or commodity prices.

Market timing An investment strategy in which the
investor attempts to profit by predicting the direction
of the market.

Marking-to-market (8) See Daily settlement.

Master swap agreement A contract form developed
by ISDA for simplifying and standardizing swap
transactions.

Middle office A component function of a derivatives/
risk management system between the front and back
office.

Minimum variance hedge ratio The ratio of futures
contracts for a given spot position that minimizes the
variance of the profit from the hedge.

Min-max option (14) An option involving more
than one underlying asset whose payoff is determined
by either the higher value (max) of the two assets or the
lower value (min) of the two assets. The value of the
better or worse performing of the two assets is com-
pared to the exercise price. Also called a Rainbow
option.

Model (4) A simplified representation of reality that
uses certain inputs to produce an output, or result.

Model risk (15) The risk associated with the use of
an incorrect or inappropriate model, or a model con-
taining errors or incorrect inputs.

Modified duration (11) A version of duration that
measures the price sensitivity of a bond to changes in
yield, a useful measure in interest rate risk
management.

Modified lookback option (14) A lookback option in
which the payoff is determined by replacing the exer-
cise price by either the high or low price reached by the
asset during the option’s life.

Money market The market for short-term securities.

Money spread (7) An option transaction that
involves a long position in one option and a short
position in an otherwise identical option with a
different exercise price.

Monte Carlo simulation (14) A procedure for
pricing derivatives that involves the generation of
random numbers representing prices of the underlying
and calculating the derivative value as an average of the
possible derivative values obtained from the
simulations.

Monte Carlo simulation method (15) A procedure
for estimating Value at Risk using Monte Carlo simu-
lation. Compare with Historical method and Analytical
method.

Mortgage-backed security (14) A security providing
the holder returns based on the payments from a
portfolio of underlying mortgages.

Mortgage pass-through (14) A type of mortgage-
backed security in which mortgage principal and
interest payments are passed through, less a service fee,
to holders of the security.

Mortgage strip (14) See Interest-only strip and
Principal-only strip.

Multi-asset option (14) An option whose payoff is
based on the performance of more than one underlying
asset. See also Exchange option and Min-max option.

Multilateral netting (15) Netting between more than
two parties, which is essentially equivalent to a
clearinghouse.

Multiple listing The listing of identical options on
more than one exchange.

Mutual fund A company whose shareholders’ money
is pooled and used to purchase securities.

Naked call See Uncovered call.

National Association of Securities Dealers (6) An
organization of firms that serve as market makers for
stocks traded over-the-counter.

National Futures Association An organization of
firms engaged in the futures business that serves as the
industry’s self-regulatory body.

Nearby contract (1) The futures contract that is
closest to maturing when compared to other futures
contracts on the same exchange and the same
commodity.
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Net interest (9) The interest opportunity cost of
holding any asset less any cash flow in the form of
explicit interest or dividends received.

Net present value The present value of an
investment’s cash flows minus the initial cost of the
investment.

Netting (15) The practice of aggregating all swaps
between two parties and determining the net amount
owed from one party to the other.

Netting by novation (15) Netting in which the net
value of a combination of transactions is replaced by a
single transaction.

Non-recombining tree (4) A binomial tree in which
an up move followed by a down move does not put you
in the same location as a down move followed by an up
move.

No-regrets option (14) See Lookback option.

No risk premium hypothesis A theory of futures
markets in which the futures price is determined such
that a speculator in futures contracts does not expect to
earn a risk premium. In this case the futures prices will
be an unbiased predictor of the future spot price.

Normal backwardation (9) A condition in which the
forward or futures price or rate is less than the ex-
pected future spot price or rate at expiration.

Normal contango (9) A condition in which the for-
ward or futures price or rate is greater than the ex-
pected future spot price or rate at expiration.

Normal distribution A probability distribution often
described as a bell-shaped curve. Also called a Standard
normal distribution.

Normal probability (5) The probability that a nor-
mally distributed random variable will be less than or
equal to a given value.

Notice of intention day (8) The second day in the
three-day sequence leading to delivery in which the
clearinghouse notifies the holder of the long position
that delivery will be made the next business day.

Notional principal (12) A measure of the size of a
swap or derivative, stated in units of a currency, on
which the payments are calculated.

Off-market FRA (13) An FRA in which the fixed
rate is not the fixed rate that would produce a zero
value at the start.

Offset (2) See Offsetting order.

Offsetting (8) A method of terminating a swap in
which a party enters into a new swap with payments
occurring on the same dates as the old swap. Both
swaps remain in effect. See also Offsetting order.

Offsetting order (2) A derivative transaction that is
the exact opposite of a previously established long or
short position and cancels the previous outstanding
position.

Open interest (2) The number of futures or options
contracts that have been established and not yet been
offset or exercised.

Open outcry (8) A system of trading derivatives or
securities in which bids and offers are announced and
accepted orally in an open medium such as the trading
pit of an exchange.

Operational risk (15) The risk of a breakdown in the
operations of a derivatives program or risk manage-
ment system.

Option (1) A contract granting the right to buy or
sell an asset, currency, or futures at a fixed price for a
specific time period.

Option class (2) All options of a particular type—call
or put—on a given instrument.

Option on futures (1) An option to buy or sell a
futures contract.

Option pricing (4) Obtaining the theoretical fair
value.

Option pricing model (4) A mathematical equation
or procedure that produces the theoretical fair value of
an option.

Options Clearing Corporation (2) The firm that
operates as a clearinghouse for the various exchanges
that trade options on stocks and indices.

Option series (2) All options of a given class with the
same exercise price and expiration.

Options exchange An organized facility for trading
options, which is governed by a corporate charter with
rules and regulations. It may utilize a trading floor or
may be an electronic exchange. See also Electronic
trading.

Order book official (2) An employee of the Chicago
Board Options Exchange who keeps public limit orders
and attempts to fill them at the best available price.
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Out-of-the-money (2) A call (put) in which the price
of the asset, currency, or futures is less (greater) than
the exercise price.

Out-option (14) A type of barrier option in which
the premium is paid but the option terminates early if
the asset price crosses a specified barrier. See also
Down-and-out option and Up-and-out option.

Outperformance option (14) An option involving
two underlying assets in which the final payout is based
on the difference between the values or relative per-
formances of the two assets.

Overnight repo A repurchase agreement with a ma-
turity of one night. See also Term repo.

Overpriced A condition in which a security or de-
rivative is trading at more than its value.

Over-the-counter derivative A derivative created in
an over-the-counter market and in which there is no
active secondary market.

Over-the-counter market A market for securities or
derivatives in which the transactions are conducted
among dealers, brokers, and the public off of an orga-
nized exchange.

Parity (3) See Intrinsic value.

Parity value (3) See Intrinsic value.

Path dependence A characteristic of options in
which the payoff of the option is affected by the se-
quence of prices of the underlying asset as it moves
toward expiration. See also Path independence.

Path-dependent option (14) Options where the path
followed by the asset during the life of the option has
an effect on the option’s price.

Path independence A characteristic of options in
which the payoff of the option is not affected by the
sequence of prices of the underlying asset as it moves
toward expiration. See also Path dependence.

Payer swaption (13) A swaption in which the party
holding the option has the right to enter into a swap
and pay the fixed rate.

Pay-later option (14) An option in which the pre-
mium is paid at expiration.

Payment netting (15) Netting in which two parties
to a transaction settle the amounts simultaneously
owed by having one party pay the other the net
amount.

Payoff The amount of money received from a trans-
action at the end of the holding period.

Percentage return (1) A measurement of an invest-
ment’s performance computed as the return per dollar
invested.

PERCS (Preference Equity Redemption Cumulative
Stock) Convertible preferred stock with a maximum
payoff, which makes it similar to a covered call.

Perfect hedge A hedge in which the gain on one side
of the transaction exactly offsets the loss on the other
under all possible outcomes. Rarely exists in the real
world.

Performance bond (8) A preferred name for
the margin deposit required in futures markets.
Makes a distinction between stock market margin,
which reflects the borrowing of funds, and
futures market margin, which is simply a good-faith
deposit.

Pit An octagonally or hexagonally shaped, multi-
tiered area on the trading floor of a derivatives ex-
change within which a group of contracts trades.

Plain vanilla interest rate swap (12) See Fixed-
for-floating rate swap.

Planned amortization class bonds One component
tranche of a collateralized mortgage obligation in which
an assumed rate of prepayments is embedded into the
contract terms. Also called PAC bond.

PO See Principal-only strip.

Portfolio insurance (14) An investment strategy
employing combinations of securities, Treasury bills, or
derivatives that is designed to provide a minimum or
floor value of the portfolio at a future date.

Portfolio theory The study of the economic pro-
cesses through which investors’ portfolio decisions are
made.

Position day (8) The first day in the three-day
sequence leading to delivery in which the holder of the
short position notifies the clearinghouse of the inten-
tion to make delivery two business days later.

Position limit (2) The maximum number of options
or futures contracts that any one investor can hold.

Position trader (2) A futures trader who normally
holds open positions for a period longer than a day.
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Potential credit risk (15) The risk that a party to a
transaction will be unable to make payments due in the
future.

Preferred habitat theory See Market segmentation
theory.

Premium (2) A fee the buyer pays the seller; the
option’s price.

Prepayment risk (14) In mortgage- or asset-backed
securities, the risk to the holder that the underlying
mortgage or other underlying securities will be paid off
early due securities will be paid off early due to falling
interest rates.

Price sensitivity hedge ratio The number of futures
contracts used in a hedge that leaves the value of a
portfolio unaffected by a change in an underlying var-
iable, such as an interest rate.

Primary market The market for securities originally
issued and not previously traded among the public.

Principal-only strip (14) A type of mortgage-backed
security in which mortgage principal payments are
passed through, less a service fee, to holders. See also
Interest-only strip.

Program trading (10) The trading of large blocks of
stock as part of a program of index arbitrage or port-
folio insurance.

Protective put (6) An investment strategy involving
the use of a long position in a put and the underlying
asset, futures, or currency to provide a minimum sell-
ing price for the asset, futures, or currency.

Pure discount bond A bond, such as a Treasury bill,
that pays no coupon but sells for a discount from par
value.

Put (1) An option to sell an asset, currency, or
futures.

Put-call-forward/futures parity (9) The relationship
among the prices of puts, calls, and futures on a secu-
rity, commodity, or currency.

Put-call parity (3) The relationship between the
prices of puts, calls, and the underlying security, com-
modity, or currency.

Put option (2) See Put.

Quality option (10) The right to deliver any one
from a set of eligible bonds on the Chicago Board of

Trade’s Treasury Bond futures contract or a similar
right inherent in any other futures contract.

Quantity risk (11) The risk involved in a hedge in
which the hedger does not know how many units of the
spot asset he or she will own or sell.

Quanto (14) A derivative in which a foreign currency
price or rate is converted to another currency at a fixed
rate.

Quanto swap See Diff swap.

Quasi arbitrage (9) An arbitrage transaction in
which the holder of an asset sells the asset, replaces it
with a futures contract, and then reverses the transac-
tion later when the price converges to the cost of carry
price.

Rainbow option (14) See Min-max option.

Range floater (14) A type of floating rate structured
note in which the interest payments can change
depending on whether a reference interest rate remains
in a particular range.

Range forward A forward contract with a limited
gain and loss. Also known as a risk reversal and a collar.

Ratio spread (7) A spread transaction in which the
number of contracts is weighted to produce a risk-free
position.

Real asset (1) A tangible asset such as real estate or
equipment.

Real option (2) An option embedded in a corporate
investment opportunity.

Receiver swaption (13) A swaption in which the
party holding the option has the right to enter into a
swap and receive the fixed rate.

Recombining tree (4) A binomial tree in which an
up move followed by a down move puts you in the
same location as a down move followed by an up move.

Reference entity (15) The party in a credit deriva-
tives transaction on whose credit the credit derivatives
transaction is based.

Registered option trader (ROT) (2) An options
trader on the floor of the American Stock Exchange
who trades options for his or her personal account.

Regulatory risk (15) The risk that regulations or
the current regulatory style will change, with adverse
consequences for a firm. Regulatory risk may render
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certain existing or contemplated transactions illegal
or hinder the development of new products and
solutions.

Repo (10) See Repurchase agreement.

Reportable position (8) The number of contracts
that if held by a futures trader must by law be reported
to the regulatory authorities.

Repurchase agreement (1) A securities transaction in
which an investor sells a security and promises to re-
purchase it a specified number of days later at a higher
price reflecting the prevailing interest rate.

Reset option An option that permits the holder to
change the exercise price if the stock price hits a certain
level.

Residual tranche One component tranche of a col-
lateralized mortgage obligation entitling the holder to
whatever cash remains after all other tranches have
been repaid.

Retractable bond A bond in which the holder can
choose to redeem prior to maturity.

Return (1) A measure of the increase in wealth from
an investment.

Reversal (6) See Offset.

Reverse conversion An arbitrage transaction con-
sisting of the sale of a put and the purchase of a syn-
thetic put.

Reverse floater (14) See Inverse floater.

Rho (5) The rate of change of an option’s price with
respect to the risk-free interest rate.

Risk (1) In the financial sense, a measure of the
variability or uncertainty of a transaction or
portfolio.

Risk aversion (1) The characteristic referring to an
investor who dislikes risk and will not assume more
risk without an additional return.

Risk-free rate (1) The return offered by an invest-
ment in an asset with no risk.

Risk management (15) The practice of identifying
the risk level a firm desires, identifying the risk level it
currently has, and using derivative or other financial
instruments to adjust the actual risk level to the desired
risk level.

Risk-neutral probability (5) The probability that
would be assigned to an outcome by a person who is
risk neutral (indifferent) to risk. See also Risk neutrality.

Risk neutral (1) The characteristic referring to an
investor who is indifferent toward risk.

Risk preferences An investor’s feelings toward risk.

Risk premium (1) The additional return risk-averse
investors expect for assuming risk.

Risk premium hypothesis (9) A theory of futures
markets in which the futures price is determined such
that a speculator in futures contracts expects to earn a
risk premium for assuming risk, a result of the trans-
ferral of the risk premium from hedgers. In this case
the futures price will be a biased predictor of the future
spot price.

Risk-return trade-off (1) The concept in which ad-
ditional risk must be accepted to increase the expected
return.

Risk reversal See Collar.

Rolling strip hedge A strip hedge with a relatively
long hedge horizon in which the longer maturity fu-
tures are added as nearby futures expire.

Rolling up A covered call strategy using an out-
of-the-money call in which an investor buys back the
call when the stock price rises to near the exercise price
and sells another out-of-the-money call.

Sale or assignment A method of terminating a swap
in which a party makes or receives a cash payment and
passes on its swap payment obligations to another
party.

Same price order (2) See All or none order.

Sandwich spread (7) See Butterfly spread.

Scalper (2) A trader on the floor of a derivatives ex-
change whose trading style involves short holding
periods and small profits based on small price changes.

Scratch trade A trade primarily executed to adjust a
dealer’s inventory and in which no profit or loss is
made.

Seat (2) A term used to refer to a membership on a
derivatives or stock exchange.

Secondary market The market for assets that were
issued previously and are now trading among
investors.
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Securities and Exchange Commission (SEC) The
federal agency responsible for regulating the securities
and listed options markets.

Securities Investor Protection Corporation (SIPC)
A federal agency that provides investors with insurance
against failure of a brokerage firm.

Securitization (14) The process of creating asset-
backed securities.

Selling short See Short sale.

Selling the spread (7) See Credit spread.

Series All of the options of a given class with the
same exercise price and expiration.

Settlement date (12) The date on which a payment
for a swap is made.

Settlement period (12) The period between settle-
ment dates of a swap.

Settlement price (8) The official price established by
the clearinghouse at the end of each day for use in the
daily settlement.

Settlement risk (15) The risk often faced in interna-
tional transactions in which a firm exchanges payments
with another party and is subject to the risk that its
payments may be sent before receipt of the other
party’s payments, which may not be sent due to
bankruptcy, insolvency, or fraud.

Short (8) A term used to refer to holding a short
position or to the party holding the short position.

Short hedge (11) A hedge transaction involving a
long position in the spot market and a short position in
the futures market.

Short sale An investment transaction in which secu-
rities are borrowed from a broker and sold to a buyer
and, at a later time, repurchased and paid back to the
broker.

Short selling (1) Selling an asset that is not currently
owned, but borrowed, a position in which the investor
benefits if the price falls.

Shout option (14) An option which, when the un-
derlying asset reaches a certain level, allows the holder
to set the minimum value of the final payout as the
current intrinsic value.

Simple return A rate of return that is not
compounded.

SPDV (Special purpose (derivatives) vehicle) (15) See
Enhanced derivatives products company.

Specialist (2) A trader on the floor of an exchange
who is responsible for making a market in certain
securities or derivatives.

Speculation Investments characterized by a high de-
gree of risk and usually short holding periods.

Speculative value (3) See Time value.

Speculator (1) One who engages in speculative
transactions.

Spot market (1) The market for assets that involves
the immediate sale and delivery of the asset.

Spot price The price of an asset on the spot market.

Spot rate An interest rate on a loan or bond created
in the spot market.

Spread (7) A derivatives transaction consisting of a
long position in one contract and a short position in
another, similar contract.

Spreader (2) A person or institution that engages in a
spread transaction.

Stack hedge A hedge in which the hedge horizon is
longer than the expiration of the shortest-lived futures
contract but due to lower liquidity of longer maturity
futures, extra contracts of shorter maturity futures are
used. Sometimes called a stack.

Standard deviation A measure of the dispersion of a
random variable around its mean, equal to the square
root of the variance.

Stock index A combination of stock prices designed
to measure the performance of the stocks as a whole.

Stock index arbitrage (10) The purchase or sale of a
portfolio of stock that replicates a stock index and the
sale or purchase of a futures contract on the index.
Occurs when the futures price does not conform to the
cost of carry model.

Stock index futures A futures contract on an un-
derlying stock index.

Stock option (2) See Equity option.

Stop order (2) An order to purchase or sell securities
or derivatives that is not executed until the price
reaches a certain level.
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Storage The process in which an asset is held for a
certain time period.

Storage cost The cost of holding an asset, including
the physical costs of storage and the interest lost on
funds tied up.

Straddle (7) An option transaction that involves a
long position in a put and a call with the same exercise
price and expiration.

Strangle A long put at one exercise price and a long
call at a higher exercise price.

Strap An option transaction that involves a long po-
sition in two calls and one put, or two calls for every
put, with the same exercise price and expiration.

Strategic asset allocation An investment manage-
ment style reflecting the desired long run allocation of
funds across asset classes.

Stress test (15) A method of testing a risk manage-
ment system in which a portfolio’s performance under
extremely large changes in the underlying is examined.

Strike price (2) See Exercise price.

Strike rate See Exercise rate.

Strike spread (7) See Money spread.

Striking price See Exercise price.

Strip (2) An option transaction that involves a long
position in two puts and one call, or two puts for every
call, with the same exercise price and expiration. See
also Strip hedge.

Strip hedge A hedge in which a series of futures
contracts of successively longer expirations are used to
cover a hedge horizon longer than the expiration of the
shortest-lived futures contract. Sometimes called a
strip.

Stripped treasuries Securities that represent claims
on coupons and principal of Treasury bonds. The
Treasury bond is purchased and stripped treasuries
are sold against the coupons and principal on the
Treasury bond.

Structured note (14) A promissory note, usually with
a floating rate, in which the coupon has been enhanced
by a derivative to provide for an increased or decreased
payment.

Swap (12) A derivative transaction in which two
parties agree to exchange cash flows calculated

according to different formulas. See also Interest rate
swap, Currency swap, Commodity swap, Equity swap.

Swap book A swap dealer’s inventory of swaps.

Swap dealer A firm that arranges an interest rate or
currency swap between two other parties.

Swap option See Swaption.

Swap rate The fixed rate that a swap dealer will pay
or receive on a swap.

Swap spread (12) The difference between the fixed
rate that a swap dealer will pay or receive and the rate
on the U.S. Treasury note of equivalent maturity.

Swaption (13) An option granting the right to enter
into a swap. See also Payer swaption and Receiver
swaption.

Switching option Sometimes defined as the right to
switch bonds in a cash and carry transaction using
Treasury Bond futures although this right is a result of
the quality option. See also Quality option.

Synthetic call (6) A combination of a long put and
long asset, futures, or currency that replicates the be-
havior of a call. It may sometimes include a short po-
sition in risk-free bonds.

Synthetic CDO (15) Credit derivatives that have
been combined into a portfolio; claims on that portfo-
lio are sold through credit default swaps.

Synthetic futures contract (9) A combination of a
long call and a short put that replicates the behavior of
a long futures contract. It may sometimes include a
long or short position in risk-free bonds.

Synthetic put (6) A combination of a long call and
short asset, currency, or futures that replicates the be-
havior of a put. It may sometimes include a long po-
sition in risk-free bonds.

Systematic risk The risk associated with the market
or economy as a whole.

Systemic risk (15) The risk that failure of one or
more financial institutions will trigger more failures,
ultimately leading to a breakdown of the financial
system.

Tactical asset allocation An investment management
style in which funds are allocated to various asset
classes on the basis of the expected performance of
each class over a short period of time, in contrast with
strategic asset allocation.
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Tail The number of additional futures contracts
purchased or sold to complete a wild card or quality
option delivery.

Tailing the hedge Adjusting the hedge ratio so that
the effects of the interest earned or paid from the daily
settlement are taken into account.

Tandem option (14) An option that actually repre-
sents a sequence of options, with a new option auto-
matically beginning as soon as a given option expires.

Target beta (11) The desired beta of a stock
portfolio.

Target duration (11) The desired duration of a bond
portfolio.

Tax risk (15) The risk that tax laws or the interpre-
tation of tax laws will change, with adverse conse-
quences change, with adverse consequences for a firm.

TED spread A transaction in which one takes a long
position in either a Treasury bill or Treasury bill fu-
tures and a short position in a Eurodollar or Eurodollar
futures or vice versa. Alternatively, the difference be-
tween Treasury bill spot or futures and Eurodollar spot
or futures rates.

Term repo A repurchase agreement with a maturity
of more than one day. See also Overnight repo.

Term structure of interest rates The relationship
between interest rates and maturities of zero coupon
bonds.

Term structure of implied volatility (5) The rela-
tionship between the implied volatility of an option and
the expiration of the option.

Theoretical fair price The price of a derivative that
permits no arbitrage opportunities. See also Theoretical
fair value.

Theoretical fair value (1) The true or appropriate
worth of an asset or derivative, which is obtained from
a model based on rational investor behavior and the
absence of arbitrage opportunities. See also Theoretical
fair price.

Theta (5) The rate of change of an option’s price with
respect to time.

Tick (8) The minimum permissible price fluctuation.

Time spread (7) See Calendar spread.

Time value (3) The difference between an option’s
price and its intrinsic value.

Time value decay (3) The erosion of an option’s time
value as expiration approaches.

Timing option (10) Either the right to defer delivery
until any acceptable delivery date on the Chicago Board
of Trade’s Treasury bond futures contracts or any
similar right inherent in a futures contract.

Total return swap (15) A type of credit derivative in
the form of a swap in which one party agrees to pay the
return on a specific security, usually a bond. The other
party usually agrees to pay a fixed or floating interest rate.

Tracking error (12) The deviation of the perfor-
mance of a portfolio from the performance of a deriv-
ative used with the portfolio.

Trading halt A rule associated with futures or stock
trading in which trading will temporarily cease if prices
move by a specified amount during a specified period
of time.

Tranche (14) One component of a collateralized
mortgage obligation entitling the holder to a specific
stream of payments that may differ in characteristics,
priority, and risk from another tranche.

Treasury bill A short-term pure-discount bond is-
sued by the U.S. government with original maturities of
91, 182, and 365 days.

Treasury bond A coupon-bearing bond issued by the
U.S. government with an original maturity of at least
10 years.

Treasury note A coupon-bearing bond issued by the
U.S. government with an original maturity of one to
ten years.

Triangular arbitrage The foreign currency arbitrage
transaction that forces the cross-rate relationship to
hold. See also Cross-rate relationship.

Turtle trade An arbitrage spread transaction in
which a forward borrowing (or lending) rate is locked
in on the Treasury bond or note futures market and a
forward lending (or borrowing) rate is locked in on the
Treasury bill futures market.

Two-state model (4) See Binomial model.

Unbiased A characteristic of a forecast in which the
prediction equals the actual outcome on average over a
large number of predictions.
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Unbiased expectations theory See Expectations
theory.

Uncovered call (6) An option strategy in which an
investor writes a call on a stock not owned.

Underlying The asset or instrument on which a de-
rivative’s payoff is based.

Underpriced A condition in which a security or de-
rivative is trading at less than its value.

Unsystematic return The portion of a security’s re-
turn that is related to factors associated with the indi-
vidual security and not to the market as a whole.

Unsystematic risk The risk of a security related to
factors specific to it and not to the market as a whole.

Up-and-in option An in barrier option in which the
premium is paid but the option does not actually begin
unless the asset price rises to a specified barrier.

Up-and-out option An out barrier option in which
the premium is paid but the option terminates early if
the asset price rises to a specified barrier.

Up-option (14) A type of barrier option in which the
barrier is above the current level of the underlying.

Upside capture (14) The percentage of the market
value of an uninsured portfolio earned by an insured
portfolio in a bull market.

Uptick An increase in the price of a security or con-
tract equal to one tick.

Utility A measure of satisfaction usually obtained
from money or wealth.

Value A monetary measure of the worth of an in-
vestment or contract that reflects its contribution to the
investor’s wealth.

Value at Risk (VAR) (15) A dollar measure of the
minimum loss that would be expected over a period of
time with a given probability.

Variance A measure of the dispersion of a random
variable around its mean, equal to the square of the
standard deviation.

Variance-covariance method (15) See Analytical
method.

Variation margin (8) Money added to or subtracted
from a futures account that reflects profits or losses
accruing from the daily settlement.

Vega (5) The rate of change of an option’s price with
respect to the volatility of the underlying asset or
futures.

Vega hedge A hedged position, usually combined
with a delta hedge and a gamma hedge, in which
changes in the value of the position are unaffected by
changes in the volatility of the underlying.

Versus cash (8) See Exchange for physicals.

Vertical spread (7) See Money spread.

Volatility The characteristic of fluctuations in price.
Usually refers to Standard deviation.

Volatility smile/skew (5) The relationship between
the implied volatility of an option and the exercise
price, which often takes the shape of a smile or a
slightly distorted smile (skew).

Volatility strategy (7) An option strategy designed to
profit from unusually high or low volatility of the un-
derlying asset.

Warehousing The practice in which a dealer holds
positions in various swaps in an inventory.

Warrant (14) An option issued by a corporation to
buy or sell its stock. Usually has a life of several years
when originally issued.

Wash sale A transaction in which a stock is sold at a
loss and an essentially identical stock, or a call option
on the stock, is purchased within a 61-day period sur-
rounding the sale. Tax laws prohibit deducting the loss
on the sale.

Weather derivative (14) A derivative in which the
underlying is a measure of the weather.

Wild card option (14) The right to deliver on the
Chicago Board of Trade’s Treasury bond futures
contract after the close of trading in the futures
market or a similar right inherent in any other futures
contract.

Writer A person or institution that sells an option.

Yield The discount rate on a bond that equates the
present value of the coupons and principal to the price.

Yield beta (11) The slope coefficient from a regres-
sion of the yield on a spot bond on the yield implied by
the futures contract. Measures the relationship between
the spot yield and the yield implied by the futures
price.
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Yield curve The relationship between yields on
bonds and their maturities.

Yield to maturity See Yield.

Z-bond One component tranche of a collateralized
mortgage obligation in which interest accrues but no
principal or interest is paid until higher priority
tranches are repaid.

Z statistic (5) A statistic based on a normal distri-
bution. The probability of observing such a statistic is

obtained from the normal distribution. See also Normal
probability.

Zero-cost collar (13) A collar in which the premiums
on the long cap and short floor offset so that there is no
premium paid up front.

Zero coupon bond See Pure discount bond.

Zero-plus tick A situation in a financial market in
which a trade takes place at the same price as the last
trade but the last time a price changed, it increased.
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Series, 29
Settlement, 12, 270–273
Settlement date, 408
Settlement period, 408
Settlement price, 271
Settlement risk, 558
SFAS 52. See Statement of Financial

Accounting Standard
Shad, John, 48
Shanghai Futures Exchange, 263
Short call transaction, 53–54
Short hedge
contract choice, 365–366
defined, 357
described, 357–358
foreign currency forwards, 374–375

Shorting. See Selling short
Short put transaction, 54
Short selling. See Selling short
Short-term interest rate futures strategies
Eurodollar arbitrage, 331–332
Fed funds arbitrage, 329–331

Shout options, 511
Sibex, 32
SIMEX. See Singapore International

Monetary Exchange
Singapore Commodity Exchange, 263
Singapore International Monetary Exchange

(SIMEX), 262, 579
SIPC. See Securities Investor Protection

Corporation
South African Futures Exchange, 32, 263
Southwest Airlines, 13
Specialist, 34
Special purpose vehicles, 545
Speculation, 12, 574
Speculative value, 61
Speculators, 12, 265
Spot markets
defined, 2
hedge ratio and, 367
linkages between derivative market,

10–12
price, 12–13

Spot prices, 301–302, 304
Spread. See also specific spreads
bear, 227–229
box, 246–248
bull, 223–226
butterfly, 234–237
calendar spread, 221, 237–241
defined, 221, 384–385
intermarket, 388–391
intramarket, 386–388
money, 221, 223–237
ratio, 241–242
straddles, 242–246
strategies, 384–391
types of, 221–222
use of, 221–222

Spreaders, 33, 265, 281
Stack-and-roll hedge, 577
Stack hedge, 577
Standard and Poor’s, 257, 278
credit ratings, 542
S&P 100, 30
S&P 500, 42, 43, 166, 210, 233, 278–279,

310, 388, 494
Standard deviation, 150–151
Statement of Financial Accounting Standard

(SFAS), 574
Stochastic calculus, 128
Stock
covered call, 201–206
dividend-paying and early exercise,

72–73, 111–116, 152–154
log return on, 134–135

margin requirements on transactions,
51–52

option, 42
prices and Black-Scholes-Merton model,

131–135, 144–147
protective put, 207–211
risk-free rate, 134
transactions, 187–189
buy, 187
sell short, 187–189

volatility, 73–74, 86, 134, 246
Stock index arbitrage, 343–347
Stock index futures

hedging, 371–372, 381–383
stock portfolio hedge, 381–383,
523, 524

takeover or acquisition, 383–384
strategies, 381
alpha capture, 393–395
asset allocation, 397–400
stock index arbitrage, 343–347
target beta, 396–397

Stock option. See Equity option
Stock portfolio hedge, 381–383
Stop order, 36
Storage costs, 300
Storage mechanism, 11–12
Straddle

applications, 246, 504, 579–580
defined, 242
described, 242–246
holding period, 244–245
short, 246

Strangle, 252
Strap, 251
Strategic asset allocation, 397
Stress test, 540
Strike. See Money spread
Strike price. See Exercise price
Striking price. See Exercise price
Strip, 251
Structured notes, 494–496
Swap. See also specific swaps

defined, 4, 407
derivatives accounting and, 570
described, 407–409
development of, 258
relationship with interest rate options and

FRAs, 470–471
types of, 407
vegas and, 529–531

Swap dealer, 4
Swap option. See Swaption
Swap spread, 416
Swaption

defined, 4, 449
interest rate
applications, 477–479
described, 471–472
equivalence of—and options on
bonds, 475
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Swaption (continued)
pricing, 475
structure, 472–474

Switching option, 338
Synchronous prices. See Real-time prices
Syndicate, 380
Synthetic call, 211–217
Synthetic CDO, 553–555
Synthetic futures contract, 312
Synthetic put, 211–217
Systematic risk, 381
Systemic risk, 558

Tactical asset allocation, 399–400
Tail, 337
Taiwan Futures Exchange, 263
Takeover, anticipatory hedge of,

383–384
Tandem options, 512
Target beta, 396
Target duration, 391–393
Target strategies, 391–400
Taxation
Black-Scholes-Merton model, 135
futures transaction, 286
hedging, 406
long call transactions, 53
long put transactions, 54
non-equity options, 54–55
option transactions, 53
short call transaction, 53–54
short put transaction, 54
wash and constructive sales, 55

Tax risk, 557–558
T-bill. See Treasury bill
T-bond. See Treasury bond
Tel Aviv Stock Exchange, 32, 263
Term repo, 328, 330
Term structure of implied volatility,

163
Term structure of interest rates, 339, 378,

393, 412, 416, 453
Theoretical fair value, 8
Theta, 152, 169
Tick, 281
Time spread. See Calendar spread
Time value, 61
American put, 76–77
extend binomial model, 116–118
fixed option life, 118–119
holding period, 186, 191–193, 195,

197–198, 204–205, 209–211

Time value decay
calendar spread, 239–241
defined, 64

Timing option, 339–340
T-note. See Treasury note
To-arrive contract, 256
Tokyo Commodity Exchange, 263
Tokyo Grain Exchange, 263
Tokyo Stock Exchange, 32
Total Return Index, 435
Total return swap, 550
Tracking error, 440
Trading halt, 262
Tranches, 500
Transaction costs
Black-Scholes-Merton model, 135
forward and futures trading, 280–281
options trading, 45–46
taxation of, 286

Treasury bills, 6, 58–59, 65, 70
Treasury bond, 276
CBOT conversion factor, 353–354
cheapest-to-deliver, 334–337
delivery options, 337–340
futures spread, 342–343
implied repo rate, 342–343

Treasury note
anticipatory hedge of future purchase,

377–378
described, 276

Turtle trade, 343
Two-period binomial model. See Binomial

option pricing model, two-period
Two state model, 96

Uncovered call
defined, 51
margin requirements on sale, 51–52
write a call, 193

Underlying asset, 4–5, 38
University of California, 491
Unsystematic risk, 381
Up-options, 509
Upside capture, 486
U.S. Federal Reserve System, 48, 51, 329,

330, 422, 557, 578
U.S. Supreme Court, 406
Uptick, 130

Value at Risk (VAR)
analytical method, 533–535
benefits, 539–540

calculation, 537–539
criticisms, 539–540
defined, 531
described, 531–533
extensions, 540–541
historical method, 535–536
Monte Carlo simulation method, 536

Value Line Index, 257
Value versus price, 288–289
VAR. See Value at Risk
Variance-covariance method, 533
Variation margin, 271
Vega, 150, 169, 529
Vega hedging, 529–531
Vega risk, 151
Versus cash. See Exchange for physicals
Vertical spread. See Money spread
VIX, 166
Volatility effect, 73–74, 86, 135
Black-Scholes-Merton model,

143–144, 150–151
call option, 206
estimating

historical, 157–158
implied, 160–167
in general, 157

Volatility skew, 164
Volatility smile, 164
Volatility strategies, 241
VXN, 166–167

Wall Street Journal, 40, 41, 59, 274,
278, 578

Warrants, 43, 493
Wash sale rule, 55
Weather derivatives, 513–514
Web sites, 41
Wiener Börse AG, 32
Wierner, Norbert, 127
Wild card option, 337–338
Windows software calculations
binomial option price, 123
Black-Scholes-Merton price, 181–182

Writer, 24

Yield beta, 371
Yield spread, 546–547, 552

Z-bonds, 501
Zero cost collar, 230, 469
Zero net present value (NPV), 328
Z statistic, 137
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n ¼ number of time periods in n-period binomial model

Oaon ¼ value of asset-or-nothing option

Ocon ¼ value of cash-or-nothing option

Π ¼ profit from strategy

P ¼ (abbreviated) price of put

P1, P2, P3 ¼ (abbreviated) price of put for exercise prices X1, X2, X3

P(S0,T,X) ¼ price of either European or American put on asset with
price S0, expiration T, and exercise price X

Pe(S0,T,X) ¼ price of European put on asset with price S0, expiration T,
and exercise price X

Pa(S0,T,X) ¼ price of American put on asset with price S0, expiration T,
and exercise price X

P(f0,T,X) ¼ price of either European or American put on futures
with price f0, expiration T, and exercise price X

Pe(f0,T,X) ¼ price of European put on futures with price f0, expiration T,
and exercise price X

Pa(f0,T,X) ¼ price of American put on futures with price f0, expiration T,
and exercise price X

p ¼ binomial probability

PVBPB, PVBPf ¼ present value of basis point change for bond, futures

Φ ¼ risk premium

E(Φ) ¼ expected risk premium

q ¼ days/360

R ¼ fixed interest rate on swap or bond

r ¼ discrete risk-free rate

r(a,b) ¼ interest rate over time interval (a,b)

r̂ ¼ implied repo rate

rh ¼ return on hedged portfolio

rc ¼ continuously compounded risk-free rate

rf ¼ percentage change in futures price

rS ¼ return on stock or spot position

rSf ¼ return on portfolio of stock and futures

rM ¼ return on market

rc ¼ continuously compounded return

r�C ¼mean continuously compounded return

ρ ¼ foreign risk-free rate or correlation coefficient

ρc ¼ continuously compounded dividend yield

s ¼ storage costs

S00 ¼ stock price minus present value of dividends

Savg ¼ average stock price during life of option

Smax ¼maximum stock price during life of option



min ¼minimum stock price during life of option

S0, St, ST ¼ stock price (or spot price or spot exchange rate) today,
at time t, and at time T

S*T ¼ breakeven stock price at expiration

σ ¼ standard deviation or volatility (σ2 ¼ variance)

T, T1, T2 ¼ expiration or time to expiration from the current time

t, tj ¼ future point in time or time until a particular future date

θ ¼ cost of carry

u ¼ 1.0 þ upward return on stock in binomial model

v0(T), vt(T) ¼ value of futures contract at time 0 and time t expiring at
time t

V0(0,T), Vt(0,T) ¼ value of forward contract at time 0 and time t, created at
time 0 expiring at time T

V ¼ current value of portfolio

VFLRB, VFXRB, VS, VFRA ¼ value of floating rate bond, fixed rate bond, swap, FRA

Vmin ¼minimum or insured value of portfolio

Vu, Vd, Vud ¼ sequence of hedge portfolio values of portfolio in
binomial model

YRS ¼ number of years in computation of CBOT conversion
factor

y, yB ¼ yield, yield on spot bond

yf ¼ implied yield on futures

VAR ¼ value at risk

σ2, σ2rf , σ
2
1, σ

2
2, σ

2
p ¼ variance, variance of return on futures, asset 1, asset 2,

portfolio

σ 2
∏ , σ

2
ΔS, σ

2
Δf ¼ variance of the portfolio, variance of the change in spot

position, variance of the change in futures position

X, X1, X2, X3 ¼ exercise prices or rates

x1, x2, x3 ¼ number of contracts when hedging with option delta,
gamma, and theta

w1, w2 ¼weights for assets in portfolio
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